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Boundary Integral Operators for Plate Bending
in Domains with Corners
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Abstract. The paper studies boundary integral operators of the bi-Laplacian on piecewise
smooth curves with corners and describes their mapping properties in the trace spaces of
variational solutions of the biharmonic equation. We formulate a direct integral equation
method for solving interior and exterior mixed boundary value problems on non-smooth plane
domains, analyze the solvability of the corresponding systems of integral equations and prove
their strong ellipticity.
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1. Introduction

The aim of the present paper is to study boundary integral operators of the bi-Laplacian
on piecewise smooth curves with corners and to analyze a direct integral equation
method for solving the biharmonic equation with mixed boundary conditions on a non-
smooth plane domain 2 with boundary I". Although boundary element methods offer
important advantages over domain type methods and are frequently used for solving
plate bending or related problems for fourth-order equations (cf. [2, 12] and also the
references therein), their theoretical foundation is very limited compared with results
for second-order equations.

For the case of a smooth curve quite satisfactory results are available by using
nowadays standard tools from the theory of integral and pseudodifferential equations
and of approximation methods. In connection with indirect boundary integral equation
methods we mention Chapter 8 of the book [2], where a detailed analysis of mapping
properties of biharmonic boundary integral operators and of indirect formulations for
four types of boundary value problems can be found. As a rule, indirect methods
are designed for specific classes of problems, but their application to other types of
plate bending problems, for example to mixed boundary conditions, is complicated
both in analytical and numerical respect. The study of direct methods can be based
on the approach developed by Costabel and Wendland in [4, 9], which results in a
complete description of mapping properties of boundary integral operators and strong
ellipticity of systems of first kind integral equations corresponding to various types
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of boundary conditions. This can be used to consider different numerical methods for
solving corresponding integral equations, to prove stability and error estimates similarly
to well-established techniques for second-order equations; for the case of a free plate see
the interesting paper by Giroire and Nédélec [10].

If the boundary of the domain has corners, then the situation is quite different. The
boundary integral operators are no longer classical pseudodifferential operators and bi-
harmonic boundary value problems have in general only weak solutions. To extend the
theory developed for second-order equations in non-smooth domains one has therefore
to study the behaviour of biharmonic boundary integral operators applied to Cauchy
data of H2-functions. In [8], the first paper devoted to the study of boundary integral
equations for the biharmonic equation in non-smooth domains, Costabel, Stephan and
Wendland considered an indirect method for the solution of the boundary value prob-
lem grad u|lr = f. Using a layer potential ansatz with the gradient of the fundamental
solution of the bi-Laplacian as integral kernel they obtained a system of two integral
equations of the first kind with logarithmic principal part. Thus the above mentioned
problem of dealing with biharmonic integral operators applied to Cauchy data of weak
solutions could be avoided. This was first treated by Bourlard in [1], where the bi-
harmonic Dirichlet problem on a polygonal domain was transformed into a variational
formulation for the first kind boundary integral equation with biharmonic single layer
potential. It was shown that the variational problem is coercive on the dual of the space
of Dirichlet data of H>2-functions (the boundary values of the function and its normal
derivative). That means, the single layer potential operator is a symmetric and strongly
elliptic mapping from this dual into the trace space. Similar results were obtained in [16]
by extending some methods for second-order equations from [5, 7] to define biharmonic
boundary integral operators. These operators were associated with the bilinear form

/ AuAvdz (1.1)
Q

which is positive definite on HZ(£2) and corresponds to the biharmonic Dirichlet prob-
lem. The simple idea was to consider the two functions of the Dirichlet datum of a
H?-function, which obviously are subjected to some compatibility conditions at the
corner points of I, as one element of a trace space and to define Neumann data of H?2-
functions u with A%u € L? by using (1.1). Then the Neumann data belong to the dual
of the trace space. The biharmonic layer potentials are simply the values of the duality
functional applied to the Dirichlet datum (single layer) or the Neumann datum (double
layer) of the biharmonic fundamental solution and to an element of the corresponding
dual space, which becomes the density. Now the setting is the same as for potentials of
second-order equations, and by using the approach of Costabel [5] we were able to prove
the jump relations for the potentials, to define the boundary operators and analyze their
mapping properties in the trace spaces of variational solutions. The obtained results
were used to formulate boundary integral equations for interior and exterior biharmonic
Dirichlet problems in non-smooth domains and to analyze their solvability.

In this paper we extend the approach of [16] to treat other types of boundary
conditions, which appear in thin plate bending as free, simply supported or roller-
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supported plate. To this end form (1.1) has to be replaced by another form

2
a’ (u,v) = / <0Au Av+(1—o0) Z 5’j8ku8j8kv> dx
Q

k=1

connected with the bending strain energy of a Kirchhoff plate if 0 < ¢ < % In Section
2 we provide the analogous construction as in [16] to define the Neumann data of H?2-
functions u with A%u € L?, which now depend on o and contain, even for smooth u,
Dirac functionals supported at the corner points of the boundary. Further, we consider
the existence of variational solutions of interior and exterior Dirichlet and Neumann
problems. In Section 3 we introduce the biharmonic layer potentials associated with a,
characterize their behaviour at infinity and prove the jump relations and representation
formulas for biharmonic functions. The corresponding boundary integral operators will
be studied in Section 4. For 0 < ¢ < 1 these operators have similar properties as the
boundary integral operators of the Laplacian. In Section 5 we transform biharmonic
boundary value problems into equivalent systems of boundary integral equations. If
the boundary value problem allows a coercive variational formulation, then the corre-
sponding system of integral equation is strongly elliptic. We study the solvability of
this system, which leads immediately to stability results for Galerkin boundary element
methods.

2. Traces of H?-functions on piecewise smooth boundaries

For the following let I" be a simple closed curve in the (z1,xs)-plane composed of m
smooth arcs I';. Adjacent arcs I';_; and I'; meet at corner points 2* (i = 1,...,m)
with interior angles «;, 0 < «; < 2m. The interior of I' we denote by {21, the exterior
R2\Q; by Qs, and direct the unit normal n = (ny,n2) on I into Q. In the following we
denote by 0; (j =1,2) the partial derivative with respect to z;, by 0, = ni 01 + ng 02
the normal derivative and by 0, = —ng 01 + n1 02 the tangential derivative along I'.
The norm in the Sobolev space H?(;) is defined by

1
ull 2 () = (HUH2L2(91) + ‘U@P(Ql)) ’

where )
|u|%12(91) = Z HajakuHQL2(Ql)'
J,k=1

The traces of functions from H?(£21) can be characterized by using the following general
result.

Lemma 2.1 (see [13]). There exists a constant ¢ > 0 not depending on u € H*(Q)
such that

> (Nl gz ey + 10t gz ey) + 1016l g2y + 102l gz ey < cllull g2
=1
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In the following we identify functions on I' with periodic functions depending on

the arc length s and denote the derivative with respect to s by ' = 9%. Since with

. ds
exception of the corner points z* there holds
Oulr = ny Opu — ng Oru
Oou|r = ng Opu + nq Oru

_d
87'_ds

Lemma 2.1 suggests the definition of the trace space

= {<Z;> s ur € HY(D), nyug — nouy, nous + nyuy € Hl/z(F)}

equipped with the canonical norm. We introduce the generalized trace mapping

yu = ( ur ) L H2(Q) — V(D).

8nu‘I‘

Lemma 2.2 (see [13]). The linear mapping v : H?

2 (R?) — V(T) is continuous and
has a continuous right inverse v~ : V(I') — HZ2 (R?). In particular, v maps C§°(R?)
onto a dense subspace of V(I').

If we define the duality form

[(22) ()] = -towsn = o

where (-,-)r denotes the extension of the L2-scalar product on I', then the dual space
of V(I') can be described as follows.

Lemma 2.3. The vector (Z;) belongs to (V(T'))" if and only if there exist z1, 22 €
H~Y2(") and a number a € R such that for any o € C(R?) the equations
(olr,va)r = <(<P|F)/7n221 - ”1Z2>r + afr()p ds

(¢lr,va)r = <80’F7n121 + TL2ZQ>F

are satisfied.

To consider boundary integral equations connected with plate bending problems we
introduce the bilinear form

2
(UAu Av+ (1 —o0) Z 0;0ku (%-E)kv) dz (2.2)

Jik=1

a® (u,v) = ad, (u,v) := /

931

well-known in the variational formulation of bending problems for a thin plate with
Poisson ratio o = %()\ + 1), A and p being the Lamé constants of the material. If u
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represents the deflection function on €2 corresponding to suitable loading and boundary
conditions, then the value of

a” (u,u) = o [|Aullf2 g,y + (1 — o) [ulfq,) (2.3)

is exactly twice the bending strain energy of the plate.

The analysis of boundary value problems for the bi-Laplacian is based on the fact
that the bilinear form a? is coercive on appropriate function spaces, for certain values
of the parameter o. By (2.3) the form a° is coercive on H?(€);) at least for 0 < o < 1.
We mention that in the case of a smooth boundary I' the form a“ is coercive on H?(£2;)
if and only if —3 < 0 < 1, as stated in [11]. Furthermore, for u,v € C§°(€)

8j8ku8j8kv dr = 8j8juc‘)kc‘)kv dz
Ql Q1

hence the value of a? (u,v) does not depend on o and (a (u,u))z = |u| 2 () is @ norm
on Hg(Q4) equivalent to || - ||g2(q,). Thus for given f € L*(Q;) and ¢ € V(I') the
problem

a’(u,v) = (f,v)a, Yve Hg(Ql) } (2.4)

U=
has a unique solution u € H?(2;) being the weak solution of the Dirichlet problem
A%y = f in Q
f o (2.5)
U=

It is obvious that the solution operator defined by u = T'(f,) is a continuous mapping
T: L*(Q) x V() = H*(Q1,A%) = {u € H*(1) : A%ue L*()}. (2.6)
To consider other boundary value problems we define on I' the differential operators

Opntt = n% 8%u + 2n1ng 0102u + n% 8§u
Orntt = (n? — n2)0102u — nyno(0%u — Oau) (2.7)

Orrtt = n% 5’12u — 2n1n9 010ou + n? 8§u.

Lemma 2.4. Let u € H*(Q1,A?) and o € R. The mapping
Syt = o) = a”(uy0) ~ [ 0 Auds (2.8)
1951

is a continuous linear functional on V(I') that coincides for sufficiently smooth u with

[0ou, ] = — / (v1 OpAu — (1 — o) v} Drpu)ds
r (¥ = (v1,v2) € V(I)). (2.9)
+ /r Vo (aAu +(1-o0) Onnu)ds
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Moreover, §, : H*(21,A%) — (V(I')) is continuous.

Proof. Since

2
cAuAv+ (1 —0) Y 0;0kud;0kv
j,k=1

= AulAv + (1 — 0)(20102u 81900 — 7ud3v — d3u div),

after applying Green’s formula with « € H*(Q) and v € H?(£2;) one has

/ (Au Av —wv AQU)dI = / (Au Opv — vﬁnAu)ds
Q r

/ (2 01021 01000 — O3u 05v — Dau 8fv)dac = / (8711 Orntt — Opv 377“) ds.
Q1 r

Thus the value of the domain integrals ag) (u,v) — le v A%u dz depends only on yv €
V(I') and we obtain the Rayleigh-Green formula (2.9). Since

|a (u, )| < |oll|Aull 2@ AV L2 ()) + 11 = ol [ul 20y 0] 52(00)
there exists a constant depending only on ¢ such that
[0, )] < 1A%ull 220 IV ¥l 201) + ¢o [ulaz (0 7Y H200)- (2.10)

Hence the assertion follows by continuity from Lemma 2.2 and the fact that C°°(Q;) is
dense in H?(Qy, A?) (see [16]) B

Corollary 2.1. For u,v € H?(Qy, A?) Green’s second formula
/ (v A% — u A%v)dx = [6,v, yu] — [dou, U]
931

holds.
For ¢ = (v1,v2) € V(') we write formula (2.9) in the form

(6o, 9)] = —{v1, Nou)r + (v2, Mou)r (2.11)
where for sufficiently smooth u, say u € H*(Q,),

Msu=0cAu+ (1 —0)Opnu

~ 2.12
Nou = 0, Au + %(Tgu) ( )

with
Tou=(1—0)0mu (2.13)
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and the derivative of T, u is understood in distributional sense. In plate bending My u
corresponds to the bending moment, T,u to the twisting moment and N,u is known
as transverse force. In general the twisting moment T, u is discontinuous at the corner
points of I'. Therefore

Nyu = Nyu -+ Z 6(- — ) (Tgu(:vi) - Tau(xi))

where §(z) is the Dirac functional, T,u(z’, ) — T,u(z") is the corner force at z* and the
function N,u, known as Kirchhoff shear, is equal to

d
Nou = 0,Au+ d—(Tgu) on the arcs I';. (2.14)
s

Since adjacent arcs meet at the corner point z’ with interior angle «;, from (2.7) it
follows easily that

Tou(z'y) — Tru(zh) = (1 — o) sine; (Opiriu(z’) — Opiniu(z?)). (2.15)

Here the unit vector

nt — (cos (¢i + 7524, sin (¢; + 7T—2ai)) _ <— sin (p; — %), cos (p; — %))

is directed as the bisector of the angle between n(z") and n(z?, ), ¢; denotes the angle
between the z1-axis and n(z’ ), and

1

T :—<COS (307;— 5 ),ﬁn(%‘?))‘

Hence we get

Nyu = Nyu+ (1 —0) Z 5(- — z")sinoy (Dripiu(z’) — Opiniu(z?)). (2.16)
i=1

The vector composed of the components of the Dirichlet and Neumann data

u

U onu
(éf,u) = r (2.17)

Nou

will be called Cauchy datum of u € H?(21, A?) associated with the bilinear form a°.
Let us now consider the problem to find u € H?(€;) such that for given x € (V(T))’

a’ (u,v) =[x, yv] Yo € H*(Q). (2.18)
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By (2.8) this is equivalent to the Neumann problem for the biharmonic equation

(2.19)

A%u =0 in
oot = X .

Let us denote by P; the space of linear functions on R? and introduce the factor space
H2(Q1) = H*(Q4)/P;. Tt is well known that

@[ #2(01) = [ulmz(0:)
gives a norm on the Hilbert space H?(21) equivalent to the quotient norm
inf — )
Jnf Jlu—pllaz@)

Further, we denote by [ (I") the traces of linear functions, [ (I') = v(PP;), and consider the
space W(I') = V(I') /I (T") equipped with the factor norm. The adjoint space (W(I"))’
with respect to (2.1) can be identified with the polar set

LDy = {xe (VD) : (vl =0 ¥y elD)].

Obviously, the assertions of Lemma 2.2 remain true for the mapping v : H2(Q;) —

W (T).

Lemma 2.5. Let u € H2(1) with A% =0 and 0 < o < 1. There exist constants
c1 and cy not depending on u such that

cillillrz,) < 10otflov @)y < calltllze@y)-

Proof. Since d,p = 0, p € P, the mapping J, is defined on equivalence classes
i € H2(Q) with A%u € L?(Q4). Further, for any u € H2(Q;) with A?u = 0 there holds

[0ou,yp] =0 (p € Py), ie. dou € 1(T)*, (2.20)
From (2.10) we get
60w, Y]] < colulm2on v Ylaz@) < ellillnz @Yl
hence &, maps {u € H2(1) : A% = 0} into (W(T'))’ and
100 tll (w(ry) < callllrza)-
On the other hand, for u € H?(2;) with A%u = 0 we have
[Bou,yul = ad (u,u) = o [[AulF2q,) + (1 = o) [ulfr(q,)

sofor0<o <1
0o, yvi] > (1= o) [[all32q,)- (2.21)

Hence we derive
1602l w0y vl > (1= o) [[all32 0y = eallillze @ llvallw

and the proof is finished H
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Corollary 2.2. Let 0 < ¢ < 1. The Neumann problem (2.19) has a solution
u € H%() if and only if x € [(T)*. The corresponding equivalence class u € H?(2)
1S Unique.

Lemma 2.6. The set {(7¢,0,0) : ¢ € C§°(R?)} is dense in V(') x (V(I))".

Proof. The assertion is proved if we show that for (i, x) € V(T') x (V(I')) the
relation

o, 0] — D, 79] =0 Vo € C°(R?) (2.22)

implies 1) = x = 0. Choosing arbitrary f € L?(€;) we obtain by applying Corollary 2.1
and (2.6)

[50T(f7 0)7 dj} = [50T<f7 O>7 ’YT(07 ¢)] - [50T(0a ¢)7 PYT(fa 0)]
_ /Q (7(£,0) A2T(0,4) — T(0,) A>T (£,0) ) da

—— [ F7(0,) do.

1951

Since C°°(£2;) is dense in H?(Qy,A?) relation (2.22) holds also for ¢ = T(f,0), so
Jo, FT(0,¢)dz =0 for all f e L?(Q). Thus T(0,) = 0 yielding v = ~T(0,%) = 0.
From (2.22) it follows now that [x,v¢] = 0 for all ¢ € H?(Q1, A?%) which together with
Lemma 2.2 implies x =0 I

Next we consider boundary value problems in the exterior domain 5. The traces
of functions given outside of ; are defined so that for any ¢ € C§°(R?)

Y(pla,) = v(elay) }
8o (la,) = 0o (play) |

Hence, if Q denotes a domain containing €, u € H2(Q\Q1,A2) and v € H2(Q\Q1),
then

[05u, yv] = / <(<pv) A%y — o Alpv) Au — (1 —0) i 0;0ku ajak(gov)>da:

_ k=1
N /

where ¢ € C5°(Q) with ¢ = 1 on a neighbourhood of Q.

Let us define the Hilbert space W2(£23) which is a special case in a family of weighted
Sobolev spaces studied in [14] and allows variational formulations of exterior problems
for the biharmonic equation. We denote p(r) = log(2 + r2) and introduce

9 _ .. U oju
WO = {4 LB G ]
WZ(Qy) = closure of C°(Qs) in W2(Qy)

, 0j0ku € L*(Q2) (j, k = 1,2)}
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equipped with the canonical norm. It is proved in [14] that the seminorm

2 3
|U|W2(92) = < Z ||ajaku”2L2(Qg))

jk=1

is a norm on WZ(€)2) and on the factor space W?2(5)/P; equivalent to the corresponding
induced norms. Hence the bilinear form

2
ag, (u,v) = /Q (aAu Av+(1—o0) Z 0;0ku 8j8kv) dx (2.23)

Jk=1
is positive definite on W (£22) and, for 0 < o < 1, on H2(£22). Here we use the notations
H?(Qg) = W2(Q2) /Py and |||12(0,) = |ulwz2(q,). Furthermore, for u € W?*(Q,) with
A?yu=0and 0< o<1
o] = — s, () < (0 1) ulfya e, (224
hence, analogously to Lemma 2.5 one obtains

Lemma 2.7. Let i € H*(Q2) with A?u =0 and 0 < o < 1. There exist constants
not depending on u such that ci||t|12(q.) < 100wy < 2|2y -

Similarly to the interior problems the following assertions can be proved.

Lemma 2.8. For any ¢ € V(') the weak formulation of the Dirichlet problem

Yu =1
ad, (u,v) =0 Vv e W§(5s)
has a unique solution u € W?2(Qs). The exterior Neumann problem
ad, (u,v) = =[x, ] Vo e W (Qy)

has a solution u € W2(Qy) if and only if x € 1 ()L c (V(I))'. The corresponding
equivalence class 1 € H*(2) is unique.

3. Layer potentials for the bi-Laplacian

Here we introduce the biharmonic layer potentials, which are based on the fundamental
solution of the bi-Laplacian A2

G(z) = g |z logla|  (z € R?)
and are associated with the form a?. Note that the operator
Gu(z) = (G(z,),u)zs  with G(z,y) = Gz — )
is the inverse of A? on the space of compactly supported distributions on R? and that

G: H: (R?) — HTHR?*)  (s€R) (3.1)

comp loc

is continuous. We have the following representation formula which follows immediately
from the special case o = 1 given in [16].
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Lemma 3.1. Let u € L*(R?) be a function with compact support such that u|g, €
H?(M), ulo, € HE.(Q2) and f = A?ulga\r € L*(R?). Then for x € R*\I' the repre-
sentation

u(@) = Gf(x) = {dou},vG(z, )] + [0,G(z, ), {vu}]

holds where
{yul = v(ula,) — v(ula,)

{0ou} = 5 (uln,) — 0o (ula,)
denote the jumps of the Dirichlet and Neumann data, respectively, across T'.

Lemma 3.1 leads to the definition of the layer potentials for x € R?\I"

Vx(z) = [x,7G(z, )] (x e (V(T)))

(3.2)
Kot(x) = [0,G(x,-), ] (v € V(D).
Lemma 3.2. The biharmonic layer potentials
Vi (VD) — Hig(R?)
Ko : V(I) — H*()
are continuous.
Proof. Because of Vx(z) = (G(z,-),7 x)r2 we can write
Vx =G7'x. (3.3)
The adjoint of the trace map 7' : (V(I')) — Hz2,,(R?) is continuous, therefore the

assertion for V follows from (3.1). Due to Lemma 3.1 the solution v = T'(0,1) of the
Dirichlet problem (2.5) can be represented by

T(Oa ¢) = V(saT(Oa ":b) - ’Cadk

So Lemma 2.4 and the continuity of T" imply ||Kot||m2(0,) < ¢||¢|lv ) B

Note that definitions (2.1) and (3.2) lead to known representations of V and K, as
integral operators [17, 12]. If the components of the vector x = (v1,v2) are integrable
functions, then we have

Vx(z) ==& [ vi(y) |z —y|? log|z — y| ds,
I
(3.4)
+ 5= [ v2(y) (ny,y — x)(2log |z — y| + 1) ds,,.
I

From (2.16) we derive that the potential K, v, ¥ = (v1,v2) € V(I'), is the sum of two
integrals and of a finite number of functions depending on vy (z*):

Kotp() :/FU2(Z/) M, G (2, y) dsy_/rvl(y) NoyG(z,y) dsy

m o (3.5)
— 14_—: Zvl(xi) sin o (1 — —Q(nz,x v )2)
i=1

|z — 2|2
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where
l+o 1—0o/(n,,y—x)? 1
M, ,G(x,y) = 1 _ 1 ( Y __)
Y ('ZE y) A (Og|.’L’ y|+ )+ A7 ’x_y‘Q 9
l+o (ng,y—x)  1—0/(n,y—x)° (ny,y—x)*> 1
NoGlay) = 17 (lrwy=o? | (lwy =2 1y
L A W P L S PR R

Here x, denotes the curvature of I' at the boundary point y, k = ?Tf where ¢ is the
angle between the x;-axis and n,.

Let us define the linear spaces

17 = {u(e) = V(@) — Kot (@) : (%) € V(D) x (V(T)), 2 € O}

of biharmonic functions representable via layer potentials. From Lemmas 3.1 and 3.2
we conclude that the space L] corresponding to the interior domain is independent of
o and coincides with the set of functions v € H?({);) satisfying A%u = 0. Moreover, for
u € Ly the representation formula

if z € Q)
Visu(z) — Koyu(z) = {g(x) 1f§ c Q; (3.6)

holds. The space L§ consists of functions u € H? (Q2) characterized by A?u = 0 and
by a special asymptotics at infinity which will be described in the following lemma. To
this end we introduce the functions of (z,y) € R?

gi(z,y) =1
92(z,y) = (z,y)
g3(,y) = |y[”
ga(z,y) = 3ly* + (z,y)*
denote by & = % the direction of x and define
Lix(x) =[x, 795 (&, )] (x € (V(I)))

JTP(x) = [00g; (&, ), ¥] (v € V(T)) (j=1,....4). (3.7)

Note that J{ and J§ vanish, I, I3 and JS are constants, while I, I and JJ depend on
the direction of x. Since the asymptotics of the fundamental solution for |z| = R — oo
can be written in the form

G(z,y) = o= (R2 log R — g2(%,y)(2Rlog R+ R) + g3(Z,y) log R + g4(Z, y))

(3.8)
+O(R™)

(cf. [3]), definition (3.2) of the layer potentials implies
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Lemma 3.3. For given (1, x) € V(T') x (V(T'))" the function
u(z) = Kob(z) — Vx(z)
behaves for large |x| = R as

u(z) =— & (le R?log R — Ly(z)(2R log R + R)

(3.9)
+ (Isx — J§) log B+ Lix(x) — J{b(x)) + O(R™").
Corollary 3.1. The operator K, : V(') — W?2(Qy) is continuous.
Now one can prove the representation formula for functions v € L§.
Lemma 3.4. For u € L§ with Cauchy data (yu,d,u) there holds
_  Ju(x) ifre Qo
Koyu(x) — Vi,u(z) = {O ifreq. (3.10)

Proof. We enclose Q; by a ball Bg with radius R > |z|. Then representation
formula (3.6) is valid for the bounded domain Qs N By yielding

u(x) = Keyu(r) — Visu(x)
-+ /SR (U Nsz(IL’, Z) - MO',ZG<'T;7 Z) aﬂu

+ Myu 0, G(z,2) — G(x, 2) Ngu> ds..

Using asymptotics (3.9) of u(z) as R = |z| — oo and asymptotics (3.8) of the funda-
mental solution it was shown in [16] that the integral

/ <u On.AG(z,z) — AG(z, 2) Opu + Au 0, G(z,2) — G(z, 2) 8nAu>dsz
Sr

converges to 0 as R — oo. By the same technique one obtains after some lengthy
computations that the remaining integral converges to 0, too I

Corollary 3.2. A function u € LS belongs to the weighted Sobolev space W2 (o)
if and only if Sou € 1 (T)*.

Corollary 3.3. Let 0 < o < 1. If the exterior Neumann problem

A%u =0 inQy
(3.11)

dou=x € (V(I')’

has a solution u € LS, then this solution is unique.

Proof. Obviously, it suffices to show that d,u = 0 for v € L§ implies u = 0. Due
to Lemma 2.7 we have Huugﬂ%) = 0, hence u € P;. But in view of asymptotics (3.9)
this is only possible if u =01
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We note that the exterior Dirichlet problem

A%y =0 in
(3.12)

yu=1 € V()
is not uniquely solvable in Lg, in general. For example, the two biharmonic functions
uj(z1,22) = z;(2 log|z| + 1+ e 2 |z|7?)

have vanishing trace yu; = 0 on the circle I' with radius e~!, whereas for any circle I'
with radius 7 # e~! the problem

A%y =0 in Qs
(3.13)

yu =0

has only the trivial solution.

In the following we say that the curve I' satisfies the assumption (Aj) if the cor-
responding exterior homogeneous Dirichlet problem (3.13) has only the trivial solution
or, equivalently,

(A7) we L§ with yu = 0 implies d,u = 0.

Recently Costabel and Dauge proved in [6] that for any general curve T' there exist
between 1 and 4 values of the scaling factor p > 0 such that the scaled curve pI' =
{px € R? : 2 € T'} violates assumption (Aj).

Lemma 3.5. The layer potentials provide the jump relations

{YWx} =0, {6 Vx}=—-x forallxe (V())
(YKo} = b, {6, Kop} =0 for all € V(I).

Proof. Since u = Vx € H? _(R?) we have y(ulo,) = v(ulq,). Further, from (3.3)
we obtain that A%u = ~'y in distributional sense, i.e.

/RQ ulpdr = (Vx, w2 =[x, 79] Vo € G (R?).
On the other hand,
/91 ulN’pdz = ad (u, ) — [6o0,7u] = [0 (ula, ), Y] — [6o0, U]
/Q2 uA*pdr = ag, (u, ) + [0op, yu] = —[0s(ula, ), ve] + [0op, yul.

Thus
79 = —[6:(VXla,) — 6. (VXla,),ve] Ve € C°(R?).
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Let now u = K,1, ¢ € V(I'), and again ¢ € C§°(R?). Green’s second formula
yields

| uteds = ~({87ud 5 + B Lyu)) (314
The definition of K, provides
u= Ko =G 1 (3.15)
where 6’ 1 denotes the compactly supported distribution on R? defined by

(@, 0¥)re = [0o0, 9] Vi € CF°(R?).

So A%u = §’ 4 in distributional sense, therefore

/ uA?pdr = [650,1)]. (3.16)
R2
Comparing (3.14) and (3.16) we obtain

o0, — {yu}] = =[{dou},ve] Ve € CF°(R?).

Thus from (2.22) we conclude that {vK,9} — ¢ =0 = {6, K,0} 1

4. Boundary integral operators for the bi-Laplacian

In this section we study some basic properties of boundary integral operators connected
with the biharmonic layer potentials. These operators are defined as the traces

Ax =279Vx

Byx =26, (Vxla,)
Cotp =27(Ko¥l0,)
Dotp = =26, (Kst|0, ).

Formally this definition is the same as for the second order equations given in [5]. We
will show that the biharmonic boundary integral operators have analogous properties
as the corresponding operators of the Laplacian.

Lemma 4.1 [16]. The operator A: (V(I'))" — V(I') is continuous, symmetric and
strongly elliptic, and it is positive definite on (W (T)), i.e. for any x € (W(T)) =1(I')+
there holds

D AX) > ellxllfy )y

with a constant ¢ > 0 not depending on x. If additionally the curve I' satisfies assump-
tion (Ar), then A is bijective.

Here and in the following the adjoints of boundary integral operators are taken of
course with respect to duality (2.1).
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Lemma 4.2. Let 0 < o < 1. The operator D, : V(') — (V(TI")) is symmetric and
strongly elliptic with ker D, = [ (I') and imD, = [ (I')*. Moreover, the isomorphism
D, : W(T') — (W(T'))" is positive definite.

Proof. Note first that the boundedness and symmetry of D, follows immediately
from Lemmas 2.2, 2.4, 3.2 and the symmetry of the kernel function G. To prove that D,
is positive definite we take ¥ € V(I') and set u1 = —K,v%|q, and uy = —K,9|q,. The
jump relations lead to d,u; = dyus = %Dgw and yus — yu; = —. Due to Corollary
3.1 we have |u|%V2(Q2) < 00, s0 by (2.21) and (2.24)

% [Daw,w] = [5UU1,7U1] - [5JU2,7U2]
agy, (u1,ur) + ag, (uz, uz)

> (1= 0)([wl3e 0, + lu2l3e @)

Since
19llwry < llvudllw ey + Ivuellwe < e (lutllnzg,) + luzllre@,))

we obtain [D,1, ] > ¢, ||@D||%V(F), hence D, is strongly elliptic in V(I'). From (2.20) it
is clear that ker D, =1 (") B

Lemma 4.3. The boundary operators C, : V(I') — V(') and B, : (V(I')) —
(V(T))" are continuous and connected by the relation B, = C, +21.

Proof. For any (1, x) € V(T') x (V(T"))" we obtain from (3.15) and Lemma 3.5

[6o (VXl0:) + 00 (VX]0,) + X, ¢]

= (G7'xla, + 97Xl 050 R + [X, ¥
= (97X, 05 )m2 + [X, ¢]

= (VX Kot)r2 + [X, 9]

[Box, ] =

= D v(Kotla,) +7(Kotla,)] + [X, ¥
= [, 27(Kotlay) + ¥ + [x, ]
=[x, Co¥] + 2[x;, ¢]

and the proof is complete H

If we introduce the operator W, = I +C,, then B, = I+ W/ and Lemma 3.5 yields

’Y(Kaqmﬂj) =

5 (V) = (j=1,2). (4.1)

Let us mention that in the special case 0 = 1, where the form a? is not coercive, we
obtained the following characterizations in [16]:

— The operator % (I —Wy) = —% C; is the Calderon projection onto the traces vu of
harmonic functions u € H?(£2y).
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— The operator % (I4+W) = %B’l projects onto the traces yu of all harmonic func-
tions u € H? () with the asymptotics u(x) = a(log|z| + 1) + O(|z| 1), |z| — oo,
for some real a.

— Dyyp =0 for all v € V(I).

Now we introduce the bounded linear operator

_ V(L) V(L)
%g:< ;)/Vg VC’): X — X (4.2)
7 7 (V) V()
and define the mappings
Ci=35I—(-1YB,) (j=12) (4.3)

Lemma 4.4. The operators Cy; (j = 1,2) are the Calderon projections which
map V(I') x (V(I'))" onto the set of Cauchy data (yu,dsu) of functions u € L.

Proof. For arbitrary (1, x) € V(I') x (V(I')) and u = (=1)7(Ks% — Vx) € L? the
jump relations of Lemmas 3.5 and (4.1) imply

Yu\ _ v [ Y Ke¥la;) —v(Vxla,)

<5gu)—< b (&(/cawmj)—dawx\aj))
vt [ o+ (1) D — Ax

= (=1 (—Daw— (W, — (—1)JI)X)

— - -1y (V)

X
()

Let now u € L7. Then representation formula (3.6) or (3.10) yields
u(z) = (1) (Koyu(z) — Vé,u(z))  (z € Q).

After applying the jump relations we obtain

W g U
0ol T\ dpu )
Hence the mappings €, ; are bounded projections and the Cauchy data of all functions

from L7 belong to the image of €, ; I

Since the Calderon projections for the interior and exterior problems are conjugate,
Cs1+C€2 = I, the space V(') x (V(I'))’ can be decomposed as the direct sum of closed
subspaces

V(D) x (V) = {(vu,65u) : w€ L1} + {(yu,d,u) : ue LI} (4.4)
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Corollary 4.1. From (’lg’j = &, ; we derive the relations

Wy A= AW,
W! Dy = Dy Wy (4.5)
AD, =1—-W?2

Lemma 4.5. Let 0 < o < 1. The operator (I —W,) : V(T') — V(T') is bijective,
whereas (I +Wy) : V(I') — V(') is Fredholm with index zero, ker (I +W,) =1 (") and
im (I +W,) = A(L(T)™).

Proof. From (4.5) we have
AD, = (T +Wo)I —Wy) = (I —W,)(I +W,). (4.6)

Since A and D, (0 < o < 1) are strongly elliptic, the operator AD, is Fredholm
with index zero, and by well-known arguments (cf. [15: Theorems 1.3.1 and 1.3.3])
the operators (I + W,,) are Fredholm itself. Based on relations (4.1) one can use the
uniqueness of the interior Dirichlet problem in L; and of the exterior Neumann problem
in L§ to derive that

ker (I —W,) =ker (I —W.)=0.

Therefore (I +W,) is a Fredholm operator with index 0, from (4.6) its kernel and image
can be determined by using Lemmas 4.1 and 4.2 i

5. Boundary integral equations for plate bending problems

Using the layer potentials and boundary integral operators it is now quite easy to trans-
form biharmonic boundary value problems into integral equations over the boundary.
For example, the results of Sections 2 and 3 and certain layer potential representations
lead immediately to equivalent integral equations for Dirichlet and Neumann problems.
However, the analysis of indirect methods for other types of boundary conditions seems
to be more involved. Here we concentrate on a direct method which produces strongly el-
liptic systems of boundary integral equations equivalent to mixed biharmonic boundary
value problems. Having properties of boundary integral operators at hand the analy-
sis of the proposed method simply extends the well-studied approach for second-order
equations to our situation.

We introduce the bounded bilinear form on V(T') x (V(T))’

vy (P —
<(X)’ <7‘>>V(F)><(V(F))’ =yl + el (5.1)
From (4.2) we see that for any (¢, x) € V(I') x (V(I"))’ the equality

by (v
<%U<X>’ (X)>V(F)><(V(F))’
= —[ Wot] + [t Ax] + [Doth, ¥] + W, ¥ (52)

= [, Ax] + Do), 9]
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holds. Let us denote by P : V(I') — V(I') a bounded projection, set @ = I — P and
introduce the projection P in V(I') x (V(I'))" by

V(T) im P
P 0
B = 1) - (5.3)
<O Q) (V(Xr))' o

Note that
imP x imQ = imP

imQ x im P’ =im (I —*P)

are closed subspaces of V(I') x (V(I"))" which are in duality with respect to (5.1). Since
(im Q)+ = (ker P)L = im P/, equality (5.2) leads to

Q Q
<¢a,j (P,Qf)’ (p/w ) >V(r)x(V(F))’

:%<(I( ( >< >>V(r)x(V<P))’

= (~1 L (JAP X, P'x] + [P Q4, QU )

Hence for any projection P the mappings

im Q9 im P
AT = (—1)/HPe,, (I -P)=2PB,I-P): x —  x (5.4)
im P’ im Q'

do not depend on j = 1,2. If 0 < o < 1, then in view of Lemmas 4.1 and 4.2 the
operator 2A7? satisfies a Garding inequality

<(Q[f ) @) <i> >V(F)><(V(F))’ - C<H¢H2V(F) ’ ”XH%V(FW)

for all (¢, x) € im Q@ xim P’, with some constant ¢ > 0 and a compact operator T. Since
the adjoint of AZ with respect to form (5.1) provides the same property we derive

Lemma 5.1. Let 0 < 0 < 1 and P be a bounded projection in V(T). Then A7
defined in (5.4) is a Fredholm operator with index zero from im (I —*B) into imP and
strongly elliptic with respect to (5.1).

Note that the two trivial cases P = I and P = 0 are treated in Lemmas 4.1 and
4.2, respectively.

The mapping 27 is closely connected with the following biharmonic boundary value
problem:
Find w € L] such that Pyu=p and Q'dou=r7 (5.5)

where (p,7) € imP x im Q" are given boundary values. Indeed, for u € L we know

from Lemma 4.4 that
¢ . yu o\ [ YU
I\ dpu )  \dsu )’
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To solve problem (5.5) we decompose

yu\ [ Pyu n Ovu
dou )\ Qb,u Posu

so that the unknowns ¢ = Qyu and y = P’d,u have to satisfy

(I —Chy) (Zﬁ) = (Cpj — 1) <£) (5.6)

In particular, applying the projection 3 to both sides we get the equation
PV _ [ 1\ o p
2 (V) = o -0 (7). 5.7)
Lemma 5.2. Let (p,7) € imP x im Q’.
(i) If u € LY satisfies (5.5), then ¢ = Qyu and x = P'é,u solve equation (5.7).
(ii) If (v, x) € im Q x im P’ is a solution of (5.7), then the function u given in §;

by
u= (1) (Ko + p) = V(x + 7)) (5.8)

solves boundary value problem (5.5).

Proof. It remains to show statement (ii). For u from (5.8) there holds in view of

Lemma 4.4
W _e (VTP
dol I\ x+71)°

Since equation (5.7) is fulfilled we have

N AR
e (V1) =0

implying Pyu = P(¢ + p) = p and Q'0,u= Q' (x +7) =711

Thus any solution of the boundary value problem (5.5) can be obtained by solving
the system of boundary integral equations (5.7). Note that in general this system has
more linear independent solutions than (5.5).

Lemma 5.3. Let 0 <o <1 and §; (j =1,2) be the dimension of the null space
of the corresponding homogeneous problem (5.5) with p =7 =0. Then

dimker2” =3, + 5 <3  and B = dim Q(I(T")).

Proof. Since u € L7 with (yu,d,u) € imQ x imP’, ie. Pyu = Q'd,u = 0,
determines an element (yu,d,u) € kerA” and by (4.4)

{(vu,60u) : we L1} N{(yu,0ou) : ue L} =0

it is clear that dimker 217 > 8; + 2. On the other hand, since V(T') x (V(I')) is the
direct sum of these subspaces there exists a basis in ker 217’ consisting of elements of the
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subspaces. Due to Lemma 5.2/(ii) and representation formulas (3.6) and (3.10) we get
therefore dimker A7 < 3, + fs.

Let now u € L with Pyu = Q'6,u = 0. Then
ag, (u,u) = [6ou,yu] = [65u, Pyu] +[Q'd,u,yu] = 0

and Lemma 2.5 yields u € Py, i.e. yu € [(I") and d,u = 0. Hence the homogeneous
boundary conditions can be satisfied by $; = dim Q (I(T")) linear independent elements
of Ly. Using (2.24), Corollaries 3.2 and 3.3 it can be seen quite similarly that

u € L5 NW?A(Qy) with Pyu= Q'd;u =0 implies u = 0.

Hence any non-trivial solution of the homogeneous boundary value problem in the outer
domain Q5 satisfies d,u ¢ I (I')* or, more precisely, the corresponding equivalence class
Sot in the factor space (V(I'))'/l(T')* is different from zero, d,u # 0. Consequently,
if (1,x) € (imQ x imP’) NkerA? and x # 0, then the equivalence class x # 0 in
(V(T))’ /I (T)+. This means that 3 is not greater than the number of linear independent
elements y € im P’ with x # 0 which equals to dim P (I(T")) = 3—dim Q ({(T")) = 3—3, 1

Now we introduce the assumption
(Ap) If u € Lg satisfies Pyu =0 and (I —P’)d,u = 0, then u =0
and consider boundary value problem (5.5) for j = 2.

Theorem 5.1. Suppose that T' satisfies assumption (Ap), let (p,7) € im P X im Q'
and 0 < o < 1. Then the boundary value problem for the bi-Laplacian

(5.9)

A?u=0 in
Pyu=p, (I —=P)o,u=r7

has in the space L a unique solution given by
u=Ks(¥+p)=V(x+7)

where (1, x) € im Q@ x im P’ solves the system of boundary integral equations

AP (i’)zém(f—%g)(f). (5.10)

If additionally the projection P reproduces the traces of linear functions, Pyp = ~vp for
all p € Py, then (5.10) is uniquely solvable.

For j = 1 boundary value problem (5.5) admits the following variational formulation:

Find « € H?(Q) such that Pyu=p and

. , (5.11)
ag, (u,v) = [1,Qyv] Vv € Hp(y) = {u € H*(1) : Pyu = 0}.

It is clear that problem (5.11) is uniquely solvable for 0 < ¢ < 1 if and only if the only
linear function p satisfying Pyp = 0 is the trivial function p = 0.
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Theorem 5.2. Suppose that P(L(I')) =1(I'), 0 < o <1 and let (p,7) € imP X
im Q'. The unique weak solution of the boundary value problem for the bi-Laplacian

A%u=0 in Yy
(5.12)

Pyu=p, (I =P)osu=r1
can be obtained by the formula
u=V(x+71)— Ko+ p)

where (1, x) € im Q x im P’ solves the system of boundary integral equations

mf(i):—%m(ﬂr%g)(f). (5.13)

If T satisfies assumption (Ap), then system (5.13) is uniquely solvable.

Roughly spoken, if the boundary conditions are such that the biharmonic bound-
ary value problem can be transformed into a coercive variational problem, then it is
equivalent to a strongly elliptic system of boundary integral equations.

As an example we now consider the choice of the projection P for mixed boundary
conditions. We assume that the boundary I' is composed of four disjoint parts I'., 'y,
I'y, and I'f such that

r=rT.0T, UL, Uuly

and consider a bounded projection P in V(I') providing

; w w1 =V1,W2 =TV2 0N Pc
P( 1) = ( 1) [ V(F) with {wl =11 on Fh (514)

w2
Wo = V2 on FT

whereas the functions w; are extended to the other parts of I' in some specific way.
Clearly, there exists of variety of projections giving (5.14), which differ only in the
method of extending w;. But the concrete form of the projection P is not important,
we need only the existence of bounded projections, [Py ry < c¢|¥|v(r), which is
obvious. Since for the adjoint of Q@ = I — P we have

Q (“4) = (24) e (V) with {<“4’“’1>F = (7, o)

U3 23 (v3,w2)r = (23, w2)r

for all

(w1> € kerP = { (Ul> e V() : vilr,ur, =0 and vs|r,ur, = 0}

w2 (%]
we conclude that in weak sense

y ; Z3 = V3,24 = U4 OIlFf
Ql< 4) — < 4) € (V(F))/ with {23 = U3 on Fh (515)

Z4 = Vg on FT.
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We note that the space ker P x ker Q" in which the unknowns (1), x) of system (5.6) have
to be sought is independent of the concrete choice of P. Moreover, the definition of the
trace spaces together with the description of ker P x ker Q' imposes certain compatibility
conditions for the components of ¢ and y at singular boundary points, i.e. corners and
points at which the type of boundary conditions changes. We will not go into detail, we
mention only that it is important to take into account these compatibility conditions in
choosing the approximation spaces for the numerical solution of (5.6).

If we formulate the boundary conditions in (5.5)

Pryu = p = (g:) €im?P
QS,u=1= (Zi) €imQ9’

in terms of the Cauchy data of u which are defined in (2.17), then we obtain from (5.14)
and (5.15) the following well-known mixed boundary conditions of plate bending:

(i) clamped: u = g1, Opu = gy on I,

(ii) hinged or simply supported: u = g1, Myu = g3 on I'p,

(iii) roller-supported: 0,u = ga, N,u = gs on I'y,

(iv) free: Myu = gs, Nou = gaon I'y.

Now the stability of the Galerkin method for solving the system of integral equations
derived from mixed boundary conditions (i) - (iv) can be proved by standard arguments

for sequences of finite-dimensional spaces of approximating functions X; C ker P and
Y, C ker @', h — 0, so that

UXh x Yy, is dense in ker P x ker Q'.
h

Theorem 5.3. Suppose that 0 < o < 1 and that the interior and the exterior bound-
ary value problems for the biharmonic equation with homogeneous boundary conditions
(i) - (iv), i.e. g; = 0, have only trivial solutions. Then the Galerkin equations

<%" (;ﬁ:)’ (z:)>V(F)x(V(F))’ - 2(_1)j<(€"’j -1 <i>’ (ZZ:>>V(F)><(V(F))’

for all (ﬁ) € Xy x Yy are uniquely solvable for all sufficiently small h and the approx-
imate solutions

up = (=1)7 (Ko (¥ + p) = V(xn + 7))

converge quasioptimally to the biharmonic function u in Q; (j = 1,2) satisfying bound-
ary conditions (i) - (iv). For example, for any x € Q; the estimate

’u(az) — uh(x)| < c( in

<,0h€£(h ||Q7U - whHV(F) + d)irelf}‘/h HP,(SUU - ¢5hH(V(F))/>

holds with some constant ¢ > 0 not depending on u and h.
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