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Solvability of a Boundary Value Problem
for
Transonic Flow in a Nozzle
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Abstract. A nonlinear perturbation problem for steady two-dimensional inviscid transonic
flow in a nozzle is studied. The existence of a smooth solution to the problem is proved under
the condition of positive acceleration of the given flow. The proof involves the method of
singular perturbations for solving a linear problem associated with the nonlinear one. The
technique for obtaining a priori estimates is simpler than that used in previous papers.
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1. Introduction

We consider gas flow in a Laval nozzle, i.e. a channel of variable cross section area which
has a minimum at some value of the longitudinal coordinate. In such a nozzle, there
exists a flow regime with subsonic—supersonic transition, which is typically shock-free.
This fact is well documented by experimental and numerical studies.

Mathematical conditions of the existence of a smooth solution to the perturbation
problem for flow in a nozzle were established by Kuz’'min [14 - 16] and Larkin [19]. The
most simple condition is the positiveness of the acceleration of the given transonic flow.
The solvability was proved using a theory of the equation of mixed type

Lu := k(z, t)uy + Z laij (2, t)ug,]z; — a(z, t)us + c(z, t)u = f(z,1) (1.1)

4,j=1

where the subscripts ¢, z; and z; denote partial derivatives, the coefficient k(x,t) is of
variable sign in a given cylindrical domain, while the differential operator ) a;;us,z;
with respect to the variables x = (21, ..., x,) is a uniformly elliptic one.

In the theory of equation (1.1), of great importance is a basic boundary value prob-
lem, in which the type of that equation is supposed to be elliptic, i.e. £ > 0, on both
foundations of the cylindrical domain. Solvability of the basic problem was studied in
[7, 15] with a method of singular perturbations, so that a solution u® was obtained as
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limit of solutions u® of the third-order equation cuyy + Lu = f as € — 0. The study of
the basic problem has made it possible to analyse other problems for equation (1.1) and
a perturbation problem for transonic flow in the nozzle [15 - 16]. Further developments
of the theory provided a framework for analysis of transonic flow with a local supersonic
region under a boundary condition that prevents formation of shock waves [17].

We note that a number of attempts to study transonic flow admitting shock waves
[8 - 13, 21] faced huge mathematical difficulties because of the entropy condition to
be held across the shocks. In a recent paper [11], Gamba and Morawetz established
solvability of a viscous model for a system of equations governing the velocity potential
o(z,y) and the gas density p(z,y). Also, they proved the existence of a convergent
subsequence (¢%, p°) with a limit (©°, p") as ¢ — 0. However, it has not been proved
that the limit is a weak solution to the inviscid system.

In this paper, we pursue the study of transonic flow without shock waves. The
technique for obtaining a priori estimates is modified, and the analysis of the basic
problem is presented in a form which is most convenient for transonic flow research.
In Section 2, we formulate a problem for flow with subsonic-supersonic transition in a
nozzle. Sections 3 - 5 are concerned with solvability of the basic problem for equation
(1.1) in the case of two independent variables. In contrast with [15, 17], we avoid using
the variables (z,t), which are relevant in the general theory of mixed type equations, and
analyse the basic problem directly in the physical (z,y)-plane where the flow is governed
by the von Karman equation. In Section 6, solvability of the nonlinear perturbation
problem for flow with positive acceleration is established.

2. Formulation of the problem for transonic flow in a nozzle

For simplicity, we consider the nearsonic approximation, in which a steady potential
flow of inviscid gas is governed by the von Karman equation [4]

(v+ 1)1 _801*)901:954‘901/@/ =0 (2.1)

where ¢ = ¢(z,y) is the non-dimensional velocity potential and v > 1 is the ratio of
specific heats. We prescribe the standard slip condition ¢,, = (V, 1) = 0 on the walls of
a nozzle, where 7 is the normal vector. Using asymptotic expansions with the deviation
of the wall contour from a straight segment [5], one can replace the condition ¢,, = 0 on
the walls by ¢, (z,4+1) = 8% (z), where 3% are the angles made by the tangent to the
upper and lower walls with the xz-axis. Hence, the problem for flow in a nozzle can be
formulated in a rectangle of the (z,y)-plane as follows (see Figure 1). Find a solution
¢ of equation (2.1) in the domain

Gnozz{(x,y)€R2:0<x<lnozand —1<y<1}

subject to the boundary conditions
©(0,y) =0, ¢.(0,y) <1 for —1<y<1
Oz (lnoz,y) > 1 for —1<y<1 (2.2)
oy (r,+1) = g% () for 0 < x < lpoz-
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By virtue of (2.2), the flow velocity is subsonic at the inlet and supersonic at the outlet
of the nozzle. However, its values are not prescribed.

Figure 1

Let ¢ be a solution to problem (2.1), (2.2). If the contour of the walls is slightly
changed, then the angles 3% and the flowfield undergo small perturbations. Both ¢ and
the potential ¢f of the perturbed flow satisfy equation (2.1). Therefore, the difference
u = ¢ — ¢ is governed by the equation

(1 — 0z + Ug)Ugz — Przliy + ﬁuyy =0. (2.3)

The boundary conditions with respect to u follow from (2.2):
u(0,y) =0
Uy<$‘, :tl) = f:t(x)

where the functions f* are perturbations of 3*. Along with (2.3), let us consider the
linear equation

(2.4)

Lou:=(1— ¢z + 9)Uze — Pralts + ﬁuyy =0 (2.5)

in which ¢ is a given function. At g = 0, equation (2.5) reduces to
Lou :=[(1 — vz)uz]s + ﬁuyy = 0. (2.6)

Theorem 1. Assume that ¢ € W22(Groz), ©2(0,y) <1 and 0i(lpoz,y) > 1. In
addition, let Q.. (z,y) > 0 a.e. in the domain G, that is the acceleration of the given
flow be positive in the nozzle. Then the linearized problem (2.4),(2.6) can have at most
one solution u € W22(Gy,.).

Hereafter WP2(G,,,.) denotes the usual Sobolev space of functions with derivatives
up to the order p, which are square-integrable over GG,,. The assertion of the theorem
follows from [22: Lemma 2|. Below we present a simple proof of Theorem 1 (see [15])
for methodology purposes.
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Proof. If there are two solutions u; and uy of problem (2.4),(2.6), then u = u; —us
satisfies equation (2.6) and boundary conditions (2.4) with f* = 0. Integrating Lou - u,
over G, and using Green’s formula, one obtains the identity

— 2/ Lou - uy dzdy
G?’LOZ (2'7)
= / Prptizdrdy + / ﬁQumuy dz + [(pe — Du? + ﬁuz]dy
GTLOZ F

noz

where the integration over the boundary I',,,. of G,,,, is carried out in the counterclock-
wise direction. From (2.7), due to the boundary conditions, we find

1
—2/ Lou - u, dedy = / Oopudrdy + / [(1-— @x)ui]‘mzody
Gnoz Gnoz -1 (28)

1
o [ ([

where the left-hand side vanishes, while all the integrals in the right-hand side are non-
negative. Therefore, each of the integrals vanishes, and o ,u2 = 0 a.e. in Gy,,.. Since
Yz > 0, we obtain u,; = 0. Due to u(0,y) = 0, one arrives at u(z,y) = 0 a.e. in Gy, B

3. Solvability of a basic problem

In Sections 3 and 4, we treat a more general equation as compared to (2.5):

LU = k’(l‘, y)uam + [CL(:L’, y>uy]y - a(m,y)um + C(x’y)u = f(:zs,y) (31)

in the rectangle
G:{(:E,y)G]RQ: 0<x<land —1<y<1}.

Suppose that
a(x,y) >0 >0 in G

k(0,y) >0
k(l,y) >0

i.e. the type of equation (3.1) is elliptic on both the right- and the left-hand sides of
the rectangle GG, while the type may be variable in G and at y = £1, 0 < x < I (see
Figure 2). We notice that the z-axis plays the same role in the case of equation (3.1)
as the t-axis in (1.1). Actually, one can reduce equation (3.1) to (1.1) by substituting ¢
for x and —x for y.

(3.2)
at —1<y<1

The boundary conditions are:
u(0,y) =0 for —1<y<1
uz(Ly) =0 for —1<y<1 (3.3)
uy(x,+1) =0 for 0 <x <.
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Figure 2

We suppose that the coefficients of equation (3.1) are smooth enough: k,a € C3(G) and
a,c € C?*(G).

Theorem 2. Let inequalities (3.2) and

20+ k, > 6> 0
a, <0
c<0
cy >0

(3.4)

hold in the domain G. Then there exists a unique solution u € W*2(G) of problem
(3.1),(3.3) for all f € WYA(G). If, in addition,

20 — 3k, > 6 >0
(3.5)

200 — 5k, > 6 >0
in G and f € W32(QG), then the solution belongs to W42(G,,,) where Gy = G N {x :
o<x<l—o} for any small o > 0.

Theorem 2 was proved with different methods in [6, 7, 15]. Below we use the method
of singular perturbations described in [15]. However, we modify the proof and employ
simpler cut-off functions.

Proof of Theorem 2. First, let us establish the estimate

[uzllo < m[Lullo (3.6)
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valid for any function u € W22(G) satisfying the boundary conditions (3.3), where |- [|o
is the norm of the space L?(G) and m > 0. Integrating Lu-u, over G and using Green’s
formula, one obtains

—2/Lu~uxdG:/[(2a+k) axu + cpu?]dG
@ ¢ (3.7)

+ / [2auxuy dxr — (kui — auz + ch)dy]
r

where dG = dxdy and T is the boundary of G. Due to (3.3), identity (3.7) reduces to

—2/Lu uy dG = / (200 + kb )u? axu + cpu?] dG
“ (3.8)

1
+/1(au§—cu2)‘ dy+/ (ku? )|x:0dy.

Using conditions (3.2), (3.4) and omitting the non-negative terms on the right-hand
side, we find

—2/ Lu - uy, dGz/(Qa—kkm)uidGz(S/ u?dG.
G G G

The left-hand side can be estimated with Young’s inequality as
1
—|| L3 + | juz |3 > —2/ Lu-u, dG > 5/ u?dG (3.9)
v G G

where + is a positive parameter. At v < §, inequality (3.9) yields estimate (3.6), which
proves the uniqueness of the solution to problem (3.1), (3.3).

In order to prove the existence of the solution, we insert the term cu,., into equation
(3.1) and pose an extra condition at x =0 :

L.u = cugyy + Lu=f (e >0) (3.10)
w(0,y) = ua (0, y) = 0
(3.11)
ug(l,y) =0
uy(x,+1) =0 (3.12)

An approximate solution u™¥¢ of problem (3.10) - (3.12) is sought in Galerkin’s form
[18: Section 4.3]

N
= X4 (2) Yi(y) (3.13)

where {Y;}, is a complete system in W?22(—1,1) which is orthonormal in L?(—1,1).
The functions X¢ are to be found from the relations f_ll(LEuN’8 — f)Y;dy = 0 which
reduce to

1
/ [(euﬁci + kul® — auht +cuC — £)Y; — au]y\”E . (Yj)y}dy =0 (3.14)
—1
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if one integrates by parts the term (au)°),Y; and omits (auéV’EYj)}y:il in view of
(3.12).
Relations (3.14) are a system of third-order ordinary differential equations with

respect to XiN *“. Boundary conditions at x = 0 and x = [ are prescribed according to
(3.11) by

. dx )\ dx)\e
XH(0) = = b= (3.15)
The a priori estimate
lu™EN1F + elluzatll§ < milfI5 (3.16)
is true where || - ||, = || - [lwr2(e) is the norm of the space W??(G). Hereafter we

denote by m > 0 constants which are independent of "¢ and may be different in

different formulae. In order to prove (3.16), we multiply each of equations (3.14) by
e HT (XN’E)w (1 > 0), then sum up the results from 1 to N, and integrate with respect

J
to z from 0 to [. This yields the relation

/ [(sui\;; + kuﬁf - aui\]’a + CfLLN’E)quV’8 — auiv’gufcvy’e e "dd
G

= / fulfe redG.
G

From the latter, (3.16) can be derived in the same way as (3.6) from (3.7). Estimate
(3.16) proves the uniqueness of the solution to problem (3.14), (3.15). The uniqueness
ensures the existence of the solution to the system of NV third-order equations endowed
with 3N boundary conditions, as known from the theory of linear ordinary differen-
tial equations. Moreover, the solution X ZN ° belongs to C*[0,1] due to the smoothness
conditions imposed for the coefficients of equation (3.1). Thus, the existence of the
approximate solution (3.13) is established.

Consider the sequence u™* as N — oo. Owing to (3.16), the norm ||u™"¢|; is

bounded uniformly in N. Therefore, due to the weak compactness of a bounded set in
the Hilbert space, there exists a subsequence with a weak limit u® € W12(G). In order
to prove that u® is a solution of equation (3.10), we multiply each of equations (3.14)
by a function x; € C*(0,!) vanishing in the vicinities of + = 0 and « = [, then sum
up from 7 = 1 to j = N, and integrate with respect to x from 0 to [. This yields the
identity

/G [(suaﬂfc + kul® — aud® +cu — fxN — aué\f’sxif dG =0 (3.17)

where X (z,y) = Z;V:l X;(x)Y;(y). Now we pass to the above mentioned subsequence
of u™V¢, integrate by parts the first and second terms in (3.17), and set N — oo to get

/ [wixm —ug (kx)x — auyxy + (—aug + cu® — f)x] dG = 0. (3.18)
G



736 A. G. Kuz'min

Relation (3.18) is valid for any function y € W1?(G) vanishing at = 0 and = = [.
Consequently, u® is a weak solution to equation (3.10) [18: Section 4.3]. That solution
satisfies the boundary conditions (3.11), because u:, € L*(G) due to (3.16), therefore,
traces of u® and u¢, at x = const belong to L?(—1,1) and satisfy the same conditions at
r=0and x = as u™¥'¢ and u)* do owing to (3.15). The boundary condition (3.12) is
involved in (3.18) as verified below (see (3.23)). Hence, u® is a weak solution to problem
(3.10) - (3.12).

Now, let us consider a sequence u® = u®(z,y) as € — 0. Due to (3.16), the norm
|u®|l1 is bounded uniformly in . Therefore, there exists a subsequence with a weak
limit «° € W12(G). This limit is a weak solution of the mixed type equation (3.1),
as seen from (3.18) with e = 0, and it vanishes along with u® on the left-hand side of
G : u°(0,y) = 0. In order to prove that the Neumann condition u2(l,y) = 0 holds on
the right-hand side of G, we need to use the estimate

[uzllwr2c ) < mllfllo (3.19)

where G;_, = GN{z: ]l -0 < x <I}. The validity of (3.19) is established in Section
4 with a technique of cut-off functions in the same way as in the theory of elliptic
equations. Estimate (3.19) shows that u? = 0 along with uS =0 at z = 1.

In order to prove the regularity of the obtained solution, i.e. u® € W?22(G), we need
one more estimate

[uze |22 (i) < milfll (3.20)

where G, = GN{z : 0 < z <1l —0c}. The validity of (3.20) under the additional
condition 2« — k,; > § > 0 will be established in Section 5. In the strip G, = G N {x :
0 < z < o} adjacent to the left-hand side of G, the type of equation (3.1) is elliptic,
therefore u® € W12(G,,) yields [18]

u’ € W22(G,). (3.21)

By combining (3.19) - (3.21), we find u2, € L?(G). This enables one to represent (3.18)
at € = 0 in the form

/G [ugwx - augxy + (kul, —ul, — aud + cu® — f)x] dG = 0. (3.22)

Having denoted by — f the underlined terms, one can interpret u° as a weak solution of
the equation u,, + (auy), = f € L?>(G). On the other hand, the latter equation under
the boundary conditions (3.3) has a solution @ € W?22(G) as follows from the theory
of equations of the elliptic type [18]. Because of the uniqueness in W12(G), we obtain
u® = @ € W22(G). As a consequence, the second term in (3.22) can be integrated by
parts:

/G [kud, + (aug)y — o) + cu’ — f]xdG
l l (3.23)
+/0 (augx)|mz_1dx — /0 (augx)‘ledaﬁ =0.



Solvability of a Boundary Value Problem 737

Due to the arbitrariness in the choice of x € W12(G) we conclude that equation (3.1)
and the boundary condition uf(x,41) = 0 are satisfied a.e.

We notice that estimate (3.20) is not valid over the whole domain G uniformly in €.
Hence, the boundary condition uZ (0,y) = 0 is lost with respect to u” so that only the
condition u%(0,y) = 0 is true (see Figure 3). Consequently, the ”viscous solutions” u®
do not converge to u’ in the norm || - |ly2.2(c).

One can prove that u® € WP2(G;,,) (p = 3,4) using a priori estimates

(3.24)

[WzsaallL2(cin) < mllfll3

14zl L2y < Ml fll2 }
which are similar to (3.20) and valid under conditions (3.5). However, the third and
fourth order derivatives of u° are not, in general, square integrable over the entire G
because of singularities at the corner points (vertices) of the rectangle G I

Figure 3

4. A proof of estimate (3.19)

Since k(z,y) > 0 at x = 0 and = = [, one can choose a small ¢ > 0 so that k(z,y) > 0
in the strips 0 <z < 20 and [ — 20 < x <, |y| < 1. Consider a non-negative cut-off
function n € C*°[0,[] vanishing at x <1 — 20 and equal to e"* at | — o < z <[ where
@ > 0 is large enough so that a,n + an, > 0 at x = [. Let us multiply (3.14) by
n(XJN’e)m, then sum up over j from 1 to IV, and integrate with respect to x from 0 to
[. In this way we arrive at

/G [(swxmj + kwgy — qwy + cw — f)wm - awywmy] ndG =0 (4.1)
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where w denotes the approximate solution u™>¢ for brevity. Relation (4.1) can be
represented in the form

/wamn dG = /G [%(wix)x + kw?, — aw,Wey + CWWey — AWy Wapy | dG.  (4.2)

Integrating by parts the first and the last terms in the right-hand side and taking into
consideration that wgy(l,y) = 0 due to (3.15), one obtains

/ fwe.ndG
G

1
= [ sur vy
—1
+ / [ - %nww?ca: + knwiw — ANWzWgee + CNW Wy, + (anwy)mwxy} dG (43)
G
= /G |: o %%wix + knwiaﬁ — ANWgWey + CNW Wy + (an)xwywxy + anwiy] dG.

The integral [ [ — £n,w?,]dG can be estimated by || f||2 in view of (3.16):

/G fweandG + ml|f|2

(4.4)
> / [kznwix + anwiy — ANWWey + MWWy + (aN)zWyWay |dG.
G
Integrating by parts the last three terms in (4.4), we find
[ fueandG +m 113
G

1

> %/_1(an)$w§‘m_ldy (4.5)

+ /G [knwfxr + m?w?gy + %(an)xwi - (an)wwx - %(C”?)wxwi dG.

The first integral in the right-hand side is non-negative due to the choice of 1 and can
be omitted. The terms involving the first-order derivatives of w can be estimated by
| f1|3 owing to (3.16). That is why (4.5) reduces to

/ FwnendG +mi|fI% > / e, + ame?,] dG (4.6)
G G

(we recall that m > 0 is independent of w and may be different in different formulae).
Using Young’s inequality in the left-hand side, we obtain

[ ey [ wtopaG e mlfIE = [ gt +om? a6 @)
G G G
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Since n = 0 at x < [ — 20, the integration in the right-hand side is virtually carried out
over the strip Gj_o, = GN{x : x > | — 20}. In this strip, k > ki > 0, therefore we
arrive at the estimate

SR+ mlfI3> [ (it — Sy + o JaG. (49

Gi_2o

The parameter v > 0 can be chosen small enough to provide k,;,n — %7772 > 0, hence

mlfIF= [k, +ud,)dG. (4.9)

—0o

The latter means
wzllwrze,_,) <mllfllo (4.10)

where G;_, = GN{x:x >1— o}. Recalling that w = u”™* and setting N — oo, from
(4.10) we get (3.19).

5. A proof of estimate (3.20)

Let 0 and w be the same as in the previous section. We choose now a non-negative cut-
off function n € C'*°[0,] that equals unity at 0 < 2 <[ — o and vanishes at 0 < z < %a

and | — 3o < x < I. Let us multiply (3.14) by n(XJN’E)mm, then sum up from 1 to N,
and integrate with respect to x from 0 to [. In this way, we obtain

/ [(&m}mm + kwae — qwy + W — fWaaa — awywxmy]ndG =0, (5.1)
G
ie.

/ fwerendG
¢ (5.2)

2
= / [5wwm + kWprWepr — OWeWapr + COWppr — awywmxy] ndG.
G

By omitting the term w2, and integrating by parts the others, due to n(0) = n(l) = 0

we arrive at the estimate

_/(fn):cwmde
¢ (5.3)

> /G [_ %(kn)xwix + (QWgn) s Wz — (CWN)pWay — (AWYN) 22 Way | G-

Owing to the choice of 7, the derivatives 7, and 7., vanish over G except for two strips
Gn{z:io<z<oland GN{z:l—0 <z <l— 3o} in which k > Ky, > 0. The
integrals over the second strip can be estimated by invoking inequality (4.10), while
those over the first strip can be estimated using a similar inequality obtained in the
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same way as (4.10) with a cut-off function that vanishes at < o and > 25. Then
(5.3) yields

- /G foween dG + m| £

(5.4)
> /G [— %kwwim + (QWg) 3 Wap — (W) Wey — (QWY)zaWay |1 dG.
Now we use the condition 2ac — k; > 0 > 0 valid due to (3.4):
_/ foween dG + m||f||8 > / [%&Uix + W Wey — (CoW + CWy )Wy
G G (5.5)

— (QpaWy + 20 Wy + QWggy)Way |1 dG.

Integrating by parts the underlined terms in the right-hand side and estimating the
terms with 7, again by || f]|3, we get

- [ oG+ 113
¢ (5.6)
> % /G [5w§x — amwi + 2(cpw) wy + cxwi + ammwi — 3a$w§,y]ndG.

The integral of the terms involving first order derivatives of w can be estimated by
invoking (3.16). Also, we notice that a, < 0 due to conditions (3.4). That is why (5.6)
reduces to

~ [ feweandG+ mlfE > § [ wtinac. (5.7)
G G

Using Young’s inequality in the left-hand side, we find

Sl Flwanld +ml 1 > § [ wEindG. (58)
At v < %5, the second term is less than half the right-hand side:
mifI = § [ utina. (5.9

Since n = 1 in the subdomain G;, = GN{z:0 < x <l — o}, we obtain

[zl 261y < mllfl (5.10)

where w = vV, At N — oo, (5.10) yields (3.20).
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6. Solvability of the transonic flow problem (2.3), (2.4)

Let us pass to the nonlinear perturbation problem (2.3) - (2.4). By using the solvabil-
ity of the linear problem established in Theorem 2, we shall construct a sequence of
approximate solutions and prove its convergence in an appropriate Sobolev space with
the principle of contractive mappings.

Theorem 3. Assume that o € WS2(G,,,.) is a given function such that v, (0,y) <
1, 02(lnoz,y) > 1 and in addition @z > 6 > 0 in Gpo,. Then for any perturbation f*
vanishing in the vicinity of x = 0 and having sufficiently small norm ||fi||W3»2(0,lm,z)
there exists a solution u € W%%(G..) of the nonlinear problem (2.3),(2.4). That
solution is unique in the class of functions ||ullws2q,,.) < T where r depends on ¢ and

GTLOZ .

noz

Proof. We employ the approach outlined in [16]. The solution will be constructed
through the following iteration scheme:

(1= 0+ g)uls ) — uaul™ + Zulit) = 0 (6.1)

gi=u) (i€N), go=0
under the boundary conditions (2.4). The proof is split into four steps.

2.4)
Step 1. The linear problem (2.4), (2.5) can be easily reduced to the problem for the
non-homogeneous equation

Lyu = (1 — @z + 9)Uzz — Paatie + ﬁuyy =f€ WB’Q(GROZ) (6.2)
given in G,,, and endowed with the homogeneous boundary conditions

u(O,y) = 0}

uy(x,+1) =0 (6:3)

Indeed, one can obtain this by substituting u + @ for u in (2.4), (2.5) where u =
1T (@)1 +y)?— 1f~(z)(1 —y)? is a function satisfying the boundary conditions (2.4).

Equation (6.2) coincides with (3.1) in the special case k = 1— ¢, + g, @ = Qpz, a =

ﬁ, ¢ = 0. Obviously, the expressions
2a+kw:¢mx+9x 204—km:390m:v_gx (64)
200 — 3ky = 5Pz — 30 20 — Bky = TPuw — 50s '

are positive at sufficiently small g due to ¢, > 9 > 0in G,,,.. In order to apply Theorem
2, we need to modify problem (6.2), (6.3) so as to gain the elliptic type of the equation on
the right-hand side of a rectangle as well as on the left-hand side. Let us choose | > [,,,.
and prolong the functions ¢, f, g into the domain {(z,y) : I, <x <land -1 <y <1}
in such a way that @, (l,y) < 1, ¢ € W%%(G), f € W32(G) and (6.4) remain true in
the extended domain G = {(z,y) : 0 <z <land —1 <y < 1}. Since p,(l,y) < 1,
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the type of equation (6.2) is elliptic on the right-hand side of G at sufficiently small g.
That is why we prescribe the boundary condition

we(l,y) =0 (6.5)

in addition to (6.3). As seen, in the extended domain G, the coefficients of equation
(6.2) satisfy all the inequalities required in Theorem 2. The condition ¢ € W%2(G)
yields ¢, € C3(G) due to the imbedding theorems for the two-dimensional domain
[1]. Therefore, at g = 0 the coefficients of (6.2) are smooth enough, and Theorem 2
establishes the existence of a solution u € W22(G) N W*2(G},) to problem (6.2), (6.3),
(6.5). The restriction of u to the subdomain G,,, gives a solution to problem (6.2),
(6.3). Theorem 1 ensures the uniqueness of the solution u € W22(G,,,) N W42(G;y)
obtained in the case g = 0.

Step 2. The condition of vanishing f¥ () in the vicinity of = 0 yields f(z,y) =0
near the left-hand side of G and provides u € W%2(G,,.). In order to prove the
latter, we use the even prolongation of u € W?2(G,,,.) and smooth prolongation of the
coefficients of (6.2) across the segments y = +1, 0 < x < o, where o is small enough,
into domains 1 < |y| < 1+ 0, 0 < z < o (see Figure 2, in which the upper domain is
indicated by the dashed segments). By formal differentiation of (6.2) with respect to
y, we find that u, is a weak solution of Dirichlet’s problem for the equation of elliptic
type Lou, = f in the strip 0 < = < 0, |y| < 1 + o, where f is square-integrable. A
weak solution of such a problem is necessarily regular [18], hence u, € W?2(G,), G, =
{(z,y): 0 <z <o and |yl <1}.

Similarly, the second differentiation of (6.2) shows that u,, € W??(G,). Then
equation (6.2) provides u,, € W?2%(G,), consequently u € W*2(G,). Taking into
consideration that v € W4’2(Gm), where G;, and GG, can overlap, one obtains u €
W42(Gpos)-

Step 3. In the case 0 # g € W32(G0.), which is crucial to the validity of scheme
(6.1), the coefficient in front of u,, in (6.2) does not belong to C3(G,,.). However,
g € CY(Ghy.) due to imbedding theorems [1]. Therefore, the assertion of Theorem
2 in the part of the existence of the solution u € W?2(G) remains valid, because
estimate (3.20) is true at k € C*(G), as seen from inequality (5.4) which does not involve
higher order derivatives of k. Consequently, there exists the solution u € W22(G,,,.) of
problem (6.2), (6.3) owing to the arguments of Step 1.

In order to prove that the solution belongs to W42 (G,,..) in the case g € W32(G,,.)
we first validate a priori estimates

”u”Wp,Q(GnOZ) < mHLg’UJHWpflj(GnOZ) (p = 1, 2, 3, 4; m > O) (66)

for sufficiently small ||g||ws.2(q,,,.) and any function u € WP2(G,,., ) satisfying boundary
conditions (6.3) and such that Lyu € WP~ 12(G,,,,) and L,u = 0 in the vicinity of z = 0.
The validity of (6.6) at p = 1 follows from the analysis of the integral |, a.. Lou-uz e’ dG
similar to (2.8). Let us prove that (6.6) is true at p = 4 if it holds at p = 1,2,3. The
condition ¢,(0,y) < 1 provides ¢, < 1 in the strip 0 < z < 40, |y| < 1 at sufficiently
small 0 > 0. Consider a non-negative cut-off function n € C'°°[0, (] vanishing at {z < o}
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and equal to unity at {x > 20}. It can be easily checked that the function @ = nu
satisfies the equation

Lyu = JE = nLgu+ (1 — 0z + g)(Neatt + 202Us) — Pranzu € W3’2(GHOZ>~
By differentiating Lyt = f twice with respect to x, we obtain

(1 — @z + g)(axm)xm - 390:r:c(ﬁxx)x + L(aa:gc)
Ly ARSI (6.7)

Hence, ., can be considered as a solution of the second order equation that only differs
from (6.2) by the multiplier 3 in front of ¢,,, which does not influence the validity of
(6.6). In addition, ., satisfies the boundary conditions (6.3), because i, = 0 at
xr < 0. That is why one can use (6.6) with p = 2 in order to estimate ||tz |lw22(c
by the right-hand side of (6.7):

noz)

(6.8)

where | - ||, denotes | - |lw»2(q,,.)- Due to Remark presented below, the second and
third terms in the right-hand side of (6.8) can be estimated as

[ 9ztize|li < m|gell2)|tzeellr < m||gll3]|tee |2

where m > 0 may as usual be different in different formulae. Therefore, under suffi-
ciently small ||g||s, inequality (6.8) reduces to

Since Ypze € C1(Ghys.), the second and third terms on the right-hand side of (6.9) can
be estimated by (6.6) with p = 3 and p = 2. Then the equation L,a = f makes it

possible to estimate ||iyy||2 by ||#zz|2, and we arrive at ||i]ls < m|f||s. Recalling that
n=1and u =wu at x > 20, we obtain

||U||W472(Gnozﬂ{x:$>20}) < m”f“?) (6.10)

A similar inequality ||u(|wa.2(q,,,. {z:z<30}) < M||Lgul3 holds due to the elliptic type
of the operator Lyu at 0 < x < 40 and the considerations of Step 2. By combining the
two inequalities, we get (6.6) with p = 4.

Remark. For u € W*?(G) and v € W"?(G), the estimate |luv|1 < m||ul2||v]: is true.
Indeed, 7

|uv||T = (Uuzv + wvz)® + (uyv + uvy)® + u*v® dG
Z
<2 urv® +uPvl +uiv® + Pl dG 4+ w®dG
2G G

2 2y, 2 22
<2 (up 4+ uy)v dG +2 max u lv]|1
G
< 2/|ug + uyllol[v*[lo + mllull3]|v]}

20,112
< mfull2]|v][y
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owing to multiplicative inequalities [1, 18], which yield for a rectangle G
2 2 2
[07llo = [[vllza(gy < mllvllillvlo < mijll3,

consequently ||uz + u;|lo < m|lul|3 where the constants m > 0 are independent of u and v.

Now, we use (6.6) in order to prove that the solution u € W%2(G,,.) of problem
(6.2), (6.3) belongs to W*?(Gpy.). Let us approximate g in the norm || - |ws2(g,,.) by
a sequence g; € C3(Gpoz) (j € N). The equations

(1 — Pz + gj)uma: — Praly + ﬁuyy = f (611)

endowed with boundary conditions (6.3) have solutions u; € W*2(G,,,) due to the
result of Step 2. These solutions are bounded in the norm || - ||4 owing to (6.6). Hence,
there exists a subsequence with a weak limit 4 € W42(G,,,.). On the other hand, the
sequence u; converges to the solution u € W#2(G,,,), because by subtracting (6.11)
from (6.2), one obtains

Lg(u—u;) = (g5 — 9)tjaa;

therefore
lu —ujlla < m||Ly(u—uj)|ly = m||(9j — 9)Ujzel1 =0  asj— ooc.

That is why v = @ € W42(G0.).

Step 4. Scheme (6.1) implies solving a sequence of problems (6.1), (2.4) for g; €
B, = {9 € W32(Gpro-) : |lglls < 7}. On account of Step 3, the solutions u(*+1) exist if
the radius r of the ball B, is small enough. Then scheme (6.1) can be represented in the
form g;1+1 = Tg;, in which the operator T'g is defined by T'g = u, for all g € B, where u
is the solution of the equation L,u = 0 under boundary conditions (2.4). Consequently,
the nonlinear problem (2.4), (2.5) can be rewritten as g = T'g.

Under sufficiently small || f*||, the operator T'g maps the ball B, into B, because

ITglls = [luzlls
< luz — a3 + [z ls
< m|[flls + [[@alls (6.12)
<m| [T+ 17 lwe20,0m,.)
<r.
Let us prove that the operator T'g is a contractive one in the norm || - ||; if the radius r

is small enough. Due to (6.6) with p = 2, one obtains for two elements g; and g
1Tg1 — Tgallr = lure — u2allt < [lur — uzll2 < mf|Lg, (u1 — u2)ll1. (6.13)
From equation (2.5) we find

Ly, ui — Lg,us = Lg, (u1 — uz) + (91 — g2)U242 = 0.
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Therefore, the right-hand side of (6.13) can be estimated by

m||(g1 — 92)u2z2|[1 < m|lg1 — g2l ||u2ze]l2
<mllgr — gall1 llugells

<mr| g1 — g2|l1

owing to (6.12). Hence, at r < % the operator T'g is a contractive one. Then the
principle of contractive mappings shows that sequential approximations g;11 = Tg; (i €
Ng) converge to the unique solution g € W2(G,,.) of the equation g = Tg. On
the other hand, because of the weak compactness of B,, there exists a subsequence
which weakly converges to ¢ € W32(G,,,.). Due to the uniqueness, one gets g = § €
W32(Groz). Then u = fom g dx is the solution of the nonlinear problem (2.3) - (2.4) N

Conclusion. A shock-free flow with subsonic-supersonic transition in a nozzle was
considered. A nonlinear perturbation problem for the von Karman equation was formu-
lated and studied. The obtained results can contribute to the analysis of finite element
approximations of transonic flow pursued in [2, 3, 20].
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