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Parabolic Equations with Functional Dependence
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Abstract. We consider the Cauchy problem for nonlinear parabolic equations with functional
dependence and prove theorems on the existence of solutions to parabolic differential-functional
equations.
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1. Introduction

Any relevant research of differential-functional equations starts with thorough studies of
differential equations. The classical theory of linear parabolic equations was developed
in [5, 6, 8]. The existence and behaviour of solutions to initial- or initial-boundary-value
problems for equations of the form

n 2
Pu:@— Zajl(t,x)ﬂ— t,x) (%)

depend upon fundamental solutions. If the matrix [aj;(t,2)];; is bounded, positive
definite and Holder continuous, then we can obtain useful estimates of the fundamental
solutions and their derivatives (see [4, 5, 12]). These estimates apply to examinations
of the inverse operator P~ !:

ur—g=Pu =— u=P g

If ¢ is continuous in ¢ and locally Holder continuous in z, then © = P~!g¢ has continuous

. . 2 . . . .
derivatives %, % and 88‘ 5, - In particular, there exists a classical solution of the
x ;0]

Cauchy problem for equation (k). Integro-differential equations

Pult,z) = f <t,x,u(t,x), / u(s, y) d,u(s,y))
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were considered in [14]. Initial-boundary-value problems generate the fixed point equa-
tions u — P~ F[u] where

Ful(t.0) = § (t.utt.0). [ s.p) o)

is the Nemytskii operator. Typical assumptions on the right-hand side f guarantee
that the mapping u — P~1F[u] is a contraction on a Banach space. Existence results
for parabolic equations with delays and other Volterra functionals in [1, 10, 11, 13, 18]
also undergo similar procedures. The Banach contraction principle can be viewed as a
particular case of the direct iterative method (Picard iterations)

Pu*tY = Flu™)].

At each stage of this iterative method one solves the classical equation Pu = g with
g = F[u)]. Convergence criteria for general iterative methods were formulated in [17],
and stated for parabolic differential-functional equations in [9]. It is demanded to impose
certain comparison conditions on the right-hand side. These comparison conditions are
weakened when monotone techniques are used (see [3, 7, 11]), but there is another
strong assumption that provides a given pair of lower/upper solutions. We point out
that Chaplygin’s iterations play an important role among monotone techniques because
Chaplygin’s methods provide fast convergent sequences of approximate solutions (see
[2]). One of Chaplygin’s sequences obeys the recurrence relation

Pulr+Y) = Flu®)] + D;c[u(v)](u(wrl) _ u(v)),

where DF is a partial differentiation with respect to the functional variable. The papers
[10, 13] are devouted to parabolic problems with a general functional dependence which
concerns also partial derivatives. Existence and uniqueness theorems are obtained by
means of the Banach contraction principle. Due to a generalization of Bielecki’s norms,
the results in [10] cover the case of unbounded solutions with unbounded gradients,
however, the leading term of the differential operator P contains only the diagonal (the
Laplacian case). The present paper is aimed at existence results with general operator
‘P whose coefficients are Holder continuous. Since we do not assume any differentiability
of the right-hand side, in particular DF may not exist, then, in general, Chaplygin’s
methods are not applicable. We introduce suitable Bielecki’s norms. Original Bielecki’s
norms
[vllx = sup [v(t)]/ exp(At)  for v e C([0,a]),

equivalent to the usual supremum norm, were used in order to establish the global
Picard-Lindel6f theorem for ordinary differential equations: if the constant A is suf-
ficiently large, the integral operator becomes || - ||x-contraction with no restriction
on the existence interval [0,a]. Based on the observation that the weight function
Y 1 [0,a] — Ry (alike 9(t) = exp(At) in the above ordinary differential equation
case) have to fulfill a comparison integral inequality such as

Op(t) > 1 +/0 Liy(s)ds (6 € (0,1)),
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we construct Bielecki’s norms in our partial differential equation case. Next we find
closed, convex subspaces of functions which are mapped to itself by the operator u —
P~1F[u] where

‘/T[u] (t7 LIZ') = f(ta L, u(t,m))'
In Section 2 we study the Lipschitz-type case, but the Lipschitz constants are replaced

by L!-functions. The kind of the Volterra functional dependence and allowed derivatives
are specified by the choice of suitable norms. We study there the following main cases:

(i) No dependene on du in equation (1).
(ii) A pointwise dependence on du in equation (1).
(iii) A full functional dependence on du in equation (1).
In the case (ii), there are no additional assumptions on the initial function ¢. The

choice of Bielecki’s norms is motivated by comparison integral equations (see Theorem
2.2). Section 3 is devouted to classical solutions. We give sufficient conditions that the

mapping
E > (t’gj) — g(t, 33‘) = f(twrau(t,ft)) eR

be locally Holder continuous in x (cf. [15, 16]). The functional dependence makes
serious difficulties especially at ¢ = 0. The usual Lipschitz condition for f is insufficient.
There are the following two ways of remedy:

1° Assuming some regularity of the initial function ¢, for instance a local Holder
condition.

20 Modifying the Lipschitz or Holder condition of the function f according to
singularities of u at ¢t = 0.

In the last section, Section 4, we give some existence results proved by means of the
Schauder fixed point theorem. We distinguish two cases: with du and without Ju in f.

1.1 Formulation of the problem. Let

E=(0,a] xR"
EO = [—To,O] X Rn
E=FyUE
B = [_T(]?O] X [_T7 T]
where a > 0, 79,71,...,7n € Ry =[0,400) and
T=(T1, ', Tn), [—7,7] = [-11,71] X ... X [=Tn, Tl

The Hale-type functional u¢ ,) : B — R ((t,z) € E) is defined by

u(t,x)(57y) :u(t+87$+y) ((S’y) EB)'

Let C'(X) be the class of all continuous functions from a metric space X into R, and
let CB(X) and CB(X)™ be the classes of all continuous and bounded functions from
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X into R and R"™, respectively. Denote by 0y and 04,...,0, the operators of partial
derivatives with respect to ¢ and zy,...,x,, respectively. Let 0 = (01,...,0,) and
0;1=0;0, (j,l=1,2,...,n). The operator P is defined by

n

Pu(t,z) = dgu(t,x) — Z a;i(t, x)0u(t, x).

J,l=1

Suppose that f: E x C(B) — R and ¢ : Ey — R are given functions. Consider the
Cauchy problem

Pu(t,x) = f(t,2,u¢q)) (1)
ult,z) = plt.z) on E. @

It is transformed into the integral equation

t
uta) = [ Ta09e0ndy+ [ [ Taspfemue)dids G

where T'(¢, z, 0, &) is the fundamental solution of the above parabolic problem.
Definition 1.1. Let u € C(E).

(i) u is called a classical solution of problem (1)-(2) (in other words: a C1? solu-
tion) if dyu, 0ju, 0;;u € C(E), u satisfies equation (1) on E and initial condition (2) on
Ey.

(ii) u is called a C° solution of problem (1)-(2) if u coincides with ¢ on Ey and it
satisfies integral equation (3) on FE.

(iii) u is called a C%! solution of problem (1)-(2) if u is a C° solution whose
derivatives 0;u (j =1,...,n) are continuous on E.

The notion of C9 C%', CY2 weak solutions require only the existence of partial
derivatives, being not necessarily continuous.

We are looking for CV, C%!, C12 weak and strong solutions to problem (1)-(2). The
functional dependence has Volterra type, which can be easily recognized by location of
the domain B C Ey, i.e., to the left from ¢t = 0. Because the present paper mainly
deals with bounded solutions, almost all results carry over to the limit case B = Ej.
Nevertheless, an unbounded domain of the shift operator u ;) causes some problems
with continuity, compactness, etc. For this reason we analyze the Cauchy problem with
bounded domain B. In [16] some existence and comparison problems for some kinds of
the data with unbounded growth as ||z|| — oo are treated. These investigation show
the complexity of the whole problem even for parabolic equations without functional
dependence. Another topic concerning the limit behaviour of solutions, generated by
nonlinearities with respect to u, is studied in [15].

1.2 Fundamental solution of problem (1)-(2). The supremum norm will be de-
noted by || - o while the symbol || - || stands for the Euclidean norm.
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Assumption 1.1. Suppose a;; € CB(E) (j,l = 1,...,n), the operator P is
parabolic, i.e.,

n

Y ata)&g =P ((t2) € E.£€R")

4,j=1

and the coefficients a;; satisfy the Holder condition
‘aij(t, SC) — aij(f, .’i)‘ S C//(lt - ﬂ% + ||$ — .’EHa) (Z,j = 1, e ,n)

where ¢/, ¢’ > 0.

Lemma 1.1. If Assumption 1.1 holds, then there are constants kg > 0 and cq, c1, Co
> 0 such that

n k - 2
IFﬁﬁmo,)|§6Mt—wﬂ_7em><—4ﬂf—4ﬂL>

4(t — o)

. 2
|@rwaa,nsq@—arﬁ‘“PCj%%f%L)

_nt2 kollz — €|
. < _ 2 _
OL(t,2,0.)1, 050 (¢, 0,€)] < es(t = 0) wp( T

forall0 <o <t<aandx,£€R", j,l=1,...,n.

Proof. A priori estimates for the fundamental solution and its partial derivatives
can be found in [5, 8, 12].

Remark 1.1. Under Assumption 1.1 we obtain for the fundamental solution I'(¢, x,
0,&) of problem (1)-(2) the more general Holder-type estimates with any Holder expo-
nent 0 € (0, 1]

IT(t,z,0,8) = T'(¢,%,0,¢)|
nts k — &2 _ 8
< coqs(t—0)” 2 exp (—H) [t =2 + ||z — z]|°]
0,0 (t,z,0,€) — O,T(L, 7,0,6)]

_ n+144 kollx — 2 12 —
< cupslt = o) F oxp (=) -t 4 o - 2

for0<o<t<t<aandz,z,£€R" j,l=1,....,nH

Lemma 1.2. If o € CB(Ey), then there exists a classical solution 3 € CB(E) of

the problem
Pu=0
U@

where the symbol u = ¢ means the same as u(t,x) = p(t,x) for (t,z) € Ey.

Proof. This is a basic existence result for the Cauchy problem, see [5, 6, 8] I
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We introduce also the following notation that will be used throughout the paper.
Let ¢o = CO(%)%7 G = cl(i )3 and set

S0(t) = = (t > 0)
f«p(t> fB) = f(t,l', a(t,x)) ((t,l‘) € E)

(91 % g2)(t) = / (t—s)ga(s)ds  (t>0)

where g1,92 € L}, .(Ry). In particular, (1% g)( fo s)ds for g € Li, (Ry) where
the symbol L7 (R ) stands for the space of real locally 1ntegrab1e functions on R, with
exponent p > 1.

2. Existence and uniqueness

Let L'[0,a] denote the set of all real integrable functions on [0, a]. Define the operator
7T as follows: if u > ¢, then Tu > ¢ is determined on E by the right-hand side of
integral equation (3).

Theorem 2.1. Let ¢ € CB(Eyp), \,my, f(-,2,0) € L'[0,a] and f(t,-,0) € C(R™).
Assume that |f(t,z,0)] < ms(t) and

‘f(t,x,w)—f(t,x,u‘))‘ < A(t) [|w — @]|o on E x C(B). (4)

Then there exists a unique bounded C° solution to problem (1) — (2).

Proof. We show that the operator 7 defined by the right-hand side of (3) is a
contraction from C'B(FE) into itself. Take u,u € CB(F) and (¢,z) € E. From (4) and
Lemma 1.1 we have

}Tu (t,z) — Tu(t, x)‘

// L(t,z,8,9)| | (5,9, Us,y)) — F(8,9,Us,y))| dyds

//n (t—s)~ 2eXp< ko4||(9;’:(?S/)Hz),\(s)H%Hoqp(s)dde

where the non-decreasing function ¢ € C0, a] satisfies the equation

G(t) =1+ /0 & A(s) (s) ds

with some 6 € (0,1). We change the variables n = @%y) to obtain

s)ds < 0(t H

<
0

t
‘Tu(t,x)—Tﬂ(t,a:)‘ §/ CoA(s ’
0
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Therefore, we have the contraction with respect to a Bielecki’s type norm
H Tu—"Tu H
(4

The boundedness and continuity of 7u at ¢ = 0 follows from the estimate

<o,

[ Tult,x) — 3¢, 2)] _/ & (s M ds+/0tc“amf<s> ds.

Thus the operator 7 maps CB (E) into itself, and the proof is complete i

Proposition 2.1. Let ¢ € CB(Ey), A\,my¢, f(-,2,0) € L*0,a] and f(t,-,0) €
C(R"™) be such that
[fo (b, 2)| < my ().

Assume that condition (4) holds true. Then the function u obtained in Theorem 2.1
satisfies the inequality

|(u = @)t 2)] < 7(t) = /Ot comy,p(s) exp <%O /: A(o) dU) ds, (5)

where 6 € (0,1). If Soxmy,, and So*(X-vo) are continuous in (0,al, then the derivative
Ou exists on E, and the function u is a C%' weak solution. If additionally we assume

t(l—e®)
lim 5/0 {myo(s)+ A(s)v0(s) (it —s)"'ds =0 (t>0), (6)

e\\0
then u is a C%1 solution.

Proof. Estimate (5) for a C%-solution u, whose existence follows from Theorem
2.1, is obtained similarly as in the proof of the previous theorem. Condition (6) implies
continuous differentiability of u in 2. Thus the C°-solution u becomes a C%!-solution
of problem (1)-(2)

Example 2.1. We explain the sense of condition (6) which seems to be technical.
Observe that this condition (as well as all assumptions of Proposition 2.1) is satisfied
when my ,(t) and A(t) are constant, i.e., in the Lipschitz case. We generalize this
simple example. Let ¢ € CB(Ep) and |f,(t,z)| < my,(t) := Mt~ where &' € [0,1)
and M > 0. Assume that the function f satisfies condition (4) where \(t) = Lt™" with
k €[0,1) and L > 0. Thus the function 7o from (5) is given by

" —t ).
1 -~ P (0(1 —K) >

In this case the functions Sy*my,, and So* (X-7y) are continuous in (0, a], and condition
(6) holds if the integrals

Yo(t) = co

(1— g2
L = 5M/ (t—s)"'ds

I —6601
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tend to 0 as € — 0. Indeed, considering I; and substituting n = 7 we get

, T 1 1—82 1
I, = Mt /)—7————mr+/ L
. o n%(1—mn) . ¥ (1—n)

where r = , - Denote by I7,; and I; o the integrals in the brackets. The integral I7 1
is bounded The integral I; » has an estimate proportional to |Ine|. Thus I; — 0 as
¢ — 0. The convergence of the integral I5 can be proved in a similar way.

Let Cy denote the set of all continuous functions ¢ : [0,a] — R such that (0) =
and let C~ denote the set of all non-decreasing functions 1 € Cy.

Theorem 2.2. Let p € CB(Ey) and A\, A\i,mys, € LY0,a], f,(-,xz) € L*[0,al,
fo(t,-) € C(R™). Assume that the functions So* A1 and Soxmy,, are bounded, \i(t) =

M)V, |fo(t,x)] <my,(t) and

F(tw) — F(t2,@)] < ME) Jw — @0 + M (8) 9w — @)(0,0)]l (7)
<t—s>%/ DM - G- <0 <1 (> 5) (8)

Then there is a unique C%' weak solution to problem (1) — (2).

Proof. Let ¢, € Cf and 1 (t) = % where k1 = C°+Cl . Define

~ | uw¢and |(u— @) z)| <P(t)
KXoy =u € CB(E )
o { SN -t < i) G-1. >} )
Suppose that the functions v, are solutions of the system of inequalities
[ ao{msats) £ 26000 + Moy (o) s < 0000 (10)
| at= 97 {mpo(o)+ Mot + M) fas < om0 (1)

Take u,u € X, 4,4, and (t,z) € E. Applying (7), (8) and (10) we have
|Tu(t,z) — Tu(t,z)|
// t T,S8,Y Hf S yvu(s,y) f(87y7ﬂ(s,y))‘dyds
~ O(u — u)
< -~ 7
< [ Aol s+ o |22 o

< 0p(t) [|u —all.
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where [lu — |, = max {|| o o H I u) |,}. Similarly, using (7), (8) and (11) we have

’8 (Tu—Tu)( )|
//n |8Ft$sy|’f‘9y’ Ugs)) — J (8,0, Us y))| dyds
< [ae-atpols =] o

< OP1(t) flu — ]«

If w e X, 4,4, and conditions (10) - (11) are satisfied, then

t
Tu(t,2) - 3(t,2)| < / / Tt 2, 5,9)| £ (5,9 uge.py)| dyds
0JR™

< [ @fmes(s) + X606 + 2al5hn ()i
< (t)

t
< / / ;T (6,2, 5,9)| | (5,9 o | dyds
O n
¢ 1
&
Vt—s
< ().

Therefore the operator 7 maps X, 4 4, into itself. By virtue of the Banach contraction
principle the operator 7 has exactly one fixed point u € X, ., . The proof of Theorem
2.2 is complete B

0;(Tu— @)(t, x)

< {m1.6(5) + A()6(5) + A ()81 (s) bds

Remark 2.1. Condition (8) plays a crucial role in the proof of Theorem 2.2. This
condition implies the solvability of system (10) - (11), which can be reduced to the single
equation

/0 it — )% {mf,¢(s) ()Y (s)[1 + kl]}ds — i (t). (12)

The Lipschitz case, that is A(f) = const and A\;(¢) = const, implies condition (8) for
sufficiently small values of ¢t — s. The right-hand side of the Lipschitz-type condition (7)
indicates the functional dependence in equation (1) on the past and spatial values of
the unknown function u, whereas the derivative Ou appears only at the point (¢,z). In
particular, there is no need to assume differentiability of the initial function ¢. However,
the derivative Ju may have a singularity at ¢ = 0.

Example 2.2. Let ¢ € CB(Ey) and |f,(t,z)| < my,(t) :== Mt~" where x € [0,1)
and M > 0. Assume that the function f satisfies condition (7) where A\(¢) = Lt~" with
k € [0,1) and L > 0. Equation (12) has the form

/ot Gt —s) % {Ms"’" + Ls ™" 2y (s)[1 + kl]}ds = va0)
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This equation is solvable locally for small values of t — s. Any solution 7 can be
extended to the whole interval. Global solvability of this equation may be obtained
directly via the von Neumann expansion.

Theorem 2.2 concerns equations with various types of Volterra functional depen-
dence at the unknown function. The derivatives have the classical form (without func-
tional dependence). Now we consider equation (1) with functionals at the derivatives.
Therefore, we need differentiability of the initial function ¢ with respect to x.

Theorem 2.3. Let ¢ € CB(Ey), 0p € CB(Ey)", \,\A\1,ms, € L'[0,a] and
fo(t,-) € C(R™). Suppose that |f,(t,z)| < my () and

|tz w) = f(t,2,@)] < A®)]w —Dllo + A (1) [0(w — D)|o.

Assume that the functions Sy * A1 and Sy * my, are bounded, and condition (8) of
Theorem 2.2 is satisfied. Then problem (1) — (2) has a unique C%' solution.

Proof. Let 1 and v satisfy inequalities (10) and (11), respectively. Consider the
set Xy ¢, given by (9). Similarly as in the proof of Theorem 2.2 we see that the

operator 7 is a contraction. The continuity and boundedness of ¢ imply ¢ € CB (E)

By virtue of the assumption dp € CB(Ey)™ we have also dp € CB(E)™. Hence the
operator 7 maps X, 4, into itself. Now we show the continuity of du in . We have

‘ﬁju(t,x) — aju(t,i)‘
t
[ {ortm s - o005, 15 v. ) duds
O n

The last integral is estimated by

[ ralla = 2l = 575 {my.ofs) + Mol il -+ Ma()]Gu — B s
0

The continuity of du in ¢t and of v at 0 can be proved in a similar way B

sg
Theorem 2.2. In this case we obtain a C%! solution to problem (1)-(2), but the derivative
Ou is not necessarily continuous at ¢t = 0.

1+5* . . .
Remark 2.2. Suppose that S0 *mpe ¢ L>[0,a] for 0 < ¢§' < 1 is satisfied in
2
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3. Classical solutions

In the present section, we give some sufficient conditions for the existence of classical
(C12) solutions to problem (1)-(2). We start with the simplest case when the right-hand
side is independent of the unknowns function u.

Theorem 3.1. Let p € CB(Ey) and g € CB(E). Suppose that g is locally Héolder
continuous in x with Hélder exponent § € (0,1]. If u € CB(E) is a C° solution to the

Cauchy problem
Pu(t,x) = g(t, ) }

(13)
u >
then u is a classical solution (C12).
We omit the proof of this theorem, for details we refer to [15, 16].

Remark 3.1. Instead of the boundedness of the functions g and ¢ it suffices to
assume in Theorem 3.1 the growth condition |g(t,z)|,|¢(t, )| < c exp (k||z|*) where
k€ 0,1).

If we put g(t,x) = f(t,2,u(,4)), then the differential-functional problem (1)-(2) co-
incides with problem (13). Hence the differentiability of weak solutions may be reduced
to a local Holder continuity condition of g(t,-). Unfortunately, the Holder constant
strongly depend on the unknown function which makes this problem difficult. We give
sufficient conditions for the existence of classical solutions to problem (1)-(2).

Theorem 3.2. Suppose that ¢ € CB(Ey) is locally Hélder continuous in x with
exponent § € (0,1]. Assume that the function f is locally §-Hélder continuous in x and

locally Lipschitz continuous in w € C(B). If u € C’B(E) is a C° solution to problem
(1) — (2) such that

|f(t7l‘, U(t,x))| < m(t) (m S Ll[oa a]> Sg km € LOO[()?G])? (14)
then u is a classical solution (C%?) to problem (1) — (2).

Proof. Observe that, if ¢ is §-Holder continuous in x, then ¢ is also J-Holder
continuous in x. Hence the function u is also -Holder in x. Since S§ * m € L°°[0, al,
we have

|u(t, z) — ult, :Z“)’

<’g0tx

+ ||z — z|)° //n cot+s5(t — s) - exp ( ()4”(?_ ;g)H )m(s) dyds

< Ly(z,Z;u) ||z — Z°

where Lo(z,Z;u) is a Holder coefficient. Now we explain why the function g is locally
Holder continuous in z:

‘g(ta I‘) —g(t,s?:)‘
< ‘f(tvxvu(t,x)) - f(tai'vu(t,:r)ﬂ + |f(t7§j7u(t,m)) - f(t7£7u(t,3_:))’
< Lo(z, Zu)|le — Z)|° + L (2, 2; w) || ugee) — Wizl

< Lo(z, Z;u) ||z — Z||° + La (, T u) Ly (2, T; u) ||z — Z)|°
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where Lo(x,Z;u) and Li(z,Z;u) are some constants from the local Hélder and local
Lipschitz continuity of the function f. By virtue of Theorem 3.1, the function u is a
classical solution, which completes the proof il

Remark 3.2. The local Lipschitz and Holder constants in Theorem 3.2 are inde-
pendent of ¢. The result remains true if we multiply these constants by m(t) (cf. (14)).
Instead of the boundedness of ¢ and f one can assume their exponential growth like
exp(C||z]|?) as ||z|| — oo. If we skip the local Holder condition for the initial function ¢,
then the functions ¢ and u become less regular at t = 0. Consequently, the functional
dependence for the function f have to be restricted to the set E. The local Hélder and
Lipschitz conditions will be modified as

|f(t,z,w) — f(t,Z,0)|

<m(t) {llo = 2[° + |lw - wll<t:5> } wo (]l + 1], [lw]lo + [[@llo)

(15)

where wy : Ri — R, is a non-decreasing function, and

lwl<is> = supfu(e, )+,
o€e(—t,0]

The term ||w — || <¢;5> in the local Holder-Lipschitz condition (15) can be also replaced
by
Ollw — Bl <vss + (14 B)w— @7,y (0 [0.1)).

We prove the local Holder condition for g(t,z) = f(t,z,ux 5)):

|9(t,2) — g(t,7)]

< {f(tu T, Ut 7)) — f(t7j7u(t,a_:))‘
<m(t) {llz — zl|° + [Jug.e) — wem ll<tss Fwo (2] + 1121, e lo + llwez llo)
<m(t) |z — 2° {1+ wi (2] + |Z]| + 2I7]]) } wo (||z]| + [|Z], 2m(2))

since for all (0,£) € B such that ¢t + o > 0 we have

> — 2]|°

() — we.my) (0, €)| < wr (] + 1] + 20€]l) (1 0)8

with some non-decreasing function w; : Ry — R,.
We summarize these considerations in the following two theorems.

Theorem 3.3. Suppose that p € CB(Ey) and that f satisfies (14) and (15). Then
any C° solution u of problem (1) — (2) is a classical (C1?) solution.

Theorem 3.4. Assume that ¢ € CB(Ey) and 0p € CB(FEy)"™. Suppose that m €
L'0,a], S3™0«m € L>[0,d], and wy : R2 — Ry is a non-decreasing function such that

‘f(t,x,w) - f(t,.ff’,U_J)‘

<m(t) {llo = 2° + [lw = @2y } wo (2l + 12[], lwllos + ll@llo,1)
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where |[w|o1 = ||wlo,1 + [|Ow]lo,1 and

[w[Zs55 = lwlloa + 00wl <is> + (1 = O)[0w] o1 (6 €[0,1)).

Then any C%* solution u € CB(E) to problem (1) — (2) is a classical solution.

Remark 3.3. The condition dp € CB(Ep)" can be weakened. If we omit this
condition, then we have to take into consideration singularities at ¢ = 0. The norm
| |45~ in the above local Holder-Lipschitz condition should be replaced by

lwllZss = llwll<ts> + Ollowll<tiss + (1= 0)[[0w] 225

4. Existence of solutions
Let X, ={u € CB(E) : u(t,x) = ¢} and denote by ||ul|; the seminorms

Julle = sup {u(s,y) : (s,y) € E,s< t} (t € (0,qa]).

Theorem 4.1. Suppose that o € CB(Ey) and that there are m,\ € L[0,a] such
that
[f (&, 2, w)| <m(t) + M) lwllo  on E x C(B)

where f(-,x,w) € L'[0,a] and f is continuous in (z,w) € R™ x C(B). Assume that

1 1
SS#, % € L>®[0,a] where 6,8’ € [0,1). Then there is a C%' weak solution to problem

(1) —(2).
Proof. We apply the Schauder-type approach. Let ¢ € C’J be given by
t t
60 = [ )+ 2@l e ([ Moyao) ds
0 0

Define _
Xy = {u € Xyt |ut,z) — 3(t, )| < ¥(t) on E}

Observe that X, is a bounded, closed and convex subset of X,. It is easy to see that
the operator 7 maps the set &, , into itself. We prove that 7 is compact, i.e., the
closure of T (X, ) is compact. It is sufficient to show that the set 7 (X, ) is uniformly

bounded and equicontinuous on all compact subsets of CB(E). Take t € (0,a] and
z,r € R". If u € X, 4, then we have

[F @y, uey))| < P(E) = m(t) + A#) [[ull:

Therefore, we get
t
!Tu(t,i’) — Tult, :1:)| + // }F(t,i’,s,y) —T(t,x, s,y)|P(s) dyds
0 n
t

< |3(t,7) — B(t.x)| + / G |l — 2] (t — )4 P(s) ds

_d~ ~
< |lz — z|1°{t~=&5lllo + 5(Sp * P)(1) }.
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Hence the set 7 (X, ) is equicontinuous in  on all compact subsets of E. Take arbitrary
t and t such that a >t >t > 0. Then we have

| Tu(t,z) — Tu(t, z)|
< |8(t, ) - &(f, )]

t
4 / / ID(t, 2, 5,y) — T(E, 2, 5, )| P(s) dyds
O n

+ /t/n IT(t,z, s,y)| P(s) dyds
<|p(t,x) — @(t, )]

t t
+/ 55|£—t|%<t—s)%P(s)ds+/ GoP(s)ds.
0 t

Hence the set 7 (X, ) is equicontinuous in ¢ > 0.

Now we show that 7 (X, ) is almost uniformly bounded. We have the estimate

[(Tu—@)(t,)]

< /Ot/n IT(t,x, s,9)| {m(S) + A(s) [|ugs,y) — Sz(s,y)HO}dyds
< [ {m(s)+ Mo = Bl + A2 s
0

The continuity of the function f in x and w implies that the operator 7 is continuous.
By the Schauder fixed point theorem the operator 7 has a fixed point in X, ;. This
completes the proof B

Theorem 4.2. Let o € CB(Ey) and there are m,\, \; € L'[0,a] such that
[f(t, 2, w)] <m(t) + M) [lwllo + A1 (#)[|0w(0, 0) o

where A\ (t) = A(t)v/t. Assume that the functions Sg;m, S%f)‘ € L*>[0,a] and

(t—s)%/ O N(s) (=) H(C—s)Bdc <t <1 (t>s5).

Then there is a C%' weak solution to problem (1) — (2).
Proof. We recall that

Yo = {“ € OB(E) 0j(u—@)(t,2)| <¥a(t) (G=1,...

u = and [(u— @)(t,2)| < (1) }
1)
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where 1,11 € Cf and 9(t) = k1 (t)Vt with k = i—; Suppose that 1,17 satisfy the
integral inequalities

[ @ {ts) + Msw) + sy (a) s < i)
/ (1 — 5+ {i(s) + A(sb(s) + M (s)uin (3) s < 1)
where m(s) = A(s)||@|ls + A1(s)]|0@(s,)|lo. Then similarly as in Theorem 2.2 we can

show that
| < (t) }
| < a(t)

)

)
for u € X, ,. We prove that the set (9;7)(Xy,p,4,) is equicontinuous in ¢ on all
compact subsets of E. If u € (0;7)(X, 4.4, ), then we have

|(Tu - @)(th
10;(Tu— @) (¢,
(

0;Tu(t,z) — 0;Tu(t,z)|
< |0;8(t =) — 0;8(t, @)

t t
+/ Sas(t—s) T |T—¢|? 1(s)ds+/ Tias(t — )" T Py(s)ds
0 t

>

for all 0 < t <t < a where Pi(s) = m(s) + A(s)¥(s) + A1(s)1(s). Observe that the
right-hand side does not depend on u. The equicontinuity of (0;7)(Xy,y,¢,) in = can
be proved in a similar way. Since f is continuous, we easily check that the operator 7 is
continuous, too. We conclude from the Schauder fixed point theorem that the operator
7 has a fixed point in X, 4 ., which completes the proof i
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