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Some Properties of Legendre Functions
and Related Applications

Chie-Ping Chu

Abstract. Some properties of Legendre functions in an asymmetric interval (with respect to
zero) with zero boundary values are obtained through variational methods. There are given

some applications to the monotonicity and estimates of the first Dirichlet eigenvalue for moving
bands on §?.
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1. Introduction

Legendre functions are a classical topic, still their behavior over the interval between
two consecutive zeros does not seem to have been thoroughly investigated. For'h € (0,1)
and a such that —}h < a < 1 — h we consider the Dirichlet eigenvaluc problem for the
Legendre equation in (a,a + h)

[(1— ]+AF(z)_0
F(a =Fa+h)=0

(1)

Let us > 0 denote the first eigenfunction of problem (1) corresponding to the first
cigenvalue A = Aq > 0. Then according to the variational principle (see [1:p.104])

ath
o= g e (L= )F(2)dz
“ = Pen ath
. [T F(2)dz

where H, = Wol’g(a,a + h) is the standard Sobolev space. With some variational
method, first we estimate the position of the "peak” of u, as well as get some quan-
titative results about the shape of u, (see Theorem 1). Also, we prove that A, is a
decreasing function of a (see Theorem 2) which leads to some monotonicity property of
the distance between two consecutive zeros of any Legendre function (see Corollary 1).

As a type of special functions, Legendre functions are useful in applications. Among
those we mention for example [8] where it is proved by differentiation through spherical
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coordinates that among all equal-area spherical bands the first Dirichlet eigenvalue
decreases as the band moves toward the north pole. If we treat these equal-area spherical
bands through cylindrical coordinates (we think that for equal-area spherical bands it
is natural to use this coordinate system), then the Legendre equation would appear. It
follows that we could obtain not only the monotonicity of those first eigenvalues as a
corollary of Theorem 2, but we also give some estimates for those smallest cigenvalues.
In particular, we could locate (sharp in certain cases) the first Dirichlet eigenvalue of
the equal-arca spherical cap (which is the band containing the north pole, see Section 3)
between n(n + 1) and (n + 1)(n + 2) with positive integer n depending only on the area
(see Theorem 3). It turns out that we can get a universal lower bound depending only
on the area of the above mentioned first eigenvalues. Moreover, by the same technique,
we could also get similar results for the first Dirichlet cigenvalues on general surfaces of
revolution (Section 4).

2. Main results

Denote the (unique) point in [a,a + k] which attains the maximum value of u,(z) by zo.
Then first we will give some information about the position of zp and the shape of u,:

Theorem 1.
() a+ lh < 20 < M fora € (~3h,1 — h) where M = [ZHEIRT]V f5,

a€[0,1-h)aend M = ll/a(a+h) fora € (—3h,0), with a > 1 satisfying (at+h)? < %}'T

(ii) For a € [~3h, 1+ h), ua(z) < un(z ) for z € [a,a + h] where z* 15 the
reflection point of z with respect to z =a+ 3 Ly S

(iii) For a € 3h,0), v'(z) > |u'(—2)| for z € (a,0).
(iv) Fora€[-1h,1 = h), ui(a) < —ugz(a+ k)= |ug(a+ R)|.

Proof. Fix a € [—3h,1— k). For convenience, we write A for A, and u(2) for uq(2)

here. Consider w(z) = u(—z2) for z € [—a — h,—a]. Then
(1 =2%)w')(2) + Aw(z) =0 in(—a—h,—a)
w(~a—h)=w(-a)=0. '
We will complete the proof of Theorem 1 through the folling Lemmas 1 - 5.

Lemma 1. Fora € [~1h,1-h), u'(z) > 0 in (a,20), u'(2) <0 in (z0,a + h) and
u"(z) <0 in (a,a + k).

Proof. Since [(1 — z2)u']'(z) = —Au(z) < 0, we know that (1 — z%)u'(z) is strictly
decreasing in (a, a+ k) which implies that u'(z) > 0in (a,20) and u'(z) < Oin (20,a+ k)
by the fact that u'(2¢) = 0. To prove that u"(z) < 0 in (a,a + h), first we consider
the case a < 0. We see that in (a,0) the increasing of 1 — z? implies that u'(z) must
be decreasing, hence u"(2z) < 0 in (a,0). Similarly we could know that w"(z) < 0 in
(-a — k,0) from (2) and it follows immediately that u"(z)'< 0 in (0,a + k). Besides,
a direct computation shows that u"(0) = —Au(0) < 0. In summary, if a < 0, we have

u"(z) < 0in (a,a + h). As for the case @ > 0, taking account of the increasing of 1 — 22
in (—a — h, —a) we get that w'(z) is decreasing hence w"(z) < 0in (-~a — h,—a). It
follows that u"(2) < 0in (a,a+ h) 1

(2)
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Lemma 2. 2z >a + hforae(—— — h).

Proof. First we reflect u(z) with respect to the line z = a + h. Lct 2" =2(a +

3h) — z be the reflection point of z with respect to z = a + & 3k and define t(z) = u(z*)
for z € [a,a + h]. Then

[1 = (2")?)t"(2) +22"¢'(2) + At(z) = 0 (3)
%{[1 - (f)?]:—i} +M(z) = 0 (3)

in (a,a + k) with ¢(a) = t(a + h) = 0. Now that u(z) satisfies (1) would imply

atln )
/ (1= 2*)[u'(2))?dz = [1 - (a + 1 R))'(a + LR) u(a + 3h)

at+ih
= /\/ u2(z)dz

while (3') and t(a + k) = 0 imply
ath
/+lh[1 = YNz + 1= (a+ F)*)t'(a + FR)H(a + 3h)

a+h.
=A t3(z) dz.
a+lh

Suppose zg < a+ 5 h Then u'(a + $h) < 0 and accordmgly t'(a + 3h > 0. It follows
that

a+;h a+—;~h
/ (1 - ' ()Pde < /\/_ W2(z)dz. 4)

a

and
a+h a+h ath
/ (1 = 2)[¢'(2)]2ds < / L= (")) [£'(2))2d> < /\/ 2()dz. (5)
a+%h a+%h 1

Since u(a + 3h) = t(a+ 3h), so the function k defined by k(z) = u(z) for z € [a, a+ 1h)
and k(z) = t(z) for z € [a + 2h,a+ h]isin H,. But from (4) - (5) we get

JEN = 2K (2))2d2
RO

which contradicts the variational principle. Hence zp > a + %h ]
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¢/ao4(ath)e

Lemma 3. When a > 0, then 2y < o

where o > 1 satisfies (a + h)? < g—;:

ath
and when a < 0, then zp < 2

Proof. First we consider the case a > 0. For z € (a,a + h) let £ = 2 where & > 1
satisfies (a + h)? < €71, Then for z € (a®,(a + h)?), from (1), u(z(z)) would satisfy

o221 = 2" (z) + az(a — Dz~ — (a + D)u'(z) + du(z) =0 (1)
with u(z) = 0 at £ = (a + h)*. Obscrve that the coefficient of u'(z) in (1') is non-
negative. From [3: Theorem 2.1] it reveals that u'(z) < 0 for z € (w,(a+ R)*).
Tt follows that u(z) is decreasing from z = (w) e straightforward to z = a + h.

Secondly, consider the case a < 0. We only transform (1) as in the previous case
for z € (0,a + k) to (1') for z € (0,(a + h)*). Then we could know that u'(z) < 0 in
(%,(a + h)*) and to get that u(z) is decreasing from z = “l\,/g straightforward to
z=a+hB v '

Lemma 4. For each a € [-1h,1 — h) we have:

(i) uv'(a) < =u'(a+ h).

(ii) u(z) < u(z*) for z € (a,a+ 3 h) where z* 1s the reflection point of z with respect
toz=a+ h.

Proof. Let ¢(z) be defined as in the proof of Lemma 2. We also define

£(2) = u(z) = t(2) = u(z) —u(z") for 2 € [a,a + A].
Then
€(2) = —€(z")
'(z) = -¢'(z7)
and for z € (a,a + h) it satisfies
(1= 21)E"(2) — 268(2) + M(2) = 4(a + Lh){[z — (@ + SR)IE"(2) + £'(2)
with £(a) = €(a + h) = 0. Since z0 > a + 3h, so z5 < zo and u(z) is increasing
for z € [2§,20). Hence £(2) = u(z) — u(z*) < 0 and £'(z) = u'(2) + v'(z*) > 0 for
z € [23,a + 3h]. We claim that £(z) < 0 for z € (a,25). Then we would have £'(a) <0
by the fact that é(a) = 0. In fact, suppose there were a point z; € (a, z5) and a constant
§ > 0 such that £(2)) = 0 as well as £(z) > 0 for z € (2, — 6,2;) € (a,21) and £(z) < 0
for z € (21,25). Then €'(21) £ 0. These yield
u(21) = t(z7) = €(21) = —¢(21) =0,
u'(27) —t'(2]) = €'(27) = €'(a1) S0

Observe that

a+h a+h
[ a-dreres- [ - eRrers

-
1 1

a+h )
— [l - At

-
1

a+h d
—/ ) {2* = Gz = ([ - MDD

1
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Also, that u(z) satisfies (1) would yield

‘ /Zl (1- 22)[u'(z)]2dz = /\/.z| u?(z)dz + 1- (z;)z]u'(zf)u(zf).

Moreover, from (3') and t(a 4+ k) = 0 we have

a+h a+h
f =R = [T e - 0= e e,

.
1 )

Adding the three identities together and taking into account u(zf) = t(z7) we get
N a+th
/ (1 - 2?)[W(2))%dz +/ (1= 2%)[t'(2))%dz
a 2 ’

= [/ u?(z)dz + /:H:?(z)dz]

1

ath
- [~ R e ©

1

+ (1= ) (25) ~ ' (=)u(e)

<A [/ u?(2)dz + /:Hltz(z)dz}

1

where the last inequality is due to u'(z}) < t'(21) as well as that [2? —(2")?] and [~t'(2)]
are both strictly increasing for z € (z},a + k) (since 2} > 2o > a + 2h) and that t(z) is
positive there. So the intcgrand of

ath d
| @R - )

1

is positive everywhere. Now we define a function 7 in [a,a + A} by n(z) = u(z) for
z € [a,27] and n(z) = t(z2) for z € [2},a + h] (recall that by assumption u(z]) = t(z})).
It follows from (6) that,

JEM = ) n'(2))2dz
[+ n2(2) dz

which would raise a contradiction as in the proof of Lemma 2. This proves our claim to
be true, that is,

€(z) = u(2) —u(z*) <0 for 2 € (a,a + 3h)
€'(a) =v'(a) +u'(a") = v/(a) + u'(a+ h) <0

and the proof is completed B
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Lemma 5. If a € (—1k,0), then u'(z) > |u'(~2)| for z € (a,0).

Proof. For z € (a, —a), define v(z) = u(z) — u(—z). Then v is an odd function and
(1 =2*)")(2) + Aw(z) =0  in (a,—a).

Knowing that zo > a + %h > 0, we consider first the case 0 < 29 < —a. Since u'(2) > 0
for z € (—20,20), so v(z) = u(z) — u(=2) < 0 and v'(z) = v'(z) + u'(—2) > 0 for
z € (—20,0). Also, a direct computation yields v'(—zo) = u'(~z0) > 0.

We claim that v(z) < 0in (@, —z2o). In fact, if there were a point z = —2; € (a,—zy)
such that v(—2) = 0, then we would have u(—z1) = u(z,). Since the first eigenvalue of
problem (1) is non-degenerate, it follows from a standard symmetrization argument that
u(z) must be symmetric in (—z1,21) and attain the maximum at z = 0 which induces
_ a-contradiction, hence the claim is true. Accordingly, {(1 — z2)v'}'(z) = —Av(z) > 0in
(@, —zo) which implies that (1 — 22)v'(2) is increasing in (@, —zo).

Next we claim that v'(z) > 0 in (a, —z0). Indeed, if there were a point 2 = —z; €
(a,—z0) such that v'(—22) = 0 and v'(z) > 0in (—22, —20), let m(z) = v'(2) in [—22, 22].
Then m is even and positive in (—zz, z2) and it satisfies

(1 — 22)m]"(2) + Am(z) = 0 for z € (—22,22) with m(—22) =m(22) = 0.

Let w(z) = (1 — 2%)m(z) for z € (—22,22). Then w(z) > 0 for e (0, 22) and satisfies

Aw(z)
1

w"(2) + = (7

. L. { w(zg) =0
0 for z €0, z;) with , )
w'(0) = m'(0) = 0.
We see that (X, w(z)) is the first eigenpair for the mixed boundary eigenvalue problem
(7). On the other hand, let n(z) = w'(z). We define ¢(z) = (I - 2%3)n(z) for z € (0, 2o}
and ¢(z) = 0 for z € (20,22). Then g(z) = 0, ¢ will be a Lipschitz continuous function
in (0,22) and it would satisfy the differential equation in (7) for z € (0,20). Since the
infimum of the corresponding Rayleigh quotient for (7) in (0, z7) is attained by w(z) with
value being A and the Rayleigh quotient of q(2) over (0, 22) equals A, too (notice that
¢(z) = 0in [z, 22)), the variational principle tells that owing to that A is non-degenerate
(see [2: p.164]), we would have ¢(2) = cw(z) in (0, 22) for some non-zero constant c.
But ¢'(0) = u'(0) # 0 = cw'(0) raises a contradiction. Hence our claim is true, and
we have v'(z) > 0 in (a,—2). Thus u'(z) > —u'(-2) = [v/(=2)| for z € (a,—z].
Moreover, we know that u'(z) > 0 and is strictly decreasing in (—z, 20), hence we also
have u'(z) > u'(—2) = |[u'(—z)| for z € (=20,0).
As for the case zg > —a notice that, now in (@, —a), u'(z) > 0 and is decreasing, it
is easy to see the statement-to be true il

Through Lemmas 1 - 5 we have completed the proof of Theorem 1. Now we are
going to apply Theorem 1 to prove the monotonicity of Ag:

Theorem 2. If a < b are both in [—%h,l — h), then Ag > Ap.

Proof. We write u for u, in this proof for convenience. Set d = b —a > 0 and
define j(z) = u(z — d) for z € (b,b + k). Then j € Hy (recall that, for c € [—%h,l —h),
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H. = Wo”z(c,c + k)). We see that H, and H, form a one-one correspondence via this
translation. It is trivial that f;“l u?(z)dz = :+hj2(z) dz. We will show that

at+h b+h
[ a-A@res [a- e
a b

if @ < b. Then the theorem will be true from the variational principle.
First consider the case a < 0. Since zo > a+3h > 0, we have u'(z) > 0 for z € (a,0).
Let

A= {z € (0,a+h): [W'(z)| = u'(c) for some o € (a,O)}.

Then A is an open interval contained in (0,a + h). Writc B = A + d to be the set
translated from A by the distance d. Then we have

/;a+h(-1 — 2! (2))%dz = /;Hh(l 2)[j'(2)dz
) (/ﬂo ¥ /:4 i /(0.a+h)—A) (1= H)'(2)]"d
- (/iﬁ/g - /(;MM)_B) (1 - 2%)[j'(2)2de

=I+1I

>0

-I = (/OT/A> (1 = 22)[u'(2))*dz - (/iﬁ/ﬂ) (1 —22)[]"(;)]2«12'

— —Zzu'z22— _22 .,222.
R O R B O

where

Now we prove that I > 0. In fact, for each ¢ € (@,0) we know that there exists a unique
T € A such that v'(0) = [u'(7)| = j'(0 + d) = |3/(7 + d)|. Then

(/ﬂo + /A) (1 - 2Y)[u'(2))*dz = /ao[(1 —0?) + (1 = 7)) [&(0)]*do

and

d . 0 .
(/a+,,+/3) (1-2)['(2))dz = / {1=(o+d)’]+ (1 = (v + &)} [j'(0 + d)]Pdo.

By Theorem 1 we know that o + 7 > 0 which implies
(A=) + A=) ~ 1= (o +7) + 1= (r +d)][j'(c + d)?
= [u(0)]*[20d + 27d + 2d?)
- =2d[u'(0)]}[o 4+ T ¥ d]
>0
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for each d > 0. Hence I > 0.
Next we prove that IT > 0. In fact, for z € (0,a+ h) — A4, (1 — 2?) is decreasing, so

= —Zzu/222-— —(z ’).-12 22
11_/(”“)_/‘(1 Nu'(2))°d /(O’Hh)_/‘[l (z + d)*)[§'(z + d))*d

=/ {(1 —22)—[1—(z+d)2]}[u'(z)]2dz
(0,a+h)—A

> 0.

Sccondly, consider the case a > 0. Since (1 — 2%) is decreasing in (a,a + k), the
result is casily seen to be true as the previous computation in the proof of 17 >0

The technique of proving II > 0 in Theorem 2 could be used to get some general-
ization of Theorem 2. Also the monotonicity of A, reveals that the distance between
two consecutive zeros of any Legendre function would be shorter as the zeros get larger.

We have the following

Corollary 1. Let p, be the first eigenvalue of the Dirichlet- Sturm-Liouville oper-
ator %[p(z)dd—z] over (a,a + h) with p being ~po.sitivc and continuous in [a,a+ h|. If p is
decreasing in (a,a + h), then p, will decrease with respect to a.

Corollary 2. Suppose p, is a solution of the differential equation in (1) over (—1,1)
with v(v + 1) = A, and y1 < y2 < y3 are consecutive zeros of p, with y, > yo where yo
1s the largest non-positive zero of p,. Then y3 —y2 <y2 —y1.

Proof. If y3 — y2 > y2 — yi, then from Theorem 2 and ”"domain monotonicity ”
of the first Dirichlet eigenvalues (see [1: p.100]), p, would not satisfy the differential
equation in (1) over both (y1,y2) and (y2,y3) with the same A, which is a contradiction il

3. Applications

Denote by S? the unit sphere in R®. For a € [}h,1 = k), let D, be the spherical band
on $? parametrized according to cylindrical coordinates:

b(z,8) = ((1 - 2%)"/? cos 8, (1 — 2%)"/?sin ¥, 2)

fora<z<a+hand 0 < 8 < 2r. We see that each D, has the samec area 27h, that is
the equal-area of D, implies the irrelevance of h to a. The Beltrami-Laplace operator
on S7 in our coordinates is written as

0 g 0 1 0
o= 2o 2 Sl

;2 CEF N 7] e
Due to the non-degeneracy of the first Dirichlet eigenvalue, the corresponding eigen-
function is independent of 8, so u,(z) (in Section 1) is the eigenfunction corresponding
to the first eigenvalue A, for the Laplacian in D, with Dirichlet boundary condition.
Hence we know:
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Corollary 3. The first Dirichlet eigenvalue is decreasing as the spherical band
moved toward the north pole.

Now we will give some estimates of A,. First we shall give a lower bound of the first
Dirichlet eigenvalue of the spherical cap Dy (defined later), which would turn out to be
a universal lower bound of all A, for a € [—%h,l —h).

Let Dy be the spherical cap parametrized by b(z,8) for z € (1 — k,1] and 6 € [0,27).
As before the first Dirichlet eigenfunction will be independent of 8. Let (Ao, uo) be
the first eigenpair for the Laplacian in Dy with Dirichlet boundary condition. Then ug
would satisfy the differential equation in (1) with the boundary conditions ug(1-h) =0
and uj(1) being finite (since Vu(z,8) = (1 — 22)'/2u'(2)(~z cos 8, —zsin 6, (1 — 22)!/?)).
If we write Ag = vo(vo + 1), then ug = cp,, where ¢ is a non-zero constant and p,, is
the Legendre function of degree vy of the first kind [5: p.165] with vy being chosen so
that p,, has z = 1 — h to be its largest zero in (—1,1). The other boundary condition
is naturally held by py, since p}, (z) = 3(—v)(vo + 1)F(1 — vo,vp + 2,2, 15%) as well
as F(1 —vg,vo +2,2,0) = 1 where F is the herpergeometric series [5: p.193, 197, 238].
Now let P, be the Legendre polynomial of degree n, 2, denote the largest (the n-th)
zero of P, in (—1,1). Then we have

Theorem 3.

(1) limg—1—r Ay = Ao and Mg < A, for all a in [—%h,l - h).
(ii) If 1 — h = z,, for some integer n > 0, then Ag'=n(n + 1).
(i) If 2o < 1 = h < znyy, thenn(n+1) < A < (n + 1)(n + 2).

Proof. By a straight modification of [7, p. 551/Lemma] and the decreasing prop-
erty-of A, in Theorem 2, the result of statement (i) is established (also, see [8]). We
need only to treat the latter half of the theorem. :

It is well known that P, satisfies the differential equation in (1) over (—1,1) with
A = A, = n(n+1) and it has exactly n distinct zeros in (—1,1) for n € N. Also, we could
view (An, P,) as the first eigenpair of the differential equation in (1) over (z,,1) with
P,(z,) = 0, P,(1) being finite. If 1 — h = 2, for some n, then ug = c¢P, in [1 - k,1] and
Ao =n(n 4+ 1). On the other hand, from Sturm’s Fundamental Theorem we know that
2z, Is increasing as n increases (4: p. 225]. f 1 — & € (z,, 2n41) for some positive integer
n, then P,4, would be a trial function for the Rayleigh quotient associated with A over
(1 = h,1]. Similarly, ug would be a trial function for the Rayleigh quotient associated
with A, = n(n + 1) over (z,,1]. Hence we have n(n + 1) < Ag < (n + 1)(n + 2). This
completes the proof il

In [6], zn is tabulated from n = 2 to n = 16:

22 2 0.57735 27 0.94911 212 2 0.98156
23 2 0.77460 25 2 0.96029 213 = 0.98418
z4 =0.86114 z9 = 0.96816 z14 = 0.98628
25 2 0.90618 210 & 0.97390 215 = 0.98799
2 = 0.93247 21, = 0.97823 216 & 0.98940.
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We observe that when 1 — h near 1 (that is, a small cap), A is very sensitive to k (or,
to the area of the cap). Also, when 1 — h < 2, the lower bound will not be available.
Hence in Theorem 4 we give another form of the lower bound of A, by observing that

o fEPde
flenlg, f:+hf2(z)dz =A= (E)

(since it is the first Dirichlet eigenvalue of f”(2) + Af(z) = 0 in (a,a + h)). Also, we

use the corresponding first eigenfunction sin "-(’h_—“) as a trial function of the Rayleigh

quotient associated with A, to get an upper bound:
Theorem 4. For a < 0, we have
- (a+ kY < (2) 0 <1-aa+h) (27 + 3)h7
: @ i ¢ ala 62
and for a > 0 we have
272 + 3)h?
(272 + 3)h <

672

However, from Theorem 1 we could also give a somewhat improved lower bound.
Letting o and M be as in Theorem 1, we have

hy? -
1-(a+h)? < () Aa<1-ala+h)- 1 - a2,

m

Corollary 4. ), > min{l - M?2,1 —a2}[2(—M"_—a)]2. .

Proof. Since (A, u) (this is the abbreviation of (As,u,) is also the first eigenpair
of the differential equation in (1) over (a, 20) with mixed boundary conditions u(a) =
u'(z9) =0, we have :

(min{l — 22,1 - az})/zo [w'(2)]*dz < /20(1 - 22)[u'(z)]2dz = /'o u?(z)dz.

Notice that f : P
_ .4 2 :° f'(2))*d=
€= [2(20 - a)] =% [ f2(2) dz

(since it is the first eigenvalue of f'(z) + Qf(z) = 0 over (a, zp) with mixed boundary

condition f(a) = f'(z0) = 0), where H is the Sobolev space consisting of functions in
W'%(a, zy) that vanish at z = a. From Lemma 3 we know that Q > [-Q(M"—_a)]2 Hence

Aa > (min{l — 23,1 — a’})Q > (min{1 - M?% 1 - 02})[“—2(Mﬂ_ a)r

and the corollary is proved
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4. On general surfaces of revolution

As in Section 3, a general surface of revolution S will be parametrized as ®(z,60) =
(p(z)cos8,p(z)sin8,z) for 0 < § < 27 and z € I, with Riemannian measure being
dA = \/gdzdb, g(z,6) = g(z) = p*(2){1 + (p'(2))?] where p(z) > 0 is a smooth function
in an open interval I on the z-axis. We consider the Dirichlet eigenvalue problems for
the "equal-area bands” on S:

Let D, be a band on S parametrized by ®(2,8) for 0 < 8 < 2r and z € (i, ") C I.
Then as before, on D,,, the first Dirichlet eigenpair (A, u,) would satisfy

1 ! ! . 1 = ) =
(ﬁwuu) (2) = =Auvguau(z)  with uu(p) = uu(p’) = 0.

After changing the variable by y(z) = fxz \/é(z) dz with x being the left end point of I,

the area of
ut c+k
D, = 27r/ Vg(z)dz = 27r/ dy = 2wk
” c

with ¢ = 271 (u), ¢+ k = 27! (p*) and w,(z(y)) would satisfy

d [ o, duu) .
& P0G = et in(eetd)

with Dirichlet boundary condition. So

k
N [ P (y)w' (v)Pdy
FoweHe R u(y)dy

and we could get similar results as in Section 3:
Theorem 5. Let k = 5532—32*‘— as above. Then

PN S0 gop BN

for each p.
Also, since y'(2) > 0 for z in I, we get

Theorem 6. Suppose p is decreasing (increasing respectively) in I. Then A, is a
decreasing (increasing respectively) function of p. Moreover, the distance of two con-
secutive zeros in I would be decreasing (increasing respectively) as the zeros go larger.
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