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Abstract. Basic inverse problems for identification of memory kernels in linear heat conduc-
tion and viscoelasticity in the infinite time interval (0,00) are treated by Laplace transform
method in coupling with Fourier’s method for the direct initial-boundary value problem of the
corresponding integro-differential equation. Under suitable assumptions on the data existence
and uniqueness of the memory kernel are shown.
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0. Introduction

In recent time different methods are developed in dealing with inverse problems for
identification of memory kernels in linear heat conduction and viscoelasticity. In the
thermal case we especially refer to the papers Lorenzi and Sinestrari [19], Grasselli [3]
and our papers [10 - 12], in the viscoelastic case to Grasselli, Kabanikhin and Lorenzi
[6 - 7], Grasselli [4 - 5] and our papers [13 - 14]. See further the papers Lorenzi [17],
Lorenzi and Paparoni [18], Bukhgeim [1] and the overview on our papers [10 - 11, 13]
in [21]. In all these papers the inverse problems are formulated in a finite time interval
[0,T] and treated by a fixed point argument in a Banach space of functions defined on
[0, 7).

If the memory kernels are defined (or extended) to the infinite time interval [0, c0),
the method of Laplace transform can be used for solving corresponding inverse problems.
This has been done in Janno [8 - 9] for a particular viscoelastic problem, see also the
general remarks in Tobias and Engelbrecht [20].

In the present paper the method of Laplace transform is applied to two basic inverse
problems for memory kernels in linear heat conduction and viscoelasticity where again
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the solution of the direct problem is constructed by the classical Fourier method as in
our papers [10 - 11] and [13 - 14], respectively. Under suitable assumptions on the data
we prove existence and uniqueness of the memory kernel and also estimate the kernel
by an exponential function. The method should be applicable further to the cases of
general linear heat flow [12], of weakly singular kernels in viscoelasticity [14], of thermal-
and poro-viscoelasticity [15] and of viscoelasticity with dominating Newtonian viscosity
[16].

1. Statement of problems in heat conduction

In the linear theory of heat flow in a rigid isotropic body consisting of material with
thermal memory the generalized heat equation

Puy — div(AVu) + /m(t —7)div(A\Vu(z,7))dr = f (1)
0

holds in the cylinder Q = D x {t > 0}, where D is a bounded domain in R¥ with
piecewise smooth boundary S (cf. [10, 11] or [21]). Here u is the temperature of the
body which we suppose as zero for t < 0 and Vu denotes the gradient of v with respect
to x € D. Further, m is the memory kernel of heat flux and f the heat supply. The
heat conduction coefficient A and 3 = cp, where c is the specific caloric coefficient and
p the mass density, are given positive continuous functions on D.

An analogous parabolic integro-differential equation as (1) occurs in the theory of
flow in porous media where u now denotes the pressure, A = kp with permeability s
and mass density p again, (3 is the reciprocal of Biot’s modulus with the corresponding
memory kernel m and f is the mass source density (cf. [15], for instance). Besides
equation (1) the function w satisfies the initial and boundary conditions

u(x,0) = p(x) on D (2)
u(z,t) =0 or )\g—z+uu:0 on X =8 x {t >0} (3)

with given continuous functions ¢ on D and p > 0 on S, where n is the outer normal

to S.

In the inverse problem we have to find the kernel m such that the corresponding
function u satisfies equations (1) - (3) and an additional condition of the form

Ulul(t) =n(t)  (t>0) (4)
Ulu|(t) — /m(t — 7)Wu|(7) dr = h(t) (t >0) (5)

0

where W is a suitable linear observation functional on u(-,t), for instance W[u](t) =
u(zo,t) (zo € D) in the case of (4) and W[u)(t) = 9%(zo,t) (zo € S) in the case of
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(5) corresponding to a measurement of the temperature and the flux in some point z,
respectively. The given continuous and differentiable function A represents the output
of the observation.

The solution u of the direct problem (1) - (3) is taken in form of the Fourier series

u(z,t) = ax(t)v(z) (6)
k=1

where vy, are the eigenfunctions of the problem
div(AVv) + ppv =0 in D (7)

with (3) and the positive (non-negative) eigenvalues pi. In view of (1) and (2) the
coefficient functions ay, in (6) satisfy the initial value problem

ao(t) + pran (£) — / m(t — T)an(r) dr = r(?)

ak(0> = Yk

where

> war(t) =h(t)  (t>0) (10)

and

S ak(t)—/m(t—T)ak(T)dT —nt)  (t>0), (11)
k=1 0

respectively, where v, = W(v) are the ”observation coefficients”.

We assume the existence of the in Ls(0) complete orthogonal system of eigenfunc-
tions {vix} of (7) with (3). There are sufficient conditions on the data ¢,r for the
convergence of the Fourier series (9) and the existence of a generalized solution u to the
initial-boundary value problem (1) - (3). For instance, for a continuous memory kernel
m the conditions ¢ € Lo(D),r € Ly(Q7), Q7 = D x (0,T) are sufficient for the conver-
gence of (9) and the existence of a solution v € H9(Qp) with arbitrary T > 0. But
we prefer here to make no concrete assumptions on the data ¢, r beside the existence of
the Fourier coefficients ¢y, ri(t) and working with the formal solution (6) of the direct
problem (1) - (3). Concentrating on the inverse problems for their solvability indeed the
convergence conditions (33), (34) in Theorem 1 below are natural assumptions which
are coupled conditions on the data ¢, r of the direct problem and on the observation
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functional ¥ in the additional conditions for the inverse problems. These conditions can
be fulfilled by different pairs of conditions for ¢, on one side and for ¥ on the other
side yielding a related generalized solution of the direct problem.

We now apply the Laplace transform

Lip(w) = /ept
0

to equations (8) and (10) - (11). Equation (8) is transformed to

pAk(P) — wi + e Ax(p) — M (p) Ak (p) = Ri(p) (12)

where
Ap = Li—p(ar)
M(p) = Li—p(m)
Rk = Etﬁp(rk).

From (12) the relations for Ay

[k o1 + Ri(p)
A = M(p)A + — 13
k(p) P (p)Ak(p) . (13)
and ) Ru(p)
Pk + fug(p
Ax(p) = : (14)
1— B M(p)  p+
follow. Equations (10) and (11) go over into
> Ak(p) = H(p) (15)
k=1
and - -
> wAk(p) = M(p) Y wAk(p) = H(p) (16)
k=1 k=1

where H = Ly, (h).

In the first inverse problem with condition (4), from (15) observing (13), we obtain
the equation for M (p)

er + Ry (p)
Z’Yk Ag(p Z Y . (17)
- P + Hek i P+
Multiplying this equation by p? and introducing
dy = Z Yetkpr #0  (by assumption), (18)

k=1
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we get for M (p) the fixed point equation

M(p) = —dilM@) S kit Bi(p) + G (p) (19)
k=1
where )
Bi(p) = BeM)(p) = = —Ax(p) = (20)

with Ay = Ai[M] given by (14) and

2 o0
p ¢r + Ri(p)

G =— | H(p) — —_— . 21
1) =7 < (p) 2 (21)

By (20) and (14) the explicit expression for By
Bi) = 1= | e M)+ () 2

1= M) Lp+ i
follows where ) )
2 +

u(p) = - (23)

(p+ pi)? (p+ pr)?

In the second inverse problem with condition (5), from (16) and (13) the equation
for M (p) writes

G [k _ — _ ok + Ri(p)
M) Yo |1 i = - o SR e

Multiplying this equation by p and introducing

do = — Z Yok £ 0 (by assumption), (25)
k=1

the fixed point equation for M (p)

oo

Go(p) = d% (H(p) -~ Z%LW> - (27)
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2. Existence theorem in heat conduction

The fixed point equations (19) and (26) for M (p) in both inverse problems have the
form

M(p) = —7-M(p) > e BelM](p) + G p) (28)
v k=1

where v = 1 in the first inverse problem and v = 0 in the second one. The functions
By, are given by (22) with (23), the constants d,, and functions G, are defined by (18),
(25) and (21), (27), respectively.

We are looking for analytic solutions M (p) of equation (28) in a half-plane Rep >
o (o > 0). For this end we introduce the norm

/]

v i SUD lp["[f®)]  (v=0,0>0) (29)

and the Banach space of complex-valued functions in Rep > o (¢ > 0)
Ay o = {f : f(p) holomorphic on Rep > o with || f||5,» < oo} (v >0).

We note that A, , C A, with || - ||5,or < | - |l4.6 for ¢’ > 0.

Let now a and 3 be two real numbers such that
0<p<1 and l<a<1+4. (30)

Further, let w = w(t) (¢ > 0) be a real-valued function with Laplace transform W (p) =
Li—.pw satisfying the condition

W e Ao, with some o > 0. (31)

For instance, w could have power-type singularities at t = 0 as in the example

w(t) =Y et e, Wip) = Zci(r(l;ﬁi)

= ps)i

with real constants ¢;,s; > 0 and 0 < 3; < 1 — (. Finally, we introduce the space for
the solutions M (p)

My, = {M : M(p) = W(p) + N(p) where N € Aa,g} (o0 > 09).

Then the following existence theorem holds.
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Theorem 1. Let beside (30) and (31) the following assumptions be fulfilled for
v e {0,1}:

dy = (=)' " yppkor # 0 (32)

k=1
D Il lpnl < oo (33)

k=1
P € "417007 Z |7k|iul,;H(I)k”1700 <0 (34)
k=1

for @ defind by (23) and o9 > 0 from (31) and

G,=W+K, € MW,D’Q' (35)

Then there exists o1 > oo such that equation (28) has a unique solution M =W + N €
MW,al .

Proof. At first we state some auxiliary inequalities for p from Rep > o > 0. We
have the obvious inequalities

lp+ k| = |pl >0 ifRep>o0>0 (36)
) all Fk =1 ifRep>o0>0 (37)
D+ o+ i
and from (36) it follows that
1 s 1 1
< — < — if Rep > o > 0. 38
‘p+ﬂk I ~pl? o Y 9

Now, denoting N = M — W and observing K, = G, — W from (35), equation (28)
reduces to the equation for N

N=AN (39)

where -
(AN)(p) =~ (N(0) + W) 3w BN + W) + Kop). (40)

v k=1

The theorem holds if we prove that equation (39) has a unique solution N € Ay, for
some o1 > 0yp.

In the sequel we show that the operator A is a contraction in the balls
Dao(p) ={N € Aas : [IN]la,0 < p}

for suitably chosen o > o¢ and p > 0. For N € D, ,(p) we estimate the By, from (22).
Observing inequalities (36) - (38) and the assumption ®; € A; ,,, we obtain

tok |0k | (”M;”ﬁﬁ’a + ”N0”5’0> + || Prl1,0
IBRIN + Wiil.o < | Wise  Wies
o’ o (41)

Wlig.o
mlol (e 4+ 2) + 11240

1— Wlg,oe — p
oh o
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if 0 > 0 and HW”f’ < 4+ £ < 1. From (41) and assumptions (33) - (35) of the theorem

the estimation of the norm of AN

1 1 Wl , »
|d | 1— HWHBU _ % 0'1+/3_O¢ o

(o2
Wiso 0\ S S 1y 12
" ka—ﬁ T e kz el okl + D Pkl | @k 1.0
=1

k=1

follows if o > oy and % + £ < 1. For every p > po = || K,|la,0, We can then

choose o9 = 09(p) > o such that

|ANaw <p  ifo = as(p) and p> po. (42)
Moreover, AN is a holomorphic function on Rep > o3(p). This follows from the holo-
morphy of N € D, ,(p),W € Az 5y, Pk € A1 5., Ky € Aa oy, Br € A1, and from the

uniform convergence of the series in (40) which can be seen from (41) and assumptions

(33) and (34). Therefore by (42) we have
A: Dao(p) = Dao(p)  if o = 02(p),p> po. (43)

Next we show that the operator A is a contraction in D, ,(p) for o > o3(p) with
some o3(p) > 0p. From (22) the difference of By for Ny and N is given by

(or + Pr) (N1 — N2)
(W + Np)]

Bi[N1 + W] — Bg[Ny + W] = [1— p+(;[;;+N )] [1— £
ptik !

p+u

In view of (36) - (38) for N1, N2 € Dy »(p) (0 > 0¢) we obtain

|%9k‘l + ||<I)"3”1"
HBk[Nl-l-W]—Bk[N2+W]H1,a = (10 IWllg,o L2
- T g8 T oo

o

[Ny = Naofla,g  (44)

if again o > oo and 1Y IIBU_U%<1.

From (41) and (44) for the difference of AN; and AN, by (40) we derive the esti-
mation

|AN1 — ANs|| 0.0
N1 — Noflao

S - > vkl I1BR [Ny + W]
v k=1

‘d,/| oglt+B—a

< q(a,p)[[N1 = Na|la.0

1 W o N o,0 - v
(H lso | 20\_! , )Z|7k|ﬂk\\3k[N1+W]—Bk[Nz+W]H1,U
k=1
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where
oo o0
Wlis,o
(oo 4 2 ) S el ionl + 3 el 1Bl
wop)= =L E=1
o o(1- 00 — %)

Wls,0 v v
(L + 2) ( > lvelslon] + 2 el uqmum)
k=1

k=1
(1 _ IWls,e L)z

ob oo

+

For every p > 0 there exists o3 = o3(p) > 0¢ such that

Wl g,0 i
|| U}ﬂa + i <1 and q(o’7 10) <1 if o > 0'3(/))
o o

and A is a contraction in D, (p) for o > o3(p). This together with (43) proves
that equation (39) possesses a unique solution in every ball D, ,(p) for p > po and
o > o4(p) = max{oz(p),o3(p)}. Therefore a solution M of equation (28) in the space
Mw ... with o1 = min,s ,, 04(p) > 0 exists.

Finally, we show the uniqueness of the solution M of equation (28) in the whole
space My ,. Let M; and Ms be two solutions of equation (28) in My, and let
Ny = M; —W and Ny = My — W the corresponding solutions of equation (39) in A, ,, .
Let us fix some p1 > max{||N1|la.015 [NV2|la;or> 0} Then ||Nillaoy, < p1 (i = 1,2).
By the monotonicity of the norm | - ||, With respect to o and o4(p1) > o1 we have
HNi|o¢,a4(p1) < HNZ'HaJl < p1. Hence N; € Da,a4(p1)<:01) (Z = 1,2) In this ball
uniqueness of the solution N has already been shown. This proves that Ny = Ny and
consequently My = Ms. Theorem 1 is completely proved i

Remark 1. If the relation
1 > ,
Ky(p) = W (p) D 1y By [W](p)
v k=1

between the functions W (p) and K, (p), respectively G, (p) holds, equation (39) with
(40) has the unique solution N = 0, i.e. M = W (p) is the solution to equation (28).

Corollary 1. Under the assumptions of Theorem 1 the inverse problems (1) - (4)
and (1) - (3), (5) have the unique solutions m of the form

C+iy
m(t) = w(t) + QLm e N (p)dp (¢ >01) (45)
¢—iy

with N € Aq,o, -
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Since o > 1 by (30), this follows from a known inversion formula for the Laplace
transform (cf. [2: Theorem 21.3]). From representation (43) we have an estimation for
m of the form

Im(t) —w(t)| < Cret (t > 0)
with positive constants C; and o; and the limit (cf. [2: Theorem 24.5])
m(t) —w(t) — 0 for t — +0.
By (45) also stability estimates for m could be derived via stability estimates for N

obtainable in usual way.

From the physical point of view the existence of memory kernels m with the stronger
property of exponential decay (instead of the proven exponential growth) is important.
For this it has to be shown that the solutions M of equations (28) can be analytically
continued into a half-plane of the form Rep > o7 with some o; < 0. But no simple
sufficient conditions on the data are known which guarantee this and also other basic
physically relevant properties as positiveness and monotonous decreasing of the memory
kernel m.

Further we discuss assumptions (34) and (35) of Theorem 1. For this end we state
two lemmata which can be easily proved using integration by parts and Holder’s in-
equality.

Lemma 1. Let g be an absolutely continuous function on t > 0 satisfying
9(0)=0 and e 7'g'(t) € L,(0,00) (y=7575) (46)
for some 0 >0 and oo > 1. Then L;—.,(g) € Aa,o-
Lemma 2. Let g be an absolutely continuous function on t > 0 satisfying
e 7' (t) € L1(0,00) (47)

for some o > 0. Then L_,,(g) € A1, and we have the estimation

o0

Lo < |9(0)] + / ety (1)) dt. (48)
0
From definition (23) of ®; and (36) we obtain

Loo < |1 Rkll1,00 + 20| 0k (49)

”‘Ct—m(g)

| D

Let now the functions r; be absolutely continuous on ¢ > 0 and satisfying
e_aotf“k(t) €l (0, OO) (50)

Then by Lemma 2 we have R, € A, ,, and hence also ®;, € A; ,,. Further, by (48)
and (49)

o0 o0 0 o
> el ®nllon <D leluk \m(O)H/e‘”"t!?”k(t)\dt + 2> el okl
k=1 k=1 0 k=1

< 00
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follows if (33) and the condition

S el | 1m0 + / ot (1)) dt | < oo (51)
k=1 0

hold. So (34) is satisfied if beside (33) the assumptions (50) and (51) are fulfilled.

Condition (35) means that K, € A, 5,. For v =0 by (27) this is equivalent to the
condition

GO(p) - W(p) S -Aa,ao (52)
where

Go(p) = — | Li—p(ho) + (0 kasok (53)

do

with

o0 o o0 t
ho(t) = h'(t) + Z’Yk/ikﬁpke_“kt - Z”Yk?“k(t) + Z’Ykﬂk /e_“’“(t_T)?“k(T) dr. (54)
k=1 k=1 k=1 0

1

and the formulas for the Laplace
PHik

Here we used the known relation L£(e #+t) =
transform of derivative and convolution.

By (31) with # < 1 and (52) with > 1 it follows that it must be limge p—00 Go(p) =
0 which by (53) implies the compatibility condition (cf. [21])

= Wk (55)
k=1

If this is fulfilled, we can apply Lemma 1 to the function g(t) = dl—oho (t)—w(t). Therefore
the absolute continuity of g and the further compatibility condition

and the condition

ot (ot~ u)) € L,0.00) (= 54) 67)

are sufficient for (52) and hence for (35) in the case v = 0.

Analogously, for v = 1 in (35) we have to insure the condition

Gi(p) = W(p) € Aa.oy (58)
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where by (21)

1 oo
Gi(p) = — | Lomp(h1) +p [ h(0) =D res
gl k=1
- . (59)
+ (h/(o) + ) ktRer — Y %m(@)]
k=1 k=1
with
(t) = 1" () = > yprone ™™ + Y yprr(t)
k=1 k=1
. . (60
— Z YTk (t) — Z Vi pts /e“k(tT)rk(T)dT.
k=1 k=1 3
This leads to the compatibility conditions (cf. [21] again)
h0) = rer
. . (61)
W(0)+ > kmner = > wrk(0).
k=1 k=1
If in addition the function g(t) = %hl (t) —w(t) is absolutely continuous and the further
compatibility condition
1
—hy(t) —w(t =0 62
T —wlo)] (62)
and the summability condition
1 !/
ot (0 - u) €L,0.00 (= 54) (63)
1

are satisfied, relation (58) follows. This means that assumptions (61) - (63) are sufficient
for (35) in the case v = 1.

We summarize these results in

Theorem 2. Let beside (30) and (31) assumptions (32), (33) and (50), (51) for
v =0,1 as well as conditions (55) - (57) with (54) in the case v =0 and (61) - (63) with
(60) in the case v = 1 be satisfied. Then the inverse problems (1) - (4) for v =1 and
(1) - (3), (5) for v =0 have the unique solutions m of the form (45) where N € A, o,
with some o1 > 0g.
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3. Statement of problems in viscoelasticity

We deal with the linear hyperbolic integro-differential equation
t
pugr — div (AVu) + /m (t — 7)div(A\Vu(z, 7)) dr = f (64)
0

in the cylinder Q = D x {t > 0}, where again D is a bounded domain in RY with
piecewise smooth boundary S and p, A are given positive continuous functions on D, f
is a given continuous function on Q (cf. [13] or [21]).

In the case N = 1 equation (64) appears for inelastic wave propagation in a material
governed by the Boltzmann stress-strain relation

o(x,t) = Nx) | e(z,t) — /m(t —7)e(x, T)dr

between the strain € and the stress o, where € = % with the displacement u which is

supposed as zero if ¢ < 0. Then p denotes the mass density and f the force density.

Besides equation (64) the function u satisfies the initial and boundary conditions

u(z,0) = p(x), wu(z,0) =1(x) on D (65)
u(xz,t) =0 or )\%—kuu:() on ¥ =S5 x{t>0} (66)

with given continuous functions ¢, on D and p > 0 on S, where n again denotes the
outer normal to S.

In the inverse problem we have to find the kernel m such that the corresponding
function u satisfies equations (64) - (66) and an additional condition of the form (4) or
(5). In particular, (4) now contains the case of displacement observation and (5) the
case of the observation of the traction.

The solution u of the direct problem (64) - (66) is again taken in the form of the
Fourier series (6) with [ replaced by p in equation (7) for the eigenfunctions. In view
of (64) and (65) the coefficient functions ay in (6) now satisfy the initial value problem

(t)+,LLkCLk — U | m t—T ak )d k(t)
0/ (67)

ar(0) = ¢r, ar(0) =y

where o \
p(r) = prve(x)
k=1
Y(x) = o)
k=1
= i = N re(t) vk (x
r(z,t) = )= 2 k(v () )



502 J. Janno and L. v. Wolfersdorf

The additional conditions (4) and (5) again take the form (10) and (11), respectively.

As above in the heat conduction problem at this moment we suppose only the
existence of the Fourier coefficients ¢, 1, and ri(t) shifting specifying conditions on
them to assumptions (81), (82) for the inverse problems in Theorem 3. For an absolutely
continuous kernel m the conditions ¢ € H(D) or ¢ € H'(D), for the first or third
boundary condition respectively, 1 € Lo(D) and r € Lo(€Qr) are sufficient for the
existence of a solution u € H!(Q7) of the direct problem (64) - (66) for any T > 0.

Applying the Laplace transform to (67), we obtain the equation

p*Ai(p) — por — Ur + peAr(p) — M (p) A (p) = Ri(p) (68)

where Ay, M and Ry are the Laplace transforms of ax,m and rj, respectively. From
(68) the relations for Ay

per + i + Ri(p)

K
A = M(p)A + 69
b(0) = ST M) An(p) + (69)
and
= ME) P

follow. Equations (10) and (11) for the additional conditions (4) and (5) in the inverse
problems are transformed to the equations (15) and (16) again.

In the first inverse problem with condition (4), from (15) observing (69) we obtain
the equation for M (p)

+ Y + Ri(p)
P + g .

- 0 Py
M) = Ax(p) = H(p) = =
=1 P T Bk k=1

Multiplying this equation by p3 and introducing d; by (18) again, we get the equation
for M (p)

1 o0
M(p) = _d_1M<p) > Yk Br(p) + G1(p) (71)
k=1
where X
p
B = B.[M = A — 72
k(p) = Br[M](p) pER k(P) — ¢ (72)
with Ay = Ai[M] given by (70) and
3 oo
p Pk + i + Ri(p)
G =— | H(p) — . 73
By (72) and (70) the explicit expression for By
B) = T i1 | e M) + () (71)
1= S M(p) [P +
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follows where

p3

(p? + pr)?

2ukp” + 113

Py (p) = P+ )?

(¢Yr + Ri(p)) — Dk (75)

In the second inverse problem with condition (5), from (16) and (69) the equation
for M (p) writes

- u
M(p) > [ 5
k=1 p +

R

Multiplying this equation by p and introducing dy by (25) again, the equation for M (p)

M(pz——M Z’YkBk )+ Go(p) (77)

follows where By, = Bi[M] are given by (74) and

Golp) = & (mp) Sy o et e T (p>> | (78)
k=1

D° + Lk

4. Existence theorem in viscoelasticity

Equations (71) and (77) for M (p) have the fixed point form

M(p) = —-M(p) 3 ik BMI(p) + o p) (79)

v k=1

where again v = 1 in the first inverse problem and v = 0 in the second one. The
functions By, are given by (74) with (75), the constants d,, and functions G, are defined
by (18), (25) and (73), (78), respectively.

Let a be a real number with 1 < a < 2. We introduce the solution space

Neo = {M : M(p) = IE? + N(p) where N € Aa,g} (o0 >0)

for given real constant ¢, where the space A, , is defined as above in the case of heat
conduction. The choice of N, , means that in the viscoelastic case we deal with smooth
memory kernels only, for reasons of simplicity.

Then the following existence theorem holds.
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Theorem 3. Let be 1 < a < 2 and let the following assumptions be fulfilled for
ve{0,1}:

dy = (=" yepier #0 (80)
k=1
> Il o] < oo (81)
k=1
O € Aroys D Iklk|Pkll100 < 00 (82)
k=1
for @y defined by (75) and some o¢ > 0, and
Gy =<+ K, €Ny, (83)
b

Then there exists o1 > oo such that equation (79) has a unique solution M = % +N e

chgl ‘

Proof. At first we prove two further auxiliary inequalities for p from Rep > o > 0.

We have ) )
p* + > = (Re’p — Im*p + p1,)* + 4(Re pIm p)?

= Re’p(Re’p + 2Im®p + 2u) + (Im*p — p1y.)°
> Re”p(|pl* + 24u)
implying the inequality

[0 + k| > o/ Ipl? + 2 > max{o/2u, 0%} (84)

for Rep > o > 0. Further, by the first inequality of (84), |p?> + ux| > o|p| holds. Hence
we obtain

‘1 pe | _ |1 p o 1 2
pp*+ue| |p PP+l ol PP+l p| olp] o’
1.e.
1 HE .
- — if Rep > o > 0. 85
pp?+ k| o (85)

C

Now, denoting N = M — = and observing (83), equation (79) reduces to the equation
for N

N = AN (86)
where -
(AN)) = 7 (V@) + £) SB[V + om0 e

As in the proof of Theorem 1 we will show that the operator A is a contraction in the
balls D, »(p) for suitably chosen parameter ¢ > o and radius p > 0.
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For N € D, ,(p) we estimate the By from (74). Due to the assumption ®; € A, 4,
and inequality (84) we have

4+ Nle.o
el ekl (o2 ol
<
1,0 1—2 <|Ui| + ”A;”aa'(r)

|C|
:U’k|90k| 02 a-1+04
||
1-2(d+ %)

|3l +)
p

<

if 0 > 0p and |c| + £ < 1. From (88) and assumptions (81) - (83) of the theorem the
estimation of the norm of AN

1 ] p)
AN a,ag +_
|| || |d1/’1—2(|c‘—|— a) (O-Qa o
p

g
M )3 bl
02 | glta Tk IHE

k=1
follows if o > 0¢ and ‘Oi' + £ < 3. For every p > po = ||Ky|la,0,, We can then choose
o9 = 02(p) > og such that

[AN[a,e <p  if o> 02(p) and p > po. (89)

Furthermore, as in the proof of Theorem 1 we can show that AN is a holomorphic
function on Rep > o2(p). Therefore, by (89) we again have

A: Dy o(p) = Dao(p) if 0 > 02(p) and p > po. (90)

For proving that A is a contraction in D, ,(p) for o > o3(p) with some o3(p) > oy,
we estimate the difference of By, for N; and N by (74) and using the inequalities (84)
and (85). This gives

At 2||q>1c||1
o-l « + =

< )|
)
if again ¢ > oo and 1< 4+ £ < 5. From (88) and (91) for the difference of AN; and
AN, in D, ,(p) by (87) we have the estimation

[AN1 — ANz||a,0 < q(0,p)[[N1 = Nala,o

1_N2 a,o

HBk [Nl-i-;] — By, [Nz-l-gH (91)

where
(L + ) SRl lowl + S bl 19kl

7[1-2(5 + )]

(ULL_'Q + 5) (UHQZMIA&?”I%I + 7 Zm\ukl\@k!h a>

[1-2(+ L)r

q(o,p) = )

+
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For every p > 0 there exists o3 = o3(p) > 0¢ such that

C
el

P

and qlo,p) <1 ifo > o3(p)

DN | =

and A is a contraction in D, ,(p) for ¢ > o3(p). This together with (90) implies
that equation (86) possesses a unique solution in every ball D, ,(p) for p > pg and
o > o04(p) = max{oz(p),o03(p)}. Therefore a solution M of equation (79) in the space
Neoy with o1 = min,s ,, 04(p) > 0 exists for which uniqueness can be shown as in the
proof of Theorem 1. So Theorem 3 is completely proved i

Corollary 2. Under the assumptions of Theorem 2 the inverse problems (64) -
(66), (4) and (64) - (66), (5) have the unique solution m of the form

(+ioc0
m(t) =c+ % / e'P N (p) dp (¢ > 01) (92)

with N € Aq.0, -

From (92) the relation m(0) = ¢ and the estimation |m(¢)| < Cy et (¢t > 0) follow
with positive constants C7 and o;. By (92) also stability estimates for m could be
derived via deriving stability estimates for V.

As in the heat conduction case above no simple sufficient conditions on the data are
known which guarantee positiveness and monotonous exponentially decreasing of m.

Further, we discuss assumptions (82) and (83) of Theorem 3. For estimating the
function ®; defined in (75) we at first show that

p

(P? + px)?

3
‘ < Cy(1+4 k) for Rep > oy (93)

with some positive constants oy and Cy = C3(0¢). Using inequalies (84) and (85), and
2lpl/f < |p|* + g, we have

‘L B ‘1 o 2pue oy}

P +u)?| | P +m)?  p(®+ p)?
ot WPt ) Vi 1k Hk
“pl o og(plP+2m) oo /[P F 2k | PP+ k)

I ok 2
S T 2 + M
D] op ooV2pE 0o

§i+\/*7’“(1+\/§)

o)y} 0'3

_|_
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from which (93) follows. By (93) and again (84) and (85) now we obtain
Py (1B iy
(P? + px)? (P? + k) (p? + p)?

< Co1 + y)lpl [Re)| + (14 e )
0

7] |0 (p)| = '

11
+ {202(1 + V) + ;5\/%} |k
0
3
< Cs | (1 Vi) lpl [Re ()] + (1 -+ mlen] + 1 Lol |
Consequently, we have the estimation

3
1Pxll1,00 < C3[1+ )| Ricll 1,00 + (1 + pr) [Vr] + 12 [0k ]] (94)

with some positive constant C.

Let now the functions r; be absolutely continuous on ¢ > 0 and satisfying (50).
Then by Lemma 2 again we have Ry € Ay, and hence also ®;, € A; ,,. Further, by
(48) and (94), >"re |kl u¥l|®Pkll1,00 < 0o follows if (81) and the conditions

o0 3\
> 1
S Pl ™ { [ (0)] + / ol (1) dt | < oo
© 3
34v
> el lonl < oo (95)
k=1
[e/e)
Z il ™ i | < 00
k=1 y,

hold. So (82) (and (81)) are satisfied if assumptions (50) and (95) are fulfilled.

Finally, as in the case of heat conduction we can show that (83) is satisfied if some
compatibility conditions and a summability condition are fulfilled. In the case v = 0 we
introduce the function

hao(t) = W' (£) + Y yenf ow sin /it
k=1

o o0 t
- Z%lﬁk COS /it — Z% /Tk:(T) cos \/pk(t — 7)dr.
Then in the case v = 0 the formula for ¢

= (h’<0> - Zwk> 7 (97)
k=1
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the compatibility condition (cf. [21])

0) =Y Yrpr (98)
k=1
and the summability condition

(1) € Ly(0,00) (7= 5ko) (99)

are sufficient for (83).

In the case v = 1 we define the function

hs(t) = h'"(t Z%uk O Sin /11 t+27k¢,uk¢kcos\/ it
; (100)
+Z%uk/ T) cos \/puk(t — 7) dT—Z’yka

Then in the case v = 1 the formula for ¢

c= <hm + Z%Mkzwk - Z%Tk > , (101)

the compatibility conditions (cf. [21] again)

oo )

h(0) = e
k=1

W(0) = i (102)
k=1

W'(0) = > lrr(0) — pxen]
k=1 /

and the summability condition
R () € Ly(0,00) (7= 5) (103)

are sufficient for (83).

Summing up we obtain

Theorem 4. Let be 1 < a < 2 and beside (80) the assumptions (50) and (95) for
v = 0,1 as well as the conditions (98) and (99) with (96) in the case v = 0 and the
conditions (102) and (103) with (100) in the case v = 1 be satisfied. Then the inverse
problems (64) - (66), (4) forv =1 and (64) - (66), (5) for v = 0 have the unique solution
m of the form (92), where N € A, », with some o1 > oo and the constant ¢ = m(0) is
given by (101) in the case v =1 and (97) in the case v = 0.
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