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Multiple Solutions
for a
System of (n;, p;) Boundary Value Problems

P. J. Y Wong and R. P. Agarwal

Abstract. We consider the system of boundary value problems
(ns) 9
w" () + filt,ui(t), ... um(t) = 0=

ul?(0) =0
uP(1) =07

fort €[0,1],i=1,...,mand 0 < j <n; —2 wheren; > 2 and 1 < p; < n; —1. Several criteria
are offered for the existence of single and twin solutions of the system that are of fixed signs.
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1. Introduction

In this paper we shall consider the system of boundary value problems

W@+ fitua (), . um(t) =0
uz(j)w) -0 (1.1)
uP (1) =0

fort € [0,1],i=1,...,mand 0 < j < n; —2. Throughout, for each i, it is assumed that
n; >2and 1 <p; <n; —1. A solution u = (uq,...,uy,) of system (1.1) will be sought
in B = (C[0,1))™ = C[0,1] x---x C[0,1] (m times). We say that u is a solution of fized
sign if for each 1 < ¢ < m we have v;u; > 0 on [0, 1] where v; € {1, —1}. Throughout,
with v; € {1, —1} given, we define

Kz{u:(ul,...,um)EB ’yiul~20fora111§i§m}
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and
K, =K\0= {u:(ul,...,um)EK V5 U; >Oforsomej€{1,...,m}}.

For each 1 < i < m, it is assumed that f; is continuous on [0, 1] x K.

The aim of this paper is to provide various conditions on the nonlinearities f; (1 <
i <'m) so that system (1.1) has single as well as twin solutions that are of fixed signs.
Specifically, we shall consider two cases. The first is when f; (1 < i < m) satisfy certain
‘fixed-sign’ condition, namely,

(A) {%fi(t,ul,---yum)EO i(;ﬁ,z)e[O,l]xK

f
Yifi(t,ur, .o ) >0 if (¢ u) € [0,1] x Ky

and the second is when condition (A) is relaxed.

There are numerous recent investigations on the existence of solutions of boundary
value problems, these are well documented in the monographs [1, 2, 4, 5]. In fact,
particular cases of system (1.1) when m = 1 arise in various physical phenomena such as
gas diffusion through porous media, nonlinear diffusion generated by nonlinear sources,
thermal self-ignition of a chemically active mixture of gases in a vessel, catalysis theory,
chemically reacting systems, infectious diseases, adiabatic tubular reactor processes,
as well as concentration in chemical or biological problems [7 - 10, 14, 15, 18, 19].
Our present work extends the vast literature on boundary value problems to a system
of boundary value problems. For other related work on systems of boundary value
problems, we refer to recent contributions of [3, 6, 20 - 23|. It is noted that in all
these works, the criteria developed are different from our current work, and some of the
systems are not as general as what we are considering here.

The outline of the paper is as follows. In Section 2 we shall state Krasnosel’skii’s
fixed point theorem in a cone and present some inequalities for a certain Green’s function
which are needed later. Under the assumption of condition (A), the existence of single
and twin fixed-sign solutions of system (1.1) is treated in Sections 3 and 4, respectively.
Finally, in Sections 5 and 6 we discuss the case when condition (A) is removed.

2. Preliminaries

In this section we shall state Krasnosel’skii’s fixed point theorem in a cone which is used
later to establish existence criteria for the solution of system (1.1). Certain inequalities
involving Green’s function related to system (1.1) are also included. These inequalities
are important in defining an appropriate cone which is essential in Krasnosel’skii’s fixed
point theorem.

Theorem 2.1 (see [17]). Let B = (B, || -||) be a Banach space, and let C' C B be a
cone in B. Assume Q1 and Qo are open subsets of B with 0 € 1 and 1 C Qs, and let

S Cﬁ(ﬁg\Ql)HC’

be a completely continuous operator such that either
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(@) [|Sul| < Jjul] (vwe CNIN) and ||Sul| > ||ul]| (ve CNON)
or

(b) [[Sul| > |Jul]] (v € CNIN) and ||Su|| < ||ul]| (v CNIN).
Then S has a fized point in C N (Q2\Qy).

To obtain a solution of system (1.1), we require a mapping whose kernel G;(t, s) is
Green’s function of the (n;, p;) boundary value problem

for t € [0,1] and 0 < j <n; — 2. It is known (see [4: p. 191]) that

tni—l(l _ S)ni_pi_l — (t — S)ni_l if S € [0 t]
Colts) — 1 ! 2.2
and .
8]

for 0 < j <p; and (¢,s) € [0,1] x [0,1].
Lemma 2.1 (see [4: p. 192]). For (t,s) € [, 3] x [0,1] we have

Giltss) = ()™ Gty (1= 9" P L= (L= o))

Lemma 2.2 (see [4: p. 191]). For p; > 1 and (t,s) € [0,1] x [0,1] we have

Gilt, ) < gty (1= )™ P L — (1 — )],

Throughout, we shall denote the interval I = [1, 3].

3. Existence of a fixed-sign solution under condition (A)

In this section we shall tackle the existence of a fixed-sign solution when f; (1 <
i < m) fulfil condition (A). To begin, let the Banach space B = (C[0,1])™. For
u=(u1,...,Un) € B define the norm

Il = B, S, 1O = g, o

where we denote [u;|o = supye(o 1) |ui(t)| (1 <@ < m). Define the operator S: B — B
by
Su(t) = (Siu(t), ..., Smult)) (3.1)
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for t € [0, 1] where

Siu(t) = /0 Gi(t,s) fi(s,u1(s), ..., um(s))ds (3.2)

for t € [0,1] and 1 < i < m. Clearly, a fixed point of the operator S is a solution of
system (1.1). Let

and min e viui(t) > (7)) uilo

C:{u:(ul,...,um)GB

for each 1 <1i <m, y,u;(t) > 0 for t € [0,1]} (33
3.3

It is noted that C' is a cone in B. Further, C' C K. If u € C is a solution of system
(1.1), then obviously u is a fixed-sign solution of that system.

Lemma 3.1. The operator S maps C' into itself.

Proof. Let w € C (C K). In view of condition (A) and (2.3), we obtain for
te0,1]]and 1 <i<m

~viSiu(t) = /o G,(t, s)%-fi(s,ul(s), . ,um(s))ds > 0. (3.4)

Next, application of (3.4) and Lemma 2.2 yields
[Siu(t)] = viSiul(t)

< /0 ﬁ(l — )M Pim ] (1 — §)Pi] %.fi(s,ul(s), e ,um(s))ds

for all t € [0,1] and 1 < ¢ < m. Consequently,

1
|S7,U|O < /0 ﬁ(l — S)Hi—pi—l[l — (1 - 8)pi]

X i fi(s,u1(s), ua(s), ..., um(s))ds

(3.5)

for all 1 <4 < m. Now, using (3.4), Lemma 2.1 and (3.5), foreach 1 <i<mandt € [
we find

viSiu(t) > /0 (%)niflm (1 —s)" P 1 = (1= 8)P ]y fi (s, ur(s), . .., um(s))ds

()™ 1Sulo.

v

Hence

. n;—1
miny; S;u(t) > (3)" [Siulo (3.6)

for 1 < i < m. Coupling (3.4) and (3.6), we obtain S(C) C C. Also, the standard
arguments yield that S is completely continuous B
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Theorem 3.1. Suppose there ezist two constants A and n (# ) such that the
following conditions are satisfied:

(C1) For each 1 <i < m, we have
Yifi(tur, . um) < Agg

for (t,|u1l, ..., |uml|) € [0,1] x [0, \]"™ where

—1

1
w={ [ a0 (3.7
(C2) For some 1 < i < m, we have

Yifi(t,ur, ... um) > nb;

for all (t,|uil,...,|um|) € I x K; and j =1,...,m where

K, = {@1,...,%) v € (1) nn) and vy € 0,7 fm'k%j} (3.8)

and i
by = [/ Gi(i,x)dx} : (3.9)
xel
Then system (1.1) has a fived-sign solution u* such that
min{\, n} < ||u*| < max{\,n}. (3.10)
Proof. We shall employ Theorem 2.1. For this, let
O ={ueB: ||u <A} and Qo ={ueB: ||lu <n}.

We shall show that

(i) [|Sul| < JJul| for w € C' NI
(ii) || Su|| > ||u]| for u € C' N INs.

To justify statement (i), let uw € C'NOQ;. So ||u|| = A. Applying (3.4), Lemma 2.2 and
condition (C1), we get for t € [0,1] and 1 < i <m

|Siu(t)] = viSiu(t)

< [ e (PS8

1
< / by (1= )™ P11 — (1= )P Ay ds
0

= [ull
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Hence, |S;ulo < ||u|| for 1 < i <m and so [|Su| = maxi<;<m |[Siu|o < [|ul.

Next, to verify statement (ii), let v € C' N 0Qy. Then ||u|| = . Suppose that
|u|| = |ujlo for some j € {1,...,m}. Since u € C, it is clear that |u;(t)| € [(i)nj_lfr],n}
for t € I. Further, |ug(t)| € [0,n] for k # j and ¢t € I. Now, using condition (C2), we
find for some ¢ € {1,...,m}

[Siu(3)| = 7iSiu(3)
> /eI Gi(%,8)vifi(s,u1(s),. .., um(s))ds

> Gi(i,s)nbi ds

Consequently, |S;ulo > ||u|| and so ||Su|| > |Ju]l.

Having obtained statements (i) and (ii), we conclude from Theorem 2.1 that S has
a fixed point u* € C' N (Q2\Q1) or C N (2;\Qs). Therefore, (3.10) holds B

Let M ={1,2,...,m}. For 1 <1i,j < m, we introduce the following definitions:

’Vifi(t7u17 oo ,Um)

max fy = lim max
maxi<r<m |uk|—0" t€[0,1] |u]|

minfé’y = lim min /Y'sz(7 1, ’ m)
|u;|—0+ te[0,1] |u]|

[ugl€[0,00), ke M\{j}

%-fz-(t,ul, . ,um)

max f1J = lim max
ming <k [ur| oo t€[0,1] 5]

min f3) = lim min nfiltw, m)-
fuj o0 <o [l

lug|€[0,00), ke M\{j}

Lemma 3.2. Suppose, for each 1 < i < m and some 1 < j < m, that one of the
conditions

max o7 € [0,a;) (3.11)
or o
max f2) € [0, a;) (3.12)

is satisfied. Then condition (C1) holds for some X > 0.

Proof. First, we shall show that (3.11) leads to (C1). Let € = a; —max fi/ (> 0).
Clearly, there exists A > 0 (A can be chosen arbitrarily small) such that

vifilt,ur, ... um)

max < max fé’j +e=aq
t€[0,1] ||
for all (Juil,..., |um|) € [0, \]". For each 1 <i < m, this subsequently implies

Yifit,ur, ug, .. up) < ailug| < i
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for all (¢,|u1l,...,|um|) € [0,1] x [0, \]™, i.e. condition (C1) holds.

Next, assume that (3.12) holds. Let § = a; — max f%J (> 0). Then there exists
6 >0 (6 can be chosen arbitrarily large) such that

7ifi(t7u17 s 7um)

< Y46 =a; 3.13
Jnax ] < max f3 +6 =a (3.13)
for all (Juil,..., |um|) € [#,00)™. For each 1 < i < m, there are two cases to consider.

Case 1: 7; fi(t,uq,...,uy) is bounded. So there exists I' > 0 such that
%-fi(t,ul, Ce ,um) S I

for all (¢, |uy, ..., |um|) € [0,1]x[0,00)™. Take A = = (since I" can be chosen arbitrarily

large, A can be chosen arbitrarily large). It follows that

%fi(taUhUZa vee 7um) g )\ai

for all (¢, |uil, ..., |uml|) € [0,1] x [0, )™ C [0, 1] x [0, 00)™.

Case 2: 7; fi(t,u1, ..., uy) is unbounded. Then there exists A > 6 (A can be chosen
arbitrarily large) and ¢; € [0, 1] such that

i fi cey Um) < iJi(li, 7o Pm
Yifi(tur, o um) < e aX_ fits, p1X, ..., pmA)
for all (¢, |uil,...,|um|) € [0,1] x [0, A\]™. In view of (3.13), the above inequality leads
to

Yifilt,ut, .. um) < aglpi A = aA
for all (¢, |uil,. .., |um|) € [0,1] x [0, A\]™.
Therefore, in both cases condition (C1) is fulfilled B

Lemma 3.3. Suppose, for some 1 <1 <m and each 1 < j < m, that

min fi7 € (b;4" 1, 00] (3.14)
or o
min f%7 € (b;4™ 1, 00 (3.15)

is satisfied. Then condition (C2) holds for some n > 0.

Proof. First, to show that (3.14) gives rise to condition (C2), we let € = min f37 —
b;4"i~1 (> 0). Clearly, there exists n > 0 (1 can be chosen arbitrarily small) such that

. ’Yifi(tvuh“'?um)
min

]
lug |€[0,00), k€ M\{j}

> min fy? — ¢ = b4™i 1

for all |u;| € [0,n]. Hence, for some 1 <14 < m and each 1 < j < m, we find

’)/Zfl(t, Ugy. .- ,um) Z bi4"j_1|uj| Z bi4nj_1(i)nj_177 == bﬂ] (316)
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for all (¢, |u1],...,|um|) € I x K; C[0,1] x [0,00)7~! x [0,7] x [0,00)™ 7. So condition
(C2) holds.

Next, assume that (3.15) is satisfied. Let 6 = min f%J — ;4" 1 (> 0). Then there
exists 7 > 0 (7 can be chosen arbitrarily large) such that

. Vifi(tul?"'aum)
min

teo,1] |u]’
|ug|€[0,00),k€M\{j}

> min f —§ = b;4" 1

for all |u;| € [(%)nj_ln, 00). Thus, for some 1 < i < m and each 1 < j < m, (3.16)
follows for (¢, [u1l,...,|um|) € I x K; C[0,1] x [0,00)7 71 x [(i)nj_ln,oo) X [0, 00)™™7.
So condition (C2) is fulfilled i
Corollary 3.1. Suppose one of the following conditions is satisfied:
(a) (3.11) holds for each 1 < i < m and some 1 < j < m, and (3.15) holds for some
1<i<mand each 1 <j3<m
or

(b) (3.12) holds for each 1 < i < m and some 1 < j < m, and (3.14) holds for
some 1 <1< m and each 1 < 57 <m.

Then system (1.1) has a fized-sign solution u*.
Proof. It follows from Theorem 3.1 and Lemmas 3.2 and 3.3 I

Remark 3.1. In [11 - 13, 16] (m = 1), the existence criteria developed require
max fo, min fo, max foo, min foo € {0,00}. However, there are functions that do not
satisfy this condition. Hence, our results generalize and extend all these recent investi-
gations. To cite some examples, for m = 2 and v; = v = 1, we have:

(a) fi(t,ui,uz) = —eullj:ru;_l, maxfé’j =1, minfé’j = 0.5, max f%J = min f%J =
o (j=1,2).

(b) fi(t,ui,ug) = (t + 1)sinh(u; + up), max fo7 = 2, min f&/ = 1, max fiJ =
min f% = oo (j=1,2).

(c) fi(t,ull,uQ) = uy +tPe7"2, maxfé’j = 00, max fi) =1 (j =1,2), min fi'' =
min 5! = 1, min f'? = min f42 = 0.

Example 3.1. Consider the system

(3.17)

for t € [0,1], j =0,1,2,3 and k = 0,1,2. Here ny = 5,n5 = 4,1 < p; < 4,1 < py <
eStv_1

37m = 27 fl(t’x7y) = T1yez and fg(t,l',y) = (t+ 1)Smh(x—|—y) Fix =72 = 1.
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Clearly, condition (A) is satisfied. Since min f%J = oo for i,j € {1,2}, by Lemma 3.3
condition (C2) is fulfilled for some 1 > 0. Next, for A > 0 it is clear that
e*ty —1
——<e

1+t —
fa(t,z,y) = (t + 1) sinh(z + y) < 2sinh(2))

for (¢,|z|, |y|) € [0,1] x [0, A\]2. Thus condition (C1) is satisfied if we can find some A > 0

such that
e —1 < A\ap
2sinh(2)) < Aap |

fl(twrvy): 2>\_1

(3.18)

It can be checked by direct computation that (3.18) holds for A = 1. Hence we conclude
by Theorem 3.1 that system (3.17) has a positive solution u* = (z*, y*).

4. Existence of two fixed-sign solutions under condition (A)

By applying the results of Section 3, in this section we obtain criteria for the existence
of at least two fixed-sign solutions when f; (1 <i < m) satisfy condition (A).

Theorem 4.1. Suppose condition (C1) holds for some A > 0. Further, let (3.14) —
(3.15) be satisfied for some 1 < i <m and each 1 < j < m. Then system (1.1) has two
fixed-sign solutions u* and u such that

0 <[lul <A<l (4.1)

Proof. By Lemma 3.3, condition (3.14) leads to condition (C2)|,=,, and (3.15)
gives rise to condition (C2)|,=y,, where 7, and 72 can be chosen arbitrarily small and
large, respectively. Therefore, it is clear that

N < A <. (4.2)

It now follows from Theorem 3.1 that system (1.1) has a solution u* such that 7, <
|u*]| < A, and another solution u with A < ||a|| < n,. Hence, (4.1) is immediate B

Theorem 4.2. Suppose condition (C2) holds for some n > 0. Further, let (3.11) —
(3.12) be satisfied for each 1 <i < m and some 1 < j < m. Then system (1.1) has two
fized-sign solutions u* and u such that

0 <lu*fl <n < flul.- (4.3)

Proof. Applying Lemma 3.2, we find that condition (3.11) implies (C1)|y=», and
(3.12) leads to (C1)|ax=x,, where A; and Ay can be chosen arbitrarily small and large,
respectively. Hence, it is clear that

AL <1< Aa. (44)

We now conclude from Theorem 3.1 that system (1.1) has a solution u* with A; < ||u*|| <
n and another solution  satisfying n < ||u|| < A2. Thus, (4.3) follows immediately B
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5. Existence of a fixed-sign solution
In this section the non-linearities f; (1 < i < m) are not required to fulfil condition

(A). We shall consider the Banach space (B, || - ||) as in Section 3.

Lemma 5.1. Let Ly (1 < k < m) be given non-negative constants. Then the
system

ulP (1) =0

fort € [0,1],i=1,....,m and 0 < j < n; — 2 has a fived-sign solution u* € C (see
(3.3)). In particular, for Ly =0 (1 <k <m) we can take u*(t) =0 (¢t € [0,1]).

Proof. It is immediate from Theorem 3.1 i

Theorem 5.1. Suppose there exist non-negative constants L (1 < k < m) and
two positive constants A and n (# \) such that the following conditions are satisfied:

(D1) For each 1 <i < m we have

for all (t,u) € [0,1] x K.
(D2) For each 1 <i < m we have

1
a;(u) = /0 ﬁ (1 —8)" P~ 1 — (1 — )P [yifi(s,us, ..., Un) + Li]ds < A

for all (Juq|,...,|uml|) € [0, \]™.
(D3) For some 1 <i < m we have

bi(u) = / Gi(i,S) Yifi(s,ut, ... um) + Li]ds > n
sel

for all (|usl, ..., Jum|) € UL K; where
n;j—1 .
K; = {(vl,...,vm) vj € [(%) ! nj,n}, vg € [0,n] for k ;éj} (5.3)
and
n if Ly=0 (1 <k<m)
n; = 11— %(i)nj_l}n if Ly # 0 for some k and n > 2(4)" ~Y|ul| >0 (5.4)
0 if L # 0 for some k and 7 is small enough.

Then system (1.1) has a fized-sign solution u* such that

min{X, n} < [lu* + w”|| < max{X, n} (5.5)
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L

where u” is as in Lemma 5.1.

Proof. It is clear that system (1.1) has a solution u if and only if ¢ = u + u” is a
solution of the operator equation

q="Tq (5.6)
where T': B — B is defined by
Tq(t) = (Tra(t). .. qu<t>) (t € [0,1] (5.7)
/ Gilt,)hi(s, (q — u)(s)ds  (te[0,1,1<i<m)  (5.8)
hi(t,x1,. .., m)—fl(t,pl,...,pm)%—’yiLi (1<i<m) (5.9)
and, for 1 <7 <m, . .
x; i yxy >
= {0 otZerWise. (5-10)

From (5.9) we see that h; : [0,1] x R™ — R is continuous and well defined. Further, T’
is continuous and completely continuous.

To show that equation (5.6) has a solution, we shall employ Theorem 2.1. First, we
shall prove that 7" maps C' (see (3.3)) into itself. For this, let ¢ € C' (C K). In view of
condition (D1) and (2.3), we obtain, for ¢ € [0,1] and 1 < i < m,

1
~viTiq(t) = / Gi(t, s)vihi(s, (¢ — uL)(s))ds > 0. (5.11)
0
Next, an application of (5.11) and Lemma 2.2 yields
Tiq(t)| = viTiq(t)

< [ (= s = (1= 5 s g — ) (5) s

for all ¢ € [0,1] and 1 <4 < m. Hence

|T5qlo < /0 m (1—s)™ Pt — (1 — s)pi]%hi(s, (q — uL)(s))ds (5.12)

for all 1 < i < m. Now, using (5.11), Lemma 2.1 and (5.12), for each 1 < i < m and
t € I we find

1
viTiq(t) > /0 (%)ni_lm (1—s)™ P71 —(1-— 3)pi]'71hi<8, (g — UL)(S))CZS
> (1" Talo.

It follows that -
Ilflei}l%TiQ(t) > (1) |Tadlo (5.13)
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for all 1 <i < m. Coupling (5.11) and (5.13), we obtain 7'(C) C C.
Next, define the set

foreachlgz'gm,%qi—uf t)>0forte|0,1
cl = {q cC _ L( 1>(n21 ; 0.1] } (5.14)
and minger (g — u))(t) > (3) lgi — uy’|o

Note that C* contains the element u” + v where v = (y1,...,7%m). Let
G ={qeC" gl <A}  and D ={ge gl <n}.

We claim that

() I7all < gl for ¢ € C o
(i) |Tqll > llg] for q € € N 9.

To verify statement (i), let ¢ € CN9Q;. So ||¢|| = A which implies ||¢ — u”|| < X. Using
(5.11), Lemma 2.2 and (D2), we obtain for t € [0,1] and 1 <i < m

1
[ Tiq(t)] :/o Gi(t, s)vihi(s, (g — u)(s))ds
- /0 Gilt, $)u[f: (5, (q — uP)(s)) +iLs)ds

< /0 ﬁ (1 — S)ni—;ﬂi—l[l _ (1 _ S)pz‘] ['Yifi<3, (q _ UL)(S)) + Lz]ds
= ailg ")

<A

= [lall

As a result, |T3qlo < ||g|| for 1 <i <m and so ||T'q|| = maxi<i<m |Tiqlo < ||¢l|-

To show statement (ii), let ¢ € C' N 9. Then ||q|| = n and ||g — u”|| < n. Suppose

that |l — u®| = [g; — u}|o for some j € {1,...,m}. Then for t € T

(g —uB) @) = (3) Mg =) = (D™ (lall = b)) = (3)™ .

Thus |(¢; — ul)(t)] € [(i)nj_ln;-‘,n} for t € I. Further, |(qgx — uE)(t)| € [0,7)] for k # j
and t € I. Now, applying condition (D3), we find that the following holds for some
ie{l,...,m}:
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Consequently, [T;q|o > ||| and so || T'q|| > [|q||.

Now that we have established statements (i) and (ii), it follows from Theorem 2.1
that T has a fixed point ¢* € C N (Q\Q1 U Q;\Q) € CE. Therefore, min{\,n} <
lg*|] < max{\,n}. Since ¢* = u* + u®, where u* is a solution of system (1.1), and also
g* € CL it is clear that u* is also of fixed sign. The proof of the theorem is complete il

Let M ={1,...,m}. For 1 <1i,j < m we introduce the following definitions:

L;i,j

max f"7 = lim max
maxi<p<m |ur|—0t t€[0,1] ’uj‘
t,bug, ..., u L
mme,w = lim+ rniIn vifilt - um) + L
. t .
|uj|—0 \uk|e[o,oo§,keM\{j} |u3‘
max fL,z,] _ lim ’)/lf’b(ta Upy - 7um) + Lz
ming <g<m |uk|—o0 t€[0,1] |u]|
. ¥ . ) filt,ur, .o um) + Ly
mlnfOLO,z,g — lim min ’Yzfz( y U1, ) m) 7

. tel .
51700 |, et0.00) ke () 5]

Further, for 1 <7 < m we denote

-1

o = {/01 ey (L= )" P L = (1 s)P] ds} (5.15)

Bi = {/SGI Gi(i,s)ds}_l. (5.16)

Lemma 5.2. Suppose there exist non-negative constants Ly (1 < k < m) such
that condition (D1) holds. If, for each 1 < i < m and some 1 < j < m, one of the
conditions

and

max fi7"7 € [0, o) (5.17)

or

max 27 € [0, o) (5.18)
is satisfied, then condition (D2) holds for some A > 0.

Proof. First, we shall show that (5.17) implies (D2). Let & = c;; —max fi""7 (> 0).
Clearly, there exists A > 0 (A can be chosen arbitrarily small) such that

max — ' < max fL’w +e=qy
t€[0,1] |,
for all (Ju1l, ..., |um|) € [0, \]™. This subsequently provides

Yifi(t,ut, .. um) + Li < agluj] < oA (5.19)
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for all (¢, |uil, ..., |um|) € [0,1] x [0, A\]™. Therefore, for each 1 < i < m and (Jus],...,
|um|) € [0, A]™, using (5.19) we get

1
/ (m_l), (1 —s)" P71 — (1 — s)Pi] [vifi(s,u1,...,um) + Li]ds
0

1
A by (1= ) 11— (1 — ) JagAds
.\

which is (D2).
Next assume that (5.18) holds. Let § = a; — max f£%5 (> 0). Then there exists
w >0 (w can be chosen arbitrarily large) such that

iJi(t,ur, .o U, L; i

max filt, ua Um) + < max fL 4§ =y (5.20)
t€[0,1] ||

for all (|uil,...,|um|) € [w,00)™. For each 1 < i < m we shall consider two cases.

Case 1: v, fi(t,u1,...,un) + L; is bounded. So there exists R > 0 such that
fyifi(tul, cee 7um) + Lz S R

for all (¢, |uil,...,|um|) € [0,1] x [0,00)™. Take A\ = == (since R can be chosen
arbitrarily large, A can be chosen arbitrarily large). It follows that

Yifi(t,ur, ua, oo um) + Ly < Aay;

for all (¢, |uil,...,|um|) € [0,1] x [0,A)™ C [0,1] x [0,00)™. As seen earlier, this gives
rise to condition (D2).

Case 2: ~;fi(t,u1,...,up) + L; is unbounded. Then there exists A > w (A can be
chosen arbitrarily large) and t; € [0, 1] such that

Yifilt,ur, .o Um) + Ly < pje{1,EI11iX1§jgm%fi(ti’pl)" coPmA) + L

for all (¢, |u1],...,|um|) € [0,1] x [0,A]™. In view of (5.20) this inequality leads to

for all (¢, |u1],...,|um|) € [0,1] x [0,\]™. Hence, condition (D2) is readily obtained i

Lemma 5.3. Suppose there exist non-negative constants Ly (1 < k < m) such
that condition (D1) holds. If, for some 1 <i <m and each 1 < j < m, we have

(Bi4™ 71, 0] ifLpy=0,1<k<m

(B4 1= 3 ()" o] L0 forsome kO

min fL’m € {

then condition (D3) holds for some n > 0.
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Proof. Suppose that Ly # 0 for some k. Let ¢ = min 4" — g4 ~1[1 —

%(i)nj_l}_l (> 0). Then there exists n > 0 (n can be chosen arbitrarily large)

such that
. it ug, ..., U) + Ly . o . 14—
in Yifi(tur, o um) + Ly > min fL0 — e = Bami1[1 - 1(1) T
te[0,1] . ‘uj|
lug|€[0,00),k€ M\ {5}

for all |u;| € [(i)nj_l[l — %(i)nj_l}n,oo). Thus, for some 1 < i < m and each

1 <7 <m, we find

’Yifi(t,ul,...,um)—}—Li2@4”3’_1[1—%(%)%_ ||
> pn T =) T T -5 e (622)
= Bin
for all (t, |ua],-. ., |um|) € I x K; C I x [0,00)771 x [(-)”ﬂ‘l[ 1— 11 M, 00) x
[0, 00)™~7. Employing (5.22), for some 1 <i <m and ([u1],...,|un|) € UL, K; we get
bi(u) = /GI Gi(i,s) [%fi(s,ul, cey U + Li}ds > /GI Gi(%,s)ﬁmds =.

So condition (D3) is fulfilled. The case when Ly = 0 for all k£ can be similarly verified i
Lemma 5.4. Let Ly, =0 (1 <k <m) and let condition (D1) be satisfied. If, for

some 1 <1 <m and each 1 < 5 < m, we have
min fg*7 € (84771, o0, (5.23)
then condition (D3) holds for some n > 0.

Proof. Let ¢ = min fé:’i’j — 34"~ (> 0). Clearly, there exists n > 0 (n can be
chosen arbitrarily small) such that

mip %fz( » Y1, ) m) 2 min fél,w —e = ﬁi4n]—l
te .
lup|€[0,00), k€ M\ {j} ’uﬂ,

for all |u;| € [0,n]. Hence, for some 1 <14 < m and each 1 < j < m, we find

n.:— n:— nj—l
Yifilt,ur, ..o um) > Bid™ | > B4 (3) n=p0n
for all (¢, |u1l,.. ., |um|) € I x K; C I x [0,00)771 x [0,1] x [0,00)™ 7. As seen in the
proof of Lemma 5.3, this leads to condition (D3) B

Remark 5.1. In order to show that f; satisfies condition (D3) (n > 2(4)™~{|u’]|),
the condition Ly = 0 for all £ in Lemma 5.4 is essential.

Corollary 5.1. Suppose there exist non-negative constants L (1 < k < m) such
that condition (D1) holds. Let one of the conditions

(a) (5.17) holds for each 1 <i < m and some 1 < j < m, and (5.21) holds for some
1<i<mand each1 <j<m

or
(b) Ly, =0 (1 <k <m), (5.18) holds for each 1 < i < m and some 1 < j < m,
and (5.23) holds for some 1 <i <m and each 1 < j<m

be fulfilled. Then system (1.1) has a fized-sign solution u*.

Proof. It is a direct consequence of Theorem 5.1 and Lemmas 5.2 - 5.4 1
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Remark 5.2. A remark similar to Remark 3.1 applies. As an illustration, for
m = 2 and y; = 72 = 1 we have the following:

(a) fi(t,ui,uz) = %—3, L; =3, maxfOL’i’j =1, min fOL’i’j = ;—g, max fL47 =
min fL4 =00 (j=1,2).

(b) fi(t,u1,yg) = (t+ 1)§inh(u1 +ug) — 2, Ly = 2, maxf(f’i’j = 2, min fOL’i’j =2,
max fL4J = min fL4 =00 (j=1,2).

(c) fi(t,ur,us) = ug+t?e %2 -5, L; = 5, max fOL’i’j = oo, max fL =1 (j=1,2),

fL,’L,2

. pLi,1 . ; . . :
min f3°"" = min fZ%! =1, min f, = oo, min L2 =0,

Example 5.1. Consider the system
em+y—6t2—7_0‘
1+
y D (t) 4 [Tsinh(z + y) 4 t 4 1] sinh(z + y) — 7 cosh?(z + y)
2 (0) = 2P (1) =0
y®(0) =y (1) =0

fort € [0,1], j=0,1,2,3and k =0,1,2. Here n; =5, ny =4, 1 <p; <4,1<py <3,
m = 2 and

) (1) +

(5.24)

ety — 612 — 7
t =
fl(:xay) 1—|—t2

fo(t,2,y) = [Tsinh(z 4 y) + t + 1] sinh(z 4 y) — 7 cosh®(z + y)

Fix vy = v =1, Ly = 6 and Ly = 7. Then we see that condition (D1) is satisfied.
Since min fL%/ = oo for i,j € {1,2}, by Lemma 5.3 condition (D3) is fulfilled for some
n > 0. Next, it is clear that for A > 0

e*ty — 1 e —1
t L, = <

fat,x,y) + Lo = (t + 1) sinh(z + y) < (¢ 4 1) sinh(2))

for all (|z|,|y|) € [0, A]2. Thus, condition (D2) is fulfilled if we can find some A > 0 such
that

' 1 1 62/\ —1
/Om(l—s)lp1 -1 =9)P] Tz ds <A (5.25)
1
/ ﬁ (1—s)"27P27 11 — (1 — s)P2] (¢t + 1) sinh(2\) ds < A. (5.26)
0

It can be checked by direct computation that (5.25) and (5.26) are satisfied when A = 1.
Hence, we conclude by Theorem 5.1 that system (5.24) has a positive solution u* =

(", y%).
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6. Existence of two fixed-sign solutions

In this section, we apply the results of Section 5 to obtain criteria for the existence of
at least two fixed-sign solutions. Once again, the non-linearities f; (1 < i < m) need
not fulfil condition (A).

Theorem 6.1. Let Ly = 0 (1 < k < m), let condition (D1) be satisfied and
suppose condition (D2) holds for some X\ > 0. Further, let (5.21) and (5.23) be satisfied
for some 1 < i <m and each 1 < j < m. Then system (1.1) has two fized-sign solutions
u* and u such that

0 <[u™l <A< |lall. (6.1)

Proof. The proof uses Theorem 5.1, Lemmas 5.3 and 5.4, and is similar to that of
Theorem 4.1 B

Theorem 6.2. Suppose there exist non-negative constants Ly (1 < k < m) such
that condition (D1) is fulfilled and let condition (D3) hold for some n > 0. Further, let
(5.17) and (5.18) be satisfied for each 1 < i < m and some 1 < j < m. Then system
(1.1) has two fized-sign solutions u* and u such that

0 < [lu” +u"| <n < fla+u®| (6.2)

L

where u” is as in Lemma 5.1.

Proof. The proof employs Theorem 5.1, Lemma 5.2, and a similar argument as in
the proof of Theorem 4.2 |
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