Zeitschrift fir Analysis und ihre Anwendungen
Journal for Analysis and its Applications
Volume 20 (2001), No. 1, 55-91

A Sequence of Integro-Differential Equations
Approximating a
Viscous Porous Medium Equation

K. Oelschlager

Abstract. We consider a sequence of particular integro-differential equations, whose solutions
pn converge as N — oo to the solution p of a viscous porous medium equation. First, it is
demonstrated that under suitable regularity conditions the functions px are smooth uniformly
in N € N. Furthermore, an asymptotic expansion for py as N — oo is provided, which
precisely describes the convergence to p. The results of this paper are needed in particular for
the numerical simulation of a viscous porous medium equation by a particle method.
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1. Introduction

In this paper we study the solutions pn (N € N) of some sequence of particular integro-
differential equations, namely

Oupn(x,t) = §ApN(2,t) + V- (pn (2, )V (pn (1) * o) () } (J&ea) (LD
px(2,0) = pola) R

where x denotes convolution. For different N the equations in (1.1) differ in the inter-
action kernel ¢ . We suppose

on(z) = 0% 01 (Onz) (x eRY, N eN) (1.2)

where ¢; is some smooth, symmetric probability density, i.e.,
1€ C°(RY) with ¢y > 0, / dodn(z) =1, ¢1(z) = b1 (—2) (weRY  (1.3)
R

and the scaling coefficients 6y satisfy

lim Oy = oc. (1.4)
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Additionally, we assume that the initial state py of pxn is non-negative and smooth.

We are interested in the regularity of the functions py and in their asymptotics as
N — oo. In particular, we shall demonstrate that regularity holds uniformly in N € N.
Moreover, we shall provide an expansion representing py as N — oo. As far as the
asymptotics is concerned, we note that (1.2) - (1.4) yield limy o x5 = dp in S(RY),
where d, is Dirac’s delta function concentrated at a € R?. Therefore, from (1.1) we
formally obtain the convergence of py to the solution p of

Dupl,t) = L Ap(a,t) + V- (p(z, OV p(e, 1)
= 1Ap(z,t) + $Ap%(z, 1) (t >0, z € RY). (1.5)
p(x,0) = po()

The partial differential equation (1.5) is a simple nonlinear reaction-diffusion equa-
tion, namely a porous medium equation with an additional linear viscous term. Results
of classical analysis imply that the regularity properties of pg are preserved by (1.5), i.e.,
its solution p(+,t) is non-negative and smooth for any ¢t > 0 (cf. Remark (i) in Section
2). Our considerations will show that uniformly in N € N the functions py are also
non-negative and smooth. These regularity properties will turn out to be essential for
the derivation of the asymptotic expansion

PN = p+ O&Qp{l} + 91}4p{2} + ... (N large) (1.6)

where p(13, p{2}, . . - are smooth, too. In particular, (1.6) specifies the rate of convergence
of pn to p.

The present paper is part of a more extensive study of general systems of reaction-
diffusion equations extending the simple example (1.5). Such systems are often used
as mathematical models for the time evolution of large collections of many components
or particles, which belong to a few different species, such that within each species the
components are of the same kind. Typical examples arise in population biology, fluid dy-
namics or in spatially inhomogeneous, reacting chemical systems. In these cases systems
of reaction-diffusion equations serve as models for particular many-particle systems with
interaction, and they typically describe the dynamics of population-, mass-, velocity- or
energy densities.

To study the correctness of these models we derived convergence results for the
empirical processes of several types of mathematically idealized many-particle systems.
In our studies particular emphasis was given to so-called moderately interacting many-
particle systems, which are characterized by the property that the range of the interac-
tion between the particles is both large in comparison to the typical distance between
neighbouring particles and small with respect to the size of the whole system (cf. [9 -
13]). In these papers the respective dynamics of the particle positions is given in terms
of coupled stochastic differential equations (cf. [9 - 11]) or ordinary differential equations
(cf. [12, 13]). As central objects of our investigations we chose the empirical processes
of the various species, which for any time give equal positive mass to the positions of
the particles of the respective species. Aiming at a characterization of the empirical
processes for large particle numbers we introduced for any N € N one particular many-
particle system consisting of approximately N particles. To retain finiteness of the
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empirical processes as N — oo we also defined the mass of individual particles as +-. As
result we demonstrate in [9 - 13] the convergence of the measure-valued emplrlcal pro-
cesses to the components of the solution of some particular system of reaction-diffusion
equations.

We note that equation (1.5) appears in [9, 10] as limit dynamics. The time evolution
of the positions X% (-) (k=1,..., N) of the particles in the associated N-particle system
is defined by

AX3(t) = =% > Ven(X§(t) — XN(1)dt +dWF(Et) (k=1,...,N). (1.7)
=1

Here W* denote independent, standard R%-valued Brownian motions. Moreover, the
interaction potential xy is obtained by the scaling

kn(z) = NPy (N#/z)  (z eRY N eN) (1.8)

from a fixed function k1, which has the same properties as ¢1 (cf. (1.3)). In the sys-
tem with N particles the typical distance between neighbouring particles is O(IN _5),
whereas the size of the whole system is O(1) as N — oo. Therefore, to match the
above mentioned characterization of moderate interaction we suppose 3 € (0, 1) for the
scaling parameter 3. We note that the empirical processes for the N-particle systems
(X3 (),..., XN (")), which as indicated above converge to the solution p of (1.5) as
N — oo, are given by

N
t—Xn(t) =% Y Oxt@y (t>0,NeN),
k=1

i.e., they take values in the space of probability measures on R?.

The convergence results in [9 - 13] suggest to utilize particle methods based on the
many-particle systems in those papers to solve or simulate the corresponding systems
of reaction-diffusion equations numerically. The analysis of such simulations, in partic-
ular, of their convergence properties, leads to additional problems, which are related to
discretizations of space and/or time. Those problems did not arise in [9 - 13], where
by working with finitely many particles only the mass of the respective populations is
discretized.

To handle such problems related to the numerical simulation of moderately inter-
acting many-particle systems in a less complicated example we investigate in [15] a
particle-method based on (1.7) in order to solve (1.5). In the analysis of the simulation
procedure the solutions px of (1.1) appear as auxiliary functions, which are used as
intermediate objects between the empirical processes of the many-particle systems and
their limit p. In particular, both main results of the present paper, i.e., the regularity
of pn uniformly in N and expansion (1.6), are needed in [15].

It is expected that analogues of our results here also hold for extensions of (1.1),
which are related to systems (S) of reaction-diffusion equations like those appearing in
[11]. Hence, for any such system (S) we may find a sequence of systems (Sy) (N € N)
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of integro-differential equations, whose solutions py are smooth uniformly in N € N,
and admit an expansion like (1.6), where now p solves (S).

In the literature many more contributions on the derivation of (1.5) or closely related
partial differential equations as limit dynamics of interacting many-particle systems are
available. For example, in [16] or in an extension [2] a modification of (1.7) with short-
range interaction corresponding to the case # = 1 is studied in the limit N — oo, i.e.,
in the hydrodynamic limit. In these papers the limit dynamics is given by

d:p =V - (D(p)Vp), (1.9)

which is a generalized porous medium equation. The functional D is determined in the
framework of statistical physics and, in particular, depends on details of the interaction
potential corresponding to the function k7 in (1.8). Other interacting many-particle
systems, especially systems on a discrete lattice like Z?, which also have partial differ-
ential equations like (1.9) as limit dynamics, are discussed in [7]. In particular, that
book contains an exhaustive bibliography on the subject of interacting many-particle
systems.

We conclude this introduction by presenting some notation, which will be utilized
later on. In particular, we shall employ the summation convention, i.e., indices appear-
ing twice in a product are summed from 1 to d.

We denote by C,C’,... positive, finite constants, which may vary from place to
place. In general, these constants are independent of N or other variables being involved
in the respective calculations. If however the dependence on particular parameters

aq,...,ay7 is to be emphasized, the notation C'(ayq,...,ans) is employed. To be able
to refer to particular constants later in calculations we also use Ci(...),Ca(...),... .
Without explicit hints we shall apply the notations |- | and || - ||... for norms of both R-

and R"-valued objects, where n > 1. For example,

2

m — d ®m 2
1vonslla = ( [ ar 9o s

. . 2
:</Rddx > ‘ai?-—-aimf(x)w

i1,eesim=1

d " 3
(> l5 )

el =

1
2

denotes the L2-norm of the tensor of all partial derivatives of order m of some sufficiently
smooth and integrable real-valued function f on R%.

To quantify regularity properties of real-valued functions we primarily shall utilize
Sobolev norms given by

3 }
T ( 3 |!V®me§> (k € No) (1.10)
m=0
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for any f, where the right side is well defined. The corresponding Sobolev spaces are
HE(RY) = {f : R = R|[|fllx) < o0}

Additionally, certain weighted Sobolev norms, namely

: )
iy = (X [y Q4 PIvomP) etz
m=0

are used. We note that L°°-norms may be estimated by employing Sobolev’s inequality
S IV floe < Cdmp) | fllgm (€ H2 (B, meNo,p>4).  (112)
r=0

Furthermore, by [1: Theorem 2.21] we conclude that

a sequence f, : R = R (n € N) satisfying Sup,enllfoll(h+1,0) < 00 } (1.13)

for some k € Ny and some « > 0 is relatively compact in H7(R?)

To simplify our calculations involving norms || - [|(x) we often shall utilize the relations

1
2 if k£ is even

o < {Cl(k)(llfH% +1(=2)% £13) (1.14)

(k) (1713 + IV(~A) 5 FI3)* if & is odd.

As abbreviation for integrals we occasionally shall apply the notation

)= [ dz F@)ao).

whenever the right side is well-defined for functions f and g.

In the next section we shall present our results. Their proofs can be found in Section
3. Finally, two appendices in Sections 4 and 5 contain a formal derivation of expansion
(1.6) and the proof of (3.63), respectively.

2. Results

Before presenting the precise formulation of our results, we mention some assumptions
about ¢1, which according to (1.2) is the basis for the interaction kernels ¢y, and the
initial state pg of the solutions py (N € N) and p of (1.1) and (1.5), respectively. ¢
is supposed to be a convolution product

¢1 = ¢y * Py (2.1)

where ¢ is a smooth, symmetric probability density, i.e.,

07 € CR®Y with 67 >0, [ dedi(e) =1, ¢i(@) = 0i(-a) (@ERY.  (22)
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Furthermore, we assume that ¢; has bounded moments of all orders, i.e.,
/ de |2 é1(x) < 00 (m €N). (2.3)
Rd

Obviously, (1.3) is an immediate consequence of (2.1) and (2.2). Analogously to (1.2)
we also introduce rescaled versions of ¢}, namely

o (x) = 0}‘(@’{(«91\71') (x € RY, N e N). (2.4)

The functions ¢% (N € N) satisfy similar relations as ¢7, namely

O € CFRY, 0= 0. [ dodla) =1, k(@) = (o) weRD)  (25)

and
N =Py * Py (N EN) (2.6)
which immediately follow from (1.2), (2.1), (2.2) and (2.4).

As far as the initial state of p and pxy (IV € N) is concerned, we suppose that pg is
a smooth probability density, i.e.,

po > 0, / dzx po(z) =1 (2.7)
Rd
lpoll(m,1) < o0 (m € No). (2.8)

We remark that (2.7) is assumed in view of the application of the results of the present
paper in [15], where this assumption also appears. Whereas the positivity of pg is
essential for our calculations, e.g., for the derivation of the positivity of pn(-,t) (¢t >
0, N € N; cf. (2.11)), the second part of (2.7) is only a normalization condition, which
might be replaced by [.dz po(x) < co. The regularity hypothesis (2.8), which by
(1.10) - (1.12) yields

po € Ci°(RY), (2.9)

would not be needed in this strength. However, it allows to work in a C°°-environment,
where essentially all functions related to py or p are arbitrarily smooth.

Now, we may formulate our result about uniform regularity of the functions py (IV

€ N).

Theorem 1. Suppose that the interaction kernels ¢y (N € N) are determined by
(1.2),(1.4) and (2.1) — (2.3). Moreover, assume that the initial state po of (1.1) satisfies
(2.7) — (2.8). Then, for any N € N there exists a unique solution pyn of (1.1) satisfying

pn € CPRY % [0,T))  (T'>0, N€N). (2.10)

For any fixed time these functions pn are probability densities, i.e.,

pn(-,t) >0, / dzx pn(x,t) =1 (t>0, NeN). (2.11)
Rd
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Furthermore, they are reqular uniformly in N € N, i.e.,

sup o (55 t)[|(m,1) < 00 (m € Ng, T' > 0) (2.12)
t<T,NeN
and therefore
sup |V®mﬁpr(x,t)‘ < 0 (m,k € Nog, T > 0). (2.13)

z€RL t<T,NeN

To demonstrate a simple convergence of py to the solution p of (1.5) as N — oo,
we can apply (1.1) - (1.4), (2.10) and (2.13). However, for our considerations in [15] we
need more information about that convergence. This additional knowledge is provided
by

Theorem 2. For N € N let py be the solution of (1.1), where the initial state pg
and the interaction kernel ¢ satisfy the same conditions as in Theorem 1. Then, there
exist functions pgy € C(R? x [0,00)) (r € N) such that

piry € CP(RY % [0,T]) (T >0,r€N) (2.14)

which solve

atp{r} (:L‘, t) = (Ep,tp{r}('a t))(x) + gr(ﬁ? P{1}s -5 P{r—1}> T t) (2 15)
piry(z,0) =0 (:cG]Rd,tzO,reN) '
where )
(Lpif)(@) = 5AF(x) + V- (f(2)Vp(z,1)) + V- (p(x,1)Vf) (2.16)
(x eRLt >0, f € Co(RY) '
and
gr<pap{1}7"'7p{r—1}7x7t> = (2'17)
. H2(r—p—q)
> > 0" (I, la; $1) V- <p{p}<x,t>vmmq}<x,t>)
p,q=0,1,...,r—=1 0<lq,...,14<2(r—p—q) 1 d
p+g<r l14...+1lg=2(r—p—q)

(xERd,tzO,r EN).

In (2.15) — (2.17) the function p = pyoy is the solution of (1.5). Moreover, we employed

0" (l1s o la; $1) = /Rd dy yi' -y di(y) (bl € No). (2.18)

Using p, pg1y, {2}, --- we can expand py as in (1.6). More precisely, for any L € Ng
we get

ver o) (chc,t) — pla.t) - ieffrp{m:c?t))] <o (219)

r=1

sup
z€RI t<T,NeN

2L+2
eN
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form,k € Ng and T' > 0.

Remarks.

(i) The limit dynamics (1.5) with the initial state pg satisfying (2.7) - (2.8) repre-
sents a simple nonlinear parabolic problem and may be handled quite well by classical
methods, which can be found, e.g., in [5, 8]. In particular, by using existence and
uniqueness theorems for classical solutions of parabolic equations and the maximum
principle it can be verified that (1.5) has a unique smooth solution p with

peCEMRY%[0,T]) (T >0) (2.20)

such that for any ¢ the function p(-,t) is a probability density, i.e.,

p(-,t) >0, / dx p(x,t) =1 (t>0). (2.21)
Rd
Furthermore, we observe

I(=A)"p(, )13 = ((=8)*" (- £), (1))

(m € Ng, t > 0). (2.22)
< [I(=A)""p( 1) lloo (-, 1), 1)
To justify the neglect of the boundary terms in integration by parts in (2.22) we may
replace for fixed t > 0 the function p(-,t) by pp,;(-,t) = p(-, )¢, (-), where ¥, (z) =
Yo(lz| —n) (x € RYnp > 1) with ¢ € C°(R), ¥ < 0, to(u) = 1 if u < 0 and
Yo(u) = 0 if u > 1. Obviously, since pp,;(z,t) = 0, if |#| > n+1, the arguments in (2.22)

hold for pp,,(+,t), and also with (2.20) and (2.21) imply
sup H(—A)mp[n]('at)Hz < 00 (m € Np).
n=>1

Since

lim V", (z,t) = V" p(x, 1) (z € R, m € Np)
n—0o0
the validity of (2.22) for p(-,t) follows in the limit » — co. Now, (1.14) and (2.20) -
(2.22) imply
sgg lo( )l my < o0 (m € Ny, T > 0). (2.23)
t<

(ii) The N-dependent nonlinear integro-differential equations in (1.1) are McKean-
Vlasov equations as considered, e.g., in [6]. The results in that paper ensure for fixed
N € N the unique existence of a weak, i.e., measure-valued solution py = pn(t) (¢ > 0)
of (1.1). In particular, since pgy is a probability density (cf. (2.7)), pny is associated
to the solution Xy = Xn(f) (¢ > 0) of a nonlinear martingale problem, i.e., pn(t)
coincides with the law of Xx(t) for any ¢t > 0. Consequently, py takes values in the
space of probability measures, i.e.,

(pn (1), 1) =1, (pn(1),[) =0 (f € LOO(Rd)J f=0,t=> 0)' (2.24)
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By these relations and the smoothness of ¢ (cf. (1.2) - (1.3)) the drift vector V(pn ()
én)(z) (z € R4t > 0)in (1.1) and its partial derivatives of all orders are bounded
uniformly in z € R? and t > 0 independently of further regularity properties of py.
Therefore, (2.9) and in particular the fact that %A — 0¢, which determines the principal
part of (1.1), has a Gaussian fundamental solution (cf. (3.35)) imply that the measure
pn (t) is absolutely continuous with respect to Lebesgue measure for any ¢ > 0 and also
satisfies the smoothness property (2.10). Of course, (2.11) then immediately follows
from (2.24).

(iii) For the function ¢, which determines the interaction kernel ¢y, we use only
a few assumptions, namely (2.1) - (2.3). However, in our considerations in [15] apart
from the results of the present paper further ingredients from [9 - 13] are employed.
As a consequence, additional regularity properties of ¢; have to be supposed in that
paper. As far as the calculations here are concerned, the presence of the diffusive term
Apn(z,t) in (1.1) will turn out to be very advantageous. In particular, to estimate the
right sides of (3.2) - (3.3), which is a crucial part of the proofs of our results, we obtain
contributions (3.4) and (3.14), which ultimately allow to use for fixed m the L?-norms
of V(=A)"pn (-, t) and V(—=A)"(pn (-, t) * P}y ), respectively, in the remaining estimates
of the terms on the right sides of (3.2) and (3.3). As a consequence, calculations like
those in [12: Section 4/(ii)], which would necessitate further regularity properties of ¢4,
are not required in the present paper.

(iv) Also, as a consequence of the diffusive part Apy(x,t) in (1.1) it is expected
that pn is smooth for t > 0, even if the initial state pg is not regular at all. However,
then results holding uniformly in t € [0,7] (T > 0), like (2.12), (2.13) and (2.19) cannot
be valid any more.

(v) Of course, it would be interesting to consider also the non-diffusive case, where
%Ap ~N(z,t) is missing in (1.1), and to look for appropriate extensions of Theorems 1 -
3. An exact application of the analysis of the present paper obviously is not feasible in
that situation, cf. e.g. the derivation of (3.23). Nevertheless, it should be possible to
find a suitable modification of our method, at least if the considerations are restricted
to a sufficiently small finite time interval, and if additional assumptions on py and ¢,
are used. This presumption is supported in particular by the results in [14], where the
convergence of another sequence of integro-differential equations without diffusion to a
nonlinear wave equation is proved. In the considerations in [14] it is essential that the
limit dynamics is hyperbolic, i.e., like the parabolic partial differential equation (1.5)
possesses certain regularity properties.

(vi) The smoothness of ¢} (cf. (2.2)) ensures unique existence of a smooth solution
pn of (1.1) for any fixed N € N (cf. Remark (ii)). On the other hand, the calculations
in the proofs of Theorems 1 and 2 turn out to be completely independent of smoothness
properties of @] or ¢;. This observation can be employed to deduce the subsequent
extension of our previous results to more general interaction kernels.

Theorem 3. Suppose that the interaction kernels ¢ (N € N) are determined by
(1.2),(1.4),(2.1),(2.3) and

620 [ drdi@ =1 d@=di-a) @eR) @2
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instead of (2.2). Furthermore, assume that po satisfies (2.7) — (2.8). Then, for any
T > 0 some N(T') € N may be chosen, such that for N > N(T") there exists a unique
solution py of (1.1) in [0,T"] satisfying

pn € C°(RY < [0,T"]) (N > N(T")) (2.25)

and
() > 0, / dz pn(@t) = 1 (t € [0.7), N > N(T")). (2.26)

These functions are regular uniformly in N > N(T"), i.e.,

sup HpN(-,t)H(m’l) < 00 (m € Np) (2.27)
t<T’,N>N(T")

and therefore

sup IVE™mOF pn (2, )| < 00 (m, k € Np). (2.28)
zERI ¢<T' N>N(T")

Moreover, for L € Ny they may be expanded as

sup HZQVL +2

zeRd
t<T/,N>N(T')

L
vOm ok (px,0) = plent) = Y057 ooy a0 ] <o (229)

r=1

for m,k € No, where p, p1y, pgay, --- are described in Theorem 2.

As final part of this section we state an auxiliary result needed for the proof of
Theorem 2. It will be used, in particular, to clarify the relation between the term

V(ﬂN('? t) * QZ)N) in (11) and va('v t)
Lemma 1. Let f € C2°(RY) and let ¢ be some kernel described by (1.2), (1.4), (2.3)
and
nzo [ da@=1 @ =alo) @er),
R
Then, for any L € Ny the function f * ¢n may be expanded as

(f xon)(z) = f(z)
L aZl
+Z€&2l Z o (lh,.. . la;01) =—f(x) (2.30)
=1

l1 lgq
0<ly,.ylg<2l 81 o 'ad
I+ Al g =21

+ 05" 2Ry L (f; 1) ()
where o*(...) is defined by (2.18) and
sup IV R, p(fi¢1)lloc < C(f,m,L) <oo  (m,L € No).
€

As function of f the constant C(f,m,L) depends only on the L*°-norms of f and its
partial derivatives of order < m + 2L + 3.

In a slightly modified version Lemma 1 can be found in [10], where it is also proved
for d = 1. The extension to d > 1 is obvious. We note that for d > 1 the right side of
the version of (2.30) in [10] is not complete. Indeed, in [10] we have forgotten all those
contributions, where [ is odd for some kK =1,...,d.
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3. Proofs

A first part of this section contains the derivation of our basic result Theorem 1. In
the second part Theorem 2 will be deduced. We note that the proofs of Theorems
1 and 2 are not independent. As mentioned at the end of the proof of Theorem 1
there exist 0 < T? < T! < ... such that successively both theorems are deduced in
[0, 79], [T, T}!],... Finally, in this section we shall present the proof of Theorem 3.

3.1 Proof of Theorem 1. For verification of (2.10) and (2.11) we refer to Remark
(ii) in Section 2. As in the derivation of (2.23) these relations and (1.14) may be applied
to get additionally

supy <7l pn (5 1) || (m) < 00 (m € Ny, T >0,N € N).
Furthermore, (2.8) and the arguments from Remark (ii) in Section 2 immediately yield
SuPthHPN(Ht)H(mJ) < 00 (m e Ny, T >0,N € N).

In particular, these regularity properties, (2.10) and (2.11) ensure that for any fixed
N € N the subsequent calculations in Subsections 3.1 and 3.2 for the proofs of Theorems
1 and 2 are justified. More precisely, we do not have to care about the existence of any
of the partial derivatives or integrals involving px, which will appear.

For convenience, our considerations will be restricted to a finite time interval [0, 77,
where T' € (0,00). To simplify notation we also shall perform the subsequent calcula-
tions for d even. Apart from some minor notational changes the calculations would be
the same for d odd.

First, we employ (1.1) to determine a description of the evolution of quantities like
|(=A)"pNn (- t)]l2 (m € Ng), which by (1.14) appear in upper bounds to the Sobolev
norms |[pn(-,%)||x) (k € No,t > 0) of py. It will turn out to be convenient to study
also the expressions |[(—A)™(pn (-, t) * ¢ )||2, where ¢} is defined in (2.4). Hence, we
shall compute

e ) A N [ S TP O P9

for m € Np.
By (1.1) we first obtain the relation

O (—A)"pn (2, t)
= 3(=A)"Bpn (a,8) + (~A)"V - (o (@, )V (px (1) 5 63) (@)
= —4(=2)" o, t) + Vi (o () (= 2) " Vil (,8) * 6)(x)

—2mV; <Vile($,t)<—A)m_lvilvi(PN('7t) * ¢N)(1')>
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= mVi(Apw(,)(=A)" " Vilpn () 5 63) ()
+ 4(7;)% (thisz(l', t)(—A)"2V, Vi, Vi(pn (-, 1) * (bN)(x))

Vi ((-8) "o (@, OV (o (1) * 63) ()

= 2mVi ((—A)" ' Vi (2, V3, Vilpw (-, 8) * 63) (@) (3.1)
d m
m 2
+ (=)™ Z_l | _Z_Om 1:[1<Q>

3<ay, +...tay,, <2m-—2
Vi (Vi V() T Vi (1) £ 68) () )

In (3.1) we have specified separately those contributions, which contain partial deriva-
tives of py with highest order. Of course, for m < 2 some terms in (3.1) have to be
omitted.

An immediate consequence of (3.1) is

SSKINONIE:
= 2((=2)"pn (1), 0(~A)"p (1))
= —((=2)"pn (1), (=) oy (-, 1))

+2{ (=) (), Vi (o () (=) Vilpn (1) 5 63) ) )

((=2)" o (). Vi (Vir o () (=) "1V, Vilpn (1) 6) ) )

—2m((=A)"px (1), Vi (Bpx () (=8)" Vil (1) # 6)) )
((=8)"pw (), (3.2)
Vi( Vi Viapn (L (=A)" Vi, Vi Vi (o (1) % 6)) )
+2((=8)"px (1), Vi ((=2) "o () Vil (- £) % 63)) )
—4m( (=8)"pn (1), Vi (= A)" Vi o (, Vi, Vilpw (-, 8) % 6) ) )

e 38 e

Tlyenes =1 Qg reer @y, =0,1,2 r=
3§ai1 +ootoy,, <2m-—2

Vi (Vf‘fl VI N (VT VY (o () qu)) >

11

<

Quite similarly, (2.5), (2.6) and (3.1) yield

H 1) * 635
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= 2((=A)"(pn (- 1)+ 68), O (= A)"pw (1))

= —((=8)" (o (1)  éw). (=)o (1))
+2((=2)" (o (1) # o). Vi (o (D) (=) " Vilpw (1) * 1) ) )
—4m{ (=8)" (px (1) * 63), Vi (Vs o (s D(=A)" Vi, Vil (1) 5 6) ) )
= 2m{ (=)™ (px () * o), Vi (Do () (= 8)" ' Tilpn (1) + ) ) )
+8(7 ) (=2 (on (1) x é). (3.3)

Vi (Vi Vi (L 0)(-8)" V5 Vi, Vil (1) < 6x)) )

+2((=A) (pn (1) * 63), Vi (=) px () Vilpn (1)  0)) )

—4m((=8)" (o (1) % ), Vi (= 8)" " Vi pn (- )V, Vil (1) * 6)) )

F2-m fj_ > I (o {2 ot 6m)

Vi (Vo Vo (L OV V(o () % o) ) ).

For the various contributions to the right sides of (3.2) and (3.3) we now have to deter-
mine suitable upper bounds. In the corresponding calculations (cf. (3.4) - (3.16)) we
assume m > 3. Otherwise, some of these estimates could be omitted.

For the first and the second term on the right side of (3.2) we obtain

— ((=A)"pn (1), (=A) "oy (1))
= <(_A>mpN('7t)7A(_A)mpN('vt)> (34)
= —[|V(=2)"on (- 1),

and

[((=2)"on (1), Vi (o (D) (=A)" Vil (1) 5 6w) ) )|
= [(Vil=2)" (1), o ( (= A)" Vi (o (1) 5 6w) )|
< [[9(=2)"on () |yl (5 T (=) (on (- 1) * o) (3.5)
< Go||V(=A)"pn (D)
+ & (V=2 (on (1) 5 68), pn (T (=A)" (o (1) 5 68 Ylon (5 8) .
In (3.5) we also utilize the positivity of py (cf. (2.11)). Moreover, here and in subsequent

estimates we employ some positive constant Cy, which can be chosen arbitrarily. A
precise value will be fixed later in (3.18).
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By using in particular Sobolev’s inequality (1.12) we get for the next terms on the
right side of (3.2) in a similar way as in (3.5) the estimates

((=2) o3 (1), Vi (Vir () (= 2)" Vi, Vilpn (1)  6)) )

< Co|[V(=A)"pn GIIVE2(=2)" (o (1) * o) |51V (- )12 (3:6)

Dl +

< Co||[V(=A)"pn (- HQ 02 ||V®(2m)(PN('at) * ¢N)H§||PN('7t)||%2+d/2)

(=20 (1), Vi (Bpn (O (=) Vilpn (1) * 6v)) )|

< G|V (=)o (,8)][5 + &[T Do (1) % 633 llow (s Oz "
((=2)" (5 8), Vi (Vi Viap (=) 2V5, V5, Vilpw (5 8) 5 63)) )| .
< Gol|[V(=8)" px (O[5 + &[T E D (on (1) 5 o) Bl ()
((—a)" ,vz( Vil () * 1)) ) 5
< Cof|V(=2)"pw (1) H2 I1V®(2m) GOl Ion 1) % o a2
((—a)" ,vz( - 1vile<~,t>vilvi<pN<',t>*¢N>)>\ o0
< G V(=2)"on ()5 + GIVEE™ Von (DI low (1) on oy

To determine an estimate for the last term on the right side of (3.2) we have to find for
any summand an upper bound for a product of a derivative of py(-,t) and a derivative
of pn(-,t) * ¢n. As in (3.5) - (3.10) we choose the L?- and L*°-norm, respectively, such
that after application of Sobolev’s inequality (1.12) to the L®-expression the orders of
the derivatives in the resulting term are as small as possible. Hence, we deduce

d m
2 2 11 (oi > (3.11)
81,y tm =1 Qjyae g, =0,1,2 r=1 r

‘<(—A)mpN(-,t),Vi(VZ“ LV N (VYR (o t)*¢N))>)

tm

< Col| V(=)o (- B)|[; + & D [[VECE =D (o () % 6) [ low ()1 414/
q=3

Estimates (3.4) - (3.11) obtained so far for the terms on the right side of (3.2) may be
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collected in a single relation, namely

1[N b

< (CoC3(m) — V|| V(=A)"on (- 1)

I

+ C%<v(_A)m(pN(7t) * QSN)J pN(';t)V(—A)m(pN(.,t) * ¢N)>
X [lon (- 8)]loo (3.12)
+ SN (o (o t) * o I Bmss—g Iow O a2y
q=1
2 2
+ low 1) o I acarlow (O o) )
where C5(m) and Cy(m) in particular depend on m, e.g.,
Ca(m) = 6+10m+8(")). (3.13)

The precise value of Cy(m) is not important.

Now, we turn to the estimation of the summands on the right side of (3.3). By (2.5)
and (2.6) we deduce for the first and the second term

(D) (on (1) % é), (A) (1)

2 (3.14)
= —[[V(=2)" (o (-, 8) + 835

and
((=2)" (o (1) % o). Vi (v () (=) " Villo (1) x 6) ) )
= —(Vi(=B)" (o (,£) % 68), P (- V(= D) (o (1) ¥ ) ).

Obviously, the structure of the right side of (3.3) is closely related to that of (3.2).
More precisely, any term ((—A)™pn(-,t), Vi(...)) in (3.2) corresponds to some term
(=A)™(pn (- t)xdn), Vi(...)) in (3.3), where in both expressions “...” coincide. Hence,
we only have to modify (3.6) - (3.11) slightly to deduce upper bounds for the remaining
contributions to the right side of (3.3). With (3.14) and (3.15) we obtain as summary
an analogue of (3.12), namely

(3.15)

H gz5N Hg
< (C3Cy(m) — 1>}|V<—A>m<pN<-,t> « on)ll7
. 2<V(—A)m(l)N('a t) % on), pn () V(=A)" (o (-, 1) * ¢N>> (3.16)

m

C’4(m)

+ (1o (+8) % &x Wamss gy 1o (s Oy

q=1

+ ”pN('at) * ¢NH%q+1+d/2)||pN('7t)H%2m+1—q)>'



70 K. Oelschlager

Next, we shall determine an upper bound for a suitable linear combination of
[(=A)"pn (-, 1|13 and ||[(=A)™(pn (-, 1) * ¢ )||3. For that purpose we have to adjust
some parameters appearing on the right sides of (3.12) and (3.16).

First, we have got sums of products of squared Sobolev norms. As a consequence
of applications of Sobolev’s inequality (1.12) in these contributions derivatives of order
qg+1+ %d (g =1,...,m) appeared. These orders should be < 2m, which is the order
of the derivatives on the left sides of (3.12) and (3.16). Hence, we should choose some
m>1+ %d, and so we temporarily suppose

m=mg=1+4d/2. (3.17)

We also have to care for terms on the right sides of (3.12) and (3.16), which explicitly
contain partial derivatives of order 2mg + 1. The terms with |V(=A)™0py(-,t)||3 or
[V (=A)™ (pn(-,t) * o) |3 are negative if we assume

Cy = Ca(my) (3.18)

< -
- 203 (mo)

where C5(my) is defined by (3.13). Next, to handle expressions containing

(V=)™ (pn () 5 63), pn ( DV (=A)™ (v (1) * 6w) )

we temporarily restrict the time interval for our considerations to a subinterval of [0, T.
For that purpose we choose some constant C5 satisfying

C1(2mo)Cs > 2sup [|p(-, )] 2m0)
t<T

C(d, mo, 14 d/2)C1(2mo)Cs (3.19)

e , < 1?2
flﬁlg”p(a )||(2mo)< + CQ(mO) ) - :

where p is the solution of the limit dynamics (1.5), and C(d, mo, 1+ d/2) and C1(2my)
are introduced in (1.12) and (1.14), respectively. We note that by (2.23) both relations
in (3.19) hold for C5 sufficiently large. Now, we define

Ty = inf {t 10,7 ¢ [lon (1)l zmg) > 01(2m0)05} AT (NeN)  (3.20)
and then consider the function
mo 2 mo T 2
[0,Tn) 3t — [[(=A)™ pn (- B)|];, + Co|[(=A)™ (pn (-, 1) * ) ||5
with

C(d, mo, 1 + d/Q)Cl (2m0)C’5
CQ(?TL()) ’

Since pn(+,0) = p(+,0) = pg (N € N), and by continuity (cf. (2.10)), the first relation
in (3.19) yields Ty > 0 (N € N). Moreover, (1.12), (3.17) and (3.20) imply

Ce = (3.21)

lon (5 ) |lso < C(d,mg, 14 d/2)C1(2m)Cs  (0<t<Ty,N €N). (3.22)
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By (2.5) and (2.6), which imply || f * ¢nll2 < ||f * ¢ |2 for f € L2(RY), and by (3.12),
(3.16) - (3.18), (3.21) and (3.22) we get

(=8 o (- IE + Coll(-8)™ (o (- 1) « 63)I3)

<-1 (Hv(_A)mopN(-,t)Hg + G|V (=A)™ (pn (-, t) * %)II%)

mo
+ CZ (HpN(? t) * ¢N||%2m0—|—1—q) ||pN(7 t>||%q—|—1+d/2)
g (3.23)

+ lon (8) % S8 vy 108 o ) g 1)
< Cllon (Do o8 () % 08 o1
< C(lon Oy + Collon . 0)* G5 oy )
for t <Tyx and N € N. According to (1.4), to obtain an estimate for

lon ()l E2me) + Collow (1) * O [[Eam,)

we need in addition to (3.23) an upper bound for

d ,
= (o (01 + Collon (1) 93 13)-

Therefore, we have to repeat the calculations in (3.1) - (3.16) for m = 0. In this
particular case on the right sides of (3.1) - (3.3) only the first and the second term have
to be retained, and consequently, for the desired upper bound we only have to consider
estimates (3.4), (3.5), (3.14) and (3.15) with m = 0. With analogues of (3.12) and
(3.16) containing also only the first and the second term on their right sides we finally
deduce

d
—(low I3+ Collow () x @R 13) <O (¢ <Tw, NeN).  (3.24)
Now, combined with (1.10) and (1.14) estimates (3.23) and (3.24) lead to
103 (Do) + Collow (1) Sy
< C1(2mo)? (low (- DIZ + 1 (=A)™ pwv (1) 3
+Co(llon (- 0) % o33 + (=8 (o (1) x 1)) ) (3.25)

< Cu(2mo)? (llon (s O aung) + Collon (50) % Bl

t 2
+C’7/0 ds <HpN(-,s)H%2m0) + Cellpn (-, 5) *¢§VH%2mo)>

for t <Tx and N € N. We emphasize that the constant C7 here, which depends on the
previously introduced constants C1, .. .,Cg, is independent of N. Moreover, (1.1), (1.5),
(2.5), (3.19) and (3.21) yield

o5 (s )1 F2mq) + Collow (+,0) % O I amg) < lon (- 0)lIFzmg) (1 + Co) < 5C5 (3.26)
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for N € N. Hence, with (3.25) we deduce the existence of some TP € (0,7 such that

sup (Ilpn (o) + Collow (1) % lZmg) ) < $C1(2mo)*CE.
t<TOATN,NEN

Consequently, (3.20) and the continuity of the functions

t— HpN("t)Hémo) + C6HPN('7t) * ngNH(22mo) (N eN)

yield
T < Tn (N €N) (3.27)
and we get
sup (o8 (o)) + Collon (1) * Oy ) < SC1(2m)2C2. (3.28)
t<TO,NeN

Next, we have to extend (3.28) to Sobolev norms of order > 2my. For that purpose
we need as supplement to (3.12) and (3.16) upper bounds for

%IIV(—A)mpN(n t);  and %\\V(—A)m(pw(w t) )2

for m € Ny. After modifying relations (3.1) - (3.11), (3.14) and (3.15) slightly in some
rather obvious way we can deduce

LIy
< (CxCo(m) — 1) || (- )" Lon (1)
+ E (A o (1) + 68), pn () (=)™ (o (1) o) )

< lon (D)oo (3:29)
m+1
+ C%(Sm) lon (-5 1) * ¢N||%2m+2—q)’|pN('7t)H%q+1+d/2)
q=1
 lon () % O8Iy varoy 1w o ) Bomya—o
and
d m NP
V2 o0+ 630
m T 2
< (CsCo(m) — 1)[| (=)™ (on (-, t) % 83|
= 2{(=A)" (o (1) 5 ), pn (D) (—A) Lo (1) 5 b)) (3.30)
m+1
+ Sl S (o 1) 5 0 [amsaa o8 (O 1
q=1

1o (1 8) % O 2 gy 18 (o ) s )
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as analogues of (3.12) and (3.16), where Cs, C9 and Cj( are suitable constants corre-
sponding to Cs, C3 and CYy, respectively.

For estimation of the remaining Sobolev norms |[pn (-, 2)||(x) and [[pn (-, 1) * O || (k)
(k > 2my) we remark that for m > mg the sums on the right sides of the basic
inequalities (3.12) and (3.16) are linear in ||pn (-, t)||%2m) and || pn (-, t)*ngHém), and that
for m > my the sums on the right sides of (3.29) and (3.30) are linear in ||pn (-, t)||?2m+1)
and ||pn (-, t)* PN H%Qm +1) Furthermore, Sobolev norms with higher order do not appear

in the respective sums. Consequently, similar to (3.25) we now obtain

lon (5 OlIF) + Cra(B)lpn () * i lI
< Cra(K) (lpollZsy + Cra(K)llpo * &Ik

t
+C ds low ) sy (Iow o9y + CunBllow - 5) sl

(t<T, k=2mo+1,2my+2,...; N €N)

(3.31)

where C11(k) and C12(k) are suitable constants depending on k. Obviously, (2.8), (3.28)
and (3.31) can be used in an iteration scheme to show

sup (HION('?t)H%k;) + Cr1(k)|[pn (-5 1) * ¢7fv||%k)> <oo (k> 2mo).
t<TO,NeN

By (2.5) this relation is equivalent to

sup v ()|l <00 (k€ No). (3.32)
t<TO9 ,NeN

As a consequence of (1.1), which gives a relation between partial derivatives with

respect to time and spatial derivatives, Sobolev’s inequality (1.12), (2.5) and (2.6) we
additionally obtain

sup IVE™OF o (2, )| < o0 (m, k € Np). (3.33)
z€R t<TO NeN

Next, we turn to the derivation of upper bounds for
HpN('vt)H(m,l) (m ENOvt < vaNE N)'

Therefore, we write the dynamics (1.1) of py as integral equation, namely

pn(x,t) = /Rd dz o(x — z;t)po(2)

ts zolr—zt—s)V- 2.8 . 8) % » (3.34)
# [[as [z ote = z5t= V- (px (25 V(ont.5)26x)(2)

(zx €eR%t>0,N €N)



74 K. Oelschlager

where
22

is the fundamental solution of A —d;. Relations (2.5), (2.6), (2.11), (3.33) - (3.35) and
integration by parts yield

ox () < / dz oz~ z)po(>)

¢ 1 (z — 2)
w0 [ as [ e e (~ Gy o
(x eRL0<t<T N €N)

and consequently
pn(z,1)? < 2/ dz oz — z;t)po(2)?
Ra

t
+C’\/%/ ds

0 \/ — S JRd
(xeRL0<t<T? N €N).

(3.36)

dz o(x — z;2(t — 8))pn (2, 8)?

Both sides of this relation may be multiplied by (1 + |z|) and integrated with respect
to z. By (2.8), (3.32), (3.35) and (3.36) we then get

/ dr (14 |z])py (2, 1)?
Rd

t
SC’-I—C'\/I_S/ ds dz (1 + |z])pn(z, 5)? 0<t<T° NeN).
i ﬁ_s » ( )
<Ct Cut sup [ do (14 [al)py (e,
0<s<t Jrd
Hence,
sup / dz (14 |z|)pn(2,8)? < o0. (3.37)
0<s<TON(1/(2C13)) JRE
NeN

The constants appearing in computations between (3.34) and (3.37) may be chosen in
such a way that they depend on py and its partial derivatives only on terms of upper
bounds in the time interval [0, 7Y]. Consequently, by (3.32) and (3.33) the arguments
between (3.34) and (3.37) may be repeated word for word in [T0 A (1/(2C13)),T° A
(1/C43)]. As initial estimate we only have to use (3.37) instead of (2.8). By iterating
this procedure in further intervals with length 1/(2C13) we finally deduce

sup o (5 8)ll(0,1) < o0 (3.38)
0<s<T9,NEN
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To continue with the proof of (2.12) for T'= T? we now consider

op1t.-+Pa
- on(z,t
afl.'.agde( )

d op1t---tpa
= — 't _—
/Rd za(m Z; )61101agdp0(2>

t
-I-/ ds/ dz o(x — z;t — s)
0 R

op1t--+Pa
v (Wﬂw(z,s)v(mv(»s) * o )(2) (3.39)
1 d
ar1+..,+7‘d
+ Z C(Tl,...,Td)WpN(Z,S)
1 d

0<r1<pi1,---» 0<ry<pq
r1+...+rg<pi+...+pgq

6p1—T1+...+pd—’r’d
Vo g (P () 2 o) (2

(x €eR%t>0, p1,...,ps € Ng, N €N)

which is obtained from (3.34) by differentiating both sides with respect to %.
1 d
Integral equation (3.39) is the basic ingredient to derive
sup N (5 8)llpa) <oo  (p € No) (3.40)

0<s<T9,NeN

by induction on p. Obviously, the case p = 0 is treated in (3.38). Suppose now that
(3.40) has been verified for p = 0,1,...,q — 1. After squaring both sides of (3.39) we
then obtain in analogy to (3.36) the relation

‘ aCI1+--~+Qd ( ) 2
)
o o

ont--taa 2
R4 1 d

¢
1
Cvt | d d —2;2(t — A1
+ \/—/O s\/de zo(z—2z2(t—s)) (3.41)
ot +-+aa 2 17!
< | g —amen(z )| + 3 Vo (a9
ol ... a1 ~

<x€Rd70§t§T£70§q17"‘7qdSQ7q1+~--+QdZQ7NEN)'

In the derivation of (3.41) we have applied in particular integration by parts with respect
to the operator “V-”. Additionally, (2.5), (2.6) and (3.33) have been used to obtain
upper bounds for derivatives of py (-, s) * ¢y .
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Next, both sides of (3.41) are multiplied by (1 + |z|) and integrated with respect to
x. By (2.8), (3.32), (3.41) and the induction hypothesis we conclude

a(h-l—--v-l—q(i 2
[z (e | g )
vi[las
<C+CvVt d
<C+ /0 s —
oat---t+aa
X (/Rddz (1+|Z|)‘WPN Z,8 ‘ +Z||PN ||(p,1))
ont +Qd 2
<Ct Cut sup [ do (14 Jal)| e oo,
0<s<t Jrd 01" -+ 9,

(OStSTf, 0<q1,...,9@a<q, 1 +...+q4 =q, NEN>~

As in (3.37) we therefore get

aQ1+--~+Qd 2
sup / dr (1+|2))| 50— —=a pN(:U,s)’ < 00
0<s<TOA(1/(2C14)) JRE 81 T 8d (3.42)
NeN

(O§q17"'7QdSQ7 Q1++Qd:CI)

The arguments leading to (3.42) may be repeated in

[T A (1/(2C14)), T A (1/C1a)]
(T2 A (1/Cha), T A (3/(2C14))]

such that finally (3.40) for p = ¢ follows. Hence, by induction on p relation (3.40) holds
for any p € Nyg. By (3.33) and (3.40) the restriction of Theorem 1 to R x [0,77] is
proved now.

If T > T?, we have to extend the proof of Theorem 1. For that purpose we first
may verify Theorem 2 in R? x [0, TY], and then we can repeat our considerations done

so far in the time interval [T, T]. We observe

I(=2)"pn (1) = (D)™ p(-, 1) 5
:<<—A> N (o t) = (ZA)27p(- 1), N<-,t>—p<.,t>>
<[[(=A)™pn (1) = (=A)*™p(-, 8)]| (pn (1) + p(-, 1), 1)

(mem¢emﬂmNem,

i.e., as consequence of (1.14), (2.11), the restriction of (2.19) to R? x [0,T?] and (2.21)
we obtain

]\}EHOOH/)N<'>TS)_/)( T»?)H(m) = (m € No).
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Therefore, the existence of some N; € N follows such that C5 chosen in (3.19) also
satisfies

C1(2m0)Cs > 31lpn (- Tl 2mo)

C(d, mo, 1 + d/Q)Cl (2m0)C’5
. TO 2 1
HpN( ) *)l|(2m0)< + 02(m0)

where mg, C(d, mg, 1+ d/2), C1(2mg) and Ca(my) are defined by (3.17), (1.12), (1.14)
and (3.18), respectively. Analogously to (3.20), we then can define

(N>N)  (3.43)

) < i

T&zzhﬂ{tE[Tfﬁﬂ:|mN(yﬂHQm@2>(h(%n@C%}A1j (N > Ny).

Now, we may repeat the considerations between (3.20) and (3.27) word for word, where
however the time interval [0, Tiv] has to be replaced by [T, Tx]. In particular, similarly
as in (3.25) we observe

o8 Dl ) + Collon (1) 5 & o
< C1(2mo)? (11w (T oy + Collow (-, T2) % S oy )

t
r 2
+C{AJBUmwgﬁﬁ%m+{MmN@Q*@Némﬂ (3.44)

< 8C1(2m0)*CE + Ca(t — T))(1 + Co)*Ch(2mo) ' C3
(t € [T, Ty],N > Ny)

where in the last line we use (2.5), (3.21) and (3.43). Hence, for
T} = (T9 + 35 (Cr(1+ Co)2Cr(2me)*C2) ) AT (3.45)
we deduce T} < Th (N > Nj) since (3.44) yields

sup (llow (0 ammg) + Collon (1) O [Bmg) ) < 3C1(2mo)*CE. (3.46)
ngthjATl{]
N>N;

Consequently, when applied in [T, T!] the calculations between (3.29) and (3.42) may
be employed to complete the proof of the restriction of Theorem 1 to RY x [0, T}}].

If necessary, i.e., if T} < T, the arguments after (3.42) until (3.46) may be utilized
in an iteration procedure to introduce successively

No >Ny, Ty >Tr, T2>T)
N3 > No, Tax>TZ T3>T?

until finally 7 > T for some g € N holds. Relation (3.45) and its respective modifica-
tions for T2, T3,...show that

im{fﬁﬁ—ﬂ:ZGNmTﬁl<T}>a
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Hence, the iteration procedure indeed will terminate. We note that as consequence of
(2.10) and (2.11) we finally can get rid of restrictions like N > Nj used in calculations
after (3.43). Consequently, the proof of the restriction of Theorem 1 to R? x [0, 7],
where T" has been chosen arbitrarily at the beginning of this subsection, is finished.

3.2 Proof of Theorem 2. As indicated at the end of the preceding subsection, the
proofs of Theorems 1 and 2 are not independent. However, for convenience we may
suppose in this subsection that Theorem 1 has been verified completely for any 7" > 0.

By positivity of p (cf. (2.21)) the partial differential equations described by (2.15)
- (2.18) are uniformly parabolic for any r € N. Therefore, the unique existence of
piry (7 € N) and the smoothness (2.14) can be proved by induction on r and standard
techniques for linear parabolic equations, which can be found, e.g., in [5] or [8]. To start
the induction the regularity (2.20) of p = psoy has to be employed.

To demonstrate (2.19) we shall derive for any fixed L € Ny a suitable description of

the dynamics of py — p — Zle 0;,27" pir}- In order that our calculations get as clear as
possible we shall omit the arguments x and t of the respective functions. Additionally,
we define pgoy = p. As consequence of (1.1), (1.5), (2.15) - (2.17) and Lemma 1 we then
obtain

(o E)

L
( pn =D 0% Qkp{k}) + V- (pxV(pn * 6n)) = V - (pgoy Vogoy)
k=0

l\')l)—l

L
= >0 (V- (psy Voro) + p1oy Vo) + Gr(pgoys - py) )
k=1

L L
= %A(pN - Z 9;,2%{1«}) + V- ((pzv - Z 9&2k0{k})V(PN*¢N))

k= k=0

L
Z N p{k})
(( 2 (3.47)
L 621
V(pN*ch -0 Y U*(Zl,--.,ld;¢1)ﬁpN>
£ ol ... ol

0<ly,...,lg<2l
I+ +ig=21
L
(s
k=0
L 52 Ll
V(Zé’]}m Z U*(ll,---)m(PN ZQNQTP{T}»)
1=0 1

0<lq,..., 1g<21 r=0
114 Hlg=21

L
-V <(Z ¢9N2kp{k}>
k=0
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L
v N o*(l1,..) 05" pyr ))
(; 2 g ald( Z+1 v })

0<ly,...,1g<2l r=L—1
114 lg=21

2k S N §2(k—p—q)
29 > >, o (...)V-(mp}va{q})
p=0 ¢=0 0<iy,..., 1g<2(k—p—q) 9y

l1+...+lg=2(k—p—q)

- V'(P{O}Vp{o})

- 29 ( (P11 Voroy + pioy Vo) + Gk (g0 - aP{k—l})))

21
+ Z GN ( ) Z o (llav¢1)v(p{k}vall 8ld p{r})
k,l,r=0,...,L 0<ly,..ylg<2l 1
k+l+r>L I+ +lg=21
for N € N. To obtain a condensed version of (3.47) we define
L
fnn =Y 05 py (3.48)
k=0
L o an
gN.L =pN* N — Y Oy > U*(lly--wld;Cbl)WpN (3.49)
1=0 0<lq,.., 1g<2l 1 d
4. Hlg=21

L
hyp=—V- (fN’LV<Z(9;,21
=0
Z o*(l, "')all ' ald ( Z 9N2Tp{r}>>> (3.50)

0<lqy,..., 1g<2l r=L—[+1
I+ Hlg=2l
9—2(k+l—|—r) “(] v v 0%
+ Z Z o (l1, )V prry WP{T}
k,l,r=0,. 0<lq,...,lg<2l 1
k+z+r>L 11 4. Flg=21
Fnp=03"(V-(fnoVans) +hyi). (3.51)
Next, we introduce with
Lanpf=V-(E+fne)Vf)  (fe€CiRY; N,LeN) (3.52)

a family of second order differential operators depending on time. We also note that by
(2.17) the sixth contribution to the right side of (3.47) vanishes. Now, with

P, =0+ (pN -3 9N2kp{k}) (r, N € No) (3.53)
k=0
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relation (3.47) may be written as
atp?V,L = EN,LP?V,L +V- (P?v,LV(PN * ¢N))

L 621
+ Z Z o (1, ...y lg; 1)V - (fN,Lv—p?V,L—l> (3.54)

l1 lgq
=1 0<iy,...,lg<2l a1 8d,
i+ Hlg=21

+ Fn.L

for all N, L € Ny. By differentiating both sides of (3.54) we immediately obtain

6p1+...+pd
Op———
Ot ... 9 PN,L

r apl+---+pd 5
= LG ggarive)

8q1+.,.+qd

P1,---,Pd
+ Z GN L. §0 ... 9l PN.L
0<q1,.- qq<14+p1+...+pg 1 d (355)
q1+.--+aq<1+p1+...+pg
L
q1+...+qq
+ lea"'7pd a (S
Z : : N,L.l,q1,..-,94 8(11 . aqd pN,Lfl
I=1 0<qq,...,qq<2+2l+p1+...4pg 1 d
g1+ -+aqg<2+2l+p1+...+pg
opit.-+pa
+8p1 adeNl/ (N7L7p17"'7pd€NO)
RERRY
P1;--+,Dd D1,y-.sPd . .
where Gy’ 70 and Hy U0 linearily depend on p, p(1y,. .., p(r}, PN * ¢ and

their partial derivatives of order < 2 + p; + ... + pg, such that the coefficients are
proportional to 032 (k = 0,1,...,L). By (1.1), (1.5) and (2.15) the functions p?V,L
and their partial derivatives vanish at ¢t = 0, i.e.,

opit..+pa s
WﬂN,L('aO) =0  (N,L,p1,...,pa € Ny). (3.56)
1 d

For the further study of the solution of (3.55), (3.56) we need some estimates. First,
(1.2) - (1.4), (2.13), (2.14) and (2.20) yield

sup |VEGRRe ()] < oo
z€R?,t€[0,T],NeN TRy (3.57)
<L7m;p17 <sPd;q15 -+, 4d € NO) G+ +4 < 1 +p1+... +Dag; T > O)
and
sup [HR G ga (@, 8)] < 00
z€R?,t€[0,T],NeN TRy
(L7p17"'7pd7Q17"'7Qd€N0>l:17"'7L7 (358)

Gt +qa<2+2l+pi+...+ps, T>0)
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Next, (2.13), (2.14), (2.20), (3.48) - (3.51) and Lemma 1 imply

8P1+.--+pd

sup WFN’L(x’t)’ < 00 (L,pl, ey Pad € NO,T > 0) (359)

z€R® t€[0,T],NeN

Both in (3.54) and (3.55) the principal part is determined by the time dependent partial
differential operator Ly, which for any fixed L has a bounded, smooth coefficient

% + fwn,r and is uniformly positive definite uniformly for N sufficiently large. More
precisely, (1.4), (2.14), (2.20) and (3.48) yield

sup ‘V®m8ffN,L(a:,t)‘ < 00 (L,m,r € No, T > 0). (3.60)
z€R® t€[0,T],NeN

Using additionally (2.21) we obtain for any L and T the existence of some Ny(L,T) € N
such that

inf{% 4 fy(z,t): z e Rt € [0,T], N > NO(L,T)} >1 (LeNy,T>0). (3.61)

For our further calculations in the proof of Theorem 2 we now choose some fixed
but arbitrary 77 > 0, and then restrict our considerations to the time interval [0, 7T7].
By (2.13), (2.14), and (2.20) we then may suppose that N > Ny(L,T1) (L € Np).

As consequence of (3.60) and (3.61) the operator Ly ; — 0; has a fundamental
solution

Ty :R*x {(s,t) €[0,T1)*: 0<s<t<T1} =R
with a Gaussian upper bound, i.e.,

C1s (fﬂ—y)Q
(t—s)d/zeXp<_016 t—s )

(m,yeRd70§s<t§T1,LeNO,NZNO(L7T1)>

0<Tnr(z,y;51) <
(3.62)

where the constants Cy5 = C15(L,T1) and C1 = C16(L,T1) may depend on L and 77,
however, are independent of N = Ny(L,T1), No(L,T1) +1,... (cf. [4]). As supplement
of (3.62) also an estimate

C (z —y)*
Vol s (35,8 + VT ()] < iy P (- =)

IN

(3.63)
<:1;,y eRY,0O<s<t<Ti,LeNyN> NO(L,T1)>

for the gradients of I'y 1, with respect to the spatial variables holds. In the literature
we only could find the derivation of (3.63) for fixed N > Ny(L,T1) (cf. [5: Chapter 1]).
Hence, a proof that it indeed holds uniformly in N > Ny(L,T7) is given in Appendix
B. As crucial prerequisite for that result the fact that (3.60) and (3.61) hold uniformly
in N > No(L,Ty) is needed.
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Using the fundamental solution I'y 1, of L, — 0; equations (3.55) may be written
as
ap1+---+pd 5
81{71 L. asd pN,L($7t)
OP pP1t...+Pa 5
:/ dz I'n (2,255 t)WPNL(Z s)

/du/ dz I'n (2, z;u,t)
]Rd

( 8QI+--~+Qd
X

P1y-ees Pd )
Z GN7L7q17 "7qd(Z, u)aql '”an pN,L('Z7u)
0<gq1,---s qq<1+p1+...+pgq 1 d (364)
q1+---+a4<1+p1+...+pq

L » » 8Q1+--~+Qd P
1yeees d
+ E , E HNqu1 qd(z7u)—q1 quN,L—z(Za“)
— b b b 9 81 ,,,8d

1 0<qq,---, qq<2+2l+p1+...+pg
g1+ Hag<2+42ltpy+... 4wy

6p1+.-~+]3d
— I
T o ...3dpd N, L (2, u)

(¢ €RL0<s <t <Tis Lopr,..,pa € No, N = No(L,T1)).

To obtain upper bounds for p‘JS\C ; and its partial derivatives we shall employ (3.64) as
basic relation of some induction procedure with respect to p = p1+...4+pq and L. First,
the order of the spatial derivatives of ,055\,’ ; in the integrand on the right side of (3.64)
may be reduced by 1 by performing integration by parts. As consequence of estimates
(3.57) - (3.59), (3.62) and (3.63) we then get

IV iy, () oo
< Cio(L p) IV 1. (- 8) oo

+ Coo(L )/td ! /dg“ e ( C(L)C2>
U —— ———exp| —
20\L, D = Jga > (t — )2 p 21\
L 2+2+p
(va@qm D +3 3 192958 4 i(- >||oo+1)
I=1 ¢=0 (3.65)
t
1
SClg(va)Hv@pp?\],L('?S)HOO+022(L7p) Sdu \/m
L 242l4+p
(ZHV%NL D+ S VS5, (- >||oo+1)
=1 q=0

<0§s<t§T1, L,pENO,NzNO(L,T1)>.

To start the induction we choose L = p = s = 0. Then, by (3.56) relation (3.65) turns
into

t
1
5 5
)| < C 4+ Cs2(0,0 d . i 3.66
”pN,O(’ Moo < 22 )/0 U r— quN,O( )| ( )
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for 0 <t <Tj and N > Ny(0,T}1), i.e., we may conclude

swp ool )]l < oo (3.67)

u< T A(4C25(0,0))—2
N2>Ng(0,T7)

Hence, (2.19) for L =m =k =0 and T < Ty A (4C52(0,0))~2 is proved. To deduce
(2.19) for L = m = k = 0 and any T" < T we then obviously have to repeat the
arguments leading to (3.66) and (3.67) successively in the intervals

[T1 A (4C22(0,0)) 2, Ty A 2(4C22(0,0)) 2]
[T1 A 2(4C52(0,0)) 72, Ty A 3(4C22(0,0)) 2]

Suppose now that (2.19) for L = k =0, m = p and T' = T} is shown. Then, by a further
application of (3.65) an analogue of (3.66) for

]

(pla"'7pd:O7"'7p+]—; p1++pd:p+17t€[O7Tl])

may be derived. By arguments like those in the preceding paragraph we next get (2.19)
for L=k =0, m=p+1and T = T;. Consequently, by induction on p we obtain (2.19)
for L=k=0,T =T, and any m € N.

Now, assume that (2.19) for L = Ly, k = 0, T = T; and any m € Ny is verified.
Then, (3.65) may be applied once more to yield successively relations similar to (3.66) for
the L*°-norms of P?\r, 1,11 and its partial derivatives in certain time intervals exhausting
[0,77]. These relations finally imply (2.19) for L = Ly +1, k = 0, T = T} and any
m € Ny, i.e., by another induction procedure any L € Ny is handled.

We still have to study the cases k > 0. However, since by (3.54) and (3.55) time
derivatives of P?\f, ; may be written in terms of spatial derivatives of p?\ﬁ L (=
0,...,L), pn, pand pgy (r=1,..., L), our previous regularity results (2.13), (2.14),
(2.20) and (2.19) for k& = 0 suffice to complete the proof of Theorem 2.

3.3 Proof of Theorem 3. The calculations in Subsections 3.1 and 3.2 are independent
of regularity properties of ¢] or ¢;. However, if (2.2)* holds instead of (2.2), we still
have to justify these calculations. In particular, we have to check, if for any 77 > 0,
which from now on is fixed for the remainder of this subsection, some N(T') € N
may be chosen, such that for N > N(T") there exists a unique solution py of (1.1)
in [0,7"] satisfying (2.25) and (2.26). To construct these solutions we shall apply an
approximation procedure, where a sequence of smooth kernels satisfying (2.2) converging
to an arbitrary ¢, which only satisfies (2.2)*, is involved.

Therefore, for any fixed pair (¢7, ¢1) of functions satisfying (2.1), (2.3) and (2.2)*
we introduce some sequence (@] ;,¢1%) (k € N) whose elements satisfy (2.1) - (2.3)
and

I (61, ) = (61.F)  (f € CH(RY). (3.68)
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This condition states weak convergence of ¢1 1, to ¢; as k — oo in the space of probability
densities on R%. By applying now for any fixed k& € N scalings (1.2) and (2.4) to ¢;
and ¢7 ., respectively, we obtain the kernels

O p(2) = 0% 01 1 (On2)

€R% kN €N). 3.69
N k(z) = 9?\7¢1,k(¢91\1x) } (@ ) (3.69)

Next, a family pn . (k, N € N) of solutions of (1.1) with interaction kernels ¢ 5, which
satisfy (2.10) and (2.11), i.e.,

png € CP(RT % [0,T]) (T >0; k,NeN)

and
pva() 20, [ drpnalet)=1 (20 LNEN) (3.70)
Rd

can be introduced. By our considerations in Remark (ii) in Section 2 these functions
exist uniquely. Furthermore, the above-mentioned independence of our estimates in
Subsection 3.1 leads to

sup lon k(5 )| (m,1) < 00 (m € Np) (3.71)
t<T9, k,NEN

sup (VO™ 07 p i (z,1)] < 00 (m,r € Np) (3.72)
z€R, t<TO, k,NeN

where T? is introduced between (3.26) and (3.27). These relations may be proved in
quite the same way as the restrictions of (2.12) and (2.13) to R? x [0, 7°] in Subsection
3.1.

For any fixed N € N the uniform regularity (3.72) and the Ascoli-Arzela Theorem
imply the existence of some subsequence k1 = k1(IN) < ky = ko(IN) < ... in N, such
that

lim sup |V, pv i, (2,1) = VO] py(a,1)] = 0
n—00 (4 ) eK

(m,r € No, K C R% x [0, T°] compact , N € N)

for some py € C°(R? x [0,T7]).

By utilizing the boundedness of px x with respect to the norms || - ||,,1) (m € No)
uniformly in k£, N € N (cf. (3.71)) we can extend (3.73), which states convergence locally
in space, to a global convergence result. To prove this improvement we first note that
by (1.1) and (3.72) any partial derivative

(3.73)

amlJr...erd
Wa{p]\f7k (ml,...,md,r GN())
1 d

may be written as sum of products of spatial derivatives of px 1 and pn i * ¢n k. Con-
sequently, by (2.2)*, (3.69), (3.71) and (3.72) we get

sup / dzr (1+ |x!)‘V®m8§pN,k(x,t)‘2 < 00 (m,r € Np) (3.74)
¢t<T9, k,NeN JRd
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as extension of (3.71). In a next step, (1.12), (3.73) and (3.74) imply
2
lim sup  |VE"O] p g, (1) — VOO, py k., (, t)’

n,n’—00 Tz€ER <TO

2
<C(d,m,1+[d/2 lim sup ||0] (1) —0f ,-,tH
( [d/2))* wd B SIP ||0F Pk () = Feone, GO e
m+14[d/2] )
< Cy? lim sup Z ‘V®pﬁpr7kn (z,t) = VPO pN ., (af;,t)’
M =00 g <y ¢<TO 22
C m+1+4[d/2]
+ — sup / dx (1+ |z V®p6’"pMk x,t
L+ <70, k,MeN Z =) ( )‘
<L (m,TENo;’y>0,N€N),
T 14y

ie., for m,r € Ngand N € N, V®"9[pn 1. (¢ € N) is a Cauchy sequence in Cy(RY x
[0, T9]). Therefore, with (3.73) we obtain the desired global convergence, i.e.,

lim sup VOO ok, (2, 1) — VOO py (z,1)| = 0 (3.75)
N80 (x,t)EREx [0,T0]

for m,7 € Ng and N € N. By (3.68), (3.69), (3.72) and (3.75) we immediately observe
that in [0, 7] for any N € N the function py solves (1.1) with interaction kernel ¢y
and satisfies (2.25) with N(T°) = 1. As far as (2.26) is concerned, pn(-,t) > 0 (t €
[0, 70], N € N) follows from the corresponding positivity of px x (cf. (3.70)) and (3.75).
Next, considering

R? x [0,T7] 5 (x,t) — V(pn (1) * o) (2)

as given drift vector field, (1.1) may be interpreted as a linear Fokker-Planck equation
with smooth coefficients. The probabilistic interpretation of such equations and the
uniqueness of their solutions (cf. [6]), and the validity of (2.7) for the initial state pg
of py imply that pn(-,t) is the density of the law of the state Yy (t) of some diffusion
process Yy at time ¢t. Consequently, py satisfies (2.26).

To verify for some fixed N € N the uniqueness of py we suppose that another
function p% has the same properties. With (2.5) and (2.6) we then get, for t € [0,T7],

Cllon (1) = ok D

- i(umc,wuz —2{pn (1), Pl (- >+ loiv (- )1)
= {pn (- ApN t)) — (Apn (-, ) — (pn (1), Apn (- 1))
+ (pn (1), Api (-, )>_2<VPN () )7,0N('a OV (pn (1) * dn))
+2(pn (- )V (pn (1) * ON), VN (-, 1))
£ 2(Vpn (). PO (R 1) * 6)
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— 2V () i (- t>v< Nt ow))
= —[[V(on (1) = A 1)
+2(Vpi (1) - o) o) én))
+2(Von (1) = Vo (), ok ( OV (o (1) * o) )
= ~[[V(ox (1) = o D)5
+2(Vpiy (1) = Von (0, pn () (T (1) 5 o3) = T(pie (1) + o)) )
+2<w3‘v<~,t> = Von (1), (on () = i (5 D) TPk (1)  ow))
*68) = Vi (1) % ow);
“9h) = Vi (+8) 5 o) 5

< C|pn(-t) = P H2 + Cos||V(pn (-, 1)
< C|pn(t) = pi H2 + Cas||V(pn (-, 1)
and

HpN * O — P (1) * O

:—HwN ) &) = V(o (1) + 65 5 = 2on (), IV (on () # o3I
+2{p (5 )V (o (1) % 6n), V(o (1) 5 o))
+2(V(pn(- >*¢N> < OV (pi (1) * o))
= 2o (5, V ok (1) % on) )

— ||V (on () * 63) ~ < ORY] [
= 2{p (1), IV (px (- 8) % &) = V() % 6x) )

+2{px () =i (), ok (1) % 6n) (V (o (- D)) = V(o (- ) w) ) )

< LV (o (1) % ) = V(ox (1) % 6| + Ol low (1) = i (D)

Obviously, these relations yield

d
(o) = B3 G+ 2Caslo.0) 68 = 1) 05 )
SCHPN(', — o)l (tG[O,TS]),

and therefore Gronwall’s Lemma implies ||pn(-,t) — pi (-, )|z = 0 (¢ € [0,T°]) which
proves the desired uniqueness of py.

By (3.71), (3.72) and (3.75) relations (2.27), (2.28) hold for the sequence py (N €
N) if 77 < T?. In particular, in that time interval the prerequisites for performing the
calculations of Subsection 3.2 are given now, i.e., we also may deduce (2.29) in the case
T' < T?. Note that in this situation we may choose N(T") = 1.

If TV > T?, we have to utilize the arguments from the end of the proof of Theorem
1. More precisely, first some N7 € N may be determined, such that (3.43) holds. Next,
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using the kernels ¢7 ;. &1,k (k € N) introduced above we may continue to work with
solutions pjy , (k€ N, N > Ny) of (1.1) in [T, c0) with initial conditions py ;. (-, 7)) =
N(T?) (k€ NN > Njp). Then, just as between (3.43) and (3.46) some T exists

with

sup (11k ks DlIZamgy + Co(T) ok il 8) ) < 301 (2mo)*Cs(T')?

T9<t<T]}
kEN,N >Ny

in analogy to (3.46). Note that we have emphasized here that the constants C5 and Cg
may depend on 7. Now, additional estimates for Sobolev norms with higher orders for
pyi(t) (t € [T, T}k € N,N > Ni) may be obtained as in (3.29) - (3.42). Then,
for any N > Nj the limit £ — oo may be performed to obtain the extension to [T, T'!]

of the solution py of (1.1) pertaining to (¢7, ¢1). In particular, we now get Theorem 3
for T' < T}

Similarly as in the proof of Theorem 1 these arguments may be iterated as long as
necessary, i.e., if for some g we get T} > T”. The associated N, is the desired N(71").

4. Appendix A: Formal derivation of expansion (1.6)
In this appendix we shall demonstrate how expansion (1.6) of py, where p solves (1.5)

and the functions pg;y (k € N) satisfy (2.15) - (2.18), can be determined by some quite
straightforward formal calculations.

First, we insert (1.6) with p = pgo} as ansatz into (1.1), and then expand the
convolution with ¢ according to Lemma 1. In particular, if for some fixed L € Ny we
omit any term of order o(f5*") as N — oo, we obtain

L
OipN ( ~ Z 9&2k3tp{k})
k=0

= 1Apy + V- (pnV(pw * 6))

L L L
30 a0+ 0 (0000 ) (3000 o) |
k=0 k=0 k=0
L L
~ 5D 0N Aoy + V- (< > 9N2kﬂ{k}>
k=0

Q

k=0
L L 82l
v(ZQ&Qk(ZQE% Z a*(ly,... ld,¢1)wp{k})>>
k=0 1=0 0<ly,y.ens 1g<2l 1
4. Al g=21
L
~ 5D 0 Aoy

k=0
L k k—p 2(k—p—q)

_ ) 92(k—p—q

Y0 2. @ (ll’""ld;qbl)v'<p{P}vﬁP{q}>'

k=0 p=0 q=0 0<ly,...,1g<2(k—p—q) a1 "'8d

I1+.. +ld:2(k*P*¢Z>
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Now, by comparing the coefficients of different powers of 0;,2 we observe that prgy = p
solves (1.5) and that pgzy (k € N) satisfy (2.15) - (2.18).

5. Appendix B: Proof of (3.63)
Since Ly 1, is in divergence form (cf. (3.52)), we get
I'no(z,y;s,t) =Tn iy, x;s,t)
(z,y e R, 0<s<t<Ty,LeNy,N>No(L,Ti)).
Hence, it suffices to estimate
‘VyFNﬁL(x,y;s,t)‘ (y eRite (S,Tl])

with z € R%, s € [0,T1),L € Ng and N > No(L,T;) being fixed in the remaining parts
of this appendix.

To obtain the desired estimate (3.63) we shall apply [3: Corollary 1.2.22] where
scaled modifications of I'y 1, have to be considered in order to cover all y & R and
t € (s,T1]. In particular, we define

YV, 7) =Tno(z,y+ Ay s, t+X271)  (neRY 7 e (535, B) (B.1)

where y € R and t € (s,T}] are also fixed from now on. Since I'y 1, is a fundamental
solution of Ly 1, — J¢, we deduce

0
5.7 (.7
:)\22FNL(:U,y+/\n's,u)‘ )
ou ) ) u=t+A\2T1 (B2)
— A2V, ((% + s (et + A2 VaT N s (2, 25, + AQT)) .
Z=Y+An
=V (3 + e D)V 7)) (n € R, 7 € (555 Tigt))
where
PN Lyt (0,7) = fv,n(y + Ayt + A7), (B.3)
In our further calculations we shall use the scaling parameter A = /(t — s)/8 = A(s, t).
As consequence of (3.60) and (3.61) the associated functions fN( 7 ; . satlsfy
sup S |V Or fy T (1, 7) < oo (BA4)
! il 0<s<t<T, 55k <7< 055
(L,m,r € No,T1 > 0)

(LEN(),Tl >O)
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Applying now [3: Corollary 1.2.22] to the solution (1, 7) — ¥t (5, 7) of (B.2) we get

IVAAED | Lo @y 10y < CorlV ™) |2 (B.6)

where
Qr={neR*: n| <r}x{reR: —r* <7 <0}.

As consequence of (B.4) and (B.5) for any L € Ny and 77 > 0 the constant Cox is
independent of 2,y € R0 < s <t < Ty and N > No(L,T}), which are fixed during
the present calculations.

To deduce (3.63) we now consider both sides of (B.6) in more detail. First, we
observe

IV L (@40)
= sup { [V Tn,n (@, + As, O st + A(s,0°7)| Inl < 3,7 € (= 3,0] |

B.7
2 )‘(S7t)|vaN,L(xvy;37t)| ( )
= \/%‘VyFNyL(x,y;s,t)‘.
Next, by (3.62) we obtain
HVA(S’t)Hiz(QQ)
0 2
= / dn/ dr ‘FN,L (m,y + A(s, t)m; s, t + )\(S,t)27'))
{Inl<2} —4
_ /M)
<C / dn / D exp (- OB
— Jmerami<2y  J-a |t + A(s, t)?T — s
o \y+n’—w|2> (B.8)
S / dn’ /0 dT/eXp< O el
A8, )02 S eray|<on(s.t)y  J—ax(s,1)2 |t + 7 — s|d
_ /|y+n’—$|2>
(t =) H2/2 [ craic /a2t J—(t—s)/2 |t + 7" — 5|4
= I(z,y;s,t).
To estimate I(x,y; s,t) we consider two cases. First, if ths < @, then
lz—y|?
C exp(—C” = ) .
. _ o|d/2)p
(B.9)
lz—y|?
< Cexp ( ~ O )

B |t — s
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On the other hand, if /%52 > 2=yl then we observe also

2

ly+n’ —=|?
C 0 exp ( - C'm)
I(ﬂﬁ,y;s,t)é—/ dﬂ// dr’
|t — 5](d+2)/2 Jpa —(t—s5)/2 [t + 71" — s|d
C
SETRT (B.10)
_ rlz—yl?

exp( C ] )

<C
B |t — |4

Relation (3.63) now follows from (B.6) - (B.10). In particular, we need the fact that all
constants herein are independent of z,y € R0 < s <t < Ty and N > Ny(L,Ty) for
any L € Ng and T} > 0.
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