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Capillary Surfaces in Non-Cylindrical Domains

G. Schindlmayr

Abstract. This paper is concerned with the capillary problem in a class of non-cylindrical
domains in K € R™"! obtained by scaling a bounded cross-section Q C R™ along the vertical
axis. The capillary surfaces are described in two different ways. In the first model, they are
described as the boundary of a Caccioppoli set and in a second model, after transforming
K to a cylinder, they are described as graphs of functions on 2. The volume of the fluid is
prescribed. For both models, the energy functional is derived and declared on the appropriate
function space consisting of BV -functions. Main results are existence and a priori bounds
of minimizers, using the direct methods in the calculus of variations. For the special case
of a cone over the domain €2, a criterion is given to assure that the tip is not filled with
liquid. Another point of examination concerns modelling the volume restriction by means of a
Lagrange multiplier.
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1. Introduction

Physically it can be observed that drops of liquid are held in equilibrium in vessels that
have tips at the bottom or that are unbounded with sufficently fast narrowing cross
section. Examples are the cone in R"*! over some domain €2 C R™ or the narrowing
tube, both shown in Figure 1.

Figure 1: Equilibrium drops in narrowing vessels

Responsible for that phenomenon are capillary forces on the free surface of the
liquid and on the interface between the liquid and the boundary of the vessel. In an
equilibrium configuration, the total energy of the liquid takes a (local) minimum. The
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total energy is given by the sum of the surface energy, being proportional to the area
of the free surface, the wetting energy, being proportional to the area of the liquid-solid
interface and the potential energy. Thus, the equilibrium problem naturally leads to
the formulation as a variational problem. A broad variety of mathematical methods
have successfully been applied to capillary problems. A survey over many aspects of
capillary surfaces and their mathematical treatment is given in [8].

In [12] the problem of capillary surfaces in a domain K is treated, where K is
assumed to be the supergraph of a Lipschitz function w bounded from below and sat-
isfying lim, . w(y) = oco. The liquid is described by a Caccioppoli set £ C K, i.e.
Jx IDxE| < oo, with prescribed volume |E| = V. The advantage of such a general
setting is that no assumptions about the topological type of the solution surface are
needed to be made. Main results are the existence of a minimizer for the total energy
and the regularity of the boundary of E. A regulariy result concerning the intersection
curves of the vessel boundary with the liquid surface can be found in [14], formulated
by means of currents from geometric measure theory (cf. [7]).

A special case extensively studied in the literature is the case where the vessel is a
cylinder over some cross-section {2, such that a surface can be described by the graph of
a function u : 2 — R. Besides treating the Euler-Lagrange equation of the variational
problem, which is an equation of prescribed mean curvature with Neumann boundary
condition, advances in the existence theory have been made using the direct methods in
the calculus of variations in the space BV of functions of bounded variations (cf. [6, 9 -
11]). In [10] existence and regularity of a capillary surface in a cylinder with prescribed
volume below the surface are shown.

The aim of this work is to study the capillary problem in a class of non-cylindrical
domains such as those shown in Figure 1. They are obtained by scaling a cross-section (2
along the vertical coordinate ¢ via a scaling function ¢(¢) > 0. Particularly, the existence
of a solution and the physical phenomenon of drops held in equilibrium, as described
at the beginning of this article, are regarded. In Section 2 the liquid is modeled as a
Caccioppoli set as done in [12]. For the cone K over some domain 2 C R"™ (scaling
function ¢(t) = t), a criterion is given to assure that the tip of the cone is not filled
with liquid (Theorem 1). For the domain K, obtained by choosing ¢(t) = ﬁ as scaling
function (right-hand side of Figure 1), existence and boundedness of the solution set
are shown (Theorem 2).

In Section 3 a coordinate transformation is used to transform the domain K onto
a cylinder, where K is again obtained by scaling a cross-section €2 along the vertical
axis. Then, the upper and lower surfaces of the liquid can be described by means of
two functions u and v. Motivated by [10], the volume constraint is taken into account
by introducing a Lagrange multiplier. After deriving the energy functional (19), it is
explained how the functional is declared for general u,v € BV (Theorem 3). For the
special case of the cone (scaling function ¢(t) = t), existence and boundedness of a
solution are shown and the dependence on the Lagrange multiplier p is examined. It is
proved that the volume between the surfaces monotonically converges to infinity with
i — 00. The results are summarized in Theorem 4.

It shall be remarked that the results from this article are part of the doctoral thesis
[11], where also some more details can be found.
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2. Model I: Caccioppoli sets

Representing the fluid by a set £ C K, the energy functional is given by

F(E) Z/K|DXE| +/f/KInXE d$+0/aKXEdHn1 (1)

where yg is the characteristic function of E, k > 0 is the constant of gravity and o
is the wetting constant, which is assumed to be non-negative. The contact angle 7 is
related to o by the identity ¢ = — cos~y. The perimeter [, |Dxg| of E in K is defined

by
/IDXE|=Sup{/ xe divgdx
K K

The variational problem under consideration then is

g € CL(K,R™) with sup |g(z)] < 1} ®
reK

min F(F) (Ee{FCK:|F|=V}). (3)

Using the functional above, Giusti (cf. [12]) shows the existence and boundedness
of a solution if the vessel is bounded from below and has Lipschitz-regular boundary.
(Further regularity of K might be needed if 0 < 0.) As a crucial tool to construct feasible
comparison functions, Giusti used the following lemma, which will also be helpful here.

Lemma 1 (Giusti[12]). Let L be a Borel set und D an open domain, [, |Dxz| > 0.
Then there exist vg > 0 and Qo > 0 depending on D and L N D such that for |v| < v
a set F' exists with ' = L outside of D and

Fl = L]+ (4)
/ Dxr] < / Dxz| + Qolo] (5)
D D
/|><F—XL|dxsczo|v|/ el (6)
D D

2.1 The Cone. Let Q C R" be open and bounded with Lipschitz-continuous boundary
09 and outer unit normal vector v(z). Let K C R™*! be the cone over €,

K = {(tz,t)| (z,t) € Q x Rxo}. (7)

This domain K is a special case of the problem treated in [12]. Therefore existence and
regularity of the minimizer are guaranteed. The following theorem states the condition
under which the tip of the cone is not filled with liquid in equilibrium.

Theorem 1. If the domain §2 satisfies the inequality

Q] < %/@Q V1+ (z-v)2dH, i, (8)

then for the solution E of problem (3) there exists no g > 0 such that {x € K|x,41 <
80} C FE.
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Proof. To construct a contradiction, it is assumed that there exists an £¢ such that
{r € K|zp41 <eo} C E. Let D CC K with

inf{z, 11|z € D} > ¢, / |Dxg| >0, / |[Dxg| = 0.
D oD

For notational convenience, let

E.:={x € E|x,41 <&}
Ef:={x € E|xp41 > ¢}
I'.:={z € E|lz,11 =€}

The idea of the proof is to compare the energies of £ and E°. To get a contradiction to
the minimizing property of F, one cannot directly compare FE° to E because E¢ does
not satisfy the volume restriction. Speaking in physical terms, the liquid being removed
from the tip of the cone has to be put somewhere else (which will be inside of D) in
such a way that one can still estimate the energy. To use Lemma 1 with L = E* one
first notices that the constants vy and Qg do not depend on ¢ for € < g, since one can
take the same D and hence has the same sets L N D. Now ¢; < gg is chosen in such a
way that |E.| < vg for all € < g1, which is always possible since clearly lim._,q |E.| = 0.
By Lemma 1, for each € < €1 there exists a set F' with F' = E°® outside of D such that
(4) - (6) hold with L = E® and v = |E,|. In particular, by (4), |F| = |E.| + |E°| =V,
i.e. F' is feasible. From (6) it follows

/xn+1xpda:§/ Tpi1XE: dx + 1| Eel. 9)
K K

Using F(F) < F(E®)+c2|Ec| by (9) and (5) and comparing the energies for £ and E,
one gets

F(F) < FE) + Hp(T.) — o /8K X5, dH,, + cs|E.| (10)

where H,, denotes the n-dimensional Hausdorff measure. As E. is just the tip of the
cone by assumption, elementary integration yields

HuT) =<9 and [ b= [ VT PdHe ()
OK o0

whereas |E.| = %ﬂlm is of higher order in €. For e small enough, (8) leads to the

contradiction F(F) < F(E) 1

Remark. The geometrical interpretation of the criterion given in Theorem 1 is a
condition on the opening angle of the cone. The opening half-angle o can be defined by
the identity
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where H,,(S:) = faK XE. dH,, is the area of the surface S. = OE. N 0K at the tip. By
(11), criterion (8) can be written in the form

H, (L)

< o.
faK XE. dHn

In terms of the opening angle o and the contact angle v defined by —cosy = o this
inequality takes the form sina < o or a < — 7. Written in this from there are formal
similarities to results in [4].

2.2 The %-scaled domain in R3. Let Q C R3. The domain
R={(%,-t)| (z,t) € 2 xRxo}
can also be parametrized by
T:Q=0xR—R?xR, (w,t) — (e'w, —e").
In these local coordinates (z,t), the volume element is vy = e*. The standard coordi-

nates in R? will be denoted by ¥ to avoid confusion. The following version of Poincaré’s
inequality holds in R.

Lemma 2. Let v € BV(R). Then there is a constant C = C(§2) such that

/ y3|v|dy‘ <C (/ | Do| —i—/ |v|dH2> .
R R OR

Proof. Let v € BV(R) and u = v o ¥ be the pull-back on Q. Then by Poincaré’s

inequality in 2
/ ys|v| dzx
R

= / e Mu|vg drdt
Q

:/R/Q\u(:z:,t)\dxdt (12)
g/RC(/Q|Dmu|+/m|uldH1) dt.

For smooth v, by coordinate transformation, one has the estimates

/|Dv]:/ }(Dlu,Dgu,xD1u+yD2u—Dgu)’da:dtz// | Dyu| dzdt
R Q RJQ

and

/ |v|dH2:// |u|\/1+e4t(x-y)2dH1dt2// |u| dHydt
OR R J 002 R J 02

proving the assertion for smooth v. For v € BV (R) the assertion follows by approxi-
mation Hl
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To avoid the asymptotic behaviour at y3 = 0, a vessel K is constructed from the
%—scaled tube R by setting a truncated cone on top of R, such that the boundary of K
has infinite height. The behaviour for ¢t — —oo is not affected. An explicit formular for
K could be

K= {(y,ya) € R’ (13)

y=2a/|lys — 1| for y3 <0
(x € Q)
y=ux(ys+1) for y3 >0

What remains to be examined is the question whether a drop can be in equilibrium
without “falling down” the vessel. An answer is given in the theorem below.

Theorem 2. Let F be the functional defined in (1), 0 < o < 1. Let K be sufficently
small. Then there ezists a set E C K minimizing F among all sets F C K with |F| =V
und inf{ys|y € F'} > —oc.

Proof. The first step is to show that the energy functional (1) is bounded from
below. For E C K, Ey = EN{ys < 0}, one can apply Lemma 2 to get

Fd/ ysx e dy > Fv‘/ Y3XE, Ay
K K
> —kC (/ |Dx g, | +/ XEOdH2>
K oK
> - (/ Dxsl+o [ xEdH2+|m)
K 0K

for £ < . The boundedness of (2) now follows immediately.

The next step is to find a minimizer among all sets F C K~ where K~ = {y €
K|y3 > —M} is the vessel with an artificial obstacle at level —M. The vessel K~ fits
into the framework of [12], thus the existence (and C!®-regularity) is ensured.

The last step is to show that the obstacle is not touched, such that for M > M, one
has the same minimizer. This follows from Lemma 3, where an a priori lower bound for
the minimizer is shown, that is independent of M H

Lemma 3. Let F be the functional defined in (1), 0 < o0 < 1 and k be sufficently
small. Let E minimize F among all F C K= |F| =V where KM = {y € K|y3 >
—M}%}. Then there exists a bound My independent of M such that inf{ys|y € F} > —Mj.

Proof. The idea of the proof follows [12] where upper bounds are shown. Let
Er:={y € Elys <T}
ET .={ye E|lys >T}
I'p:={y€Elys =T}

Let D CC K open with [, [Dxg| > 0and [,,|Dxg| =0. For T < Ty < inf{ys|y € D}
one has |Er| < vy and by Lemma 1 there is a set F' with F' = Ep outside of D such
that (4) - (6) hold with v = |Ep|. In particular, |F| = V, i.e. F is feasible, and

/ YsXF dx S/ ysxgr dr + c1|Er|.
K K
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By comparing F' and E, one gets
F(F) < F(E") + co| Br|

< F(E)+2Ha(Cr) - [ 1Dxel
K
—U/ XEr dH3 —/4/ YsXEr dx + co| Ep|.
oK K

Using Lemma 2 and subsequently the isoperimetric inequality gives

F(F) < F(B)+ 2a(Cr) ~ (1= ) [ 1Dxal 40 [ v dtte) + ol
Sfum+2HﬂPﬂ—wl—woA;MW&J+@H%I
< F(E) + 2Ho(T'7) — c3|Ep|' ™7 + ca| Ex|
< F(E) + 2Ho(Tr) — ca| Ep|'
for T < Ty where in the last step |Ep| — 0 for T — —oo was used. Since E is a

minimizer,
2Ho(Tr) — cq|Ep|' =7 > 0. (14)

The remaining steps are similar to [12]: From (14) it follows that

Cq

d 1
—|Ep| = ) > = |Ep|t—7.
dT‘ T| =Ha(I'r) > 2\ 7|

Assuming Epr > 0 for T' < Tp, integrating the last inequality leads to
1 1 Cq
Er|n —|Ep|ln > —(1y =T
By | — | Er|» = o (To = T)

and thus T > Tp — QC—Z|ETO|% |

3. Model II: non-parametric surfaces

3.1 General scaled vessels. Let the vessel K be constructed by scaling a cross-section
) C R™ along the vertical axis,

K = {(6(t)z,1)| (1) € @ x R} (15)

The scaling function ¢ is assumed to be smooth. To represent surfaces in K by graphs
of functions, one can use local coordinates, that transform K onto the cylinder 2 x R.
Such local coordinates are given by the map

TU: Q=0xR—R"™, (z,t) — (d(t)z, ). (16)
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For the moment, let 99 be smooth. The induced metric tensors g% on K and ¢%% on

0K are
K _ ¢21n ¢¢/x
7\ gga” 1+ (¢)al?
§OK = ¢*Tny ¢¢' P
¢¢'(Px)t 1+ (¢)?|af
where P is the orthogonal projection onto T(9f2). The induced metric tensor on a
surface S(u) : t = u(x) is

(17)

g° = ¢*L, + ¢¢'(z ® Du+ Du® x) + (1 + |z|*)Du ® Du. (18)

The corresponding volume elements y/det g are v = @™,

vok = ¢" 'V 1+ (¢)2(z - v)?
vs = (¢*" V()| Dul® + (div (¢" (u)z))?)

Nf=

The energy functional for a liquid between the surfaces S(u;) and S(uz), where u; and
us are smooth functions, can be written as

J(u1,uz) = / US(uy) t VS (us) dx
Q

U u2
‘Jrli// thdtdx—}—a/ / vor dtdH,,_1.
Q Juq o0 Juy

After another transformation v = ®(u) with ® = ¢"~1 > 0 and ®(0) = 0 and after
introducing a Lagrange multiplier p for the volume restriction, the final version of the
energy functional is (writing u and v instead of vy and vs)

=

Fulu,v) = / (IDul? + (div ((u)a))?)* + / (IDvf? + (div ((v)2))?)

v(x) v(x)
+/ / Ho\(t) dtdz + a/ VI @)@ 0)? dtdH, ;.
Q Ju(z) o Ju(x)
Here, v = ¢" o ®~ ' /n, H, = k(P! — pu¢ and ( = po ®~ 1.
In analogy to the capillary problem in the cylinder (cf. [6, 9 - 11]), a minimum
is sought in the class BV of functions of bounded variation. This is due to the linear
growth of F in the gradients of u and v. Therefore the functional F has to be defined for

general BV -functions. This can be done via a measure-theoretical method developed
in [5] (cf. also [1, 2]).

The following theorem holds.
Theorem 3. Let Q C R" be bounded and f € C(Q x R x R™), such that

mlp| —a < f(z,s,p) < Mlp|+ A ((z,s,p) € xR xR")
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with constants m > 0 and a, A, M > 0. For every (x,s) €  x R let the map p —
f(z,s,p) be convexr on ]R” Then the functional u — [, f(x,u, Du)dx can be extended
to the functional u — I(u fQ x,u, Du) on BVi,.(Q2), such that:

1. I(u) is lower semz—contznuous on BVc() with respect to L}, ()-convergence.

2. For u € BV (Q2) N L*°(2) there exists a sequence {uk} of functions uy, € C1(Q)
such that u, — u in L'(Q) and [, f(x,ux, Dug) — [ f(z,u, Du) for j — oc.

The construction [, f(x,u, Du) shall shortly be reviewed. For a Radon measure
A, let A = A% 4+ A® be the Lebesgue decomposition in an absolutely continuous and a
singular part with respect to the Lebesgue measure £™. The L"-density of F in z is
defined as

L BN By (@)

— where B)( eR" |y —z| <
o0 |B,(2)] = {y eR"]y — 2| < p}.

Let
[P OX RXRY >Ry, f(w,s,p) = lim f(z,s,p/t)t
t—

and

. " L = | =f(z,s,—p/t)t ift<O
i OXxRxR"xR_ —R", f(%Sap,t)—{fO(x’S’p) ift=0 -

Then (p,t) — f (z,s,p,t) is convex and homogeneous of degree one on R” x R_. The
following definitions are still needed: Let M (u) C Q be a Borel set with

£(M(u)) = | Dul*(Q = M(u)) = 0.
Furthermore, let

u_ = sup {t|{y|u(y) < t} has L™ — density 0 in z}
uy = inf {¢t[{y|u(y) > tthas L™ — density 0 in z}
N(u) = {z € Qu_(z) <uy(z)}
S(u) = {(z,s) €A xR|s <uy(x)}.

Then [, f(z,u, Du) is defined by the identity

/Q f(z,u, Du) = /Q £z, u(x), (Du)*(x))da
+ /M(u) . f° (x,u+(x), %(@) d|Du|

ut (o) dDu
5 22U oy ) dHn
/N(u)/ (@) ( d|DU|( ))

1
Evaluating the divergence term in the integrand (|Dul? + (div (¢(u)x))?)?, Theorem 2
can be applied to the functional F in (19) setting

N|=

fla,s,p) = (Ip]* + (n(s) + ' (s)p - 2)?)
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The convexity of f can be checked via the Hessian matrix. For details of the relaxation
procedure cf. [13].

In the following subsection, the special case where K is a cone is treated in greater
detail. Applying the non-parametric methods to the case where K is %—Scaled, one gets
similar results corresponding to those from Subsection 2.2.

3.2 Non-parametric surfaces in the cone. The cone is a special case of the vessels
considered in (15) with scaling function ¢(¢t) = t. The total energy functional (19)
becomes

(NI

Fu(u,v) : = /Q (|Du|2 + (div (u:zc))Q)% + /Q (|Dv|2 + (div (vx))z)
+/Q/<;<UHT+2—unT+2>—,u<vnil —unTJrl)d:E (20)

+a/ (v—u)\/1+ (z-v)2dH, ;.
o9

Remark. As an alternative to the general theory behind Theorem 3, the surface
area functional for the cone can be defined by

/ (\Du|2 + (div (u:v))2)%
Q

g =(9,9n+1) € Co(Q,R™1) } (21)

Supmeﬂ‘g(zﬂ <1

A similar technique was used in [3]. Property 1 (lower semi-continuity) from Theorem 3
is easily checked, whereas property 2 (smooth approximation) is more complicated and
proved by using mollifiers (cf. [13]).

= sup{/ udivg+uzx- Dg,y de
Q

The aim of this section is to prove the following theorem.
Theorem 4 (Summary of Theorems 5 - 9). Let 9Q be of class C? and 0 < o <
1—a (a>0). Then for p > 0 the problem F, (u,v) — min has a solution in
Ky = {(u,v) € (BV(Q)* N (LX) 0 Su <5 < v}, (22)
The solution functions u, and v, satisfy the estimate
Oguuﬁvugkuz(%)n. (23)

The sequences {u,} and {v,} are non-increasing and non-decreasing in p, respectively.
For y — oo one has

lim infov, = 24
Jim_ infu, = oo (24)
lim supu, =0. (25)
/_,L—)OO Q

If19] < 2 [, V1+ (z-v)2dHy,_1, then u is not identical to zero on Q.
The monotony in p and the limits (24) - (25) describe how the solution depends on

ntl ntil
the Lagrange multiplier. In particular, the volume of the liquid, V = [v," —u," dx —

oo as u — oo. For clearness of the proof, the theorem is split into the sequence of
Theorems 5 - 9.
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Theorem 5 (Existence). Let 02 be of Lipschitz type and 0 < o < 1. Then the
problem

Fu(u,v) — min in K
has a solution (u,v) satisfying v < k, = (Eziégg)n

Proof. As a first step, the a priori estimate for v shall be derived. Let vy =
min(v, k,) and A = {z € Q|v(x) > k,}. Assume |A| > 0. Clearly,

1
2

/ (|Dvo|? + div (vow)2)% S/ (|Dv|? + div (vz)?) (26)
Q Q

a/aQ(vo —u)\/ 1+ (z-v)2dH,—1 < a/ (v—u)\/1+ (x-v)2dH,—1. (27)

o

The function f,(z) = kx™n — /mnT+1 takes its strict minimum in &, so for the potential
energy term,

/ f(v0) — fo(u) da < / Fu(00) — fo(u) da
Q Q

by the assumption. Those three inequalities give F,(u,v9) < F,(u,v), which is a
contradiction to the minimizing property of (u,v). Therefore, v < k,. Now the existence
can be proved. By the a priori estimate, the solution is sought in Ks = {ue Ks|lu<k,}.
Since H,(t) — oo for t — oo, the functional ¥, is bounded from below on Ks. Any
minimizing sequence (ug,vy) (k € N) is bounded in (BV(Q))?. By compactness of
the embedding BV (Q) — L'(Q), there is a subsequence that converges in (L!(Q))?
to a (u,v) € (L*(2))2. Lower semicontinuity of the functional implies that (u,v) is a
minimizer. One easily checks that (u,v) € K5 I

Theorem 6 (Monotonicity in u). Let 92 be of Lipschitz type and 0 < o < 1. For
i€ {1,2} and py < pa, let (u;,v;) be the solution of

Fu; (u,v) — min in Ks.

Then v1 < vy and uy > us a.e.

Proof. For notational convenience, let

vo = max(vy, V)

ug = min(uy, ug)
n+2 n+1
(z

fulw) = k™ — o™
IM(U)
Ju(v)

= Jo (IDuf* + (div (“x))Z)% = Jo fu(uw)dz — o [y u\/1+ (v v)2dHn o
(U = fQ (|DU|2 + (le (Ux))Q)E + fQ fu('U) dx + UfaQ Vy/ 1+ (IL‘ . l/)2 danl.

Here, only v; < vy will be shown. Let A = {x € Q]v; > vy} and wy = min(vy, ve).
Since (u1,v1) minimizes F,,,

Ly (u1) + Jyy (v1) = Fuy (ur,v1) < Fpy (ur,wo) = Ly, (ur) + Jy, (wo),
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hence J,,, (v1) < Jy, (wo). Similarly, J,,, (v2) < J,, (vo) holds. Together, this gives
Jpa (V1) + Ty, (v2) < Ty, (w0) + Ty (v0)- (28)
Using the definitions of vy and wy and using vy + wg = v1 + vs, the identity
Ty (wo) + Ty, (Vo) = Jpy (v1) + Ty, (02)
[ B (02)+ Fpa(00) = Fur(02) = fra(i2) o

can easily be derived. Simplifying the last term by using the definition of f, and by
using vy > vo on A, this leads to

ntl ntl
Fun (02) + Fua(©1) = fus (01) = fua(v2) = (1 = p2) (077 —v,™ ) <0
on A. Equality only holds if |A| = 0. Suppose, |A| > 0. Then, by the last estimate,
th (wo) + Juz (UO) < ']Hl (vl) + JH2 (UQ)

in contradiction to (28). Therefore, |A| = 0 or, equivalently, v; < vy a.e. il

For proving the following theorems, some lemmata are needed. The first one con-
cerns the domain 2.

Lemma 4. Let 00 be of class C?. Then there exists a constant C. such that for
v,u € BV(Q) withv>u>¢e and A= {x € Qu(z) < v(x)}

/BQ(v—u)\/l—l— (x-v)2dH,—1 (29)
S/A(\Dv] + (div (vz))?)? —I—/

(|Du|? + (div (ux))Q)% + CE/ T T
A A

It shall be remarked that the tip of the cone is taken out of consideration by in-
troducing the level €. Then this lemma is the non-parametric version of the following
lemma stated in [12].

Lemma 5. Let K C R™"! be the supergraph of some C?-function w with bounded
mean curvature. Then there exists a constant C' > 0 such that for all A C K

/ XAdHn_lg/ ‘DXA‘—FC‘/”
oK K

Another lemma concerning level-sets will be used later to prove a priori bounds for
the solutions.

Lemma 6. Let Q C R" be bounded, f € L'(Q2) and A(\) = {z € R"| f(x) < A}.
Then the non-decreasing function

y: R—R, A= A— f(z)dz
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is continuous and differentiable from the left with y' (\) = |A(N)].
Proof. By definition of y(\), one has for h > 0

y(A) —y(A—h)
:/A(/\))\—f(x)dx—/A(A_h))\—h—f(x)d.r

:/ )\—f(a:)dx—l—/ )\—f(x)dx—/ A—h— f(x)dx
A(A=h) A(N)—A(A—h) A(A=h)

:/ hd:z:—l—/ A — f(x) dz.
A(A—h) AN)—A(A—h)

Therefore, since A — h < f(x) < XA in A(A) — A(A = h),
[y(A) —y(A = B)[ < h[AX = h)[ + h[A(A) = A(A = h)].

This gives the continuity of y in A. It remains to show that y’ (\) = |A()\)|, which is
equivalent to

D) —y(A = h)
1 —|AN)|| = 0.
B A0
By the above calculation, one has the estimate
y(A) —y(A—h)

MO - LA = (14O 1]+ 140) = A= 1] = AQ)

< 2|AN) — A(A = h)|.
The right-hand side converges to zero for h — 0T if
XA(A—h) = XA\ for h — 0 in L'(Q). (30)

Relation (30) can be shown by Lebesgue’s convergence theorem. Since the characteristic
function is dominated by 1, it suffices to show the pointwise convergence. Let xz €
be given. If xa(x)(z) = 0, then this implies x g(x—p)(2) = 0 for all A > 0 and the
convergence is trivial. The other case is xa(x)(z) = 1. If one had xax—p)(z) = 0
for all h > 0, then this would lead to the contradiction A — h < f(x) < A for all
h > 0. Therefore, x o(x—ny)(x) = 1 for a hg > 0. But then x 4(x—pn)(x) = 1 holds for all
0 < h < hg, again showing the convergence for h — 0% i

As a last tool, the following version of a comparison theorem for ordinary differential
equations, similar to Gronwall’s lemma is stated.

Lemma 7. Lety : [a,b] — R be non-decreasing and continuous, f be non-decreasing
and Lipschitz continuous and g > 0 be continuous, such that the inequality y'(x) >
fly(z))g(x) holds a.e. Let 1) be the (unique) solution of the initial value problem
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Then y(x) > (x) for all x € [a,b].

Theorem 7. Let Ay > 0 be given. Then under the assumptions of Theorem 4 there
exists a pg such that
UM > )\1 (31)

a.e. for pu > pg.
Proof. Let Ay > Ay and Ay > A > A\{. Define

AN) ={z € Qlv,(z) < A}
Vpx = max(vy,, A)

Wy x = VA — v, = max(0,\ —v,).
Then, (u,,v,) being minimizer, the inequality
Fu(tpsvp) = Fu(tp, vpn) <0

holds. The last expression can be written as
1
[ (D0 + (@iv (@, ))F = nAlA)
A(N)
+a/ (vy —vu )V 1+ (x-v)2dHy—
o9

nt2 nt2 ntl ntl
+/ K(vun —An)—u(vu” —An)dang.
AN

Now one can use Lemma 4, 0 < 1 — a and the estimate
ca()\—vu)ﬁ)\o‘—vz‘gal()\—vu) fora>1,A <A< X\

to get the inequality

a/ (|Dv,|? + (div (v 2))?) * + aleip — c2) / U — Uy dr < 2nA[A(N)]
AN AN

or, equivalently,

/\Dw%,\| + (erp — 02)/ wy, x dr < 2na”TAA(N)].
Q

The constants c¢; and co do not depend on p. Multiplying both sides with an € > 0 to
be chosen later, this gives

E/ |Dwy, | +e(cip — 02)/Qwﬂ7)\ dr < 2nea”tA|A(N)]. (32)

Now Ehrling’s lemma in the form

lullLr o) < ellull By o) + cle)|lullzr @)
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(where 1 < p < —"7) can be applied. There is a o such that for y© > po one has

e(cip — c2) > c(e). For such p, [|wy ||, < ecsA|A(N)|. Holder’s inequality leads to

/ Wy \ do < 03€>\]A()\)]1+% (r=p—1).
Q

Setting

y()\):/wu)\d:t:/ A —v,d
Q AN

and using ¥’ (A) = |A(N)| by Lemma 6, the last inequality can be written as

(e3) 77y () = y(N) A7 (33)
Assume y(A1) > 0, which implies y(A) > 0 for all A € [A1, A2] by monotonicity of y.
Then Lemma 7 may be used to show

yO)7TF < ()7 — ()77 (AT - AT ). (34)

Independently of s, one has y(Az) < A2|Q|. Since e 77 — oo for £ — 0, the last
inequality is a contradiction to the assumption y(A;) > 0 if one has chosen & small
enough in (32)

Theorem 8. Let 0 < Ay < 9 be given. Then under the assumptions of Theorem 4
there exists a o such that for pu > po

v, < A\ a.e. (35)

Proof. For the proof being very similar to that of Theorem 7 only the ansatz will
be given. Let A1 > A\g > 0 and A\; > A > )\g. Define

AN) = {z € Quy,(z) > A}
uy,n = min{u,, A}
Wy = Uy — Uy x = max{0,u, — A}
Now the ansatz is F,,(uy, v,) — Fu(upr,v,) < 0B
Theorem 9. Let 052 be of Lipschitz type and 0 < o < 1. Let

0] < %/m VI @ )2 dH, (36)

and (u,v) be the solution of the problem F,(u,v) — min in Ks. Then u is not identical
to zero on Q.

Proof. Suppose u =0 on 2. Comparing u to the constant ¢ gives

Fu(u,v) — Fule,v) = —ne|Q| + ke — ,usnTH + 05/ V14 (z-v)2dH,_1
o0
= (a/ V1+ (z-v)2dH,—1 — n|Q\) e+ o(e).
o

The expression in brackets is greater than zero by (36). For e small enough, this gives
Fu(u,v) — Fu(e,v) > 0 in contradiction to the minimizing property of (u,v) i
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