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A Quaternionic Beltrami-Type Equation
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Abstract. The paper deals with a quaternionic Beltrami-type equation, which is a very natural
generalization of the complex Beltrami equation to higher dimensions. Special attention is
paid to the systematic use of the embedding of the set of quaternions H into C? and the
corresponding application of matrix singular integral operators. The proof of the existence of
local homeomorphic solutions is based on a necessary and sufficient criterion, which relates
the Jacobian determinant of a mapping from R* into R* to the quaternionic derivative of a
monogenic function.
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1. Introduction

Let G be a domain in C and ¢ = ¢(z) with |¢(2)] < g0 <1 (2 € C) a given complex-
valued function which links both formal complex partial derivatives
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of an unknown complex-valued function w = w(z) by means of the equation
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This equation is usually called the (complex) Beltrami equation and represents the
complex form of a first order uniformly elliptic Beltrami system for two unknown real
functions u = Rew and v = Im w.

The number of applications of the Beltrami system is very high. Besides its impor-
tance for the general theory of linear and quasilinear elliptic systems, it is related to
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problems of conformal and almost complex structures on general Riemannian surfaces
and plays the central role in geometric function theory, particularly for quasi-conformal
mappings, uniformisation and the theory of Teichmiiller spaces. The last is essential for
recently developed conformally invariant string theories in theoretical physics. Nowa-
days, the Beltrami equation appears in complex dynamics, too, and this list of subjects
is far from being exhaustive (c.f. [2]).

There exist many methods for generalizing the theory of the complex Beltrami
equation to higher dimensions, mainly by using function-theoretic methods in C™ (see,
e.g., [4,10-12, 14, 18, 19, 27, 29]). However, up to now there were only few attempts to
invoke methods from quaternionic or, more generally, from Clifford analysis (e.g., [5, 15,
21, 22], and more recently [13]). This latter area of research (named after the title of the
book [3] by Brackx, Delanghe and Sommen, which was published in 1982) started as a
generalization of complex analysis by using Clifford algebras, but is meanwhile turning
into an independent discipline.

There are a lot of papers in Mathematics and Mathematical Physics dealing with the
development of Clifford-analysis methods for the treatment of special higher-dimensional
differential equations (for an overview we refer the reader to [8 - 10]). However, until
now there has been no attempt to develop in a systematic way a general theory of
differential equations in the framework of quaternion-valued functions of a quaternionic
variable and, of course, in general, in the framework of Clifford analysis. In fact, there
may have been several reasons for such a situation. It would be enough to refer to the
peculiarities of the non-commutative algebra as the algebraic basis for such a theory
— the general opinion (particularly in engineering) relies more on other methods like
matrix, vector or tensor analysis. But the treatment of problems in higher dimensions
by several complex-variable methods is in many cases restricted to even dimensions. On
the contrary, methods of function theories in algebras more general than the algebra of
complex numbers, namely in Clifford algebras and the particular case of quaternions H
are free from such restraint.

Of course, not all properties of holomorphic functions and other facts of classical
complex function theory are valid or have an easy and obvious counterpart in Clifford
analysis. But even some years after the publication of [3] the idea of an appropriate
derivative of the corresponding class of regular functions (defined as the kernel of a
certain generalized Cauchy-Riemann operator D, which the authors of [3] also called
the set of “monogenic” functions) was still not clear. Surely, this has to be the first step
towards a general theory of differential equations similar to that in C.

Today, there are several arguments to accept that the derivative of a monogenic
function f is given by D f, where D is the conjugate differential operator to D mentioned
above (see [7, 25]). Taking into account that the classical Beltrami equation in the form
of (1) is nothing else than a linear combination of the complex partial derivatives %
and %, this suggested the idea (cf. [22]) to consider a corresponding linear combination
of Df and Df as a natural generalization of (1) to a Beltrami-type equation in higher
dimensions. That is why an equation of the same form

Df =Q(Z)Df,

but now with a quaternion-valued unknown function f = f(Z) of the quaternionic
variable Z and a quaternion-valued coefficient Q(Z), is taken as our object of study. The
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restriction to the quaternionic case is related to the problem of proving the existence of
locally homeomorphic solutions of this Beltrami-type equation. At least in the classical
case such type of solutions are of special interest for all applications. But, therefore,
the numbers of components of the independent and of the dependent variables have to
be the same. In the special Clifford algebra of quaternions this is ensured, but a more
general treatment would need some restrictions of algebraic nature to guarantee the
same relation.

The paper is organised as follows. Section 2 prepares the algebraic background,
including the embedding of the set of quaternions H into C? and the corresponding
representation of the involved differential operators in form of matrix operators. Then,
in Section 3, a theorem will be proved which is of own interest in the theory of monogenic
functions in quaternionic analysis. It relates the Jacobian determinant of a mapping
from R* into R* to the quaternionic derivative of a monogenic function. Section 4 studies
the general aspects concerning the solvability of the Beltrami-type equation in matrix
form. Singular integral operators are introduced and applied to solve the Beltrami-
type equation by fixed-point methods. Finally, by using the theorem of Section 3 as a
criterion for the property of being a local homeomorphic mapping we show the existence
of homeomorphic solutions of the considered Beltrami-type equation in Section 5.

2. Preliminaries

In what follows, we will work in the skew field of quaternions H which results from the
algebraization of the vector space R3. Thereby, we write an arbitrary element Z € H in
the form

Z =1x0+ x1€1 + T2€2 + T3€3,

where xg, ..., z3 are real and 1, e1, e3, e3 stand for the elements of the basis of H, subject
to the multiplication rules

el=el=ei=-1

€162 = —€2e1 — €3

€2€3 = —€3€x = €

eze;] = —eje3z = eq.

In this way the quaternionic algebra arises as natural extension of the complex field C.
We denote by Sc Z = x( the scalar part of Z and by Vec Z = z1€1 + T2€ + T3€3 its
vector part. Like in the complex case, the conjugate element Z of Z is given by

Z:SCZ—VGCZ:IQ—(Elel — Xg2€9 — X3€e3

with the properties o
77 =27 =|Z|* = 2% + 22 + 23 + 2.

In such a way |Z| coincides with the Euclidean norm of Z regarded as an element of the

vectorial space R*. Also, each non-zero quaternion Z has a unique inverse Z ! = | ZZ|2.

Then it is evident that an H-valued function W = W (Z) can be written as

W(Z) = wo(Z) + wl(Z)el + wg(Z)eg -+ wg(Z)eg
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where wy, ..., ws are real-valued functions. Properties such as continuity, differentia-
bility, integrability, and so on, which are ascribed to the H-valued function W have to
be fulfilled by all real-valued components wy. Like usual, C**, £, and W;f denote the
corresponding Holder, Lebesgue and Sobolev spaces of those functions, respectively.

In the case of p = 2 we introduce in £5(2) the H-valued inner product
(U, V) = / U(2)V(Z)dQy.
Q

The differential operator given by

0 0 0
D = —l—e1 —|—e2 —{-eg

2
0xo Oxy O ®

6.1’3

plays a central role in the sequel. It is easy to see that it is the quaternionic generalization
of the complex Cauchy-Riemann operator 2 = (2 + z'a%). Note that

0z — 2\0x
DD =DD=A
where A is the Laplacian and
D= 0 _e18 —ega —838
0xo 0x1 O0xo 0x3

is the conjugate generalized Cauchy-Riemann operator. If @ C R* = H is a domain,
then a function W : @ +— H is said to be left-monogenic in € if it satisfies the equation
(DW)(Z) = 0 for each Z € Q. The fundamental solution with respect to D is given by

\m

e(Z) =

N

where w is the surface area of the unit ball in R* This function is left-monogenic
(and right-monogenic) for Z # 0 and is used in the next section for constructing the
generalized Cauchy kernel of the right inverse integral operator 7' of D. We remark
that the set of monogenic functions in H does not form an algebra which is a fact
different from the complex case. For more information about these topics and general
quaternionic analysis we refer to [8 - 10].

| 4

€|l

As it is well-known there exist several equivalent possibilities for the treatment of
quaternions (cf. [9]). One of them is by using the one-to-one correspondence between
quaternions and vectors of complex numbers. In order to show the specific technical
tools, we will now present the treatment of the generalized Beltrami equation

DW(Z) = Q(Z)DW(Z) (3)

by means of this approach.

Identifying the complex imaginary unit ¢ with e, we can write each quaternion Z
in the form Z = z; + e129, with z; = g + esxy and 29 = x1 + ezx3 being elements of
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C = Ce,)- More explicitly, this means that we can use the correspondence H = C,) @
€1Ce,). Then we can write our generalized quaternionic Cauchy-Riemann operator in
the form

D=2 (521 + 815Z2) (4)
where 1/ 0 0 1/ 0 0
5. =1 (9 e, 0 A 7, =2(2 12
9 (axo +e 6’@) an =9 (5’:171 + e 0x3)
are the corresponding C,)-Cauchy-Riemann operators with respect to z; and 22. Anal-
ogously, the conjugate quaternionic Cauchy-Riemann operator can be written as

D =2(0., —eid.,).

With the help of Wi := wg + esws and Wy := wy + esws we also get the representation
of W in the corresponding form

W(Z) = wo(Z) + w1(Z)e1 + wg(Z)eg —+ wg(Z)eg = Wl(Z) + 81W2(Z).

After having passed to the representation of a quaternion by two C,)-components
we will also use the relation to the corresponding 2 x 2 matrix calculus as an auxiliary
tool. For that purpose we consider the function W = Wi (z) + e;Wa(z) as a vector
W = (W, Wo)T of two Cle,)-valued functions Wy and Wy depending from the C.,)-
variables z; and zs.

Notice that for simplicity we are using in both cases the same symbols. In general
it will follow from the context which form, the complex vector or the quaternionic one,
has to be used.

Continuing towards our aim we obtain the generalized Cauchy-Riemann operator
D in the form of a matrix operator from (C%EQ) into (C%GQ), acting from the left on W in

9., -0 Wi
DW =2 * =2 .
( 0z, 0z ) ( Wy )
It is easy to check that the formally adjoint matrix of D is exactly the conjugate gen-
eralized Cauchy-Riemann operator D in matrix form, i.e.

) azl 822
D_2<_5Z2 5)

Altogether, this allows us to rewrite the quaternionic Beltrami equation (3) in the
corresponding C,,)-matrix form

the form

DW = QDW (5)

where W = (W1, W5)T and Q = (8; §2) is the coefficient matrix with entries related

to Q(Z) = q(2) + q1(Z2)e1 + q2(Z)ez 1+ q3(Z)es,qn(Z) € R (k=0,...3), by Q) =
Qe—1 +e2qpr1 (k=1,2).
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3. The derivative of a monogenic function and geometrical
properties of the mapping realized by a monogenic function

We will now characterize the quasiconformality of a monogenic function in terms of its
derivative. It is shown in [7] that for all dimensions of the underlying real Euclidean
space R"*! the hypercomplex derivative of a monogenic function W is the term — %EW.
For the case of quaternionic monogenic functions this was shown in [25] already in
1979 and later in [17]. We will see that the relations between derivative, Jacobian
determinant, and quasiconformality are not so direct as in the complex case (c.f [1]).
But, nevertheless, it is possible to characterize the Jacobian determinant at least in
terms of the derivative.

First, we consider the problem of the existence of a homeomorphism. Assume that
W € kerD. Furthermore, let J = (%)ijzo be the Jacobian. The function W realizes
a local homeomorphism at the point Z = 0 if detJ|z—9 # 0. As a first step we can
prove the following result.

Lemma 3.1. det.J|z—o # 0 implies DW (0) # 0.

This is due to the fact that otherwise from D + D = 20,, and DW = 0 it follows
0o f(0) = 0. Therefore, detJ|z—¢o = 0 because 0,,W(0) represents the first row in
the Jacobian J. However, this condition is not sufficient, take for example W (Z) =
Tr1 — Xpeq.

Remark 3.1. For each function W € kerD N kerD it follows that W is not a
homeomorphism at Z = 0. This may look strange at first sight because this subspace
of monogenic functions has an infinite dimension. But, remembering what a derivative
is in the hypercomplex setting, the result seems to be natural. The set kerD N kerD
defines the “constants” with respect to the introduced derivative and in this sense the
result corresponds to the complex result.

Now, let P € H, [P| =1 a constant quaternion. We consider the terms DW (PZ)
and DW (PZ). For the first term we have

DW(PZ) = PDW (Z).
This implies W(PZ) € kerD if W € kerD. Furthermore, for the second term we have

= _ — 3 0PZ);
DWU&j_ELELQQW'a%

= (poOoW + P11 W + padoW + 05 W)
+ €1 (p1OoW — poh W — p3daW + pa0sW)
+ €2 (p20oW + ps W — poOoW — p10sW)
+ e3(p30W — p2i W + p10oW — po0s W)
= (po +eip; +ep2 + egpg)aoW
+ (p1 — e1po + €2p3 — e3p2) MW
+ (p2 — e1ps — eapo + e3p1) W
+ (p3 + e1p2 — eap1 — e3pg) W
_ D(PW).
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Thus, the property DW = 0 is not preserved under rotations. Moreover, W € kerD can
be expanded by Taylor’s formula with respect to the variables 6; = z; —e;xg (i =1,2,3)
which denote the so-called totally regular variables (see, e.g., [3, 7]), yielding

W(Z) =W(0) + 01a + 02b + 03¢ + O(| Z|?).

Hereby, det.J|z—¢ depends only on the linear part of this expansion. On the other hand,
we also have the classical Taylor formula in R* with respect to the real variables z;:

W(Z) = W(0) 4+ 200 W (0) + 2,0, W (0) + 2205 W (0) + 2303W (0) + O(| Z|?).

If detJ|z—¢ = 0, then JyW, ..., 03W are real linearly dependent, i.e. there exist real
numbers ayg, ..., as with Z?:o a? =1 and

Oz()a()W(O) + 06181W(0) + Ozg&gW(O) + 0&383W(0) =0.

Now, let p = (ao, . .. ,a3)f 2 PeHand Y = PZ. We consider Dz W (PZ)|z=o. Using
again D + D = 20,, this results in

oW (PZ) 3 OW Oy,

Oxo i 0yj Oxg
— OWO(PZ);
N j(?_yj 0xo
ow ow ow ow
"o oy M T 9T By

or, with other words,
det J¢lz—o=0 == 3P:|P|=1ADzW(PZ)|z=0=0.

Obviously, the reverse statement is also true.

We are now ready to describe the linkage between the derivative and the corre-
sponding Jacobian determinant:

Theorem 3.1. Let W be monogenic. Then

det Jyw|z—0=0 <= 3P: |P|=1ADzW(PZ)|z—0=0.

This theorem also implies the criterion

detJW]Z:() 7& 0 <— min ‘E2W(PZ)|Z:0| > 0.
PEM,|P|=1

We are interested now to describe an analogous property not only for monogenic
functions but also for solutions of our Beltrami system (3).
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Theorem 3.2. Let W € C1*(Q) be a solution of DW(Z) = Q(Z)DW(Z) in Q
with Q(0) = 0. Then

det Jw‘Z:():O +— dP: ’P‘Zl/\ﬁzW(PZ)’Z:():O.

For the proof we need the equality QG%OW(Z) = (Q(Z) + 1)DW(Z) which comes

directly from (3) by rearrangement. As above now detJy|z—o # 0 implies DW (0) # 0,
otherwise we get B%OW(O) = 0 and detJy|z—o = 0.

Assume that detJy|z—¢o = 0. Then analogously to the preparation of Theorem

3.1 there exists a P € H such that |P| = 1 and %x]zznzzo = 0. From Q(0) =0

we have DW(0) = 0 and, consequently, %j}z)]z:o = 0 implies DzW(PZ)|z=0 =

~DzW(PZ)|z=o. Together with Dz W (PZ) = PDW (Z) we obtain Dz W (PZ)|z—¢ =
0.

Now, we will deal with the property of quasiconformality of the mapping W :
R* — R* We discuss this property only locally for a neighbourhood of the point
Z = 0. Suppose that W is monogenic and realizes a homeomorphism. Without loss of
generality (removing higher order terms from the Taylor expansion), we can consider

W(Z) = 9161 + 023 + 930
with B, C € H. We have to estimate the terms

max (W(Z) -w(0)|  and min (W (Z) —W(0)]

with
W(Z) =W (0) =Y z:0;W(0) + O(|Z]).

Due to the linear independence it is enough to consider only | x;0;W(0)| for the
maximum and minimum on the surface of the ball |Z| = r. In the case of the chosen
function W(Z) we have for the Jacobian written in the short form of columns

J = (3DW,e;,B,C)

and, therefore,

iDW|> LiDW.e; 3DW-B 1DW-C
JTJ: %éW-el 1 B e C-e1

iDW-B  B-e | B|? B-C

iDW-C C-e B-C |C|?

where B - C' denotes the scalar product of B and C in R*. From this for the trace
trJ'J = |iDW]* + 1+ |B]* +|C|?

follows and we obtain \%5W!2 < trJTJ < 40,., as an estimate for the greatest

T
eigenvalue opax. Using the Rayleigh-quotient, we get owmin = min|z4g (J(Zj—g)z) <
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Y R*) for the lowest eigenvalue oi,. Chosing Y = (1,0,0,0)7 this results

JTIYY) (Y
in opin < \%

W%, Alltogether, we obtain
1711712
Omin S ‘ﬁDW| S 4Umax~

From the inequalities for |detJ| we get

Tmin IDW 2 < /]detd] < T2 1DW|?

max min

as well as

min 1= max
Imin | /ldetJ| < 5DW] < Tmax  /ldet.]].
g Omi

max min

These inequalities show the equivalence of the Jacobian determinant and the derivative
of monogenic functions.

Remark 3.2. It should be mentioned explicitly that all the aforementioned con-
siderations only require DW(0) = 0 and not that W (Z) is a monogenic function in a
neighbourhood of the origin. It is enough to assume that it is a function of the class C?
to ensure the existence of the Taylor expansion with second order remainder term. In
the next section we will apply these ideas to the problem of the existence of locally qua-
siconformal solutions of the Beltrami equation. The Beltrami system is usually studied
in the scale of Holder spaces. If we have solutions of (3) belonging to C%%(£2) (where
Q) = R* is allowed), then the above used real Taylor expansion is ensured. The addi-
tional condition Q(0) = 0 implies DW (0) = 0 and therefore the linear part of the Taylor
expansion can be written using the hypercomplex variables 6; which was necessary for
the estimation of the Jacobian determinant.

4. Solvability of the Beltrami-type equation

The correspondence between the quaternionic Beltrami equation (3) and the matrix

equation (5) in Section 2 allows us to study the solvability of (3) by employing integral

operators with entries similar to the complex operators. Indeed, taking the classical

integral operator methods developed for the plane case (c.f. [28]) into account we obtain

the form of the corresponding integral operator T' as the right inverse operator of D in

a straightforward manner. The crucial point is to substitute the complex Cauchy kernel
L (¢ — 2) by the generalized Cauchy kernel

27
1 67
= 5"~
)
mentioned in Section 2. In detail, with H = (Hy, H2)T and € = & +e1& =2 (6,6) €
(C?ez) we get

Joo B2 HL (€) + 2223 Ha(€)dS2
fQ _\(§£2fo) (f) + |§§1 ZZ|14 H2(£)dQé:

TH = —5%;

272
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If Q is a bounded domain, then 7" is a continuous operator from the space Wjj(Q) into
the space WFT(Q) (1 < p < oo,k € Np). In the case of an unbounded domain €
the operator T' has the continuity property for kp > 4 (see [23]). Thus, in both cases
DTH = H. It should be noticed that T also acts from C»“(£2) into C'*1*(Q) (0 < a <
1).

Following now the general scheme of the solution of the Beltrami equation by integral
operator methods in the plane we have to transform the matrix Beltrami equation
DW = QDW into an equivalent singular integral equation. For that purpose we notice
that every given solution W € W}’f (Q) (1 <p < oo,k eN) can be represented in the
form

W(Zl,ZQ) = @(21,22) —|—TH(2’1,22) (6)

with H € WE=1(Q) taken as H = DW and ® = W —TH € W} (). The same relations
are true in the case of W € CH¥(Q) with H € C'=1%(Q). Because D® = DW — DTH =
DW — H = 0, it is evident that ® is a monogenic vector in the sense of the matrix
differential operator D (i.e. the corresponding quaternionic function ® = ®(7) € H is
monogenic or, in other words, it is a solution of the homogeneous generalized Cauchy-
Riemann equation DW = 0.)

Knowing now that every W]',f-solution of the Beltrami equation has a representation
in the form (6), we use (6) as an ansatz for an unknown solution W to obtain the
aforementioned singular integral equation equivalent to (5). Indeed, let ® be some
specially chosen monogenic vector. Applying to both sides of (6) the operators D and
D and combining the obtained expressions according to the equation DW = QDW we
get that H = DW has to satisfy the equation

H = QD% + QIH (7)
where
IIH = DTH
_ (fQ [E11(&, Z)H1(§) + E12(§, Z)Hy(§)] dQﬁ) ! (Hl(z))
=7y Ba6, 2)Hu(©) + Bnt, 2y ma(0)) a0 )~ 7 \ia(2)
and the kernels E;; (i,j = 1,2) are given by

206, —z1)* —2(&2 — 22)(&, — 22) — [€ — Z)?

e n= - 2p

Fual€, Z) = 2(& —71) (& — 2\2)—+ Z2|(6§1 —21)(&, — %)
Enle.7) = —2(&, — 71)(& —‘221—2126(51 —21) (&2 — 22)
B(e, 7) = 282~ 22)( — 2’22:’;'6— 2P 426 — =)

This strongly singular integral operator is an H-analogue (in the C/e,)-vector represen-
tation of quaternions) to the complex IT-operator (see [28]). Going back to the usual
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representation of quaternions and using the operator D in the form corresponding to
(4) it is an easy task to verify that the obtained integral operator coincides with the
quaternionic IT-operator investigated in detail in [5, 13].

To be able to follow the general scheme of the method we should now verify that
this new matrix integral operator satisfies all necessary mapping properties between
the relevant function spaces. Moreover, we also have to define relations between the
corresponding norm of the IT-operator and the coefficient @ in (7) to guarantee the
applicability of fixed-point methods which serve for the unique determination of H as
solution to (7). Formula (6) shows that in view of the chosen monogenic vector ® we
obtain that way a unique solution for the Beltrami equation itself. It is evident that
the choice of @ is a degree of freedom in the determination of a solution to (5). Indeed,
we will see that the specific choice of ® allows us to obtain a homeomorphic solution of
(5) in the following section.

Following the general theory of singular integral operators (cf. [16]) and the results
of [5] this strongly singular integral operator acts from C»*(Q) to Ct*(Q) (0 < a < 1)
and it is also a bounded operator from W} (€2) into WF() (1 < p < oo,k € Ny).

The determination of a concrete norm estimate in W5(Q) has been shown in [13]
by using methods of [16], particularly the relation of the norm of the quaternionic
[T-operator to the absolute value of its symbol.

Remark 4.1. As a consequence of the aforementioned properties of the Il-operator
we obtain that for ||Q|] < ¢. < ﬁ in the norm of C"*(2) (0 < a < 1) or WF(Q) (kp >
4) the singular integral equation (7) can be solved using Banach’s fixed-point theorem.
We notice that in the case of kp > 4 the space Wllf (Q) forms a Banach algebra. Moreover,
according to the well-known Sobolev embedding theorem [24] for kp > 4 +Ip+pa (I €
No,0 < a < 1) our solution H also belongs to the space C>*(Q). Based on this fact,
in all what follows we consider the solvability of equation (7) over spaces Wk () with
kp > 4.

As we can see the choice of a minimal value of p to guarantee the needed smoothness
of the solution of (7) essentially depends from the real dimension of the space. Compar-
ing this situation with the complex case we should notice that we cannot profit from the
consequences of the theorem of M. Riesz [20] about HH||72P being a logarithmic convex
function of p in C and the fact that for p = 2 the Lo-norm is one. In the quaternionic
case we are forced to a value of p greater than 2 and to be able to obtain a condition
for the contraction property of ||QII|| we would have to impose stronger conditions on
the module of the multiplier Q).

5. The existence of local homeomorphic solutions

As we mentioned in the previous section in the case of @ € WE(R?*) (kp > 4) with
1Qlwr < e < m our singular integral equation (7) has a solution H uniquely
WP

determined by choosing a monogenic vector ®. For the following we set
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and obtain a solution
w=1 (fl) +TH
zZ2

whereby H satisfies the singular integral equation (7) with D® = (1,0)7 (in quaternionic
terms D® = 1). The special choice of ® is motivated by the simplest form of a partial
solution to the homogeneous Cauchy-Riemann equation DW = 0 which guaranted
QDW = (Q1,Q2)T and with a Jacobian matrix closed to the identity. In the quaternions
this solution has the form

W = (21 + 22€1) — 53 /R4 |§__—ZZ|4(H1(€) +e1Ha(€))dRe.

Starting from this special solution we will now investigate the problem of the existence
of locally quasiconformal solutions of the Beltrami equation (3).

Let us first consider the case Q@ € W2(R*) (p > 4). Furthermore, suppose ||Q] w2 <
ge < W (c.f. Remark 4.1). Then for each neighbourhood Us(0) ={Z : |Z| < 0} we
Wh

can consider the function

with

p(Z) =
1 if |Z] < 36
—192(121y5 1 720(21y —1040(121)3  720(121)2 — 240(12l) 432 if Lo < (7| <
0 if |Z| > 4.

Hereby, we have [|Q°[|wz < [|Qllwzllellwz < 587264Qlwz.

Let us denote by Wg (Us(0)) the space of all W2 (R*)-functions with support in Us(0).
Then we have for the operator IIs defined by IIsH = Q°IIH the mapping property

Is : W2(Us(0)) — W2(Us(0)) (1 <p < o).

Moreover, from

Qw2 < ¢ < (p>4) and  ||Q°llwz < 587°6"(|QlIwz

[Ty

it follows that for all § < \/ﬁ the operator IIs is a contraction over W2(Us(0)) (p >

4). Based on this, we have that

where H° satisfies the equation

—5
() (3 &)
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is a solution of the Beltrami equation DW = Q°DW over R* and it is also a solution
of the Beltrami equation DW = QDW over U; (0). Note that due to our construction

of Q° the function H? vanishes outside the neighbourhood Us and belongs to the space
ChY(RY) (o = 1— % for p > 4). Furthermore, from the application of Banach’s
fixed-point theorem to our singular integral equation

@l 5552Qlwgd"
1= @zl ~ =587 [Qllwz0* [Tz

| EH s <

follows. For ¢ < \/ﬁ we get ||[HC |lywe < 11672|Q| w26 < |\1111ﬁ7r22 §%. This leads to
~/ T P p Wp

the fact that for all e > 0 there exists a § such that

€

[F: P y——
PED e

(8)

These properties allow us to solve the problem of the existence of a local homeo-
morphism based on Theorem 3.1. Hereby, we would like to observe that the theorem
is also true if we replace the condition of monogeneity of the function W by the con-
ditions that W is a C2-function and DW(Z) = Q(Z)DW (Z) with Q(0) # —1. This
latter condition corresponds to the imposing of a direct connection of the terms DW
and DW given by a Beltrami-type equation. In the case Q(0) = —1, W will never be a
local homeomorphism at the point 0. (Indeed, DW + DW = 0 means that 9,,W = 0.)
Therefore, let us assume in the following Q(0) # —1.

From Theorem 3.1 we have the condition
detjw|Z:0=O <~— dP: |P’=1/\ﬁzW(PZ)|Z:0:O.
Evaluating the terms

DzW(PZ)
=2 (azl — 615@)

x (((plzl —Dp22) + €1(PaZ1 + p172)) + TH® (121 — Poza, PoZ1 + plzg))

and DzW (PZ) at the point zero this condition is transformed into the following prob-
lem:

Does there exist P = p; + e1p2 such that the system

240 O Cis Cia p1 0
Cy 240 Oy Coa p2 | _ |0 9)
Cis Ciu 24+Cunn Cr2 P 0
Cos C2a Ca1 2+ Cy P2 0
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has non-trivial solutions? Hereby, we have for the coefficients

%" 28,
Ci1 = 271r2 / |§|éH1 (S)dR4£ + 27r2 |£1|62 Hg(g)dRLlf
_1€]2 I3
Ciz = o1 %Hf(@dﬂvw# LR HI O
R4 R4
oF 268, — ¢
Ci3 = 52 ff1|§2 HY (§)dR%e — 55 515|1§|6 i Hy (€)dR"
R4 R4
— . 2 -
Cu=—a [ B e+ 2 [ B myeant,
p 2 ?
Co1 = zﬂz E‘EQ (5)dR4 - W i §2£’2§|6 ’ﬂ (£)dR4
Cor = Mﬂf@w bk [ B g oam,
re €] Rt [€]
2 26,6, — ¢
Can= ke [ ZE2EI O+ o [ B g,
2 2
Co=—gt [ B2+ & [ B2 uggar,

Based on the structure of these coefficients as complex singular integral operators of
Calderon-Zygmund type evaluated at the point zero, which we can also find in the
representation of the Il-operator,

Cisl < |Mllg, [1H°]le,
for all indices 4, j. Moreover, from (8) we obtain |C;;| < e.
Based on [26] a diagonal dominant matrix (K;) is regular if

4
Kl > ) |Kl
j=1j#i
for all 4. This criterion allows to us to obtain the regularity of the linear system (9) by
choosing € = % Therefore, we get

. . 1 3 2
=24 Cul = ) 1Cy| > 2= [Cisl = Cilz2-3-3=3

j=1 j=1

J#i JF#i

for : = 1,2 as well as

4 4
_ _ _ — 1 3 2
di =124+ Ci_g,—2| — Z |Ci—2l >2—1Ci—2,i—2| — Z |Cizai| > 2 — 373-3

j=1 =
JAi—2 JAi—2

w
w

for i = 3,4 and, hence, the linear system (9) is regular.

From the application of the affine transformation £ = Z — Z; we obtain the following
theorem.
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Theorem 5.1. Suppose that @ € Wg(R‘l) for a certain p > 4 and [|Q[w2 < ¢c <
. Suppose also Q(Z) # —1 in any point Z € R*. Then the generalized Beltrami

1
IT

I ||w§

equation

DW(Z)=Q(Z)DW (Z)
has a solution, which realizes a local homeomorphism at each point Z.

Now, let us again assume that Q € W2(R?*) and Qw2 < gc < m for some
Wp

p > 4. Note that, from the application of Banach’s fixed-point theorem to our singular
integral equation,

qe < 1
ATV ST VI

1H Iz <

and the solution

W:%(?)+Tﬂ

z2

belongs to the space C*(R*) due to the fact that TH € W3(R?) (cf. [24]). Moreover,
we again have for the coeflicients Cj; of system (9) |Cy;| < |||z, ||H]|z, for all indices
i, 7 which implies |C;;| < % Therefore, we obtain once more the regularity of our linear
system (9) by the above mentioned criterion.

Using the affine transformation £ = Z — Z; and Remark 3.2 we are able to establish
the following result.

Theorem 5.2. IfQ € W2(R*), |Q[lw2 < ¢ < W for somep >4 and Q(Z) #
p Wp
—1 (Z € RY), then the function

2\ 22

W:l(?)+Tﬂ

whereby H satisfies the corresponding singular integral equation (7), is a solution of the
Beltrami equation

DW(Z) = Q(Z)DW (Z) (10)

which realizes a local homeomorphism in each point Zy. Furthermore, if Q(0) =0, then
the Beltrami equation (10) has a locally quasiconformal solution at each point Zj.

Let us finally remark that in the complex case the treatment of Q(0) # 0 is done
by reduction to the previous case by means of an affine transformation. Unfortunately,
we shall prove that, in general, this method is not applicable to our case. In fact, let us
consider the existence of such an affine transformation, given by

&1 =ag+ a1z1 + a2z + azzs + a4Zo
€2 =b1 +b121 + b2Z1 + b3za + asZa

which changes equation (3) into the new Beltrami equation

DeW = Q(e)DeW (1)
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possessing the desired property of @ (0) = 0. The existence of this affine transformation
leads to the correspondence

Qzl a; az by by Q& 1
0 z1 _ as @ bg 9 1 851
Qz az ag by by Qgg
0, ag az by b3 De,

between the derivatives. Replacing the derivatives in the first equation of (3),
0., W1 — 0:,Wa = Q1(0., W1 + 0.,Wa) — Qy(9.,Wo — 9.,W1)

and rewriting the equation we get
(a2 — Qra1 — Qa4)0g, Wi + (@1 — Q1az — Q,a3)0¢, W
+(by — Q1b1 — Q4b4)0e, W1 + (b1 — Qb2 — Q2b3)de, Wi
+(—a3 — Qraz + Qqa2)0e, Wa + (—ay — Q1a4 + Qoa1)0¢, Wo
+(—bs — Q1b3 + Q3b2)0e, Wa + (—bs — Q1bs + Q2b1)0e, W = 0
which we can compare with the first equation of (11). This originates the system
— Q1a2 — @253 =1
by — Q1b1 — Qybs =0
—az — Qras + Qyaz =0
—by — Q1bs + Qyb1 =0
az — Qra; — @2% = —61 (11)
b= Qiba — Qubs = ~Q»
—Gy — Q174 + Qo0 = @
—bs — Q1b3 + Qybo = —(1+ Q1)

valid for all Z € Q. We should notice that in the above system the equations which
determine the new () function are independent of the coefficients a3 and by, while in
the control equations one notices the absence of the coefficients @4 and bs.

Consider the case in which Q2(Zy) = 0 for some Zy € Q. On this particular point
we obtain from (11)3_4 that either @Q1(Zp) = —1 and, therefore, ||Q(Zy)|| = 1, or
as = by = 0. Now, from (11)35_4, this implies that either as = b3 = 0 or Q2 = 0 in
Q. Again, this hypothesis is not possible since that would imply from (11)3_4 that the
function ()7 would be constant.

It is easily seen from (11);_5 that a3 = 1 and by = 0, respectively. The remaining
equations are now

Q1 = Q1+ Quas
2 = Qybs

Q2= Qs — (1+Q1)ay
(1+ Q1) = (1+Q1)bs

©z|
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Again, on the point Z,, we get @1(Z0) = @1(Zp) so by = 1, which implies @2 = (- and
as = 0. Therefore, the only affine transformation satisfying this conditions is { = Z—Z.
Note that the above arguments are independent of the condition Q(0) = 0.

For the case in which Q2(Z) # 0 for all Z € , the existence of an affine transfor-

mation which reduces the original Beltrami equation to the case (11); would imply that

the inverse transformation (again affine) would invert the effect, generating from @ the
original ). But the previous argument shows that Q(Zy) = 0 for at least one Z, € €.
Hence, no such transformation exists for Q2(Z) # 0 for all Z € Q.

References

[
2]

[12]

[13]

[14]

Ahlfors, L.V.: Lectures on Quasiconformal Mappings. Princeton: Van Nostrand 1966;
reprinted by Wadsworth Inc., Belmont 1987.

Bojarski, B.: Old and New on Beltrami Equations. In: Functional Analytic Methods
in Complex Analysis and Applications to Partial Differential Equations (eds.: A.S.A.
Mshimba and W. Tutschke). Proc. of the ICTP, held at Trieste, Italy, 8. - 19.2.1988.
London: World Scientific 1988, pp. 173 — 188.

Brackx, F., Delanghe, R. and F. Sommen: Clifford Analysis (Research Notes in Mathe-
matics: Vol. 76). Boston: Pitman-Longman 1982.

Caraman, P.: n-Dimensional Quasiconformal (QCf) Mappings. Turnbridge Wells, Kent:
Editura Academiei Romane and Abacus Press 1974.

Giirlebeck, K. and U. Kahler: On a spatial generalization of the complex 11-operator. Z.
Anal. Anw. 15 (1996), 283 — 297.

Girlebeck, K. and U. Kahler: On a boundary value problem of the biharmonic equation.
Math. Meth. in the Appl. Sci. 20 (1997), 867 — 883.

Girlebeck, K. and H. Malonek: A Hypercomplex Derivative of Monogenic Functions in
R™™ and its Applications. Complex Variables 39 (1999), 199 — 228.

Girlebeck, K. and W. Sproflig: Quaternionic Analysis and Elliptic Boundary Value Prob-
lems. Basel: Birkhauser 1990.

Girlebeck, K. and W. Sproflig: Quaternionic and Clifford Calculus for Engineers and
Physicists. Chichester: John Wiley & Sons 1997.

Kravchenko, V.V. and M.V.Shapiro: Integral Representations for Spatial Models of Math-
ematical Physics (Pitman Res. Notes Math. Ser.: Vol. 351). Harlow: Longman 1996.

Hoppner, W.: Uber die Anwendung von singuldren Integraloperatoren zur Konstruktion
von Losungen tiberbestimmter Systeme linearer partieller Differentialgleichungen in mehre-
ren komplexen Verdnderlichen. Math. Nachr. 78 (1977), 77 — 95.

Iwaniec, T. and G. Martin: Quasireqgular mappings in even dimensions. Acta Math. 170
(1993), 29 — 81.

Kahler, U.: On quaternionic Beltrami equations. In: Clifford Algebras and their Ap-
plications in Mathematical Physics, Vol. II (eds.: J. Ryan and W. Sprofissig). Basel:
Birkhaeuser Verlag 2000, pp. 3 — 17.

Malgrange, B.: Sur I’ integrabilité des structures presque-complexes. In: Symposia Math.
(Roma 1968), Vol. II (ed.: Istituto Naz. di Alta Mat. Roma (INAAM Roma). London:
Acad. Press 1969, pp. 289 — 296.



34

[15]
[16]
[17]
[18]
[19]
[20]

[21]

P. Cerejeiras et. al.

Malonek, H. and B. Miiller: Definition and properties of a hypercomplex singular integral
operator. Results in Math. 22 (1992), 713 — 724.

Michlin, S. G. and S. Préssdorf: Singuldre Integraloperatoren. Berlin: Akad.-Verlag 1980;
engl. transl.: Singular Integral Operators. Berlin: Springer-Verlag 1986.

Mitelman, I. M. and M. V. Shapiro: Differentiation of the Martinelli-Bochner Integrals
and the Notion of Hyperderivability. Math. Nachr. 172 (1995), 211 — 238.

Newlander, A. and L. Nirenberg: Complex analytic coordinates in almost complex mani-
folds. Ann. Math. 65 (1957), 391 — 404.

Reshetnyak, Y. G.: Space Mappings with Bounded Distortion (Transl. Math. Monographs:
Vol. 73). Providence (R.I.): Amer. Math. Soc. 1989.

Riesz, M.: Sur les maxima des formes billinéaires et sur les fonctionelles linéaires. Acta
Math. 49 (1928), 465 — 497.

Shevchenko, V. I.: The construction of local and global homeomorphisms for a class of
quaternion equations. Sov. Math. Dokl. 4 (1963), 1684-1686; translation from Dokl.
Akad. Nauk SSSR 153 (1963), 300 — 302.

Sprossig, W.: Rdumliches Analogon zum komplexen T-Operator. Beitr. Anal. 12 (1978),
127 — 138.

Stein, E. M. and G. Weiss: Introduction to Fourier Analysis on FEuclidean Spaces (Prince-
ton Mathematical Series). Princeton: Univ. Press 1990.

Strichartz, R.: A Guide to Distribution Theory and Fourier Transforms (Studies in Ad-
vanced Mathematics). Boca Raton: CRC Press 1994.

Sudbery, A.: Quaternionic analysis. Math. Proc. Cambr. Phil. Soc. 85 (1979), 199 —
225.

Varga, R. S.: Matriz Iterative Analysis (Springer Series in Comp. Math.: Vol. 27), 2nd
rev. and exp. ed. Berlin: Springer 2000.

Viisala, J.: Lectures on n-Dimensional Quasiconformal Mappings. Lect. Notes Math.
229 (1971).

Vekua, 1. N.: Generalized Analytic Functions. Oxford: Pergamon Press 1962.

Zhuravlév, I.V.: On a homeomorphic solution to a multidimensional analogue of the Bel-
trami equation (in Russian). Sibirian Math. J. 34 (1993) 5, 43 — 52.

Received 03.01.2000



