Zeitschrift fir Analysis und ihre Anwendungen
Journal for Analysis and its Applications
Volume 19 (2000), No. 4, 927-951

Viscosity Solutions
of Nonlinear Systems of
Degenerated Elliptic Equations of Second Order

Liu Wei-an and Chen Hua

Abstract. In this paper, we discuss the viscosity solutions of Dirichlet problem for weakly cou-
pled systems of fully nonlinear second order degenerated elliptic equations. We prove the exis-
tence, uniqueness and continuity of solutions by Perron’s method combined with the technique
of coupled solutions. Our results generalize those in [9] for the case of general quasi-monotonic
systems.
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1. Introduction

In this paper we are concerned with the boundary problem of weakly coupled systems
of fully nonlinear second order degenerated elliptic equations of the form

Fi(z;uj(z);ui(z), Dui(z), D*ui(z)) =0 (z € Q) ii=12
wi =0 (zEBQ)} (¥%7) 0D

where
o u = (u,uz):  — R?is the unknown function 4
o F=(F1,F): Q2 xR?xR" x S(n) —» R? is a given locally bounded function
e S(n) is the set of real symmetric matrices of order n
e Du; = (Qh) (1 € k < n) i1s the gradient of u; with respect to z
o D%u; =[5z 3::] (1 € k,1 £ n) is the Hessian matrix of u;

e (2 is a bounded open subset of R".

The function u; is called the principal argument of F;, while u; (j # i) is the coupled
argument of F;. Further, the function F; is said to be quasi-increasing (or decreasing) if
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it is increasing (or decreasing) with respect to the coupled argument u;. Finally, system
(1) is said to be

® quasi-increasing ( or decreasing) if both functions Fy and F; are quasi-increasing (
or decreasing); : .

e mized quasi-monotonic if one of the functions F} or Fu‘g is quasi-increasing and the
other function is quasi-decreasing (see (19, 20, 23]).

In 1983 Crandall and Lions [4] introduced the concept of viscosity solution, which
is regarded as a kind of weak solution for first order fully nonlinear partial differential
equations. They also established global uniqueress and existence of viscosity solutions,
and showed that a classical solution is always a viscosity solution. Later, in P.L. Lions
[17], the result has been extended to second order problems. Furthermore, from [1, 2,
7, 8, 11], the theory of viscosity solutions has been completely developed and provided
a powerful tool to deal with fully nonlinear partial differential equations. However,
when we wish to study systems, even those with very special coupling structure, therc
are only a few results in this direction. In fact, if we regard a viscosity solution as a
kind of comparison method, for scalar equations, the image of F is in a total-ordered
space which can be compared easily; but the image of (Fy,. .., F,,) for a system is in a
partial-ordered space in which trichotomy law is invalid. So it is more difficult to deal
with systems, e.g. in order to use the maximum principle method, quasi-decreasing
assumptions have been introduced in {5, 9, 10, 12, 13]. However, the comparison does
not hold for sub-solutions and super-solutions in the classical definition of non-quasi-
decreasing systems. '

In this paper, we introduce first a new definition of sub- and super-solutions for
quasi-increasing systems or mixed-quasi-monotone systems making use of the technique
of coupled solutions (the idea of couple solutions comes from {6, 20, 23]). Then, by
Perron’s method, existence and uniquencss of the viscosity solution for system (1) are
proved, in which the system may be assumed to be quasi-increasing or mixed-quasi-
monotone. We also prove that the viscosity solution of system (1) is continuous even
if (F1,F2) is not continuous, thanks to the definition of sub- and super-solutions by
locally bounded functions which comes from [9]. For non-quasi-monotone systems, we
prove the same results by use of a fixed point theorem. Our results generalize those of
Ishii and Koike [9] to the case of more general quasi-monotonic systems. Actually, in
[9] they only discussed the case of quasi-decreasing systems (i.e. “quasi-monotone” in
term of [9]).

For convenience, we discuss systems of two equations only. However, our results
can be easily generalized to systems of arbitrary m equations by introducing some
appropriate notations used, for example, in [5, 9] and [19: Section 6.1].

In Section 2, we shall first give some results about scalar equations which will be
used later in dealing with systems. In sections 3 and 4, we apply Perron’s method,
combined with technique of coupled solutions; to study quasi-increasing and mixed
quasi-monotone systems, respectively. In Section 5, we prove comparison theorems for
quasi-increasing and mixed quasi-monotone systems. In Scction 6, we prove existence,
uniqueness and continuity of viscosity solutions for non-quasi-monotonic systems by
Banach fixed point theorem. Finally, in Section 7, some examples are presented to show
that our results are non-trivial extensions of those in Ishii and Koike {9].
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2. Some results for scalar equations
For a function v : @ — R, its upper and lower envelopes are defined by

v'(z) = limjglp {v(y): lz~yl <efory e}

.. = (z € Q)’
voz) = lllén_.l(r)lf {v(y): |z —yl < e fory € O}

respectively. It is clear from the definition that v* and v, are upper and lower semi-
continuous on , respectively, with values in R U {0} and v. < v < v* in Q. By
USC(€) and LSC(£2) we denote the set of all upper and lower semi-continuous functions
on 2, respectively. It can be easily seen that if v is upper or lower semi-continuous at
z € Q, then v(z) = v*(z) or v(z) = v.(z), respectively.

For an upper or lower semi-continuous function v :  — R, its super-jet Jé"*v or
sub-jet Jé’—v of second order at z on 2 is defined by

Jatu(z) = {(p,X) € R* x S(n)

oz +h) < v(z) + (p, ) + H(Xh, k) +of[A[) (b — 0)}
and
JEu(z) = {(p,x>. € R x S(n)| o(a+h) 2 u(z) + (9, b) + (XA, h)-+ o [AP?) (h — 0)},

respectively. The “closure” of J$’+ is defined by

3 (z*,p%, X*) € 2 x R™ x S(n)
JEtu(z) = { (p, X) € R" x S(n)| such that (p*, X*) € J*To(z) and
(z*,v(z*),p*, X*) = (2,9(2),p, X) (k = o0)

Similarly we can define the closure :]é’_ of Jé". _

We consider the Dirichlet problem for fully nonlinear second order partial differential
equations

flz,u(z),Du,D°u)=0 in Q } (21)

u(z) =0 on 9N

where u : © — R is the unknown function, f : @ x R x R® x §(n) — R is a given
function which is locally bounded, the others are the same as mentioned in Section 1.

The function f is said to be proper if
f(z,7yp, X) < fuz,5,p,Y) wheneverr <sand Y < X

where r,S €R, z,p € R", X,Y € S(n), and S(n) is equipped with its usual order (see

(3D)-
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Definition 2.1. Suppose that f is proper. A locally bounded function u is called
a viscosity sub- or super-solution of f =0in Q if for all z € O

folz,u’(z),p, X) <0 for all (p, X) € J§’+u'(:r)
or

f(z,uu(2),q,Y) 20  forall (q,Y) € J3 u.(z),
respectively. A locally bounded function u is called a viscosity solution of f=0inQif
it is both a viscosity sub- and super-solution of f =0 in .

Proposition 2.2. Let @ C R™ be locally compact, v € USC(Q) (or % € LSC(%2)),
z€and(p, X) € J§'+v(z) (or(p,X) € Jé‘_f)(z)). Suppose also that ul®) is a sequence
of upper or lower semi-continuous functions on Q such that:

(i) There ezists (X € Q such that (z®) B (z(R))y o (z,v(z)) (or (2,9(2))).
(ii) If 200 € Q and 20 — z € Q, then

limsupu® (M) < v(z) (or likm infu(®(2(¥)) > ﬁ(z))

k—o0

Then there ezrists
: ‘i(") € YQ and (p(k),X(k)) € Jé’+u(k)(i(")) (or (p(k),X(k)) € Jé’—u(k)(i(k)))
such that

(89, B @™, p®, X W) = (2,5(2),p, X) (o7 (2,5(),p, X)).
As applications of Proposition 2.2, the following results can be casily proved.

Proposition 2.3. Suppose that f is proper. A locally bounded function u is a
viscosity sub- or super-solution of f =0 in Q if and only if for all z € N

fo(z,u™(2),p, X) S0 for all (p, X) € J3*u*(2)

or
f(z,us(2),q,Y) >0 for all(¢,Y) € jé’—u.(z).
Lemma 2.4. Suppose that @ C R™ is locally compact and f € LSC(2 x R x R™ x
S(n)). Let

'S = {u|u is a viscosity sub-solution of f = 0} 22)
@ =sup {u'|u € S} .

and assume that 4(z) < co for £ € Q. Then @ is a viscosity sub-solution of f=01inQ.
Lemma 2.5. Suppose that Q@ C R™ is locally compact and f € USC(2 x R x R™ x
S(n)). Let

P = {u|u is a viscocity super-solution of f = 0}

o = inf {u.|u € P} (23)
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and assume that —5(z) < oo for z € Q. Then ¥ is a viscosity super-solution of f = 0

in S

Lemma 2.6. Let Q C R™ be open and u be a uiscosity sub- (or super-solution) of
f =01 Q. If u fails to be a super-solution (or sub-solution) at some point #, then for
any small 7 > 0 there is another viscosity sub-solution (or super- solutzon) wof f="0
in Q satisfying

w(z) > u(z) (z € Q), s;x)i:)(w —u)>0
(or w(z) < u(z) (z€N), sgp(w - u) < 0)

w(z) = u(z) (z€9Qlz—327)

In fact, we can follow the ideas in {3, 9] to prove Proposition 2.3 and Lemma 2.4
directly. The proof of Lemma 2.6 is similar to those of corresponding results in (3],
and Lemma 2.5 may be easily proved if we choose v = ¥ in conditions (i) and (ii) of
Proposition 2.2.

Using the lemmas above, it can be proved that there exists a viscosity solution to
problem (2.1).

Theorem 2.7. Let comparison hold for problem (2.1), i.e. if U is a sub- and V a
super-solution of that problem, then U*(z) < V,(z) for = € Q. Suppose that there ezists
a sub-solution U and a super-solution V of probdlem (2.1) as well satisfying the boundary
condition U.(z) = V*(2) = 0 for z € 9Q. Then u = v € C(Q), as defined by (2.2) and
(2.3), s a unique viscosity solution of problem (2.1).

Proposition 2. 8 (Comparison). Let Q be a bounded open subset of R™, f be proper,
locally bounded and satisfying the following conditions:

(i) There ezists v > 0 such that

7(r -S) S f.(I,T,'p,X) —f‘(zvs,P,X)
for v > s and (z,p, X) € Q x R™ x S(n).

(ii) There ezists a continuous function w : (0,00) — [0, 00) that satisfies w(0t) =0
such that

f'(y,r,a(x -—y),y) - f,(:z:,r,a(x —y)7X) < w(alx - y|2 + |I _yl)

whenever £,y € , r € R and X,Y € S(n) which satisfy

I 0 X 0 I =1 :
-3« < < 3a . (2.4)
“\0 I 0 -Y , -I I
Let v and v be m.scostty sub- and super- solutwns of f =010 Q, respectively, and u* < v.
on Q. Then u* < v, on Q.
Lemma 2.9 (see [3: Theorem 3.1}). Let 2 be a subset of R*, u € USC(Q) and
v € LSC(Q), and

Mo = sup (u(z) ~o(y) = §le = v*) (@ >0).
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Let My < oo for large a and (zq4,yq) be such that

lim (Mo ~ (u(za) - o(va) — §l2a = yal?)) =0.

[+ 2ande o}
Then:
(i) limg—oo @|Te — yal?> = 0.

(i1) limg—oo Mo = u(3) — v(2) = supg(u(z) — v(z)) whenever T € §2 1s a limit point
of o as a — oo.

Lemma 2.10 (see {3]). Let Qbea locally compact subset of R™, u € USC(Q?) and
v € LSC(§2). Suppose that (£,4) 13 a local mazimum of the function

u(z) = v(y) - §lz - ul®
relative to Q. Then for each € > 0 there ezist X,Y € S(n) satisfing (2.4) and

(a(2 — ), X) € T3 u(z) } .
(a(E —9),Y) € I3 v(5)

3. Viscosity solutions of quasi-increasing systems

We denote
u=(u|,ug) U=(U1,U2)
and
U:(U],'U2) V:(VlaVZ)
where u;,v; (¢ = 1,2) are functions from @ into R. The notation v < v means

u; <v; (i =1,2). Also, denote
u' = (uj,u3)
U, = (Ure,U24)-
The pair (F}, F,) is said to be proper if both
Fi(z;,uz;u1,p1, X1)
Fy(z;ur;uz,p2, X2)
are proper with respect to the principal argument.

Definition 3.1. Let
(Fl(x;7u2;u1:p1:Xl)aFZ(I;ul;u%pZ)XZ))

be proper on  x RZ x R” x S(n) and quasi-increasing. We call the pair (U, V) a couple
of viscosity sub- and super-solutions of the Dirichlet problem (1.1) if U and V are locally
bounded in 2 and such that

Fi(z; Vi UZpi, Xi) <0 ((pi, Xi) € I3Y UL (2))
F (23U Vie, i, Y) 20 ((01,Y1) € I3 ™ Vau(2))
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forall z € Qand i,5 = 1,2 with j # 7 and
Ur <0< Vi
forall z € 0Q and i = 1,2. And U and V are called viscosity sub-solution and super-

solution of problem (1.1), respectively.

Definition 3.2. Let
<F1(1';,uz;UJ,PI,Xl),F'z(-‘E;ul;Usz,Xz))

be proper on  x R? x R" x S(n) and quasi-increasing. The pair (U, V) is called a
viscosity coupled solution of the Dirichlet problem (1.1) if (U,V) and (V,U) are both
couples of viscosity sub- and super-solutions of (1.1)." -

Definition 3.3. Let F| and F; be proper and quasi-increasing. The function u
is called a viscosity solution of problem (1.1) if (u,u) is a viscosity coupled solution of

(1.1).

We define

_ _ _ 3 V such that (U, V) is a couple of

S=5i x5 = {U =, U2) viscosity sub- and super-solutions of (1.1) (31)
_ _ _ 3 U such that (U, V) is a couple of -

P=PxP= {V = ("1, 12) viscosity sub- and super-solutions of (1.1) (3-2)

and

U= (1,4 2i(z) =supUi(z)|U €S
¢ (1_“ 1_12) where w(z) .up{ '(z)| } (i=12). (3.3)
v = (0y,02) ﬁ,-(x):mf{V.-(x)IVeP}

Lemma 3.4. Assume that F\ and F, are proper and quasi-increasing, and the sets
S, P are non-empty. If

ai(z) < +o00

} (ze®i=1,2),

Uia(z) > ~—00

then w € S and v € P, i.e. (4,0) is a couple of viscosity sub- and super-solutions of
problem (1.1). ,

Proof. Suppose that 2z € Q and (p,, X1) € Jé‘+ﬁf(z). From the definition of @~, it
is known that there is a sequence {u&k)} C S1 (we may suppose that all components of
the sequence are upper semi-continuous) and a sequence of points {z(¥)} C Q such that
(z(k),ugk)) — (z,4}). By virtue of upper semi-continuity of @}(z), we have

lim sup u(lk)(y“‘)) < ay(z)

k=00
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for every sequence (y(k), y("))). From Proposition 2.2, there exist

k
i
iMeq  and (P, xW) e s2uR(Ew)

such that - :
~ ~ k k —*
(I(k):u(l )(I(k))apg )vxl( )) - (zwu[(z)aplle)'

From the definitions of %, and u(lk), there is U3 related @, and v related u( ), By
virtue of lower semi-continuity of 4., we know that

ukminfvg"’(i(“) > B2.(2).

—00

Due to the quasi-monotonicity and semi-continuity of Fy,

Fi(x 2 (2 (), 1. X (1) < liminf Fi. ( ®;0{9 (2 ®); u{M (2 ®), 7, X {V)

<0.
Similarly, for (g2,Y2) € J;’_ﬁg.(z), there exists a sequence

{( (J) ’qu) Y(J))} C Qx Py x R" x S(n)

such that

Fy (z;ﬁ:(z);ﬁg.(z),qg,)’g) > llmsupF ( (]) (])( (’)) v(])( ),qgj),Yz(j))

j—o0

> 0.
In the same way, we can also prove that, for all 2 € Q,

FZ‘(Z;'EI‘(Z);&;(Z),})),X'Z) <0 ((Pz,Xz) c Jz+ sz ))
Fi (z83(2);914(2), 91, 11) 2 0 ((a,"h) € Iy 1.(2)).

The proof is completed B

Lemma 3.5. Let Fy and F, be proper and quasi-increasing. Assume that the sets
S,P are both non-empty. If (u,v) € S x P while (v,u) ¢ S x P, then there is another
(U,V)€e Sx P such thatU > u, V <vand (U, V) # (u,v).

Proof. If (u,v) € S x P while u; is not a viscosity super-solution of (3.1), then we
know. from Lemma 2.6 [3: Lermnma 4.4] that there exists another viscosity sub-solution
of (3.1) %y such that 4(z) > u(z) and 4.(z) # u;(z). Since F, is quasi-increasing,

F3 (5,4} v20, 02, Y2) > F3 (ziu] 020,02, Y2) 2 0

for all z € Q and (¢2,Y2) € Jé’_vg.(:c). Thus, there exist U = (#,u2) and V = v such
that Lemma 3.5 holds. The other situations can be proved similarly B
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Theorem 3.6. Suppose that Fy and F, are both proper and quasi-increasing, and
the sets S and P are both non-empty. If
u;(z) < o0

Vin(z) > —00

} (zeQ;i=1,2),

thenu € S and v € P, 1.e. (@,3) is a viscosity coupled solution.

Proof. From Lemma 3.4, we know that (@,9) € S x P. If (v,2) ¢ Sx P, we
know from Lemma 3.5 that there exists another (U,V) € S x P such that @* < U and
9, 2 V,and (2",9,) # (U, V). This is a contradiction to the definition of (#,%). Hence,
(5,a) € Sx P

However, a viscosity coupled solution is not a real viscosity solution. -Furthermore;
we have the following theorem.

Theorem 3.7. Under the conditions of Theorem 3.6, if the comparison for viscosity
sub- and super-solutions holds, 1.e.

u(z) S v(z) (z € Q) whenever (u,v) € S x P,

then i = v € C() is a unique viscosity solution of problem (1.1).

Proof. From the comparison we know that S is bounded above and every v € P
is an upper bound of S. Also, P is bounded below and every u € S is a lower bound of
P. From the definition of viscosity coupled solutlon we know that (i,7) € S x P and
(9,2) € § x P. We have the inclusions

(g,9) €ESxP = i<
(B,a)€SxP = 7<%

This implies that 2 = 5 € C(2). The uniqueness can be proved in the same way i

4. Viscosity solutions of mixed quasi-monotone systems

First, we introduce the sub- and super-solutions of the system.

Definition 4.1. Let
(Fn(l;,uz;ul,Pl,Xn), Fz(I;Ul;uz,Pz,Xz))

be proper on Q x R? x R” x S(n) and .be mixed quasi-monotonic (we might always
suppose as well that F) is quasi-decreasing and F, quasi- mcrcasmg when we talk about
a mixed quasi-monotone system). Then

U(z) = (Ui(z), Uz(z)) }
V(z) = (Vi(z), Va(z))
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are called a couple of viscosity sub- and super-solutions of the Dirichlet problem (1.1) if
they are locally bounded in 2 and

Fu(ziU55 U5, pn X)) S0 Y (p1, Xa) € I3 U ()
Fou(z:V10i U3 2, X2) S0V (p2, X2) € Jg't U3 (2)
F' (z; Voo, Vie,q1, 1) 20 Y (q1,Y1) € I3 Via(z)
Fi(z;U5Van,02,Y2) 20 V¥ (q2,32) € J3 ™ Vau(z)
forall z € Q2 aqd
Ur<0<Vi (:=1,2)
for all z € 991.

Similarly to Definitions 3.2 and 3.3, we can define viscosity coupled solutions and
viscosity solutions of mized quasi-monotonic systems, as well as S, P, 4; and 7; (see

(3.1) - (3.3)).
Lemma 4.2. Assume that (Fy, F}) is proper and mixed quasi-monotone, and the

sets S, P are non-empty. If
i}(z) < +o00

1_1,'.(1‘) > —00

} (:cef_l; 1= 1,2),

then %€ Sand v € P, ie. (4, v) is a couple of viscosity sub- a.nd super-solutions of
problem (1.1) as well.

Proof. Suppose that z € @ and (q1,Y1) € J3' " 91.(2). From the definition of .,
we know that there exists a sequence vik) € P, (we may as well suppose that they are
lower semi-continuous) and points z(¥) € Q such that (I(k),vfk)) — (2,91.). By virtue
of lower semi-continuity of 9;.(z), we see that

liminf of) () 2 91.(2)
for every sequence (y(¥), vgk)(y(k))). From Proposition 2.2, there exist
M eq and (qﬁ"),}’,(")) € Jé’—vgk)(i(k))

such that
- k) k k _
(8, 0P(E0), ¢, Y{P) 5 (2,514(2), 01, 11).

From the deﬁnition of 7., it follows that there exists a sequence of lower serni-continuous
functlons v ) € P, such that v k)(i(")) — T2.(2). Thus, we know that

( ) (k)( (k) (k)(z(k)) (k),Yl(*)) . (2,_1—,“(2),52‘(2)’,]1,“).
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By using upper semi-continuity of Fy' and the fact that (v&k),vgk)) € P,

Fy (Z; 92.(2); D14 (2), 1 Yx) 2 lim sup F) (f("); vg (@M, 0{ (29), ¢P, Yl(k))
—00

> 0.

Similarly, we can show that, for all z € 0,

Fl‘(z;a;(z);ﬁ;(z)apl9xl) S 0 V (PI;XI) € in'+ﬂ;(z)
FQ.(2;61.(2);ﬂ;(z),p2,X2) <0 Y (p2, X2) € J;’;’+ﬁ; z)
Fy (2,87(2);024(2),92,Y2) 20 V (g2, Y2) € J3 6. (2).

Thus, we have proved that (@,5) € S x P B
In the same way to prove Lemma 3.5, we can prove the following lemma.

Lemma 4.3. Let (Fy, F;) be proper and mized quasi-monotone, and the sets S, P
be both non-empty. If (u,v) € S x P while (v,u) ¢ S x P, then therc is another
(U,V)€ S x P such that U > u, V < v and (U, V) # (u,v).

As in the proof of Theorem 3.6, we can use Lemmas 4.2 and 4.3 to prove the following

Theorem 4.4. Suppose that (Fy, F3) is proper and mized quasi-monotone, and the
sets S and P are both non-empty. If

(@) <oo } (zeQ;i=1,2),

‘5,’.(1:) > —00

then (4, 0) 1s a viscosity coupled solution of problem (1.1).
Corresponding Theorem 3.7, we have

Theorem 4.5. Under the conditions of Theorem 4.4, if the comparison for viscosity
sub- and super-solutions holds, then & = 5 € C(Q) is the unique viscosity solution of
problem (1.1).

Remark. As for quasi-decreasing system, the same results can be obtained by use
of our method. In addition, using our method, it can be shown without the comparison
that problem (1.1) has two viscosity solutions @ and %, which are not necessarily identical
and continuous. With the comparison, it can be proved that problem (1.1) has a unique
continuous viscosity solution.
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5. Comparison

First, we consider the following conditions (Al) - (A4).

(A1) There exist y; > 0 (¢ = 1,2) such that

Yi(ri = 8:) < Fuu(zyuy;ri, 0, X) — F (245586, p, X) (AL1)
or

7i(ri — si) < Fiu(z;uy;mi, 0, X) — Fiu(;uj; 86,0, X) (A1.2)
or i .

Yi(ri — 8i) < F{(ziuy;r,p, X) — Fl (23 u5586,p, X) (A1.3)

for all 7; > s;, (z;u;;p, X) € 2 x R x R” x S(n) and 7,7 = 1,2 with j # 1.

(A2) There are modular functions w; :'[0, oo] = [0, 00} (i = 1,2) that satisfy Q,'(O+) =0
such that . Co '

E? (y;uj;r.,a(:r — y),Y) — F,,(z;uj;r,,a(z — y),X) < w,(alz -yl + |z — yI) (A2.1)
or

Fu(yiujiro,a(z —y),Y) = Ful(ziuyiroa(z - 1), X) Swilalz —yl® + ]z = yl) (42.2)
or

F (yiujirioa(z —y),Y) — F' (ziujiri a(z — y), X) Swilalz —y|? + |z - y]) (42.3)
whenever z,y € 2, 7;,u; € R and X, Y € S(n) which satisfy (2.11) for ¢,j = 1,2 with
J#
(A3) There are constants L, > 0 (z = 1,2) such that

Fl(ziv55m0,p, X) — Fiu(zuyim4,p), X) < Li(v; — uj) (43.1)

or
Fiu(zyv55m, 9, X) = Fiu(z;uyimi,p, X) < Li(v; — uj) (A3.2)

or
Fl(zivjim,p, X) — F(zyuy;mi,p, X) < Li(vj —vwj) (A3.3)

whenever v;,u; € Rwithv; > uj,r; €R (7 =1,2,7#1),z€ Q,pe R"and X € S(n).

(A4) The constants v;, L; (¢ =1,2) in (A1) and (A3) satisfy _x_z’:“idz <1
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Remark 1. It is clear that the first inequalities in (A1) - (A3) imply the other two
since F? > Fj,.

Remark 2. Similar conditions can be found in [3, 9]. Actually, (A1) means that
Fi. or F' (i = 1,2) are strictly increasing with respect to the principal argument
ui, and (A2) implies that F, or F (i = 1,2) are degenerated elliptic and uniformly
continuous with respect to the rgument z (see [3]). (A1) and (A2) are slightly stronger
than weak properness. (A3) implies F;. or F;" (i =1,2) are Lipschitz continuous with
respect to the coupled argument u; (j # ¢) since they are quasi-increasing.

Remark- 3. Saying that conditions (A1) - (A3) hold means one of the following
combinations of three of nine inequalities in (A1) - (A3) holds: '

(AL1),(A21),(A3.1)  (AL1),(A2.2),(43.2)  (Al.1),(A2.3),(43.3)
(A1.2),(A2.1),(A32)  (A12),(42.2),(43.1)  (A1.2),(A2.3),(A43.1)
(A1.3),(A2.1),(A3.2)  (A1.3),(42.2),(A3.1)  (AL3),(A2.3),(43.1).

The following is the main result in this section.

Theorem 5.1. Let Fy and Fy be locally bounded, quasi-increasing and satisfy con-
ditions (A1) - (A4). If u and v are a couple of viscosity sub- and super-solution of
problem (1.1), then u* < v, on Q.

Proof. If the comparison is not true, we may suppose without loss of generality
that

sup {u;(z) — vi.(z)} =6 >0. (5.1)
€N I »

Let
M(z,y) = ui(z) —vi.(y) - §lz = yI*.
For a fixed «, we assume that M(z,y) attains its local maximum point at (z4,Yye) €

Q x Q (denoted by M, = M(z4,ya)). From boundary condition, (zq4,ya) € 002 x 0.
Then

U (Za) — V1+(ya) > My > 6, > 0. (5.2)
From Lemma 2.10, there exist p = a(zq4 — yo) and X,Y € S(n) such that

32,4
(p, X) € J2*u}(z4) } (5.3)

(p,y) € jé'_vl'(yo)

If conditions (Al.1), (A2.3), (A3.3) hold, then (A1.1) gives

N(ui(za) = v1+(ya))
< Flu(zaiv2e(za )i u1(2a), P, X) = F} (Ta;v2e(za)i v1e(Ya), P, X)
< Fru(zaiv2e(za)i 4} (2a), Py X) = FY (Yo; 43 (¥a); v14(¥a), 2, Y)
+ FY (Yoi 43(¥a )i v14(¥a), P, Y) = FY (Zas 45(Ya )i vis(ya), 2, X)) -
+ F{ (za:u5(¥a )i v1e(Ya), Py X) = FY (2o v24(Ta )i v1a(ya ), P, X).
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Since u,v is a couple of viscosity sub- and super-solution of problem (1.1),

Fru(zaiv24(2a); u1(2a), P X) = FY (Yo 13(¥a); v1+(va),p, Y) < 0.
From (A2.3),
FY (Yo 43(¥a); 014(¥a), 2, Y) = FY (2a; 43 (¥ )i 010 (¥a), 2, X)
<w (alza - ya|2 + '20 - ya')'

Thus we have

0<mé
< ui(za) — v1.(Yo
< (i(a0) = 01-(s0) 5.0
< w1(01|1‘a - yal + |Ia - yal)
+ F} (za; u3(yo); v1.(¥a), P, X) — F;(-'L'z:r;1’2~($0);v1t(ya))an)~
Now we can assert that
sup {u3(z) — vau(z)} = 6 > 0. (5.5)

€N

Otherwise, from Lemma 2.9, 'yve know a|zs — ya|? — 0 as a — co. Observe from upper
semi-continuity of u3(z) — v2.(y), we can deduce that, for o large enough, u3(ya) <
v2.(z4), i.c. .

Fl‘ (za; u;(ya); vl‘(yo)’an) - Fl. (Ia§v2t(xa);vl-(ya)apyx) <0
since F is quasi-increasing. Thus
0 <mé1 < m(ui(za) = v1.(va)) S wi(alza = Yal? + 120 — yal) = 0

as @ — oo which is a contradiction. So (5.5) holds, and u}(ya) > v2.(z4) for a large
enough. Hence, we can usc (A3.3) to obtain '

b6 <7 (u;(zu) = v1.(¥a))
< w1 (a|za - y0|2 + |'730: - ycx') + Ly (u;(ya) - v2t(""’°))~
Then we get :
1161 £ L6, (5.6)
as & — o0o. Similarly, starting from (5.5), we repeat the process above to get
Y262 < Laé;. (5.7)
Then we can deduce from (5.6), (5.7) and (A4) that
L LiL
0<(S| < #523#61 < 6

which is a contradiction. So the comparison is true.

The proofs for the other combinations in conditions (A1) - (A3) (see Remark 3) will
be similar, so we omitted them here B
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Remark 4. In general, the conditions (A1) and (A2) are not necessary for the
comparison to be hold. For instance, the problem Az = 0in 2, u = 0 on 952, where
although u = (u;, u,) does not satisfy condition (A1), the comparison holds. However,
(A1) and (A2) can be easily checked in general rather than to check the comparison
directly.

Now we consider the comparison for mixed quasi-monotonic systems.

Theorem 5.2. Let (F\, F,) be proper, mized quasi-monotone and satisfying condi-
tions (A1) - (A4). If (U,V) is a couple of viscosity sub- and super-solution of problem
(1.1), then u* < v, on Q.

Proof. If the comparison is not true, similar to the proof of Theorem 5.1, we may
suppose that

sup {uj(Z) - vi.(z)} = & > 0. (5.8)
z€Q

Consider the function

M(z,y) = ui(z) = via(y) - §lz —y[*.

We assume that (Za,ya) is the local maximum point of M(z,y) for a fixed &« > 0. It
can be easily seen that

ui(Zo) = v1e(ya) 2 Ma 26, >0 (5.9)

where M, = M(za,Ya)-

Suppose we have conditions (A1.2), (A2.1) and (A3.2). Then, since F) is quasi-
decreasing and F is quasi-increasing, we have from (A1.2)

7 (ui(za) = vi:(va))
< Flu(za;u3(2a);u}(20), Py X) = Fiu(za;u3(Za)i V1. (Ya), p, X)
< Fiu(za;u3(za); u1 (20 ), 2y X) — Y (Yai v2e(Ya)i v14(¥a), P, Y)
+ F! (Ya;v2e(¥a )i 01+ (% ), P, Y ) = Flo(Za;v24(Ya); v1+(¥a ), P, X)
+ F1u(z0;v2:(¥a); v1:(¥a )y P, X) = Fr.(za;u3(za)i vis(ya), P, X)

where (p, X) € J2 *ui(zo) and (p,Y) € JQ "v14(Ya)- Since u,visa. couple of viscosity
sub- and super- solutxon of problem (1.1),

Fi.(za;u3(za); v} (2a), P, X) = F} (a3 v24(¥a)i via(¥a), P, Y) < 0.

From (A2.1),

F} (Ya; u3(¥a)i v1.(¥a), 2, Y) = F1u(za; 024 (Ya)i v1+(¥a), P, X)
< w1(0{|l‘a - yalz +[za = yal)-
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Thus, we have again that-

0<mé
< (ui(Za) = v1u(va))

5.10)
Swl(alzq —Uo'2+ |z —_yo,) ) (
+ Flt(xai vé‘(ya);vl.(yo),P,X) - . (xa;u;(xa)3vl»(ya)»p>x)-
Similar to the proof of Theorem 5.1, we can assert that
sup {u3(z) - v2.(z)} =6, > 0 (5.11)
e
and that u3(za) > v2.(ya) for « large enough. Thus we have from (A3.2) that
116 < 71 (uj(za) - V1. (Ya))
Swi(alza = yal® + [7a = Yal) + L1 (u3(za) — vau(ya)).
Letting a — oo, we obtain . -
’)‘]61 S Llég. ' (512)
It is the same we can obtain as well
Y262 < La6;. - (5.13)

Then, again from (5.12), (5.13) and condition (A4), we conclude the contrary inequality
LL
0<é S#é] < 6.

The proof is completed B .

Conditions (A1) - (A4) will also imply that the comparison holds in the case of
quasi-decreasing systems. Thus combining the results in Sections 3 and 4, we have the
following obvious result.

Theorem 5.3. Let (F\,F,) be proper and quasi-monotone (i.e. quasi-decreasing,
increasing or mized quasi-monotonic), and satisfy conditions (A1) - (A4). If (U,V) 1s
a couple of viscosity sub- and super-solutions of problem (1.1), then this problem has a
unique viscosity solution u € C(Q) satisfying U* < u <V, on Q.
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6. Viscosity solution for non-quasi-monotone systems

In this section, we prove the existence, uniqueness and continuity of viscosity solution
for non-quasi-monotonic systems. First, we introduce the concept of a so-called strong
couple of viscosity sub- and super-solutions in the frame of locally bounded functions,
which is similar to that introduced by [9] in the frame of semi-continuous functions.
However, our concept here is more succinct and convenient.

Definition 6.1. Let U(z) = (Ui(z), U2(z)) and V(z) = (Vi(z), Va(z)) be locally
bounded. Suppose that there exists a continuous function w(z) = (w,(z), w2(z)) be-
tween U(z) and V(z), i.e. for all z € Q, U(z) < wi(z) < Viu(z) if U (z) < Vii(z)
and Vi.(z) < wi(z) < U (z) if Viu(z) < U(z). Then (U,V) is called a strong cou-
ple of viscosity sub- and super-solutions of problem (1.1) if for any’continuous function
w(z) = (wi(z), w2(z)) which is between U(z) and V(z), we have -

Fiu(z;w;; U], pi, Xi) < 0 < F (25053 Vie, 63, Y3)
for all z € R, (pi, Xi) € J2HU? (2) and (i, Y:) € J2 " Viu(z), and
| Uin(z) < 0 < Vi (2)
forall z € 30 and 4, = 1,2 with j # i.

Lemma 6.2. Suppose conditionsl(Al) - (A3) hold. If (U, V) is a strong couple of
viscosity sub- and super-solutions of problem (1.1), then U!(z) < Viu(z) for allz € Q
and 1 =1,2. :

Proof. The proof is casy. In fact, if w; is a given function between U, and V;,
then U; and V; are the viscosity sub- and super-solutions, respectively, of the boundary
value problem

Fi(siwyiw, Du, D'w) =0 (z €9 } (6 1‘)

u=0 (ze€d)

Thus from Lemma 2.8 we have U(z) < Vi(z) (z € Q). Similarly we may prove
U3 (z) S Vau(z) (z€2) B

Theorem 6.3. Suppose conditions (A1) - (A4) hold. If there ezists a strong couple
of viscosity sub- and super-solutions of problem (1.1) (U,V) which are bounded, then
this problem hes a unique viscosity solution u € C(Q) such that

Ui (2) < w(2) € Via(2)
for allz € Q and 2 =1,2.

Proof. For any u € C(§?) we define its norm as
el = sup {lea(@)] + Jua(2)]}
and define ‘

B = {u = (U];ILQ) eC(): U (z) L u,;(:c) < Viu(2) (.:1:.6 Q;-i = 1,2)}.
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From the assumption above, B is a non-empty, bounded and close subset of C(Q), and
[V. — U*|| is bounded. For a given continuous function v € B, consider the boundary
value problems : :

Fi(z; Uj;ui,Dui,Dzui) = (z€Q) i=1,2 i
m (o e o0 (#'.)}. (6.2)

Thus U; and V; are viscosity sub- and super-solutions of problem (6.2)", respectively.
From Theorem 2.7, there exists a unique viscosity solution u; of (6.2)* which is continu-
ous and satisfies U (z) < u;(z) < Viu(z) for all z € Q and 7 = 1,2 which implies u € B.
Thus we can define an operator T on B by u = Tv. Obviously, a fixed point u of T on
B is a continuous viscosity solution of problem (1.1).

We can prove that T has a unique fixed point by Banach fixed point theorem.
Actually, we have the following lemma.

Lemma 6.4. Let u be a unique fized point of T?. Then u is o unique fized point
of T. . : : ' .

Proof. Let v = T?u = T(Tu) and v = Tu. Then T?v = T?(Tu) = T(T?u) =
Tu = v, i.c. v is a fixed point of T?. From the uniquencss of the fixed point of T2,
we know that u = v is a fixed point of T. If w is another fixed point of T, then
T*w = T(Tw) = Tw = w, i.e. wis also a fixed point of T?, hence w = u B

Thus, we only need to prove that T? is a deflatable. Let u,v € B and u(%) = Tk,
as well as (%) = T*y (k = 1,2). First, we suppose that :
sxelg {vgl)(x) - uil)(m)} > 0.

Then from Lemma 2.9, there exists a point set (z4,ys) € Q X Q such that zq, yo — &
as @ — oo and

1(za) =i (ve) 2 01"(8) - uP(@) = sup {v1"(2) - u{P(2)} > 0.
z
From Lemma 2.10, there exist p = a(zo — ya) and X}, YY" satisfying (2.4) such that

(. X7) € Jg ™01 (z)
(. Y) € I3 71 (ya) } '
If, without loss of generality, we have conditions (A1.3), (A2.3) and (A3.1), then in-
equality (A1.3) tells us that
7 (v1(za) v} (va))
< FY (Yo 12(¥0)i 0§ (20), 2, Y1) = FY (Yo t2(ya) w (yar), 2, Vi)
= Fio(za;v2(20)i 1" (20), 2, X7) = F5 (vars #2(va)s ui (va), 2, V1)
+ FY (yas 12(va); v (2a), 2, Y1) = B (%0 p2(9a)i v (2a), P, XY)
+ Fy (xa;yg(ya);vil)(za),p, X)) - Fl.(x;;Vz(zo);vgl)(ra);P, X7).
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Next, from inequalities (A2.3) and (A3.1) we have

1
UE )(l‘a) - u(ll)(yu) < %wl (alzo - yc:xl2 + Izo - yal) + %'I‘Z(ya) - VZ(Ia)l-

Letting o — oo we get
0 (@) = uiP(3) < (@) - (@)
Also, starting from sup,¢q {u(ll)(z) - vgl)(:c)} > 0 we can get in the same way that

u{D(2) - v{V(&) < L2 |pa(E) — va(2)|-

- MmN
Thus o
() - o) < & Im(x)—w(r)l (6.3)
Similarly, we may deduce as well that
[v50(2) - wi(3)] < L2 (2) - ni(3)]. (6.4)

Replacing g and v by u(" and v(!) in (6.3) and (6.4), respectively, we can obtain a
similar estimate

vP(2) - uP(2)] < Lf"(2) - uf ()] (6.5)
for i, = 1,2 with j # i. Substituting (6.3) and (6.4) into (6.5), we have

[v®(2) - uP(2)] < Dlafu(d) —vi(2)]  (i=1,2)

Thus, we obtain
||v<2> = uP = 1T = Tl € L8 - ul.

Due to condition (A4), itz A2 < 1 which implies that T? is deflatable. According to the
Banach fixed point theorem and Lemma 6.4, there is a unique fixed point w of T, which
is the unique viscosity solution of problem (1 1). Thus Theorem 6.3 is proved i

Concerning the existence of a strong couple of viscosity sub- and super-solutions,
we have the following

Theorem 6.5. Let inequalities (A1.2), (A1.3), (A3.2), (A3.3) and (A 4) hold. IfU
and V are standard viscosity sub- and super- solutions of problem (1.1), i.e.

Fiu(z:U; U7, pi, Xi) <0 < Ff (2 Vo3 Ve, 40, Y3)
for all z € Q and (pi, Xi) € J3TUi(z),(¢:,Y:) € I3~ Vi(z), and
Ui (2) <0< Via(2)

for all z € 80 end 1,7 = 1,2 with j # 1, then there exists @ strong couple of viscosity
sub- and super-solutions of problem (1.1).
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Proof. Let

U(z) = (Ui(z),Ua()) = (Us(x) = by, U} () — by)

/ ’ - (6.6)
V(z) = (Vi(2), Va(2)) = (Viu(2) + €1, Vau(z) + c2)

where b,,bz,c, and c; are non-negative constants, which will be determined later.

Clearly, U; € USC(Q) and V; € LSC(§?), and

Ui(z) < Ui (z)

V,(I) .2 Viu(2) } (zeQ;1=1,2).

From inequalities (A1.2) and (A3.2), for all (p, X) € R" x S(n) and continuous function
i+ between U and V, we have

Fru(z;U3;U7,p, X) = Fru(z;12;Ur, p, X)
= Fi.(z;U3; U}, p, X) = Fi.(z; U3 U1, p, X)
+ Fiu(z;U3;U1,p, X) = Fru(z; p2; Un,p, X)
> by~ Lylp2 — U3
and i
Fou(z; U5 U0, X) - Fyu(z; 415Uz, p, X)
= Fpu(2;U7; U5, p, X) = Fau(2; U5 U2, p, X)
+ Fou(2;U7 U2, p, X) = Fau(zi 13Uy p, X)
2> y2by — Lo|yy = U7

From inequalities (A1.3) and (A3.3), for all (¢,Y) € R™ x S(n) and continuous function
v between U and V, we have

Fi(z;v2,V1,4,Y) = F (2, Vau; Vi, g, Y)
= Fi(z;v; V1, q, Y) - F(z;v2; V1.,q,Y)
+ FY(z;v2;Via,q,Y) = Fi(x; VQ.,V].,Q,Y)
>vicr — L|Va, - vo|
and N A
F}(z;v1;V2,q,Y) - F(z; V1. Vau,q,Y)
= F{(z'ul;VQ,Aq,Y) - F(z;v1;Vaa, q,Y)
+F2 (z;v1; Vae,q,Y) — F)(x; Vl.,Vg.,q,Y)
2 v2¢2 = La|Viu — vy

In order to estimate |ui(z) — U (z)| and |Viu(z) — vi(2z)| (i =1,2) we let

1

Cei=sup|Viu(z) - U ()] (i =1,2).
z€EN '
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Thus we know that

b if Ui(x) < mi(x) < US (x)

] (x e i=1,2).
ci+e; otherwise

|ni(z) = U (2)] < {

In the same way, we also have

C; if Vi.(x) S ui(x) S V;(x)

' (z e i=1,2),
b; + e; otherwise

|Vie(2) = wi(2)] < {

i.e. for Uy(z) < pi(z) <UMNz) (1 =1,2),

Fi.(z;U;; U, p, X) - F1~($§#2§01:Pyx) > vby — Lyb,
Fou(z; U Uz ,p, X) = Fau(zip1; U2, 0, X) 2 72b2 — Loby

or, otherwise,

F,.(Z;U{;Ul',p,X) - Fl~(1§ﬂ25017p:x) > by — L](C2 + 62)
Fou(z; UL Uz, p, X) — Fau(@; i Us, p, X) 2 12y — La(cy + €1).

Hence, on choosing

b S by < Foby (6.7)
and .
by > (e +e2)
I (6.8)
bz Z #(C] + c])

we always have

F].(I;U;; ].va) - Fla(EQ#z;UhP,X) 2 0

. - . (6.9)
FZ'(x;Ul.;UZava) - F'Z’(x;aul;Uva)X) 2 0
On the other hand, for V;.(z) < vi(z) < Vi(z) (i =1,2) we have
FY(zv21V1,4,Y) = F{ (23 Vau; Vie, 0, Y) 2 710y — Lycy
F3(z;01;V2,4,Y) = F3 (2;Vie; Vau, ¢, Y) > y2¢2 — Lac
or, otherwise,
Fi(zyv2iVh,0,Y) = F (2, Vau; Vie, 0, Y) 2 micr — Li(by + €3)
F5 (23013 V2,q,Y) = F5(2;Vie; Vau, 0, Y) > 1262 — Lo(by + €1).
Hence, if we choose
Lo << P (6.10)
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and .
c1 2> 2(by + e2)
o , (6.11)
ca 2 (b +er)
then we have A
Fi(z;v9;V1,q,Y) — F{(z; V2.;V14,¢,Y) > 0
(@2 V1, 0,Y) = FY (2 Ve Vie, q,Y) - (6.12)

F3(z;11;V,4,Y) = F3(2; Vi Vau,q,Y) 20

Observe that

J3EU(z) = J*U;
Q?:t“(T) Zi (@) (ze1=12)
J&EVi(z) = JE*Viu(z)

and that U and V are standard viscosity sub- and super-solutions of problem (1.1).
Thus for any continuous function g = (1, 12) which is between U and V we have from

(6.9) and (6.12) that, for all z € Q,
Fiu(zyp2,01,p,X) <0 ((p,X) € I3 Ui(2))
F2~(1‘§#1§023P-,X) SO ((p$X)€ JS€I+U'I($))

FlzipuiVig,Y) 20 ((a.Y) € I3 Vi(z))
Fy(zim1: Va0, Y) 20 ((g,Y) € J3 ™ Va(z))

(6.13)
This implies that U Visa strong couple of viscosity sub- and super-solutions of problem
(1.1).

Next, condition (A4) can ensure the existence of constants by, b, and ¢y, ¢z such that

inequalities (6.7),(6.8) and (6.10),(6.11) hold simultaneously, e.g. we can choose

by = ¢y = LiLaert+vy2Le2
! -1 ny2—LiL2 (6 14)

IhyLaea+vi1Laey

by =c2 = ny2—L1 L2

The proof of Theorem 6.5 1s complete il

7. Examples

In this section, we present two examples.

Example 1. Let

—Auy; +uy +auy; =0

(z €9)
—Auy+up—-1=0

(7.1)

‘U]:O

v = 0 (z €09)

System (7.1) is not quasi-decreasing (“quasi-monotone” in term of [9]) if a > 0 (i.e.
the condition of Theorems 3.3 in [9] is not satisfied). Indeed, in this case (7.1) is
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quasi-increasing. Furthermore, if @ > 1, the condition (A.1) of [9: Theorem 4.4] is not
satisfied. So, we cannot prove existence of a viscosity solution by using the result of [9]
directly. On the other hand, from standard elliptic partial differential equation theory
we may easily prove that system (7.1) has a unique classical solution.

However, it is easy to see that the conditions in our Sections 3 and 5 are satisfied if
we choose U = (-2,0) and V = (0,1) for a > 1. Thus we can prove that system (7.1)
has a unique viscosity solution u = (u,u2) by Theorem 5.3 here. In fact, u is the unique
classical solution as well, satisfying, by the classical maximum principle, uz > 0,u2 #0
and u; <0,u; #0 on Q.

Example 2. Consider the weakly coupled system

Cl(:z:,Dul,Dzul) + au; + buz =0

Ga(z, Duz, D* duy=0 T €Y

2(x, Dug, D*u3) + cuy + u?f (7.2)
u1=0
up =0 (zGaQ)

System (7.2) is quasi-decreasing if b < 0 and ¢ < 0. It is quasi-increasing if b > 0 and
¢ > 0, and mixed quasi-monotonic if bc < 0. Clearly, for the later two cases. we cannot
use directly the result of [9: Theorem 3.3]. Also in the case of a < b and d < ¢ we
cannot use the result of [9: Theorem 4.4]. If a > 0,d > 0 and £ < 1, system (7.2)
satisfies conditions (A1) - (A4). Using our Theorem 5.3 (if 5 > 0,¢ > 0, or b¢ < 0) and
combining with the viscosity sub- and super-solutions, we may obtain the existence of
a viscosity solution.

Example 3 (switching games (10, 14, 20, 21]). Consider the problem

min{max {Gg(z,ul,Dul,Dzul),Mi(z;ul,ug)}, Ng(::;ul,ug)} =0(zeN)

(7.3)
u; = ¢,(I) (:I‘ €0Q; 1= 1,2)

where G; are proper and ¢; are continuous. Let G; satisfy conditions (Al) and (A2)

with constants v, M; and N; satisfy condition (A3) with constants L;, and v; and

L; satisfy condition (A4). Then the existence and uniqueness of viscosity solutions for

system (7.3) can be arrived at by our results, no matter whether (7.3) is quasi-monotone

or not.
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