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Some Oscillation and Non-Oscillation Theorems
for
Fourth Order Difference Equations

E. Thandapani and I. M. Arockiasamy

Abstract. Sufficient conditions are established for oscillation of all solutions of the fourth
order difference equation

where A is the forward difference operator Ay, = Ynt+1 — Yn, {an}, {bn}, {cn}, {qn}, {hn}
are real sequences, and f is a real-valued continuous function. Also, sufficient conditions
are provided which ensure that all non-oscillatory solutions of the equation approach zero as
n — 0o. Examples are inserted to illustrate the results.
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1. Introduction

In the past two decades there has been an increasing interest in studying the oscillatory
and non-oscillatory behavior of solutions of difference equations. However, most of the
work on the subject has been restricted to first and second order equations (see [1] and
the references cited therein). It should be noted that almost all the results concerning the
oscillatory behavior of difference equations are obtained as discrete analogues of those
for differential equations. The ideas behind the analogues are similar but different due
to the discrete nature. Motivation of the present study also stems from the works of
Lovelady [8] and Kusano and Onose [6] who considered the differential equations

(p3(p2(plul)/)/), +qu=0 (E1)
(p3(p2(p1)')) + qf (u) = b(t) (E2)

and obtained conditions for oscillation of all solutions of equation (E;) and for non-
oscillatory solutions of equation (FE5) to tend to zero as t — oo, respectively.

In this paper we consider the fourth order difference equation

A(anA(bnA(CnAyn))) + an(yn—H) = hy, (n € NO) (1)
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where A is the forward difference operator defined as Ay, = Yn+1—"Yn, {an}, {bn}, {cn},
{qn},{hn} are sequences of real numbers and f : R — R is a continuous function with
uf(u) > 0 for u # 0. By a solution of equation (1) we mean a real sequence {y,}
satisfying equation (1) so that sup,,~,, |yn| > 0 for any m € Ny. We always assume that
such solutions exist. A solution of equation (1) is called oscillatory if there is no end of
ny and ne (n1 < ng) in N such that y,,y,, < 0; otherwise it is called non-oscillatory.
Clearly, a non-oscillatory solution of equation (1) must be eventually of one sign.

Our purpose in this paper is to obtain conditions for oscillation of all solutions of
equation (1), and for non-oscillatory solutions of equation (1) to tend to zero as n — oc.
In Section 2 we obtain conditions for oscillation of all solutions of equation (1) when
h,, = 0 and Section 3 contains sufficient conditions which ensure that all non-oscillatory
solutions of equation (1) tend to zero as n — co. For more results regarding oscillation
and asymptotic behavior of fourth order difference equations we refer, in particular, to
[3 - 5,9 - 14]. Further, our equation is quite general and therefore the results of this
paper even in some special cases complement and generalize some of the results in the
literature [3, 4, 9, 14, 16].

2. Oscillation results

In this section we study the oscillatory behavior of equation (1) under the following
additional conditions:

(¢c1) hn,=0.

(c2) {an},{bn } {en}, {gn} are real positive sequences such that Y = >
= zn:O o = OQ.

(c3) f is non-decreasing and @ > M >0 for u # 0.

Theorem 1. Let conditions (c1) - (¢3) hold and suppose that each of the following
hypotheses (Hy) - (Hs) is true:

(H1) Yoo (X250 (3 X% (5 X 22)))an = o0
(H2) If 30— qn < 00 and 3707 (% D een qs) < oo, then 3377 (% D et (aL D
Qt)) = 00.
(Hs) X020 (X5 (2 X% 3,))an = o0
Then every solution of equation (1) is oscillatory.

Proof. Let {y,} be a non-oscillatory solution of equation (1). Without loss of
generality we may assume that {y,} is eventually positive since the proof is similar
when {y,} is eventually negative. Therefore there is an integer ny € Ny such that
Yyn > 0 for all n > ng. For n > ng, let

Up = Yn
Uy, = Cp AUy,
wy, = b,Av,

Zn = anAw,
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Now the system

Au, = In )
Cn
w
Av, = —
bn (2)
Aw, = Zn
G,
Azy = _an(urH-l) /

is satisfied. Clearly, {z,} is non-increasing. If there is an integer n; > ng such that
Zn, < 0, then

)

n—1
ZS
Wy = Wy, + E —
Qs
S=nNo
n—1 w
S
Un = Ung + E b (3)
S
S=No
n—1
Z Vs
Up = uno + -
Cs
S=nNgo )
and from condition (cy) we have that
Wn
Up p — —00 (n — —o0)
Un,

which is a contradiction. Thus z, > 0 for all n > ng, so lim,, .o 2, = zs exists and
Zoo > 0. Also, z,, > 0if ny > ng. Then z, = 0 whenever n > ny. Thus, from (2),
Az, =0 and ¢, = 0 whenever n > n;. But this contradicts hypothesis (H;), so z, > 0
for n > ng. Thus {z,} is increasing for n > nyg.

Now we take different cases.

Suppose w,, < 0 for n > ng. Now we, < 0, and if wy, < 0, then (3) again gives a
contradiction, so we, = 0. Now v, is decreasing for n > ng, and v, < 0 is impossible,
SO Uso > 0. If j > n > ng, then z; — 2, = _22;717, qsf(uss1), so

oo T Rn = — Z QSf(us—i-l) or Zn 2 Z QSf(us—l—l) 2 Z QSf(us)-

Since v, > 0, uy, is increasing, so zn, > f(Ung) Y eey s for n > ng. If "7 g, < 00

fails in Hypothesis (Hs), this is a contradiction, hence assume Y >~ ¢, < oo holds.

Since weo = 0, we have w, = =Y o Z—S for n > ng. But the last inequality says that

iy, (% > o . 4s) < oo in hypothesis (Hb) fails, this is a contradiction, so assume
o

Y om0 (L S qs) < oo holds. If n > ng, then

n—lw n—ll 00 2
o= ) = Za(za—)

S=ng S=ng t=s



866 E. Thandapani and I. M. Arockiasamy

and so
e E(E
CEHEm EEL )

However, this contradicts hypothesis (Hs3), and we are through the case w, < 0 for
n > no.

Since {wy,} is increasing and w,, < 0 is false ensure that there is an integer n; € N
such that nq; > ng and w, > 0 for all n > ny. Now {v,} is increasing for all n > n;.
If v, <0 for all n > ny, then {u,} is bounded. But hypothesis (H;) and a result in
[15] say that every bounded solution of equation (1) is oscillatory, so there is an integer
no > ny such that v, > 0 for all n > ny. Now if n > ns, then

v
Un =ty + ),
S=nNgy CS
n—1
> Ys
S=nN2 CS
n—1 1 s—1 w
t
= J— v _l_ _
Cg ( "2 Z bt>
S=ngo t=no
n—1 1 s—1 w
t
> _ -
o Cg (Z bt>
S=ng2 t=no
n—1 1 s—1 1
e S (X
s t
s=ng2 t=ngo
If n > ns, then
n—1 n—
0<zp=2n,+ Z Azg = zp, — Z qsf(uss1).
S=Ngy S=nNgy

n—1 n—1 s—1 1 t—1 1
ZzZZQSf(“S)ZMwTLQqu Zc_zb_ . (4)

s=no s=no t=ns ° j=ngy

But, according to Stolz’s Theorem [2], we have

t—1 1
lim Zt na cg Z] ng b_
smoo 3T OCSZJ Ob

and so hypothesis (Hs) implies the divergence of the summations in (4) as n — oo. This
contradiction completes the proof of the theorem B

=1
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Corollary 2. Assume hypothesis (Hs) holds and

Z(Z (Zb )) - (5)

Then every solution of equation (1) is oscillatory.

Proof. Let {y,} be a non-oscillatory solution of equation (1). Without loss of
generality we may assume that {y,} is eventually positive. If hypothesis (Hz) holds
and n € Ny, then two successive applications of summation by parts give

1
>0 Z Z%
s= O
n—1 1 oo o) n—1 1 s 1 oo
SOOI PSS SPAES SER O D ott
bt At < Qg bt -
t=0 t=n j=t s=0 t=0 Jj=s
n—1 s—1 [e%e)
1 1
=D DSl DI
s=0 (as t=0 bt) j=s
n—1 t—1 o) n—1 s t—1
1 1 1 1
221 0 Dl RO B BIE DB By
t=0 t =0 "7 j=n s=0 t=0 't j=0 7
n—1 s—1 t—1
1 1
> ds Z—t . E
s=0 t=0 7=0

Thus (5) implies hypothesis (Hs). Now condition (c2) and two applications of Stolz’s
Theorem imply that

i—1
EZ 0 alb Zt 0 bt

lim =0,
zﬂoozs Oas Zt 0 Zg OcJ
so there is an integer N € Ny such that
s S e ST o S O
a2 by 2 T 2, 2y
smo im0 =% =0t

whenever i > N, and we see that (5) implies hypothesis (H; ), and the result now follows
from Theorem 1 W

Remark 1. If a,, = ¢, then (5) is the same as hypothesis (Hj3), so in this case (5)
implies that every solution of equation (1) is oscillatory. If a,, = ¢, =1 and b,, = ry,,

then (5) is equivalent to Y -~ (> 1, !n=s=1, — o0 and hence Corollary 2 implies that

every solution of equation (1) is osc1llatory This is [3: Theorem 6.11].
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Example 1. Consider the difference equation

A <(n +1)A <%A(nAyn)>> + <8n + 14 + 7(12(2—13

for n > 1 where a,, =n+1,b, = 2,¢, =n,q, =8n+14+ n%Zii) and f(u) = u(1+|u|).

It is easy to see that all conditions of Corollary 2 are satisfied and hence every solution
of equation (6) is oscillatory. In fact, {y,} = {(—1)"} is such a solution.

>yn+1<1 g =0 (6)

3. Asymptotic behavior of non-oscillatory solutions

Here we discuss the asymptotic behavior of non-oscillatory solutions of equation (1)
under the following conditions:

(ca) {an},{bn},{cn},{qn} are real and positive sequences such that » - % <
OO,ZZOZOi <00,y 7 L < oo

n=0 ¢,

S pi—1(s)

(e5) limy, oo pi(n) = 0 where p;i(n) = >~ ., ) (1 =1,2,3) with pp(n) =1
and r1(n) = ¢p,m2(n) = by, r3(N) = ay,.

We begin with two lemmas that will be needed in the proof of our main result of
this section.

Lemma 3. Consider the difference equation

Ap(n) Ap(n)
S o), 2 g 7
o) " o) )
where {¢n},{p(n)} are real sequences defined for n > N € Ny and p(n) > 0, Ap(n) <
0,lim,, o p(n) = 0. Let {u,} be the solution of equation (7) defined for n > N and
satisfying uny = 0. Then

Au,

lim ¢, =00 = lim u, = o0

n—oo n—oo
lim ¢, = —00 = lim u, = —
n—oo n—oo

Proof. The solution {u, } of equation (7) is given by the formula

_ = Ap(s)
un = —p(n) s;v m% (n > N).

If lim,, o ¢, = 00, then it is obvious that

= Ap(s) _ [ oo
nhi%o( 2 s 1>¢5> - {—oo

Hence, by Stolz’s theorem,

Al — n_—l Ap(s)
lim u, = lim ( 2= pl(s)p(SJrl) ) = lim ¢, = {+OO
n— 00 n—00 A(Tn)) n— 00 —00

and the lemma is proved i
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Lemma 4. Let {p,} and {v,} be real sequences defined for n > N € Ny. If the
limit limy, — o0 (P Avy, +v,,) exists in the extended real line R*, then the limit lim,,_, o v,
exists in R*.

Proof. Let z, = p,Av, + v,. Then

lim z, = lim (pnvn+1 PnUn + Up)
n—oo n—

= lim p, hm Upt1 — hm Pn hm vy, + hm Up,
n—oo n—

= lim v,.
n—oo

So lim,, o 2z, € R* implies lim,, .~ v, € R* 1

Theorem 5. Let conditions (ca), (c5) hold, and assume that liminf,_ . f(y) > 0
and limsup, ., f(y) <0. If

Z p3(n)gn = oo and Z p3(n)|hn| < oo, (8)
n=N

then all non-oscillatory solutions of equation (1) are bounded and tend to zero asn — co.

Proof. Let {y,} be a non-oscillatory solution of equation (1). We may suppose
that y,, > 0 for n > N7 € N. Define

Go(n) = yn }
Gi(n) = r:(n)AG;_1(n) (i=1,2,3)
and .
up(n) = Y ps-r(s)AGs_k(s) (k=0,1,2,3). (9)
s=Ni1+1

We shall first show that {y,} is bounded above. From equation (1) we obtain
n—1
Gs(n) — Gs(N1) + > quf(yss1) Z hs.

s=N s=N

Since herein the first sum is positive and by (82) the second sum is bounded, there exists
a constant ks such that

G3(n) = 7’3(7L)AG2(TL> S k’3 (n Z Nl).

Dividing the last inequality by r3(n) and summing from N; to n — 1, we obtain

n—1 1

GQ(?‘L) — GQ(Nl) S k3 Z 7“3(71)

SINl

(n > Ny)
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which shows in view of condition (c4) that there exists a constant ko such that
Ga(n) = ra(n)AG1(n) < ko (n>N).

Applying the above arguments repeatedly, we obtain

Gl (n) < k’l

Goln) < ko} e

where k1 and ko are constants. It follows that {y,} is bounded above for n > Nj.
Summation by parts yields

8
— pa k(N4 1) G p(n+ 1) = pa_g (N1 + 1)Ga_g(Ny + 1 Z pai( 1Gi-i(s)
Tq_— k 8
s=N1+1
_p3—k(n+1)
Apy_p(n)

— _%Aw@(n) +uk(n) — 2pa—i (N1 + 1)Ga_i (N7 + 1).

Aug(n) + Aug(n) + uk(n) — 2p4— k(N1 + 1)Gy_r (N7 + 1)

This shows that {ux(n)} satisfies the difference equation

pa—k(n) _
—A;_k(n) Aug(n) — uk(n) + ¢r(n) =0 (10)
or, equivalently,
Aps—k(n) Aps—k(n) _
S T Sy =0 -

where
Pr(n) = up—1(n) + 2p4— (N1 + 1)Ga—i (N1 + 1).

Since uk(N1) = 0 by (9) and since

pa—k(n) >0
Apy_k(n) <0

lim pg—k(n) =

n—oo

o

by condition (c5) we apply Lemma 3 to (11) to conclude that lim, o ug—1(n) = +oo
implies lim,,_,o ug(n) = £oo. Further, applying Lemma 4 to (10) we conclude that
lim,, o0 ug(n) exists in R* whenever lim,, o ux_1(n) exists in R*.
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We now multiply both sides of equation (1) by p3(n), and summing from N; + 1 to
n we get

S m©AGs) + > (et er) = > psls)hs. (12)
s=Ni+1 s=Ni+1 s=Ni1+1

We consider the two cases

3 pg(s>qsf<ys+1>:{foo | (13)

(0. ¢]
S:N1—|—1

Suppose (13;) holds. In view of (83) the right-hand side of (12) tends to a finite limit
as n — 00, so from (12) we see that lim,,_,o, ug(n) = —oo. Hence by Lemma 3 ap-
plied to (11) with & = 1 we have lim,,_,o u1(n) = —oco. Applying Lemma 3 again
to (11) with £ = 2 we find lim, o, u2(n) = —oo. Repeating the same argument we
conclude that lim,,_ . u3(n) = —oo which implies that lim,, . y, = —oco. However,
this contradicts the positivity of y,,. Hence (131) is impossible. Now letting n — oo
in (12) and using (132) we see that lim,,_,o ug(n) is finite. From Lemma 4 applied to
(10) with &£ = 1 it follows that lim,,_,o, u1(n) exists in R*. This limit must be finite
since lim,, o u1(n) = —oo would imply lim, . y, = —oo which is a contradiction,
and lim,,_ ., u1(n) = oo would imply lim,,_,. ¥y, = oo which is a contradiction to the
boundedness of y,,. Repeating the same argument we conclude that lim,, ., ug(n) is
finite. Hence lim,,_,~ ¥, exists as a finite number. On the other hand, from (8;) and
(132) we see that lim,,_, ¥, = 0. Therefore we conclude that y,, — 0 asn — oo il

We conclude this section with the following example.

Example 2. Consider the difference equation

AR ARAE A 8" =5 (12 0) (14)

In this case p1(n) = 3+, p2(n) = 1 (%), p3(n) = 57 (5= )- Since all conditions of Theorem
5 are satisfied, every non-oscillatory solution of equation (14) tends to zero as n — 0.
Especially, this equation has the non-oscillatory solution {y,} = {5} which tends to

Zero as n — oQ.
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