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A Universal Constant
for Exponential Riesz Sequences

A. M. Lindner

Abstract. The aim of this paper is to study certain correlations between lower and upper
bounds of exponential Riesz sequences, in particular between sharp lower and upper bounds,
where we show that the product of the sharp bounds of an exponential Riesz sequence is
bounded from above by a universal constant. The result is applied to the norms of coefficient
and frame operators and their inverses.
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1. Introduction
Let H be a separable Hilbert space over C. A sequence ® = (¢,)nez of elements in

H is called a Riesz-Fischer sequence or a Bessel sequence for H, if there is a constant
A >0 or B > 0 such that for all numbers n € Nand ¢c_,,,...,c, € C
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respectively. If ® is both a Bessel and a Riesz-Fischer sequence, it is called a Riesz
sequence for H. The constants A and B are called lower and upper bounds, respectively.
It is an easy matter to check that the supremum of all lower bounds and the infimum of
all upper bounds of a Riesz sequence is again a lower bound and an upper bound, which
we denote by A,y (P) and Byt (P), respectively. The constants A,y (®) and By (P)
are called the sharp lower and the sharp upper bounds for ®, respectively.

In this paper, we shall be concerned with exponential Riesz sequences for L?(—o,0),
i.e. with Riesz sequences for L2(—a, o) of the form (e*»*), cz, where o > 0 and (A, )nez
o)

is a sequence of complex numbers. From (1) and (2) it follows readily that if (ei*®), <z
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is a Riesz sequence for L?(—o, o), then the sequence (3\,)nez of imaginary parts must
be uniformly bounded.

Young (see [9: Proposition 1/Corollary 1] and [10: Chapter 4/Propositions 2 and 3,
Theorem 3 and Chapter 2/Remark following Theorem 17]) has shown that for a sequence
(€"*7*),,ez of exponentials to be a Riesz sequence for L?(—o, o) it is sufficient that it be
a Riesz-Fischer sequence for L?(—o,0), provided (S\,)nez is uniformly bounded. We
shall have a closer look at this result and the occuring bounds. In particular, if o,7 > 0
and (A, )nez is a sequence of complex numbers such that

sup [SA,| <7 (3)
nez

and (e""*), ¢z is a Riesz-Fischer sequence for L?(—o, o) with lower bound A, we shall
construct an upper bound B for (ei*»*),,cz, depending only on A, o and 7 (Proposition
1). From this we shall obtain a universal constant for the product of the sharp bounds
of exponential Riesz sequences (Theorem 1).

The results of this paper are part of the author’s doctoral thesis [5: Chapter 4].

2. Results

We need the following

Definition 1. A sequence (\,,)ncz of complex numbers is called separated by § > 0,
if inf,,2pm, [An, — Am| > 0. The sequence is called separated, if there is some § > 0 such
that (A,)nez is separated by 9.

Proposition 1. Let 7 > 0,0 > 0,A > 0 and (Ay)nez be a sequence of complex
numbers satisfying (3), such that (e**),cz is a Riesz-Fischer sequence for L?(—o, o)
with lower bound A. Then there holds:

1. (An)nez is separated by 6 = 0(A, o, T), where

(A, o,7) = llog <1 +e 74/ é)
o o

2. (e*),cz is a Riesz sequence for L*(—o, o) with upper bound B = B(A,o,T),
where 5 on 2
B(A — Z(,20(T+1) _ 1 (1 _)
(o) =2(c (142
2
(4)
— 2(620(7—1—1) _ 1) 1+ 20

g log (1 +e o7 \/g)

Remark 1. Proposition 1 states more explicitly a result of Young (see [9: Propo-
sition 1, Corollary 1] and [10: Chapter 4/Propositions 3 + 2, Theorem 3 and Chapter
2/Remark following Theorem 17]) who proved that, under the assumptions of Proposi-
tion 1, the sequence (), ),ez must be separated and that (e**»*®),,cz is a Riesz sequence.

From Proposition 1 we shall obtain
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Theorem 1. For every o > 0 and every T > 0, there exists a constant C(o,7) >0
such that the following holds:

If (A\p)nez is a sequence of complex numbers satisfying (3) and such that & =
(e*n®),cz is a Riesz sequence for L?(—o,0), then the product of the sharp bounds
Aopt (P) and By (P) is bounded from above by C(o,T):

Aopt () Bopt (®) < C(a, 7). (5)
The constant C(o,T) can be chosen as
C(o,7) =256€*727 (0 + )2 (6)

Remark 2. There is no universal constant D (o, 7) > 0 such that Ay, (®) Bopt (P) >
D(o,7) for all exponential Riesz sequences ® = (e**®),, ¢z for L?(—0, o) satisfying (3).
Counterexample. For 0 < € < 1 we define

c for n € Z\{0} e iAS e
X =< d O = (™) ez
" {1—5 forn=20 o (7 Jnez

From the orthonormality of (\/%em’)nez in L?(—m,7) it follows that, for 0 < ¢ < 1,
®° is a Riesz sequence for L?(—m,7) and By (®°) < 4n. However, from |[e?o® —
ei/\i.”QLz(_7r o — 0 for e — 0 we conclude Aopi(®°) — 0 for ¢ — 0. This shows

Aoyt (BF) Bope (B°) — 0 for & — 0.

Definition 2. A sequence ® = (¢, )nez in a separable Hilbert space H over C is
called a frame for H (cf. Duffin and Schaeffer [3: Section 3]), if there exist constants
A > 0and B > 0 such that for all f € H

AlfI < D1 en)ul® < B fI-
ne”Z

The constants A and B are called lower and upper frame bounds, respectively. The
operators

Ty : H— ZQ(Z)v f=((fson)H)nez
and

S@IH—>H, f'_)Z(faspn)HSOn

nez

are called the coefficient operator and the frame operator, respectively, corresponding
to the frame .

Remark 3. From Definition 2 it follows easily that the coefficient operator corre-
sponding to a frame is an injective, bounded linear operator, with bounded inverse on
its range. Furthermore, it can be shown that Sg¢ is a well-defined, bijective, bounded
linear map (cf. Duffin and Schaeffer [3: Section 3]; the sum converges in the norm of
H).

Definition 3. A frame in a separable Hilbert space over C is called an exact frame
(or a Riesz basis), if it is no longer a frame after any of its elements is removed.

Remark 4. Every exact frame is a Riesz sequence with the same bounds (cf. Duffin
and Schaeffer [3: Lemma X] and Kélzow [4: Section II.1/Corollary 1 to Theorem 8§]).

As a consequence of Theorem 1, we have
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Corollary 1. For the constant C(o,7) of Theorem 1 there holds:

If (A\p)nez is a sequence of complex numbers satisfying (3) and such that & =
(etrn®) ez is an evact frame for L?(—o,0), then we have the following inequalities for
the norms of the coefficient and frame operator and their inverses:

| Tall < V/C(o,7) IT5]
ISa |l < C(o,7) S5
|1 Ta]* < C(o,7) 1S5 -
Remark 5. A statement analog to Corollary 1 does not hold for arbitrary (non-

exact) exponential frames.

Counterezample. We define the sequence ®,, = (ei%°)nez where m € N. It can
be shown that ®,, is a frame for L?(—m,7), but ||Ts, ||* = ||T¢TW1L||_2 = ||Ss
||S<I:i||_1 = 27m.

Definition 4. Denote by PW?2 the Paley-Wiener space, consisting of all entire
functions of exponential type at most o, whose restriction to R belongs to L?(R). The
norm on PW2 is the usual L?(R)-norm.

For a sequence A = (A, )nez of complex numbers, the operator I is defined by
In: PW2 = C%  F (F(\))nez

Remark 6. If, for A = (\,)nez, (€27®) ez is an exact frame for L?(—o, ), then I
defines a bijective, bounded linear operator from PW2 onto [2(Z) (i.e. A is a complete
interpolating sequence, cf. Young [10: Chapter 4/Theorem 9]).

From Corollary 1 we obtain

Corollary 2. For the constant C(o,7) of Theorem 1 there holds:

If A = (A\n)nez is a sequence of complex numbers satisfying (3) and such that
(e27®) ez is an ezact frame for L?(—o,0), and if Iy : PW2 — [2(Z) is the bijec-

tion considered above, then
0(07 T) —1
11l < Y2

3. Proofs

We shall need the following

Lemma 1 (see [6: Lemma 1]). Let 0,0 > 0, 7 > 0, and (An)nez be a sequence
of complex numbers, separated by 6 and satisfying (3). Then for all functions F of the
Paley-Wiener space PW?2 the inequality

Sirowr < S 143 [rwpa ™

To
neZ
holds.

It should be noted that for separated real sequences the first inequality of type (7)
(with a different constant) was given by Plancherel and Pélya [8: p. 126].
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Proof of Proposition 1.

1. For the following proof that (\,),cz is separated we use similar arguments as
Pavlov did in [7: Theorem 1|. Let k,n € Z, where k # n. Then we have from (1)

2A = A(J1)* +| = 1)
O- . .
S/ |62/\kz . ez)\nm|2dx

—0

:/0' |el,\kz| |1 ( /\k)x’ dr (8)

—0

o
< 6207‘/ ’1 . ei(/\n—/\k)x‘de.

—0
For x € (—o,0) we have
o . )m

Z

m=

‘1_ i(An —)\k)x‘

o

Z (| An _)\k| |0|)

= ePn=Arle _q,

Hence we conclude from (8)
24 < €277 20 (et TAkle _1)2,

From this it follows easily that

1 A
M — M| > = log <1—}—e—07' /_> — 5(4,0,7),
g g

i.e. (An)nez is separated by § = §(4, 0, 7).
2. From Lemma 1 and assertion 1 we derive (7) with 6 = §(A4,0,7). By the
Paley-Wiener theorem, this is equivalent to

SoI )P < 2@ 114 2) ) 1)

nez

for all f € L?(—0,0). By a theorem of Boas [2: Theorem 1] (cf. Young [10: Chapter
4/Theorem 3]) the latter inequality is equivalent to (e**#*),cz being a Bessel sequence
with upper bound B = B(A, 0, 7), as defined by (4)

Proof of Theorem 1. Let 0 > 0,7 > 0, and (A\,)nez be a sequence of complex
numbers satisfying (3) and such that ® = (e**"*), 7 is a Riesz sequence with sharp
bounds A = Ayt (P) and B,y (P). From Proposition 1 we conclude

9 20(7+1) -1 9
(e ) 1+ d . 9)

g log (1 + e—”\/g)

Bopt(é) S
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From
AL e gy S 20677 (neZ)

1 /A 1
Using log(1+ z) > £ for z € [0, 1), we thus obtain
log | 14+e777 A >log |1+ L >1 L —or 4
e 7T — —e — ——=e 7Ty —.
& v )= V8 o) 2.8 o
Using (9) and (10), we conclude
2
(620(T+1) —1) (1 + 480 €T /%)
2
(620(T+1) — 1)(1 + 0)2 44/8 7T c
8 V A

< 256 o720 (l + a>2l.
- 8 A

we derive

Bopt(q)) S

IA
Qo Qlw

This shows Agpt(P) Bopt(P) < C(o,7) for C(o, 7) defined by (6) B

Proof of Corollary 1. Let ® = (¢**#*),,cz be an exact frame for L?(—0o, ). Since
the frame bounds of the exact frame ® coincide with the bounds of ® as a Riesz sequence
(Remark 4), we conclude that for all f € L?(—o,0)

Aopt (@) 117 < D 1(f, )2 < Bope(@) |1 fII? (11)

nez

and that A,y (®) and B,y (®) are the best possible constants in this inequality. From
this we derive

1
|To|| = \/Bopt(®) and ITsH = ———- (12)
" ® Aopt(q))

The norms of S¢ and Sg 1 also can be expressed by the best constants occuring in (11).
It holds
1

S :BO (P d S_l —
ISoll = Bon(®)  and 53] = o

(13)
(cf. Benedetto and Walnut [1: Theorem 3.2/a]). Thus the result follows from inequali-
ties (5), (12) and (13)

Proof of Corollary 2. It follows from Corollary 1 and the Paley-Wiener theorem
(cf. Young [10: Chapter 2/Theorem 18]) B
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Open questions.

1. For what classes of exact frames (not of exponential type) do analogues to

Theorem 1 and Corollary 1 exist? It can be thought, e.g., of the class of all exact Gabor
frames with discretisation parameters ty and wg such that tgwg = 1.

2. What is the best constant Cy, (o, 7) fulfilling inequality (5)? We conjecture that

Copt(ﬂ',O) = 47'('2.
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