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Blow-Up and Convergence Results
for a
One-Dimensional Non-Local Parabolic Problem

A. Rougirel

Abstract. Considering a one-dimensional non-local semilinear parabolic problem, it is shown
that blow-up in finite time occurs for suitable large initial conditions. The asymptotic be-
havior of global solutions corresponding to small initial conditions is also investigated. Their
convergence in H'-norm to a well determinated stationary solution is proved.
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1. Introduction

We would like to consider the problem

) . (Pl,uo)

Hereafter, T' is a positive real number, 2 = (0, L) is a bounded open interval of R, a,b
are numerical functions defined on some interval D of R and [ is a continuous linear
form on L?(2) or on

V = {v € H = 0}

We will deal first with variational solutzons, i.e. with solutions to the problem
u € L*(0,T;V) w
du e 12(0,T;V")
(u, 0) + Jou''dz = —a(l(u(1))) [ dz + b(I(u(t)))p(L) in D(0,T), Vo €V
u(0, ) = ug(+) in L?(Q)
l(u(t)) € D on (0,7 J
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The reader is referred to [4] or [9] for all the questions regarding Sobolev spaces and
variational solutions. For applications, we have for instance in mind the Model Problem

uy —u” = —([qu(t, z)dr)? in (0,7) x Q)
u(t, 0) =0 on (0,7)
u'(t, L) = ([Jqu(t,z) dx)? on (0,7) (MP p, q)
u(0, ): uo () in 0
Jou(t,z)dz >0 on (0,7) )

where p and ¢ are real numbers greater or equal to 1.

This paper is a continuation of the paper [8]. We refer to it for physical motivations
which have lead us to study this class of problems and for the proof of the following
known result.

Theorem 1.1. Assume the following:

(i) The functions a and b are locally Lipschitz continuous on D = R.

(ii) There ezist 1 <p € R and 0 < ¢y € R with |a(s)|+[b(s)| < co(1+]s[P) (s € R).
(iii) The initial condition ug belongs to L*(Q).

(iv) [ is a continuous linear form on L*(£2).

Then problem (Pl ug) has a unique mazimal variational solution u. Moreover, if
Tnaz (o) denotes its mazimal time of existence, u belongs to C ([0, Tras(uo)), L*(2)),
and if Trnaz(ug) is finite, then Bmy_7, . (uo) [u(t)|12(0) = +00.

The later assertion follows in a classical way (see, for instance, [5: Theorem 4.3.4]
or [13: Theorem 5.1.1]) from [8: Proposition 3.1]. Note that the above result remains
valid if, instead of assumption (iv), we suppose only [ defined and Lipschitz continuous
on L3(Q).

The paper is devoted to the study of the asymptotic behavior of the solutions to
problem (P, ug). We will first address the issue of blow-up in finite time. Considering
problem (MP p, ¢) we note that three phenomena work against blow-up:

- the different signs of the non-linearities
- the value of u(t) at the point z =0
- the “weak growth” of the non-local functional I(u fQ udx.

Let us explain briefly this last point. Going back to problem (Pl,up), let us assume for
simplicity that a = b. Then the key point allowing to prove that blow-up occurs is the
inequality

l(u(t)) > cuq(t) (1.1)
where u; denotes the first coordinate of the solution v in some spectral basis (pr)E>1

(see Section 2) and ¢ > 0 is some constant. If, for instance, I(u) = ([, u?dx)?, 2 then the
above inequality holds for all u in L?(f2) since
(/ gp?dm) =c (u)
Q

=

U = / uprdr < (/ u2d:1:)
Q Q
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by the Cauchy-Schwarz inequality. But in the case where I(u) = [, udz, inequality
(1.1) does not hold in V' as we see by taking u = —s.

We point out also difficulties coming from non-local terms. There is no global
Liapunov’s function and the maximum principle does not hold. More precisely, we see
by numerical simulations that the sign of u(¢) can change in € even if ug is positive.
Furthermore, u(t) is not necessarily bounded from below in © when [, u(t) dz tends to
+o0o — see Figure 1 depicting the shape of the solution u to problem (MP 2,2) for ¢
close to the blow-up time.

Figure 1

In Section 3 we introduce another kind of solutions which allows us in Section 4
to study the convergence of variational solutions toward some steady state. Finally, in
Section 5 the results are discussed and some open problems are formulated.

2. Blow-up in finite time

In this section we will assume that [ = 1. More precisely, we will consider the particular
problem

uy — v = —a( [qu(t, z) dz) in (0,7) x Q
u(t,0) =0 on (0,7) (P 1.up)
u'(t, L) = b( [qu(t, z) dx) on (0,7) Y
u(0,-) = uo(+) in Q

2.1 The main result. We have the following

Theorem 2.1. Additionally to the assumptions of Theorem 1.1 let us assume the
following:
(i) Q= (0,L) with L € (0,3%).

(ii) b is non-negative, non-decreasing on (0,+00) and f+oo bc(lj) < +o0.
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(iii) The initial condition ug is equal to B¢ where B € R and ¢ is a function of
L?(Q) satisfying one of the two conditions

(Al) ¢ > « a.e. in ), for some 0 < a € R
or

(A2) ¢ is continuous on Q, positive on (0, L], differentiable from the right at
0, ¢(0) =0 and ¢'(0%) > 0.

(iv) a(s) < b(s) for all s > 0.

Then there exists a real number (. such that for all 8 > (. the variational solution to
problem (P 1, 8¢) blows up in finite time in L?-norm.

We would like first to introduce some notation. Let (g )r>1 be the Hilbertian basis
of L?(Q2) defined by

— @) = Appr in Q
©1(0) = ¢i(L) =0
Jordz >0, |ok|r2@) =1

An easy computation shows that

A = o (2K — 1)° o
2.1
gok(:v):\/781n V) = \/731n (37 (2k = 1)x).

We put

Do) = o) = [ orda =3 (-0 - =) ke (22

Assuming that problem (P 1, ug) has a maximal variational solution u, we introduce the
linear problem

v () + A (t) = b( [u(t D(pr) in [0, Traz(uo)) (2.3)
vi(0) = ug, (2.4)
where ug, denotes the k' coordinate of the initial condition, i.e. ug, = [, uo( x)dx.

In order to prove Theorem 2.1 one will show that for £ = 1 problem (2.3) - (2 4) has
no global solution. Thus T4, (ug) must be finite and by Theorem 1.1 we will obtain
limg 7, (uo) |u(t)|22() = +00. To this aim we first need

Lemma 2.1. Under the assumptions of Theorem 2.1 there exists a real number
¢ > 0 depending only on L and ¢ such that, for all 8 > 0, the variational solution to
problem (P 1,ug) satisfies [, u(t,x)dx > cvi(t) for all t € [0, Trax(uo)).

Proof. Let t € [0, Tynax(up)). From (2.3) - (2.4) we deduce the representation

vp(t) = e Mg, + / te—Mt—s)b ( /Q u(s) dx) dsD(pr) (2.5)

0
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for vi. For all n € N let us consider the series

With (2.5) and the notation

k41
B =Dl [ e =3 (S~ 1) 26)

t
Iy, :/ e M(t=9)p (/ u(s, ) dm) ds
0 Q

we write Sy, (t) in the form
Su(t) = e Mlug, / prdr+ Y I By =: S)(t) + S2(t) (2.7)
k=1 L k=1

where S!(t) and S2(t) are defined in an obvious way. Let us begin to minimize S} (¢)
by a quantity of the form ee=*t*ug, [, p1dz. Under assumption (A1) of Theorem 2.1

choose
NN P
2 Jo dprda

\/> n(572z) > 0on (0,L), ¢ € L*(Q2) and ¢ > o > 0 on €, it is clear

Since ¢1(z) = /2 si
(0,400). Let 8 > 0. Then, for a.e. € ) one has

that € belongs to

uo(2) — cug, 1 (z) = (¢<x> < ¢so1dwl<x>)
> Bla — /Lo (2))
> fa(l - /Lo ().
Since 1 < \/% in 2 one deduces that

ug — €ug, 1 >0 a.e. in Q. (2.8)

If assumption (A2) holds, it is clear that the function

up () P(x)

Y @) " Tadede SO
is positive on (0, L] and
1 ¢x) = 1 ¢'(07)

>0 as ¢ — 0T.

WO = T« @) Joeeds 9,0)
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Thus extending w by
_e(0h)
fQ ¢§01dm 90/1 (0)

we see that w is continuous and positive on the compact set €, thus there exists some
positive real number (depending only on L and ¢) that we may assume to be equal to
e such that w(z) > € for a.e. x € Q, i.e. for all 3> 0

w(0)

ug — Eug, 1 > 0 a.e. in . (2.9)

Moreover, the variational solution w,, to the linear problem

)
wn(0,2) = uo, (1 — €)p1(x) + Xjouo,pu(z)  in Q

converges in C([0,], L?(2)) towards the variational solution w to the problem

wy —w' =0 in (0,400) x
w(-,0) =w'(-,L) =0 on (0,+00)
w(0,2) = ug(z) — eup, p1(x) in

Now, clearly,

wp(t) = e Mg, (1 — )y + Z e Mg, .
k=2

Thus, by continuity of the integral,

n

Ze_’\’“tuok/SOk—€€_’\1tU01/901 - /w(t)d:v as n — +00.
Q Q Q

k=1

It follows from (2.8) and (2.9) that up —ep; > 0 a.e. in Q. Thus with the strong
maximum principle [, w(t)dz > 0. Therefore, there exists some integer n(t) such that,
for all n > n(t),

n

SH(t) = Ze_’\’“tu()k/ggok > auole_’\lt/ﬂgaldac. (2.10)

k=1

Considering the sum S2(t), a direct computation leads to (see (2.6) and (2.1))

2

v
E,+Epi1=———(n(4k® — 1) — 2(4k> + 1)L).
i+ Ert1 2L4)\k)\k+1(ﬂ( ) —2(4k* + 1)L)
Thus
L<3 — Epy+Ep1 >0  (keNodd). (2.11)
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In particular, for £ = 1 there exists a positive real number that we may again denote

by € such that
E1 + E2 2 8E1. (212)

Furthermore, since ug = B¢ > 0 a.e. in €2, [8: Theorem 4.1] leads to
/ u(-,x)dr >0 on [0, Thnaz(uo)). (2.13)
Q

Thus, since b is non-negative on (0,400), b( [, u(-;2z)dz) > 0 on [0, Tmax(ug)) and
k +— I is non-increasing. It follows that for all k € N

L1 By > LBy (2.14)

since Exy1 < 0. For all even integers n > 4, writing S2(¢) in the form

n—1
S2(t)=LE1+LE + Y IiEp+ L1 Er
k=3, odd
and using (2.14) it comes
n—1
S2(t) > L(Er+ E)+ Y Ix(Ex + Eiya).
k=3, odd

Now [, > 0, thus with (2.11) and (2.12) we obtain

Going back to (2.7) and using (2.10), (2.15) and (2.5) with k£ = 1, we may write for all
even integers n greater than

Sn(t) Z 9 (ehtuol/ cpldx —|—]1E1>
Q

>e (e—*ltuol +/Ot e_’\l(t_s)b(/Q u(s)dw) dsD(gpl)) /Qcpldx (2.16)

stl(t)/ prdr.
Q

Moreover, if (ug(t))r>1 denotes the coordinates of u(t) in the basis (¢x)r>1, then
uk(t) Z Uk(t). (2.17)

Indeed, taking ¢ = ¢y, in the variational form of problem (P 1,ug) we get in C([0, t])

G+ s = o ([ o) [awteso( [ ). @y
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Now (2.13) and assumption (iv) of Theorem 2.1 imply —a ([, u) > —b([f,u). Thus
with (2.18) it comes since [, prdz > 0

uy(s) + Agug(s) > b (/Q u(s) dm) D(pk) (ke N,s €[0,t])

which together with (2.3) - (2.4) proves (2.17). Furthermore, (2.16) - (2.17) lead to

I;uk(t)/gwkdxz ;yk(t)/ﬂgokdx:Sn(t) ngl(t)/ggoldx.

Letting n — 400 it comes [, u(t) dz > evi(t) [, p1da for all t € [0, Trnax(uo)). Since e
depends only on L and ¢, we conclude setting ¢ = ¢ fQ p1dx B

We can now give the

Proof of Theorem 2.1. Let u be the maximal solution to problem (P 1,uy).
Lemma 2.1 says there exists a constant ¢ = ¢(L, ¢) > 0 such that [, u(t)dz > cvq(t).
Now ug, = [ uopidz > 0 and b([,udr)D(p1) > 0. Thus from (2.5) vy(t) is non-
negative. Since b is non-decreasing on (0, +00), we deduce that b( [, u(t) dz) > b(cv(t))
for all t € [0, Thnax(uo)). Thus with (2.3) we get since D(p1) >0

v1(t) + A1v1(t) > blcvy (t))D(p1). (2.19)

Denote again by b(-) the function b(-)cD(¢1), and set s = cv; and A = A;. The previous
inequality becomes

s'(t) > b(s(t)) — As(t). (2.20)
Thanks to the following lemma (see [13] for its proof) we control the sign of the right-

hand side.

Lemma 2.2. If a non-decreasing function b : R — [0,4+00) verifies f+oo bc(lz) <

+o0, then the set of zeros of the function s — b(s) — As is bounded from above.

According to hypothesis (iii) fQ ¢p1dr > 0. Thus by Lemma 2.2 we can choose [
large enough such that s(0) = (¢ [, pp1dx is greater than every zero of s — b(s) — As
(recall that ¢ > 0). Therefore one deduces easily with (2.20) that b(v(t)) — Av(¢) > 0 for

all t € [0, Thnaz(up)). Using again (2.20) and the fact that f+oo b(sgii/\s < +o00 we infer

that Thnaz(ug) < 400 and conclude the proof of Theorem 2.1 with the blow-up result
of Theorem 1.1 B

Remark 2.1. It can be proved in a similar way that if [ > 7, then blow-up driven
by the source term can occur (see [14] for details).

Let us apply now Theorem 2.1 to problem (MP p,p).

Corollary 2.1. Let p>1 and Q= (0,L) with 0 < L < ?1’—8. If the initial condition
ug = Lo satisfies hypothesis (iii) of Theorem 2.1, then there exists 3. > 0 such that
for all B > f. the solution to problem (MP p,p) corresponding to the initial condition
ug = B¢ blows up in finite time in L?-norm.
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Proof. We apply Theorem 2.1 to the problem

up — v’ = —(([qu(t,z) dz)™)P in (0,7) x Q
u(t,0) =0 on (0,7)

u'(t, L) = ((Jqu(t,z) dx)T)P on (0,7)
u(0, ) = uo(+) in Q

where ()T : R — [0, 4+00) denotes the Lipschitz continuous function defined by

+_[s if s>0
(5) {O otherwise.

Since ug > 0, we know from [8: Corollary 4.1] that this problem is equivalent to problem
(MP p, p).

2.2 Extension by rescaling. We would like to extend now Theorem 2.1 for larger
domains. To this aim let us introduce the set

Theorem 2.1 holds under assumptions (ii) - (iv)
without constraint on L for Q = (0, L)

Ibup:{L>0

Then we have
Corollary 2.2. I, is a subinterval of (0,+00) which contains (0, 37).

Proof. The second part of the assertion follows from Theorem 2.1. The proof of
the first part is very similar to that of [8: Corollary 4.2], therefore we omit it here il

Set Ly = sup Ip,, (recall that Ip,, is not empty) and for every numerical functions
a,b defined on [0, +00) put

Aa, b) = inf {%

If the above set is empty, we put A(a,b) = +oo. Then we have the following result (see
[8] for a similar proof).

s>0anda(s)>0}.

Theorem 2.2. Let a and b be two functions satisfying assumptions (i) - (ii) of
Theorem 1.1. Assume, in addition, that

(i) 2= (0,L) with 0 < L < X(a,b)Ly
+0oo (s

(ii) b is non-negative, non-decreasing on (0,400) and [ pg < too.

Then, if the initial condition ug is large enough in the sense of Theorem 2.1, the varia-
tional solution to problem (P 1,uq) blows up in finite time in L*-norm.
Remark 2.2.

(i) If a <0 on [0, +00), then A(a,b) = 400 and Theorem 2.2 holds for all bounded
domains ) = (0, L).
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(ii) The assumption a < b on [0, +00) of Theorem 2.1 is here no more needed since
the condition A(a,b) < 1 is allowed. For instance, if

T

b(s) = sPHL 4 as?

where p > 1 and « € (0,1) are given, then A(a,b) = a and b < a on (0,1 — «). The
assumptions of Theorem 2.2 can also be satisfied if a dominates b. Indeed, if

021 s

where p > 1 and « € (0, 1) are given, then A(a,b) = « and b < a on (0, +00).

3. The semigroup approach

We refer to [2] for a heuristic introduction to semigroup theory. In this section, we
follow [1] and will assume the following:

= (0, L) is a bounded interval of R (3.1)
the functions a, b are locally Lipschitz continuous on D = R (3.2)
the initial condition ug belongs to V (3.3)
the functional [ belongs to V. (3.4)

Let us introduce the following notation: if £ and F' are Banach spaces, we denotes by
L(E,F) the vector space of all continuous linear operators from E to F. Moreover,
L(E):=L(E,FE) and L(E, F) is equipped with the usual norm. For all s € R, H*(Q)
denotes the standard Sobolev-Slobodeckii space.

Let us now define the operators

A: D(A) C L*(Q) — L*(Q), u— —u” (3.5)
B: H*(Q) — L*(09Q) ~ R? u— Bu = (u(0),u'(L))

where
Dmyzﬂyayz{ueH%man:OMMMQA:o}

We put

by : R — L*(09) ~ R?, s+ (0,b(s))

which means that b1(s)(0) = 0 and b1(s)(L) = b(s). Then following [1] we can define a
new class of solutions to problem (P 1, ug).
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Definition 3.1. Let vy € V. We say that v is a V-weak solution to problem
(P l,up) on [0,7T] if u € C(]0,T],V), u(0) = ug and

/OT <—<§t,u> +/ u’§’dm) dt

Q
_ /0 ' (—a(l(u)) /Q gdx+b(z(u))g(t,1:)> dt + /Q £(0, 2)uode

for all £ € C([0,T],V)NC([0,T],V’) verifying £(T,-) = 0 in V.
We have then the following existence result.

Theorem 3.1. Under assumptions (3.1) — (3.4) problem (P l,uy) admits a unique
mazximal V-weak solution u € C([0, Tnaxz(uo)), V).

Proof. It is well known that the operator A generates a strongly continuous analytic
semigroup on L2(£2). Moreover, from (3.2) and (3.4), aol and by ol are locally Lipschitz
continuous from V into L?(Q2) and {v : {0,L} — R| v(0) = 0} ~ R, respectively.
Thus according to [1: Theorem 12.3] problem (P, uy) has a unique maximal V-weak
solution W

The next result motivates the introduction of such solutions since it provides com-
pactness for trajectories.

Theorem 3.2. Under the hypothesis of Theorem 3.1, let us denote by u the maximal
V-weak solution to problem (Pl,ug). If there exists some constant M > 0 such that

laol(u(t))| +|bol(u(t)) <M Vt € [0, Trnaz(uo)),

then Tpnaxz(ug) = +00 and the trajectory {u(t)| t > 0} is relatively compact in L*(Q).

Remark 3.1. It can be also proved that the trajectory is relatively compact in V'
(see [1: Theorem 12.3)).

Proof of Theorem 3.2. It is well known that the type of the semigroup generated
by A is strictly negative, i.e. there exists M > 1 and w € (—00,0) such that

le™ ey < Me®t (> 0). (3.6)

Using the fact that the functions a o I(u) and by o [(u) are independent of x € €, we
show easily with [1: Theorem 12.8] that T}, (uo) = 400 and {u(t) : t > 0} is bounded
in V. Thus by the Rellich Theorem, this trajectory is relatively compact in L?(Q) I

Before to give a convergence result in V' we would like to recall some results about
semigroup theory. Set Fy = L?(2), By = D(A) and A; = A. Then following [1: Section
8] we are able to construct a scale {(F,, 4,) : a € R} whose principal properties are
presented in the following



104 A. Rougirel

Theorem 3.3. Let —o00 < < a < +o0o and A be defined by (3.5). Then the
following statements hold:

(1) Each E, is a Banach space and A, € L(Fot1,Ey).

(2) —A, generates a strongly continuous analytic semigroup {e~'4e},>q on E, of
type w. Moreover, for allt > 0, e tAa — o~ t4p B, -

(3) For all 0 > w there exists a constant ¢ = c¢(«, ) such that
o= ey < et

4) The injection of E, into Eg is continuous and compact.
] B

When a € (1, 2), we know that
E, = Hg*(Q) = {u € H**(Q)| u(0) =0} .
To have a consistant notation, we put therefore
HE(Q)=E, (acR).

Considering now the map Ry : R? — H?(Q), g — Rg = u with u being solution to the

problem
—u”" =0 in Q
Bu =g on 0f)
it is clear that Ry € L(R? H?(Q)). By interpolation we define (see [1: Section 11])
Rea € L(R?, H?>*(Q)). Moreover, if a € (1, 3), one has

41
Ra € L{0} x R, HZ(Q)). (3.7)
A “variation-of-constant” formula. Let a € (3,2). We put for all u € H3*({2)

Fo1(u) = a(l(u)) + Aa—1Ra (b1 (I(w)))-
Then F,_1(u) € HZ* () since
|Fa—1(u)|H§a*2(Q)
< ’a(l(u))’H;a*(Q) + HAoc—lHz:(Hga(Q),H;a”(Q))HRaHL({o}xR,Hga(Q))|bl(l(u))|-

Thus, using Theorem 3.3/(1), (3.7) and the fact that, by Theorem 3.3/(4), L?(Q) is
continuously embedded into Hz*"?(Q) (since 2a — 2 < 0), one gets for some constant
>0

Bt (1) 202y < C(lall(w))] + b1 (). (3.8)
Then from [1: Theorem 10.2 and Lemma 11.1] u is a weak solution to problem (P, )
on [0,77] if and only if u € C([0,7],V) and
t
u(t) = e a1y —|—/ e~ Aarp(u(s))ds inV (t €10,77). (3.9)
0

After these preliminaries we can show the following convergence result.
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Theorem 3.4. Under the hypothesis of Theorem 3.1, assume that w and v are
global V -weak solutions to problems (Pl ,ug) and (Pl,vg), respectively. If, in addition,
v is bounded in V-norm and l(u(t)) — l(v(t)) — 0 as t — 400, then

(u—wv)(t) — 0 inV ast— 4o0.
Proof. Fix a € (3, 3). Using (3.9) one gets by difference

(u—v)(t) = e a1 (ug — vg) + /O t e” = A1 (F 1 (u(s)) — Fac1(v(s)))ds  (3.10)
in V, for all £ > 0. Set
£(5) = |Fac1(u(s)) = Fac1(0(5))] yao-2(q-
Arguing as in (3.8) leads to
2(s) < C(Ja(i(w) = a(Uw))] + [b(1(w)) = b(I(v))])

for some finite constant C'. Next, since v is bounded in V-norm, [ belongs to V’ and
l(u(-)) = l(v(-)) — 0, it follows that [(u(-)) and I(v(-)) are bounded. Then the Lipschitz
continuity of @ and b implies

g(s) — 0 when s — +o0. (3.11)
Going back to (3.10) one gets by (3.6) and Theorem 3.3/(2)-(3)

|(u = v)()|v

t
< [le™* 172 || vy luo — wvolv +/0 le™ (=M amt]| 1 raa—2 gy yye(s) ds

¢
< Me*tlug — voly + c/ (t — s)a_%eg(t_s)s(s) ds (3.12)
0

where o is taken in (w,0). Moreover, according to (3.11), for all 6 > 0 there exists a
time t5 such that

400 -1
e(t) <? (/ y“—?’/%“ydy) (t > ts).
0

Note that the above integral converges since o — % > —1 and o < 0. Moreover, by a
change of variable

t t—ts
/ (t — s)a_%e”(t_s)s(s) ds < sup 5()/ y*2e%Vdy <
0

ts [t§,+00)

[SISY)

Thus the integral in (3.12) that we write as

ts t
/ (t — s)a_%eg(t_s)g(s) ds + / (t — s)o‘_%ea(t_s)a(s) ds
0

ts
is bounded by
4]

t
sup 5()/ yo‘_%e"ydy + -.
t—ts c

[07t5]

Going back to (3.12) one deduces since w, o are negative that limsup,_, . [(u—v)(t)|v <
0 for all 6 > 0. Hence the result follows i
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Now we would like to connect this theory together with the variational one by mean
of the following

Theorem 3.5. Under assumptions (3.1) — (3.3) and (ii), (iv) of Theorem 1.1 prob-
lem (Pl,ug) admits a unique maximal V-weak solution v € C([0,T1),V) and a unique
mazimal variational solution v € C([0,T3), L*(Q)). Moreover, Ty = T5 and u = v on
[07 Tl ) :

Proof. Existence and uniqueness of u follow from Theorem 3.1 since I € (L?(Q2))" C
V’. Existence and uniqueness of v follow from Theorem 1.1. Moreover, using the
identification (L2(Q))" = L?(Q2) we deduce from [1: Corollary 12.2 and Theorem 8.1]
that, for all T" < T,

d /

Thus, going back to Definition 3.1 one deduces easily that u is a variational solution to
problem (P, up) on [0,7]. Hence T} < Ty and w = v on [0,7}) by uniqueness of the
variational solution. If T} < T3, then [(u(-)) = I(v(+)) is bounded in absolute value on
[0,7%) since by Theorem 1.1 v € C([0, T3], L*(Q2)) and | € (L*(Q))". From continuity
of a,b and Theorem 3.2 it follows that T} = +o00. Hence T} = Ty which completes the
proof of the theorem B

Remark 3.2. According to [3] we know that if the data are smooth enough, then
V-weak solutions are classical solutions.

4. Long time behavior of global bounded solutions

In this section we suppose that the functions a and b are equal. More precisely, we will
deal with the one-dimensional problem

uy —u” = —a( [u(t, z) dz) in (0,7) xQ
u(t,0) =0 on (0,7)
, (P ’LL())
u'(t, L) = a( [qu(t, z) dx) on (0,7)
u(0,-) = up(+) in Q
Let us introduce the variational solution ¢ to the problem
—¢" =1 inQ=(0,L)
¢(0) =¢'(L) =0
and let us set
D(¢) = ¢(L) — / ¢pdr = 1L% — 1L°. (4.1)
Q
We will assume the following:
L€ (0,37] (4.2)
a is locally Lipschitz continuous on R (4.3

la(s)] < co(1 +[s[") (s € R)
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for some p > % and ¢o > 0, and there exist two real numbers s; < sy such that (see
Figure 2)

D(¢)a(s) —s=0 Vs € {s1,s2} (4.5)
s <0 Vs € (s1,52) (4.6)
a(s1) < a(s) Vs € [s1, s2).

Figure 2
4.1 A comparison principle for the integral. For i = 1,2 we deduce from (4.5)
that the function u; : {2 — R defined by

u;(x) = @ﬁ +a(s;)(1— L)z (x € Q) (4.8)

fulfils fQ u;dr = s;. Hence we prove easily that it is a stationary solution to problem
(P ug). Moreover, since by (4.5) a(s1) < a(s2) and 1 —L > 0, we deduce from (4.8) that
u1 < ug in 2. Then we have

Theorem 4.1. Under assumptions (4.2) — (4.7), if in addition the initial condition
ug belongs to Lz(Q) and verifies u1 < ug < ug a.e. in ), then the variational solution
u to problem (P ug) is global, bounded in L?-norm and satisfies

/Quld:vg/gu(t,x)dxg/gmdw (t > 0). (4.9)

Proof. Arguing as in [8: Proof of Theorem 4.3] we can show that

/Q wyda < /Q u(t, z) dz < / wpde V€ [0, Tonas(u0)) (4.10)

Q

since by (4.5) - (4.7) a(s1) < a(s)
proved if we show that T),q.(ug) =
M > 0 such that

< a(sg) for all s € [s1,s2]. Note that (4.9) will be
+oo. From (4.3) and (4.10) there exists a constant

o [ uta)as)

<M in [0, Thas(uo)). (4.11)
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Moreover, since u € C([0, Tyaa(uo)), L2(2)) N L*(0,T; V), there exists a time ¢y €
[0, Thnax (uo)) such that u(tg) € V. Thus since u(- + o) is the variational solution to
problem (P u(ty)), we deduce from Theorem 3.5 that it is also a V-weak solution. We
conclude this proof using (4.11) and Theorem 3.2 i

4.2 A dynamical system. We have the following
Theorem 4.2. Under the assumptions of Theorem 4.1, let us denote by u the global
variational solution to problem (Pwug). Setting
Z = u(]0, +00)) (the closure in L*(12)) (4.12)
and for all z € Z denoting by

S()z the mazimal solution to problem (P z) (4.13)

the following statements hold:
(1) Thhax(z) = 400 for all z € Z.

(ii) {S(t)| t = 0} is a dynamical system on Z.

Proof. Since the solution u to problem (P ug) is global from Theorem 4.1, (4.12)
makes sense. Let z = limu(¢,,) € Z and t be any real number in (0, T}, (2)). According
to classical continuity properties of solutions with respect to initial conditions (see [13:
Proposition 5.2.1] or [5: Proposition 4.3.7]), for n sufficiently large S(t)u(t,) is well
defined and

|S(t)ulty) — S(t)z|L2(Q) <1

Moreover, since we easily show that S(t)u(t,) = u(t + t,,), Theorem 4.1 ensures the
existence of a finite constant M such that

\S(t)u(tn)]Lz(Q) <M (t,n > 0)
Thus for n sufficiently large
1S(8)2] 520y < 1S(E)ultn) — S(1)2lr20) + 1SEulta) 2@y <1+ M

for all ¢ < T4, (2) which proves assertion (i). Using the fact that by Theorem 4.1 Z is
bounded in L?(f2) assertion (ii) can be proved in a standard way (see, for instance, [10:
Theorem 1.2.2]) that we omit here i

4.3 A convergence result. Following [7: Theorem 5.6] we have the following

Theorem 4.3. Under the assumptions and notation of Theorem 4.2, if ug # us
a.e. in ), then
u(t) = S(t)ug — uy in V when t — +o0.

Remark 4.1. In [7] the authors define a dynamical system using the weak topology
of L?(2). This method seems here not to apply since problem (P ug) admits unbounded
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solutions (see Theorem 2.1). Note also that thanks to the semigroup theory we obtain
convergence in H!-norm while in [7] the convergence takes place in L2(2).

Proof of Theorem 4.3. We begin to find out a Liapunov function for the dy-
namical system {S(t) : ¢ > 0}. First, note that the test function ¢ introduced at the
beginning of this section verifies

/qﬁ'v'dw = / vdz Yo e V. (4.14)
Q Q

For z € Z let us choose ¢ = ¢ in the variational form of problem (P z). Using notation
(4.1) it comes

% ( /Q S(t)z¢da;> + /Q %(S(t)z)wx :D(¢)a( /Q S(t)zd:c).

Next, applying (4.14) with v = S(t)z leads to

%/Qs(t)zqﬁd:c:D(gb)a(/Q S(t)zda:) —/QS(t)zdx. (4.15)

Since z € Z, z = limy, o0 u(t,) = lim, o S(t,)uo for some sequence (t,,). Moreover,
according to Theorem 4.1 one has

/ulde/S(tn+t)u0dm§/u2dx.
0 Q Q

Since S(t, + t)ug = S(t)S(tn)uo, one gets passing to the limit in the above inequalities

/Quldafg/ﬂS(t)zdazg/Qquaz (t>0). (4.16)

Going back to (4.15) we deduce with (4.16) and (4.5) - (4.6) that
d
—/ S()zpdz <0 (t>0). (4.17)
dt |,

This means that v +— fQ u¢ dx is a Liapunov function for our dynamical system.

Arguing as in the proof of Theorem 4.1 we obtain that, for some tg € [0, Tynaz(uo)),
u(tp) € V and u(-+tp) is the V-weak solution to problem (P u(tp)). Hence, according to
(4.9) and Theorem 3.2 the trajectory {u(t) : ¢ > 0} is relatively compact in Z. Applying
the La Salle invariance principle (see, for instance, [10: Theorem 2.1.3]), one gets for all
z belonging to w(ug) (the w-limit set of uyg),

/ S(t)z¢ dx = / z¢ dx for all t > 0.
Q Q

Thus combining the above identity with (4.15) and using (4.16) and (4.5) - (4.6) we
deduce that

/ S(t)zdx € {s1, 2} for all ¢ > 0.
Q
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In particular, [, zdz = s; or [, zdx = s3 for all 2z € w(ug). Next set

/derz::si} (1 € {1,2}).

These are disjoint closed subsets of L2(2) such that w(ug) = w; Uws. Since w(ug) is
connected in L%(€2) (see [10]), it follows that there exists i € {1,2} such that

w; = {z € w(up)

w(ug) = w;. (4.18)

Then we claim

/ S(t)updr — s; when ¢t — oo. (4.19)
Q

Otherwise, there exists a sequence of real numbers t,, — oo such that fQ S(t,)updz does
not converge toward s;. By compactness of the trajectory we may assume that, up to
a subsequence, (S(t,)uo)n>0 converges in L?(2) toward some z which by definition of
w(uo) belongs to w(ug). Thus (4.18) implies [, zdx = s;. We get a contradiction, hence
(4.19) holds.

Next we want to show that i = 1 in (4.19). Indeed, if we assume [, S(t)uodz — s2,
then (4.19) implies by Theorem 3.4 that S(t)ug = S(t—to)u(to) — uz ast — +oo (recall
that u(tg) € V and [, usdx = s3). Moreover, since (see (4.17)) t — [, S(t)ug¢ dx is

non-increasing, one has
/S(t)uogzﬁdac < / ugd dx.
Q Q

Thus, letting n — 400 we obtain fQ uspdr < fQ up¢ dxr which is impossible since
ug < ug,ug # ug and ¢ > 0 in . Hence fQ t)updzr — s and applying Theorem 3.4
in the same way as above we get S(t)ug — uy in V when ¢ — oo. This is just what we
had to prove i

We would like to apply now this result to problem (MP p,p) with p > 1 and 0 <
L < 3% For this it is enough (see the proof of Corollary 2.1) to consider the problem

uy —u’ = —(([qu(t,z)dz)™) in (0,7) x
ult, 0):0 on (0,7)
u'(t, L) = ((Jqu(t,z) dz) ™) on (0,7)

u(0,-) = uo(-) in Q.

Since the function a(s) = (s)*" satisfies assumptions (4.3) - (4.7) with s; = 0 and

Sg = (D(l(b))ﬁ (m) 77, Theorem 4.3 applies with (see (4.8))

ui(z) =0

o vz € (0,L). 4.20
ug(x) = 7256 +s5(1— L)z 0.0) ( )
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At this point, a natural question is that on the “size” of the set
{uo € LQ(Q)) u; < ug < ug a.e. in Q}

Since u1(0) = u2(0) = 0 and uq is increasing on 2, we may answer studying us(L). One

has
P

671  L(2-1L)
2 (L3 -2L))7 T

UQ(L) =

An easy computation shows that

2(1 — L)L*

ub(L) and

(p+2) (L—g(p—ﬂ)>

p+2

. . : 3(p+1) _ 3
have the same sign. Since p > 1, it holds iz T 3 — ) > 2. Thus

L_?)(p——’_l)gL_2<O
p+2

371')'

since L < 3% Therefore up(L) decreases with L on (0, 37) from +oo to ua(35

T
In order to study the variations of us(L) with respect to p, let us set

us(L,p) = uz(L).

Rewriting
p

L@2-1L) 6 71
us(Lop) = == (L2(3—2L))

3(2—L)

we deduce that, for fixed L, us(L, p) is decreasing with p € (1, +00) from +o00 to VACEIAR

In order to estimate this quantity from below we put for all L € (0, %)

2—-L

uz(L, +o0) = im uz(L, p) = 3m'

Since L — uy(L, +00) decreases on (0,1) and 3% < 1 we get ua(3%, +00) > us(1, +00)
= 3. Note that a numerical computation leads to ua (3%, +00) ~ 3.019.

Finally, for all (L, p) € (0, 3%] x (1, +00) it holds

g vallop) = lim us{Lop) = oo

and 5 5
us(L,p) > us(o=,p) > lim uy(*n

o o p) >3,
1o'P) = lim ue(qgep) 2
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5. Conclusion and open problems

Considering the theoretical and numerical results, it appears that the asymptotic be-
havior of the solutions is essentially governed by the semilinear structure of our problem.
For references on semilinear parabolic equations see, for instance, [6, 11, 12, 15, 16].

In Theorem 2.1 we prove that the L?-norm of the solution blows up and we could
also show that

lim sup / u(t) de = 4o00.
Q

t_)Tmaa: (UO)

But it remains to prove as suggested by numerical simulation that the integral of w(t)
blows up also. Moreover, from Figure 1 we conjecture that the blow-up set is equal to

(0, L] and

lim  wu(t,z) =—oc0 (z€(0,L)) and lim  wu(t,L) = +o0.

t—=Tmax (UO) t_’Tvnaac(uO)

Finally, note that we just have to obtain estimates related on linear problems in order
to be able to extend our results to higher dimensions.
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