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Asymptotics of Zeros of the Wright Function

Yu. Luchko

Abstract. The paper deals with the asymptotics of zeros of the Wright function

> ok

o(p, B;2) = . HT(pk+B)

(p>-1)

in the case the parameter 3 is a real number. The exact formulae for the order, the type and
the indicator function of the entire function ¢(p, 3;z) are given for p > —1. On the basis of
these results and using the obtained distribution of the zeros of the Wright function it is shown
to be a function of completely regular growth.
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1. Introduction

The entire function (of z)

Sk

é(p, B 2) = kzzom (p>-1,8€0C), (1)

named after the British mathematician Wright, was introduced by him for the first time
in the case p > 0 in the paper [17] in connection with his investigations on the asymptotic
theory of partitions. In this paper and in the paper [18] he gave some elementary
properties and the asymptotics of the function (1) in the case p > 0. Later on, in the
paper [19] Wright considered the entire function ¢(p, 3; z) in the case —1 < p < 0. In
particular, he gave there its asymptotic behaviour in the complex plane C and showed
that for z — oo it is exponentially small in a suitable sector containing the negative
real semi-axis, exponentially large in two neighbouring sectors and, if —1 < p < —%, it
has an algebraic expansion in a sector containing the positive real semi-axis.

The Wright function has found many other applications, first of all in the Mikusiniski
operational calculus and in the theory of integral transforms of Hankel type (see [6, 7,
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13 - 15]). Recently this function has appeared in papers related to partial differential
equations of fractional order. Considering boundary-value problems for the fractional
diffusion-wave equation, i.e., the linear partial integro-differential equation obtained
from the classical diffusion or wave equation by replacing the first- or second-order time
derivative by a fractional derivative of order a with 0 < a < 2, it was found that
the corresponding Green functions can be represented in terms of the Wright function
(1). A very informative survey of these results can be found in the paper by Mainardi
[10]. The paper [11] contains a detailed discussion of the properties of the function
#(—5,1 - 5;—2) (0 < a < 2) which was shown to be the Green function for the
Cauchy problem for the time-fractional of order a diffusion-wave equation. Finally,
in the recent papers [1, 5, 9] the scale-invariant solutions of some partial differential
equations of fractional order have been given in terms of the Wright and the generalized
Wright functions.

The above mentioned applications show the importance of the Wright function in
different areas of mathematics. In this paper we obtain some new properties of the
function ¢(p, §; z) including the distribution of its zeros. Making use of the asymptotic
formulae obtained by Wright in [18, 19] we give the explicit formulae for the indica-
tor function of the Wright function showing that the Wright function is a function of
completely regular growth. Taking as a pattern the analysis of the asymptotics of zeros
of the generalized Mittag-Leffler function given by Djrbashian in [2: Chapter 1.2] we
consider the problem of distribution of zeros of the Wright function. It turns out that
in dependence of the value of the parameter p > —1 and the real parameter § there are
the following five different situations:

1) For p > 0 all zeros with large enough absolute values are simple and are lying on
the negative real semi-axis.

2) In the case p = 0 the Wright function is reduced to an exponential function with
a constant factor (equal to zero if = —n,n € Np) and it has no zeros.

3) For —% < p < 0 all zeros with large enough absolute values are simple and are
lying on the positive real semi-axis.

4) In the cases p = =1, = —n (n € Ng) and p = —1,6 = 4 —n (n € Np) the
Wright function has exactly 2n + 1 and 2n zeros, respectively.

5) For —1 < p < —3 (excluding the case 4) all zeros with large enough absolute
values are simple and are lying in the neighbourhoods of the rays arg z = i%w(—l —3p).

In the cases 1, 3 and 5 the asymptotics of zeros of the Wright function is given. In
the case 4 the function ¢(p, 5; z) is expressed as a product of an exponential function
with a polynomial.
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2. The indicator function of ¢(p, 3; z)

We give at first the formulae for the order and type of the Wright function (1). In the
case —1 < p < 0 they have been presented in [3: Chapter 1.3]; the case p > 0 is even
more simpler. To get the result in this case we use the standard formulae for the order
p and the type o of an entire function f defined by the power series f(z) = Y po cn2™:

nlogn
p = lim sup ;gl’ (aep)% = lim sup n® e

n—00 log [en] n— 00
n

and the Stirling asymptotic formula
['(z) = V22 e [1+0(2)] (|argz| <7 —e,e >0,]2] — o).

After straightforward evaluations we arrive at the following result.

Theorem 1. The Wright function ¢(p,5;z) (p > —1; 8 # —n (n € Ny) if p = 0)
18 an entire function of finite order with the order p and the type o given by

1

P
- = (1 T Tts, 2
p=1p  o=0+oll @
Remark 1. In the case p = 0 the Wright function is reduced to the exponential

function with the constant factor ﬁ:
5(0,6; ) = 2 3

yP32) =
I'(B)

which turns out to vanish identically for 8 = —n,n € Ny. For all other values of the

parameter 3 and p = 0 formulas (2) (with o = lim,_,o(1 +p)|p|_ﬁpp = 1) are still valid.

The basic characteristic of the growth of an entire function f = f(z) of finite order
p in different directions is its indicator function h = h(f) (|0] < 7) defined by

16
h(6) zzlinlsul)lQELLfﬁffi_)l_

r—+00 rP

(4)

The indicator function h,(#) of the entire function ¢(p, 5;z) is given by the following
results.

Theorem 2. Let p > —1 (8 # —n,n € Ny if p = 0). Then the indicator function
hy(8) of the Wright function ¢(p, B3; z) is given as follows:

(a) In the case p >0 by
h,(8) = o cospb (16| < ). (5)

(b) In the cases
(i) —3<p<0
(i) p=—3,8=—-n (n € Ny)
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(i) p= —1.8=1 —n (neN)
by
| —ocosp(m+0) for—m<60<0
h”(g)_{—acosp(ﬁ—ﬂ) for0<o6<m (6)

(c) In the case =1 < p< —1 (B#-nneNgand 3# 5—n,neNy if p=—3) by

—ocosp(m+0) fOT—?TSQS%%—?T
h,(0) =4 0 for 0] < m— %% : (7)
—ocosp(f —m) form—3T <0<~

2p —
Here p and o are the order and type of the Wright function, respectively, defined by (2).

Proof. To get formula (5) for |#] < 7 we use the asymptotic expansion of the
Wright function given in [18]:

¢(p,Bs2)=H(Z)  (p>0) (8)
where
1t M a 1
H(Z) = 23 P22 {;0(—1)”12—”; + O<\Z]T+1>} (Z — ) 9)

with Z = (p|z|)#ez$ and ag = (2m(1+ p))~2 > 0. This formula is valid if arg z =
6 (|0 <m—e,e>0). We then have

. il
hp(e) = hmsup IOg ‘Cb(p, B; re ){

r——+00 rP

. log |H((pr) 71 €'751))|
= lim sup

r——+00 rP

1_ 1
log <(,07’)%Tfe#(”) PHT cos 5y {ao + O(r’#) }> (10)

= lim

r—-+o00 rp

I1+p 1 0
= —— prtl cos

p p+1

= o cos(ph).

Due to the fact that the indicator function of an entire function of finite order is con-
tinuous [4: Chapter 2.5] the obtained formula (5) is also valid for || = .

To get formula (6) in the case (i) we use exactly the same reasoning as in the case
p > 0 and the asymptotic expansion of the Wright function given in [19]:

¢(p 0;2) =1(Y)  (=1<p<0) (11)
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where
M-1
1
I(Y)=Y> PeY { > Ay O(YM)} (Y — o) (12)
m=0
with
Y =1+ P)((_P)fpy)ﬁa y=—2 (—m<argz <m,—m <argy <)

and Ag = (27)72(—p)2 P (1 + p)? > 0. This formula is valid if |argy| < min{2r(1 +
p), 7} —e,e>0.

Let us consider the cases (ii) and (iii). We have in the case (ii)

k 2l+1

IR & )
¢(—2; ”72>—Zk'p( 2k —n) ;21+1'F———l—n) "

We now use the Gauss-Legendre and the supplement formulae for the gamma function
to represent the last series in formula (13) in terms of the hypergeometric function

1F1(Z)Z

I = Nis Sin(ﬂ(n+l+%))F(%+n+Z) 2141
Qb( 2 TL,Z) 2022l+1l!1“(l+§) = z

_ (D)™ T(E 4 ) i G+ (- %) (14)
2y T3 — Gn U

(_l)nr(§ +n) 1P +mdi—5)  (neN). (15)

¢(_%7 % - Z) =
We can rewrite formulas (14) - (15) by using the Kummer formula [12: Chapter 6]
1Fi(a;c;2) =e* 1Fi(c—a;c;—2)

in the form

where P,, @, are polynomials of degree n defined as

Pue) = L0 ) By i)

(="

70

Qn(z) =

L(3+n) 1Fi(—n;5;%)
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Formulas (16) - (17) gives us the indicator function of the Wright function in the cases
(ii) and (iii) in the form

hp(f) = —gcos(20) (0] <)

which is in accordance with formula (6).

Finally, to get formula (7) we use the standard formula (4), the asymptotic expansion
(11) in the sector |arg(—z)| < 37(1 + p) — &, > 0 and the asymptotic expansion (see
Wright [19])

$lp.Biz) =J(z)  (-l1<p<—3) (18)
where
- 2 5o1a
J(z) = 2 oy T(m + I 5 P2T) +0(z" 7 ) (2—00) (19

in the sector |arg z| < $m(—1—3p)—e,e > 0. We note here that in the cases (ii) and (iii)
(and only in these cases) all coefficients of the algebraic asymptotic expansion (19) are
zeros. As we have seen (see formulas (16) - (17)) the Wright function is exponentially
small in a suitable sector for these values of parameters il

Remark 2. It can be seen from formulas (5) - (6) that the indicator function
h,(0) of the Wright function ¢(p, 5; z) is reduced to the function cos@ (the indicator
function of the exponential function e?) if p — 0. This property is not valid for another
generalization of the exponential function — the Mittag-Leffler function defined by

oo
Zn

Ea(z)zzom (a>0,z€C). (20)

Even though
Eqi(z) = €%,

the indicator function of the Mittag-Leffler function given for 0 < a < 2, # 1 by (see
[4: Chapter 2.7])

cos & for |9] < ™2
— @ — 2
ho) {O for T < 10| <

does not coincide with the indicator function of e* if &« — 1.
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3. Asymptotics of zeros of ¢(p, 3; 2)

In the case p = 0 the Wright function is an exponential function with a constant factor
(equal to zero if 3 = —n,n € Ny) and it has no zeros. For p = —%,6 = —n (n € Ny)
and p = —1,8 =1 —n (n € Ny) the Wright function is reduced to a product of an
exponential function and a polynomial of the degree 2n + 1 and 2n (see formulas (16)
- (17)) and it has exactly 2n + 1 and 2n zeros in the complex plane, respectively. For
all other values of parameters the Wright function has an infinite number of zeros. We
give the asymptotics of zeros of the Wright function in Theorem 3 (the case p > —%)

and Theorem 4 (the case —1 < p < —% (8 # —n (n € Ng) and 8 # 5 —n (n € Ny) if
1

p=-3))

Theorem 3. Let {v;}7°, be the sequence of zeros of the function ¢(p,B;z) (p >
—3 but p # 0;8 € R), where || < |ve41| and each zero is counted according to its
multiplicity. Then:

(A) In the case p > 0 all zeros with large enough k are simple and are lying on the
negative real semi-axis. The asymptotic formula

osinmp

e = — (W’C +7T(pﬁ B P%l)> ’ (1 + O(k—Q)) (k? N +OO) (21)

1s true. Here and in the next formulae p and o are the order and type of the Wright
function given by (2), respectively.

(B) In the case —% < p < 0 all zeros with large enough k are simple, lying on the
positive real semi-axis and the asymptotic formula

—osinmp

Vi = (Wk+ﬂ<pﬁ — p%l)> p (1+O0(k™?)) (k — 400)

18 true.

Proof. We consider at first the case (A). It follows from the asymptotic formula (8)
that all zeros of the function ¢(p, 3;z) with large enough index are lying in the sector
|arg(—z)| < e,e > 0 containing the semi-axis (—oo, 0].

We now prove the fact that the function ¢(p, 3;2) has exactly a countable set of
zeros on the negative real half-axis. To do this we use the asymptotic expansion of the
Wright function given by Wright [19]:

0lp, 3 2) = H(Z1) + H(Z) (23)
where
Zy = (plzl) 7 e

Zy = (plz]) 77 o7t
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arg(—z) =& (|¢| < 7) and H(Z) is given by (9). In particular, if 8 € R, we deduce from
formula (23) the asymptotic expansion of the Wright function ¢(p, 8; —r) for r — +o0
in the form

(pr) P emor” x b s, i —r)

(24)
= 2aq COS (Wp(% —pB)+or? SiIlT('p) +O(r7P)

where p and o are the order and type of the Wright function, respectively, given by (2).
Since the function

(pr) PEDem " S h(p, i 1) (0 <7 < +00)

takes only real values and the function cos (71'])(% — ) + orPsin 7rp) vanishes if Wp(% —
B)+orPsinmp = § +mk (k € Ny), the function ¢(p, 3; —r) has a countable set of zeros
7 (k > ko) and in a small enough neighbourhood of the point 7 + mk (k > ko) there is
only one point of the form 7p(3 — 3) + orf sinTp. Summarizing the above-mentioned
reasoning we arrive at the fact that the function ¢(p, 8; z) has a countable set of zeros
{—rk}zz and

(3 — B) + orlsinmp = I + mk + oy, (k > ko) (25)

where o, = O(1) (k — 400).

Substituting the expression for 7, from (25) into (24) we get ag, = O(r, ”). It follows
from (25) that r} =< k and, consequently, the asymptotic formula (25) can be rewritten
in the form

(5 — B) +orhsinap =% + 7k + O(3) (k — +00). (26)

From this last formula we get the representation for the zeros of the function ¢(p, 3; 2)
as

o Tk 4+7m(pB - 22 +0(2)\”
K osinmp

(k — +o0). (27)

osinmp

_ (Wk?—i-ﬁ(pg_ %))5 (1—|—O(k_2>)

Let us establish the fact that these zeros —ry are simple if &k > ki > kg. Indeed,
differentiation term by term of the series (1) gives us the formula

d

%cb(p, B;—r) = —d(p, B+ p;—7).

We multiply now both parts of this identity by (pr)_p(%_ﬁ_p)e_”p €osTP and use the
asymptotic formula (24) thus obtaining the relation

(pr)—p(%—ﬁ—p)e—«ﬂ"” cos p

d
%gb(pa 6; _T)
s

= —2qgq cos (ﬂp(% — 03— p) + or? sin7rp) + O(T_p).
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Setting 7 = ), (k > ko) in the last formula and using (25) with oy, = O(3) we get

(pry) PP e L )| = (<1)h2aq sin(mop) + O(})
r=r)
as k — +oo. Since 0 < pp < 1 for p > 0, it follows from the last relation that all zeros
—r, beginning with some index ki > kg are simple.

To finish the proof of statement (A) of Theorem 3, we have to establish the fact
that the set of all zeros of the function ¢(p, 3; z) with large enough index coincides with
the set of numbers {—r4}7° (k2 > k1). Indeed, let us define a subdomain D) of the
sector D, ={z € C: |arg(—2)| < e},e >0 by

<wk+wp(ﬁ—%>)%§|z|§ <7r(k:+1)+7rp(ﬁ—%)>%

o sinp osin7p

and let /5 () be a boundary curve of this subdomain. Then we have

min
z€lE (e)

cos (m% — B) + o(—2)?sin 7rp> ‘ —m(e) > 0

where m(e) is some constant not depending on k. Further, using (23) we arrive at
(z € D,)

(—pz)~Pa=Pemol=2)"cosmpy (3. 2) — 2aq cos (mp(§ — B) + o(—2)P sinmp)
= O(l2["]).
Since the left part of the last relation tends to zero if z — o0, it follows from the Rouché

theorem that the function ¢(p, §; z) has inside the domain D (k > ky > k1) as many

zeros as the function cos (7p(3 — B) + o(—2)P sin7p), that means, a single zero only.

In this case this zero of the function ¢(p, 3;2) is a point —ry € Dék). It follows from

the above-mentioned arguments that v, = —rg_n (kK > N + ko) for some fixed N > 1.
Using this fact and (27) we arrive at the asymptotic formula (21).

Statement (B) of Theorem 3 is proved by using exactly the same technique as
statement (A) and we omit the details. We only note that in this case we use instead
of (23) - (24) the asymptotic formula given by Wright [19]

$lp:B;2) =1(Y1) +1(Y2) (-3 <p<Oargz| <m(l+p)—e(e>0)  (28)
where I(Y) is defined by (12),
Vi = (14 p)((—p) F2em) T
Yo = (14 p)((=p)Pze ™)™
and its modified form (r — +o0, 5 € R)
(01P) =5 ST i) = 2A¢ cos (p(L — B) — orPsinmp) + O(P).  (30)

(29)

In the case p = —% the asymptotic formula from Wright [19] is used:
$(p. B;2) =I1(Y1) +1(Y2) +J(2)  (p=—3,]argz[ <7(l+p)—e (e>0)) (31)
where I(Y') is defined by (12), Y1, Y> by (29) and J(z) by (19) B
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Remark 3. Due to the relation
Ju(z) = (3)"o(1,v+1;—12%) (32)

Wright considered the function ¢(p, 3; z) as a generalization of the Bessel function J,(2).
Combining the representation (32) with the asymptotic formula (21) we get the known
formula (see, for example, [16: p. 506]) for the asymptotic expansion of the large zeros
i of the Bessel function J,(2):

e =m(k+5v—7)+O0E ) (k — 00).

We consider now the case —1 < p < —%. It follows from the asymptotic formulas
(11) and (18) that in this case all zeros of the function ¢(p,3;2) with large enough
absolute value are lying inside of the angular domains

Qgi):{zE(C:|argz:F(7r—g—g)’<€} (33)
where ¢ is any number of the interval (0, min{m — g—z, ?2’—; ). Consequently, the function

®(p, B; z) has on the real axis only finitely many zeros. Let

e e G ={zeC: 3(2) > 0}
(7N €GO ={z€C: 3(z) <0}

be sequences of zeros of the function ¢(p, 3; z) in the upper and lower half-plane, respec-
tively, such that \7]g+)| < |7,ii)1\ and |7,(€_)| < |7,(€:_)1| and each zero is counted according

to its multiplicity. We have the following result.

Theorem 4. In the case =1 < p < —% (B# —n (n € Ny) and B # 5 —n (n € Ny)
if p=—3%) all zeros of the function ¢(p,B;z) (B € R) with large enough k are simple
and the asymptotic formula

i(m— 37 2k % o
oD = EEE (D) (14 0(BEE)) (b — o) (39

18 true.

Proof. If -1 < p < —% and z € Qgi) the asymptotics of the Wright function is
given in [19] as
o(p, B;2) = 1(Y) + J(2) (35)

where I(Y) and J(z) are defined by (12) and (19), respectively. Let us introduce the
notations (8 # —n (n € Ny) and [ # % —n(neNy)if p= —%)

&1 it 14+ 220 ¢ —Ng
e —1—k+1 if1+2= =—k (ke Ny
1 if 1421 ¢ No

B N
? it 14250 = —k (k € No).

S S
(=p) T(—k+)
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With these notations formula (35) gives us
- Do) — 5T, Py3—B,—0o(=2)" -p "
2 (p, B z) = 2777 (0(—2)")2 e (Ao +O(2|77)) + ¢, +O(z7)  (36)
where —m < argz < 7 and —7 < arg(—z) < m. We consider now the equation
Az T (0(—2)P)2 Pe 72" ¢, = 0. (37)
Let us define the curve

Lo = {z €C: |Agz " (o(—2)P)2 Peo(=2)"| = Icpl}. (38)

Assuming z = re'® € Ly (7 > ¢ > 0) we get —z = re'(®=™) and (—2z)P = rPeP(¢=7),
The equation of the branch of the curve Ly in the domain G(t) can be rewritten in the

form . .
|Ag|o2 P Tetp(z=B)gmor? cosp(¢—m) _ c,| (39)

or, after some transformations, in the form

N =
|
=
N—
N—

—ocosp(¢p —m) = (1, — p( +O(r7P). (40)

Equation (40) gives us

¢:7T_3_7T+Tp—p(%—6)logr
2p po TP

+O(r™?), (41)

that is, the branch of the curve Ly in the domain G™) is in the sector Qgﬂ for large
enough r. If z = re’® (7 > ¢ > 0), then

arg(2 " (—2)PE e = 164 (L — B)p(¢ — 7) — orPsinp(p— 7). (42)

This means that there is a countable set of points A\, = r3e!®* (k € Np,0 < ¢ < 7)
lying on the curve Ly for which

—Tpdr + (% — B)p(¢r — ) — ort sinp(¢y, — 7) = 2wk + C (kez) (43)

where C' = arg(—cpaﬁ_%/Ao) is equal to 7 or to 0. Evidently, these points coincide
with those solutions of equation (37) that lie in the domain G*). Using (41) and (43)
we arrive for k — oo at

ory =2k + O(1) (44)

which gives us the formula

Tk = (%ﬁk)l (14 0(3))- (45)
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This formula and (41) gives us

3T o
o :w—%w(%) (46)

which, together with (45), leads to

, o \¥ .. s
A\ = e’ = <—7rk) e’(ﬂfg_p)(l + O(%))
o
Using the asymptotic formula (36) and exactly the same technique as in the proof of
Theorem 3 we arrive at the representation (34) of the zeros %Ef) of the Wright function
lying in the domain G(*).

Finally, if 8 € R, then ¢(p, ;%) = ¢(p, 5; z) and, consequently, fy(_) = fy,(:r) (k € N)
which gives us the representation (34) in the domain G(=) B

As a consequence of Theorems 2 - 4 we get the following

Theorem 5. The Wright function ¢(p,5;z) (p > —1) is an entire function of
completely reqular growth.

We recall [8: Chapter 3] that an entire function f(z) of finite order p is called a
function of completely regular growth (CRG-function) if for all 6, 0| < 7, there exist a
set By C Ry and the limit

log | f(re”)]

rl—1>I-Eloo rp (47)
TGE;
where . 0
N
E; =R, \ By, lim 25PN (Or) _

7—+00 r

It is known [4: Chapter 2.6] that the zeros of a CRG-function f(z) are regularly dis-
tributed, namely, they possess the finite angular density

. n(r,0)

1 = (O 4

i M0 ) (48)

where n(r, ) is the number of zeros of f(z) in the sector 0 < argz < 0, |z| < r and p
is the order of f(z). From the other side, the angular density v(6) is connected with
the indicator function h(#) of a CRG-function. In particular (see [4: Chapter 2.6]), the
jump of /() at 8 = g is equal to 2rpA, where A is the density of zeros of f(z) in an
arbitrary small angle containing the ray arg z = 6.

In our case we get from Theorem 2 that the derivative of the indicator function of
the Wright function has the jump 2opsin7p at § = 7 for p > 0, the same jump at § =0
for —4 < p < 0, and the jump op at § = i(ﬂ—g—g) for—1<p<—3 (B# —n(n€Ny)
and (§ # % —n(neNy)if p= —%), where p and o are the order and type of the Wright
function, respectively, given by (2); if p = 0 or p = —5 and either 3 = —n (n € Ny)
or = % —n (n € Np), the derivative of the indicator function has no jumps. As we
see, the behaviour of the derivative of the indicator function of the Wright function is
in accordance with the distribution of its zeros given by Theorems 3 and 4 as predicted
by the general theory of the CRG-functions.
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