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On some Improperly Posed Problem
for a
Degenerate Nonlinear Parabolic Equation

K. Hayasida

Abstract. We consider the non-characteristic Cauchy problem for the degenerate nonlinear
parabolic equation |u|*u; — Au — v|u| Pu = 0 under some assumptions on «, 3 and . The
problem is improperly posed in the sense of Hadamard. We derive for such solutions an estimate
in terms of the Cauchy data and a prescribed bound of the solution.
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1. Introduction

The Cauchy problem is not well-posed for the parabolic equation in the sense of Hada-
mard, if its Cauchy surface is not characteristic. But the estimation on the continuous
dependence of solutions holds under their prescribed bound and the bound of their
Cauchy data, if the principal part of the equation is linear. Such a estimation for the
heat equation was given, e.g., by Cannon [3] with an explicit form, where the heat kernel
was considerd as that of some integral equation. This problem is related to a model of
the oil-well drilling. The solution u(x,t) means the temperature of the oil at depth x
and time ¢, when the space dimension is one. Many authors used the method in [3] to
more general situation (c.f., e.g., [9, 17]). The precise bibliography is referred to [9].

The above estimation yields at the same time the unique continuation property of
the non-characteristic Cauchy problem for solutions of the parabolic equation. Previ-
ously to these results Mizohata [13] established the unique continuation property for
linear parabolic equations of second order, where their lower order terms are allowed
to be nonlinear in the sense of Lipschitz condition. Continuously to [13], Ohya [14]
extended Mizohata’s result to some parabolic equations of fourth order. Their method
is due to the singular integral operator, from which the theory of pseudo differential
operators developped. Afterwards Saut and Scheurer [16] gave another simple proof
for the result of [13] without using the theory of pseudo differential operators. Their
method is to use a skilful weight function and to yield an L?-energy estimate equipped
with it.
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From another viewpoint of the unique continuation property in non-characteristic
Cauchy problem, there is the work of Lin [11], whose theorem is as follows: if the
solution wu(z,t) of the heat equation vanishes at (zg,tp) with infinite order as to the
x-variable, then u(x,ty) = 0 identically. In [11] it is remarkable that the coefficients
of the zeroth order term in the equation are allowed to be unbounded, more precisely,
LIN+2)/2_integrable, where N is the dimension of the space. The nonlinearity in the
sense of Lipschitz condition means that the coefficient is essentially bounded, if it is
expressed in the linear form.

Here we explain the terminology ”"nonlinearity”. If the function f(u) satisfies

|[f(u) = f(v)] < Klu— vl

for some constant K, we say that f(u) is nonlinear with respect to u in the sense of
Lipschitz condition, or simply it satisfies the Lipschitz condition. If for some differential
equation its lower order terms are nonlinear in the sense of Lipschitz condition and u,
v are two solutions, the difference u — v satisfies another differential inequalities, whose
coefficients of lower order terms are esentially bounded. Thus the uniqueness problem
is reduced to the stability of null solutions concerning it. When f(u) does not satisfy
the nonlinearity in the sense of Lipschitz condition, the above argument is not correct.
For example, Varin [18] treated the semilinear equation

Lu + up(|u]) = 0, (1.1)

where L is a linear parabolic operator of second order, in particular, L = 9; — A. He
proved the three cylinder theorem for solutions of equation (1.1). Particularly, if ¢ = 0,
this result is due to Glagoleva [5]. In [18] it is assumed that ¢(n) € C1(0,00),p(n) >
0,¢'(n) < 0and |¢| < %, for example, p(n) = —logn. The nonlinear term ue(|u|) does
not satisfy generally the Lipschitz condition.

A nonlinearity of another type appears in parabolic equations, for example, the
Navier-Stokes equation. The backward uniqueness also is not well-posed in the sense
of Hadamard for solutions of parabolic equations. For the Navier-Stokes equation,
Masuda [12] proved the stability of null solutions with respect to the backward unique
continuation property, under the homogeneous Dirichlet boundary condition.

In this paper we consider the equation
lu|®u; — Au — y|u|Pu =0 (1.2)
where A = Zf\;1 83% Throughout this paper we assume that
a=0 or a>1 (1.3)

and

<1 and By > 0. (1.4)

Though it seems to be strange that the condition 0 < o < 1 is removed in (1.3), this is
unavoidable in the proof of our Proposition, which will be used for our aim.
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If 0 < B < 1, the lower order term |u|~Pu does not satisfy the Lipschitz condition
and is different from the nonlinear part of equation (1.1) in [18]. Let @ = 0,7 > 0 and
0 < B < 1. Then equation (1.2) becomes

wy — Au — ylu| Pu = 0. (1.5)

We examine the existence of Cl-solutions of equation (1.5) as follows:

We consider equation (1.5) in a cylindrical domain D, whose lateral boundary is
sufficiently regular. Let 1) be any sufficiently smooth function in D. Then there exists
at least one solution u of equation (1.5) in D such that u equals 1) on the parabolic
boundary of D. That is, the existence theorem of the initial boundary value problem
holds for equation (1.5), even if the nonlinear term does not satisfy the Lipschitz condi-
tion. But the uniqueness is not assured. This is due to [10: p. 457/Theorem 6.2]. The
regularity of u is assured as follows: u € C*(D) and 8,,0,,u € C(D) (i,j =1,...,N)
which is referred to [10].

Secondly, let v = 0 and a > 1. Then equation (1.2) has the form
lu|“u; = Au (a>1) (1.6)

which is the fast diffusion. This concerns the plasma physics and u means the density of
some substance. So, physically it is natural to assume that v > 0. In the fast diffusion
the extinction time occurs. In [1] the behavior of u near the extinction time was studied.
If a = 1, condition (1.4) is known as Okuda-Dawson diffusion.

From the viewpoint of mathematics the definite sign of the solution u of equation
(1.6) needs not to be assumed. We consider the equation
mv; = A([v]™ ) (1.7)
independently of equation (1.6), where m = a+_1 Equations (1.6) and (1.7) are tied
up with the relation v = |v|™ 1v. The Cauchy problem for equation (1.7) was studied
in [2, 7], where an existence theorem was proved. The situation is different from the
case of m > 1, the porous media equation. The precise references are referred to [8]. If
some assumptions are imposed on the initial data, the Cauchy problem (1.7) has a C*°

non-negative solution u for ¢ > 0. Applying the classical regularity theorem to equation
(1.7), we obtain u € C°.

By Sabinina [15] it is known that if the non-negative solution u of equation (1.6)
satisfies u = 0 at some point (xg, to), then u(z, ty) = 0 for all z. The method in [15] is the
maximum principle. On the other hand, the author and Yamashiro [6] considered the
non-characteristic Cauchy problem for equation (1.6) and proved an estimation of the
continuous dependence of non-negative solutions, under their bound and their Cauchy
data. Here we assumed N = 1 and the definite sign of solutions. However the L?-norm
of u; can be estimated and the Cauchy surface is allowed to be not convex. The weight
function of the estimate used in [6] is primitive and different from [16]. The proof in [6]
needs essentially to assume that u > 0.

In this paper we consider the non-characteristic Cauchy problem for equation (1.2)
under assumptions (1.3) and (1.4). And we prove an estimation of the continuous de-
pendence for solutions of equation (1.2) under the prescribed bound, where the definite
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sign of u is not assumed, but Cl-regularity of u is assumed. The L?-norm of u and V u
will be estimated. However, the Cauchy surface is supposed to be strongly convex. If it
is not so, we must take the Holmgren transformation. So the situation is more compli-
cated and we cannot yet solve the required problem. When u; and us are two solutions
of equation (1.2), the difference u; — us does not satisfy any differential equations or
any differential inequality. Thus our Theorem in the next section means that the null
solution of equation (1.2) is stable for the required uniqueness on the non-characteristic
Cauchy problem. Our method is to use the weight function devised in [16], in order to
obtain the required estimate.

Lastly, we take notice that there is the work of Dinh [4] concerning an existence
theorem for the non-characteristic Cauchy problem of linear parabolic equations, in the
category of functions with Gevrey class.

2. Theorem

Let © = (x1,...,xn), N > 1. We write 2’ = (x1,...,xn_1) and y = xxn. Let a be a fixed
number with 0 < a < 1 and @) be a cylindrical domain such that

Q= {(x’,y,t)‘ 2> + 1% < a? and0<y<a}.

From now on let § and x be two positive numbers less than 1 such that

5

0 <K and k* < min(a?,2 — v/2). (2.1)

We set
90(1./7 yvt) = (y - 5)2 + 52(|$/|2 + t2)

Figures 1 and 2
We define the elliptic and parabolic surfaces
S: = %52
I:y=r(2)> +12).



On some Improperly Posed Problem 399

The y-coordinates of the intersection of S and I' are given by

=s(1- g (-T2,

The interior of the radical sign is positive, because ¢ < 2—+/2 from (2.1). Let D be the
domain enclosed by I" and SN{y < §} (see Figure 1). The maximum of the y-coordinate

of D is
) 1 o\2 46
5(“%‘5\/(;) —;”)-

We immediately see that

2
12|12+ 1% < é, 5—<5—y in D (2.2)
K 2K
and D C @ from (2.1).

More generally we define the elliptic surface

syie=(2)

where 1 < n < v/2. We write by D,, the domain enclosed by I' and S, N {y < 6} (see
Figure 2). Further, set I';) = I'N dD,. We see that S = S 5 and D = D 5 and S;

contains the origin. Let # be any number with % < 0 < 1. Then Dy, C D,. For such a

0 we define 0’ = #. We see that § < 6’ < 1 and 0’7 > 1. When u belongs to C*(Q)
and is a solution of equation (1.2) in @, in the distribution sense, we say simply that u
satisfies equation (1.2) in (. From now on we denote by C all constants independent
of a, 8,7,6,n and k. We put p(a) = min(1, ).

Our aim is to prove the following

Theorem. Suppose that u is in C(Q) and satisfies equation (1.2) in Q, further
lul, |Vaul, [ul, Jul 2" <M in D, (2.3)

and M* < #. Suppose also that

.
/ (u? + |Voul? +uf + |[u*?) do < &
FW

max (07272, p(a)|y(B—a)|) <7 (2.4)

5k% max ((2+ @)?N25—4 M* + p(oz)M2(°‘_5)) <7

/

where )
n €
=——— log —.
TR 1) M
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Then
(u? + |Vyul?) dodt
Dy,
K2 20 2.5
<O+ )1+ 1)1+ M) (2.5)
1 2(1 —0") 2(07n% — 1)
—_— —— 1 —————logM
<o vy e e |Gy

where C' does not depend on 0,¢ and M.
If e — 0, then the left-hand side of (2.5) converges to 0, too. Hence u vanishes
identically in Dg,, if € = 0.

3. Main Estimate

In this section we impose the assumptions in the previous section, except those of our
Theorem. Let u be a function in C1(Q) satisfying equation (1.2) in @ and let ¢ be the
function in the previous section. We suppose (2.3) and set v = e”?u, where 7 is any real
number different from that in our Theorem. Hereafter we assume that all constants do
not depend on the numbers «, 3,7, 6,n and k.

Under the above assumptions we have
Proposition. Suppose that
M
max(6*k %, p(a)ly(B - a)])
5k2max((2 + )2N2674, M2 + p(a)M*@=P)) < 7.

1
S G2
<T

Then
/ |V |2 dxdt + ﬁ(%)zﬂ/ vidxdt
D D

n n

< C”g‘ﬁza / (Ut2 + |VIU|2 + 7202 + |7|65T‘P\U|2_6)d0
D77

where the constant C' does not depend on 7 and M.

Proof. First we assume that u € C?(Q) N CY(Q). In the last we remove this
assumption. We denote formally the left-hand side of (1.2) by f and write simply V
instead of V,. Then

ug = e (v — Tppv)
Au=e "¢ (Lv -2V Vv + (T?|Vp|* — TAp)v) '
So, equation (1.2) becomes
—e™Pf = [Av + 72\V¢|2v + Te” P |v|% + ”yeﬁww_ﬁv}
— [27Vp - Vo + e 2 |v| Y]
(3.1)
—T7Ap-v

= A—-—B-F.
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From now on we yield an estimate of v on D,. We denote by || - || and (-,-) the
L?*(D,))-norm and the L?(D,)-inner product, respectively, and by (-,-) the L*(8D,))-
inner product. Easily,

3(A-B-E)*>> A>+ B*—2AB — 4F”.
Hence
slle™ 1
> ||Av + 72| Ve|*v 4+ Te T v v + 'yeﬁw|v|’ﬁvH2 (3.2)
+ |27V - Vo + e*aw’|v|0‘vt”2
- 2(Av + 72|V|?v + 1= v 4+ v TP |v| TP, 27V - VU + e—awwavt)
— AT (L)%, 07)
= I} + I, — 213 — 472 (D)2, 0?).
Now we calculate I3, which is of the form
—I3 = —27(Av, Vi - Vv) — 27%(|Ve|*v, Vo - Vo)
— 272 (e |v|, Vo - Vv) — 297(eP7¢ || Pu, Vo - Vo)
— (Av, e T |v|%y) — T2(|V|?e™ 7%, Ju|%vv;) (33)
= 7(pre 27 oM vvy) — (P ol P owy).

Hereafter we use often integration by parts without saying. We estimate each term on

the right-hand side of (3.3). First

—(A0, V- V) =Y (04,00, 05,0 - O, v)

ij

+ ) (00, 00,0 - O, 0 v)
irj

— oyv - (V- Vou)do
8D,

where v is the exterior normal on 0D, N {t}, 0, =v -V, and
> (02,0, 00,0 - 02,0,,0) = 3(Veo, V(I VU[?))
2]

= —%(Agp, \Vv|2) + % / Oy - \V'U|2d0'.
)

Dy

Since V(Ayp) =0,

—3(Dp, |VU?) = L (Dp,v00) — & Ay - vo,vdo.
oD,
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Hence we have
—(Av, V- Vu) = Z(@xiﬁ%gp, Oz, v - Oz, v)
1,J
+ %(v, Np - Av)
+J1

where

il < C((IVel, [Vof?) + (A, o] [Vul)).

From now on we assume that any constant C' does not depend on 7 and M, not only
on «a, 3,7,0,n and k.

We continue the following calculations :
—(IVel*, Vg - Vo)
= —3(IVel*, V- Vo?)
= 200 (00,00, - 0uip - 00, 0%) + 5 (IV Ao, v7)

1 / Vol0,p - vido
o

Dy

(3.5)

and
— (e7 P pi|v|Yv, Vi - V)

= L5 (e7 %, Vo - V([v]*F?))

= 570N, [0]*F?) — SB35 (e TP Vil 0] *H?)

(3.6)

_ 1 —aTe
a+2 e

n

0Oy - ]v\o‘+2da.

Here we have used the fact that Vi, = O. Further,
— (P |v| P, Vi - Vo)
= — 525 (" Ve, V([v7))

.
= 25 ( 7D, 0P P) + g2 ( TV, [of27) (37)

- ﬁ/a 78, - |v|* P do.

n

Now we calculate
—(Av, e |v|Yy) = (e”*T?|v|%, Vv - Vi)
+ a(e” P> 2, | Vol ?vy)

—ar(e”“T?Vo - Vu,|v|%)

- / e o - [v|Yvr do
oD,
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with
(e”*T?v|*, Vv - Vi)
= 5(e7?J|*, (]Vv[*),)
= —za(e” T Pouy, [Vol?) + saT(e gy, ] Vol?)
-I-%/ e~ TP v|¥| Vu|? cos(, t) do
DW
where (7,t) is the angle between the t-axis and the exterior normal 7 on 0D,,. If a = 0,

the integral (e~ 7% |v|*2vvy, |Vv|?) does not converge in general, but it is regarded as
0, because its coefficients are o. From the above we have

—(Dv, e v|%y) = Fa(e” T |u|* oy, [Vo]?)

—at(e” "V - Vo, |v|“v)

1 —aTe « 2 (38)
+ zat(e o, [v|*Vo]%)
+Jo
where
[ T2 < C((Jul®, [ve|[Vo]) + (Jul®, [Vu]?)).
We calculate each term on the right-hand side of (3.8). First,
(e | 2vve, [Vul?) = (lul*"Puue, [Vo?) + 7(peful®, [Vo]?). (3.9)
From (3.1) we have
— (e7*V - Vo, [v|%;)
=— <Vg0 Vv, Av + 72| V|0 4+ e 04 [u]|*v
+ 7P| TPy — 27V - Vo — TAp v + ewf).
This is written as
— (e7¥Vp - Vu, [v]["v)
= —(Vy - Vv, Av) = 72(V - Vo, [V *v)
(3.10)

— (V- Vu, e o v|*v) — (Ve - Vo, e’ ™|o| " v)
+27(1, (Ve - Vv)2) +7(Vep-Vu,Ap-v) — (Ve - Vo, e™?f).

Now we calculate each term on the right-hand side of (3.10). Recall (3.4) and (3.5). We
see that

— (Ve - Vo, e”T?pi|v|%)
= — 5 (e %, Vo - V[v|*T?)

a+2
= a2 (e D, [0]*?) = 5T (e TR Vil [u]* )
~ s [ e ol o,

n
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— (V- Vu, el |v|Po)
"8, V- VIu[*7F)

sg(e
525 (7T D, [0]*77) + g (T Ve JuPP)

- ﬁ/ "y - [ Pdo
oD,
and

(Vo Vo, Ap-v) = 5(Dp, Vo - Vo?) = —5((Ap)?, v?) + %/ N - 9y - v?do.

Dy
Hence from (3.10) it follows that
(Vg Vo, [o]w)
= %(v, Np - Av) + Z(arﬁmjw, Oz, V- Og,0) + %7’2(\V<,0|2Ag0, v)

%]

+ 372 (V(IVel?) - Vo,0%) + m57(e o Ap, [v]*F?)

— 22 (e |Vl o) + 25 (P A, o) (3.11)

(TP, o2 )

+27(1, (V- Vo)?) = 57((8¢)* v*) = (Vg - Vv, e f)

+J3
where

| Js| < C<(|Vs0|7 [Vol?) + (D, o] Vo)) + 7|V, v%)
+7(lel IVl [ul*v?) + Y77 V), [0 ~7) + T<|V90|A<Pﬂ)2>)-
Combining (3.8) and (3.9) with (3.11), we have
— (Av, e TP |v|Yy)
— La(ul2uu, [Vo?) + ar(pdul®, [Vo?) + Sar(u, Ap - A0)
+ a7y, (02,000, 00,0 - 02,0) + 507 (V| Ap, v?)
+5a (V(IVel?) - Vo, v%) + 35577 (e pr g, [v]*F?) (3.1

— 5T (0 Vol Jul ) + 2577 Ap, [uPP)
+ 525 (TP Vel o)
+2a7°(1, (Ve - Vo)?) — sat 2((Ap)*v?) + Jo+ats

—ar(Ve - Vv, e f) + tar(pdul®, | Vv]?).
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Lastly, we calculate the remained terms on the right-hand side of (3.3). First,
— (IVe?e7%, Ju|*vuy)
= — o[V’ (ju]*%),) (3.13)
=~ (Ve ™) = oy [ [Vl ol cos, 0 do
aD,
because (|Vp|?); = 0. Next,
= (7270, [u*vuy)

= — s (€2 e, (|02

2(a+1)
= _2(051_'_1) (e—ZaTgo(ptt, ’U‘QOH_Z) N aL-i-lT(e_zaﬂo(‘D%’ |U‘20‘+2) (3.14)
~ @ [ T st do
oD,
and
— (T ol Puw,)
= = (e (ol 7))
v - - 3.15
= aéﬂiQT(e(ﬁ Q)T‘Pgot’|,u|a ﬁ+2) ( )

- a—;ﬁw /8D eB=)Te|y| 9= BF+2 cos(, t) do.

n

Combining (3.3) with (3.4) - (3.7) and (3.12) - (3.15), we finally conclude that
—I3 =273, i(03,00;,00,v - Oy;v) + 7(v, App - Av)
+27%7, (0,000 - Oa, 0 - By 0,0%) + T2 (V0|2 Ap, 0?)
+ %HTQ(%A% u[*v?) = 2257° (0:| Vol?, [u]“0?)
+ 25 7( 7T D, 0] 70) + 255 (T VP, o)
+ La(u|*Puug, [Vol®) + Lar(pdul®, |Vo?)
+ 1ar(v, Mg - Do) + at) 2 (0s,0z,p, 0,0 - Oz ;v)
+ 507 ([Ve*Ap,v%) + 307 (V([Vel?) - Vi, 07)
+ a5 (e, [ulv?) — 5 a?T (0 Vol [ul*v?)
+ 557 (7T D, 0]P70) + §EE TR (T V2, o)

(3.16)

+2a7%(1, (Vo - Vo)?) — Tam?((Ap)?,v?)

+gar(edul® [Vol?) — 2557 (Ve er, [ul“v?)

+ m(gptt’ |u|2av2) a+1 ((pt’ |U|2a 2)

+ 2827 (o, [uloP0?) — a7(Vip - Vo, 79 f)

+ Jy
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Jy=21J; — ’7'3/ V|20, - vido — O%LQTQ/ 010, - |u|*vdo
D oD,

n

— 2 / 0,0 - [v]*Pdo + Jo + arJs

n

- a+r272/8 V| u|*v? cos(7, 1) do — mT/aD ot|u**v? cos(v, t)do
n

n

- —1 lu|*=Pv? cos(7,t) do.
e,

(3.17)
We arrange the right-hand side of (3.16) as follows:

—I3 = (a+2)7>_; (02,05,, 05,0 - 0p,v) + 7(v, D - Av)
+27°%0, (02,00, - 0,0 - Oy 0,0%) + 2273V A, v?)
+ 70, 0l 0%) = “EE T Vel fu] )
+ AT D, [P0 + BRI (T VR, [of0)
+ 2a(lu|*Puug, [Vol*) + ar(pdul®, Vo) + Sar(v, Ap - Av)
+ 507’ (V([Ve]?) - Vip,0?) +2a7(1, (Ve - Vo))
_ —OéT ((AQO) ) + m(gptt, "U/|2a'l}2) _ a+1 (9015, |u|2a 2)

(3.18)

+ 220y, [u]*P0?) — ar(Vip - Vo, e f)
+ Jy

Zz 1K +J4

We set

Then
214 = (a +2)7(v, Ap - Av) + (a + 2)73 |V Ap, v?)
= (a4 2)7(Ap - v, Av + T2 |Vp|*v 4+ Te 72 [v]|%v + 1eP ¢ |u| 7Fv)
—(a+2)7(Ap - v, 7e TP, v|% 4+ 7P v TPo).
Thus
214 > -1y
— Ha+2)*7 (L)%, v?) (3.19)
— (a+2)7% (D¢ g, [u]*0®) = (a + 277 (" D, [u*7F)
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where we have used the trivial inequality AB > —A? — 1 B%. Further, we set
Is = K7 + Ks + K17 — $7(a + 2)7(e”™ Mg, [v]*77).
Then
I; = 5 (7 A, [o]*7)
+ 2ot 22| Vo, [o]*F)

+ 2 (o ul* P, v?),

407

For the time being let o > 1. We use the inequality Ay > 0 and assumption (1.4).

Then

I5 > 25200 7 (o ul* P, v?).

Substituting (3.19) and (3.20) into (3.18), we obtain from (3.2)
slle™ fI? = —Z(a +2)* 72 ((D9)?, %) = (a+ 2)7% (D¢ - g1, [u|*v?)
+2(a+2)732; (02,00, 00,0 - Ox,0)
+ 47’3ZZ~ j(amamj@ Oy, - (%ngo,v ) + 272 (i A, [u|*v?)
— 25 (@4 3)7% (e Voo, [u*0?) + a(|ul P, [Vol?)
+2a7(peful®, [ Vo) + ar* (V(IVel?) - Vi, v%)
+4at?(1, (Ve - Vo)?) — (a+ D72 ((Ap)?,v?)

|2a 2) |2av2)

+O¢L+1(90tta|u a+1T (90757|u

+ 20 oy ul* P, v?) — 2a7(Vip - Vo, €74 f)

+ 2J4.

Using the inequalities
1a+2)?+ (a+4) <2(a+2)°

and
2a7|(V - Vo, e f)| < 4at?(1, (Ve - Vv)?) + %a“ewﬂﬁ

we rearrange (3.21) as
C(lJa + (L +a)lle™ £]%)
> 2a +2)732; (00,05, 0, 02,0 - 0,0) — a([u]*~ue|[Vo]?)
= 2a7(|eel[ul®, [Vol]?) = 2(a + 2)°72((Ap)?,v?)
+47%Y0, (02,00, - 00,0 - 0,0, 0%) + a7 (V(|V]?) - Vo, 0%)
—ar?(Dp - g, [ul"v?) = 25 (a + 3)7° (0| Ve, [u]*0?)

|2a 2) 2a

a+17— (Spt ) |u|2a02)

+ o7 (us |u

2v(8— o
+ 2 (g u|* 7 0?).

(3.20)

(3.21)

(3.22)
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We enumerate some properties of ¢:

[Vl = 4((y — 6)* + 6*2") < 4p )
Ap =2(1+6*(N —1))
Pt = 252t

V(IVel?) - Vo = 16((y — 0)* + 6°|z'?)
02,000 G5 = 2(6%(E')? + £%) > 20%[¢)?
Zl}jaxiaxjgo ) 8361‘90 ) 89@'90 = 8((3! - 5)2 + 56|$/|2)- ),

where & = (£1,...,6n) = (€,6n) € RY. It is immediately seen that inequality (3.22)
can be continued by

C(| sl + (L +a)le™ fI7)
> 4(a +2)51(1, |Vol?) — a(|u|*Hul, [Vol?) — 4ad?r(|t]|u]*, |Vou]?)
—8(a+2)°N?*7%(1,0%) + 327°((y — 8)* + 6%|2"|%,0?)

3.23
+16a7'3((y—5)2 +56\:1:'|2,v2) —404N527'2(\t\|u\0‘,112) ( )
— 28 (0 )07t ) + 25077 (], 0?)
— o2, o?) — DG Pl 7).
Here we set
Is = 4(a + 2)527'(1, |Vv|2) — a(|u!a_1|ut|, |VU|2) — 4a52T(|t| ||, |Vv|2).
Then from (2.2) and (2.3)
2 2 «@ 2 2 6 « 2
Is > 4(a+2)6°7(1, |Vu|?) — aM*(1, |Vv|?) — 4ad“y/ — M 7(1,|Vv]?).
K
Hence if
)
2\/j M <1 and M® < 5%, (3.24)
K
then
Is > (a4 1)8%7(1,|Vol?). (3.25)

Next we denote by I7 the sum of the fifth, sixth and eighth terms on the right-hand
side of (3.23), whose coefficents contain 73. Then from (2.2)
0°\2 3. o 43¢ 1a 2
I; > 16(a+2)(2—> 7°(1,v%) — 240677 (Jul®, v*)
K
which implies that

I > 8(—)273(1,1)2) (3.26)
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if )
M < —. 2
G2 (3.27)

Lastly, we denote by Ig the sum of the remaining terms on the right-hand side of
(3.23). Namely,

Is = —8(a+ 2)2N27'2(1,v2) — 404N627'2(\t\|u\0‘,v2) + (527(]u|2a, 112)

2
a+1
4 — _

— B gt (2 |uf?, 0?) — AL ([t [u 2P, 0?).

Easily,
Is > —|8(a + 2)2N?72? 4 4aN§* 72 M* 4 85472 M>* + 4|~ (B — a)ya%Ma—ﬁ} (1,v%).
We use the inequalities
4aN§*M® < 20°N? + 25 M>~
Ay(B — ) 57 M0 < 25472 M2D) 1 27(8 — ) }

and assume

(B —a) <. (3.28)

Then
Iy > —1072 [(a + 2)2N? + 64 (M2 + M2(a—ﬁ>)] (1,02). (3.29)

Combining (3.23), (3.25) and (3.26) with (3.29), we obtain that inequality (3.22) can
be continued as

C(Ja + (1 + a)lle™ £]%)
> (a4 1)6%7(1, |[Vol?) +8(2)*73(1,v?) (3.30)
~1072 (o + 22N + 54 (M2 + M2)| (1,07)
under assumptions (3.24), (3.27) and (3.28). If we assume

T

521\ 2
2 A72 20 2(a—p
5(a + 2)2N? < (;) roand S M) < S (331)
then ]
3[(a+ 22N 4 6 (a2 4 M=) < (£)7r,
Hence from (3.23) and (3.30) we conclude that
(a+ 1)3%7(1,[Vol?) + (£)°73(1,02) < C(1i] + (1 + a)lle™ f]]2). (3.32)

Next we consider the case of & = 0. In place of (3.20) we have

Is > LLr(" (A + or), [0 7).
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From (2.1) and (2.2)
Ao+ >2(1 —6%K%) >0
follows. Accordingly the last term on the right-hand side of (3.22) can be dropped.
Thus
Is > —|8(a +2)°N?7% + 4aN§* T2 M“ + 854T2M20‘} (1,v?).
Without assuming (3.28) we have
Is > —1072 [(a + 2)°N? + §* M>*] (1,0%)
in place of (3.29). Hence if we assume
5(a+2)2N? < (%)27' and 5M3 < 12,
K
then (3.32) can be obtained.

Finally, we estimate the surface integral Jy. If we write

L <c / Fdo,
oD,
then from (3.17)
F = |Vl (jur] + [Vo]) + [y1e?™[u] v~
+ (a+ )7 (IVel - [Vol? + B - ol V0] + il lul0? + 11772 | Vo] [0]2~7)
+ (o + )7 (Joil [Vl [ulv? + [Vl A - v? 4 [V uf*0?) + (o + 17| Vgl o2
< C[M(wF + Vo) + (o + Dr(v? + M*0? + Vo2 + |y|(1 + M) e |o27))

rC [(a F1)(1 4+ M*)r20? 1 (o + 1)7%2} .
follows. Using the inequality 2M< < 1 + M?2%, we see that
F < Cla+ D71+ M**)(v7 + Vo> + 7207 + |y]e’7#|v[*7F). (3.33)

It is enough to complete the proof only for the case of & > 1, from which the case of
a =1 will be obtained, too. We rearrange assumptions (3.24), (3.27) and (3.28), which
are satisfied, if

M < min (%\/5,6%) and max (Ag—:,h(ﬁ—aﬂ) <T

From (2.1), min(%\/?, 53) = goz. Therefore combining (3.32) and (3.33) with (3.31),
we complete the proof for u € C%(Q) N CHQ). If u € CY(Q), from our assumptions
we see that Au € C°(Q). We denote by {uf} the regularized approximation of w.
Obviously,

Au® — Au

| (u®) — ful"u; (e—=0)

| ~Pu® = ful " u
in L?(Q).

Hence the proof is reduced to the previous case that u € C%(Q) N C'(Q). This
completes the proof B
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4. Proof of Theorem

In this section we prove our Theorem. From our assumptions we can apply our Propo-
sition in the previous section. Setting v = e”?u, we have

/ (720% + |V v]?) dadt
D77

/432
<C(+a)(l+ MQQ)/ (7%0% + |Vou? +0f + |7 |v]* ) do
oD,

where 7 is the constant defined in the assumption. Contracting the integral domain on
the right-hand side, we get

/ 2™ (u? + |Vul?) dzdt (4.1)
Dy,
2
= 0';—472(1 +a)(L+ [y[)(1 + M>) / 27 (u? + |Vul® + uf + [u[*~7)do.
oD,

Since ¢ > (%)2 in Dg,,

J,

Obviously, ¢ <42 on T, and ¢ = (
the above we obtain

/ (W2 + [Vul?) dedt
D

on

e*™? (u? 4 |Vul?) dzdt > exp [27’(%)2] / (u? + |Vul?) ddt.
Doy,

on

)

2 .
n) on 0D, —I'. Hence, from our assumptions and

2

< O (L4 @)L+ (L + M) (4.2)

0 \2 2 2 2 0?2
X exp [—27’(%> } (6 exp[270°] + M= exp [27’(5) ]) :
We use the trivial inequality
1 1 2 1 1
—_ 1)) < — >
<A<02 9/2>> < Cexp [2’4(92 9/2>] (420).
Since 6/ — 0 = 1—59, it follows that

g —09)2 = 24(g — )|

Putting A = 7‘(%)2, we have

725% exp [— 27(%)2] < ﬁexp [— 27’(%)2].
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Substituting this into (4.2), that inequality can be continued as

/ (u? + |Vul?) dzdt
D

on

1
(1-6)?

X exp {—%(%)1 (52 exp[276%] + M2 exp {%(%)2}) .

< CR* (1 + )1+ [y[)(1 + M>)

Obviously,

exp [2r2(1 - (5))] = we |20 (2)(1- )
—op | AT g enp |20 iog ]

Therefore we complete the proof of our Theorem.
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