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Classification and Existence
of Non-Oscillatory Solutions of
Second-Order Neutral Delay Difference Equations

Yong Zhou and B. G. Zhang

Abstract. In this paper, we give a classification of non-oscillatory solutions of a second-order
neutral delay difference equation of the form

A*(n — cnZnor) + (0, Tgy (n)s -+, Tgy, (m)) =0 (n>mno € N).

Some existence results for each kind of non-oscillatory solutions are also established.
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1. Introduction

Consider second-order nonlinear neutral difference equations of the form
A?(z,, —CnTp—r) + (N, Zg,(n)s -+ > Tg, (n)) =0 (n >ngp € N). (1)

With respect to equations (1), throughout we shall assume the following:

(i) 7 €N, {¢,} C Ry and there exists § € (0,1] such that ¢, <1 — 0 for n > ng.

(i) g; : Ny, — Npy, Ny = {ng,no +1,...}, and lim, ., g;(n) = 00 (j =
1,2,...,m).

(iii) f : N,, x R™ — R is continuous with respect to the last m arguments and
yif(n,yi,...,ym) >0 for y1y; >0 (5 =2,...,m). Moreover,

’f(n,l'l,...,l’mﬂ > |f(n7y17,ym)‘

when |y;| < |z;| and z;y; >0 (5 =1,2,...,m).

The forward difference A is defined as usual, i.e. Az, = 2,41 — T,. Set

Yn = Tpn — CnTp—7- (2)
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In [3, 4], Agarwal, Manuel and Thandapani give a classification of all non-trivial solu-
tions of certain second-order neutral delay difference equations according to the sign of
{ynAy,} and established the existence of solutions in some classes.

In this paper, we study the existence and asymptotic behaviour of non-oscillatory
solutions of (1). More precisely, we give a classification of non-oscillatory solutions of (1)
according to their asymptotic behaviour. Moreover, we establish some existence results
for each kind of non-oscillatory solutions of (1). Especially, we obtain two necessary
and sufficient conditions for existence of non-oscillatory solutions of (1).

2. Results

First we show some lemmas which will be useful for the main results.

Lemma 1. Let {x,} be an eventually positive or eventually negative solution of
(1). If limy, oo x, = 0, then {y,} is eventually negative or eventually positive, respec-
tiely, and limy, o yp, = 0. If lim,_ oz, = 0 fails, then {y,} is eventually positive or
eventually negative.

Proof. Let {z,} be an eventually positive solution of (1). Then A%y, < 0 even-
tually. Thus Ay, is decreasing and Ay, > 0 or Ay, < 0 eventually. Also, y, > 0 or
yn < 0 eventually. If lim,, . x, = 0, from (2) we have lim, . y, = 0. Since {y,} is
monotonic, so lim,, .~ Ay, = 0, which implies that Ay,, > 0. Therefore, y,, < 0 eventu-
ally. If lim,,_, o z,, = 0 fails, then limsup,,_, . x, > 0. We show that y,, > 0 eventually.
If not, then y,, < 0 eventually. If {z, } is unbounded, then there exists a sequence {ny}
such that limy_o g = 00, Tp, = MaXy,<n<n,{ZTn} and limy_, o z,, = co. From (2),
we have

Ynp = Tny — CnpTny—7 > xnk(l - an)' (3)

Thus limg_, o0 Yn, = 00, which is a contradiction. If {z,,} is bounded, then there exists
a sequence {ny} such that limg_, . nx = oo and limy_ o ,, = limsup,,_, ., T,. Since
the sequences {c,,} and {z,,_,} are bounded, there exist convergent subsequences.
Without loss of generality, we may assume that limy_ o ©p, —r and limg_,o ¢y, exist.
Hence

0> lim y,, = lim (z,, — ¢n,@n,—r) > limsupz, (1 — lim an> >0
k—oo k—oo n—o0o k—oo

which is a contradiction again. Therefore, y,, > 0 eventually. A similar proof can be
given if z,, < 0 eventually }

Lemma 2. Assume that lim,,_,o ¢, = ¢ € [0,1) and {x,,} is an eventually positive
or eventually negative solution of (1). If lim, ooy, = a € R, then lim, o ©, = T
If lim,, .o Y, = o0, then lim,, . x, = F00, respectively.

Proof. Let {z,} be an eventually positive solution of (1). Then x,, > y, even-
tually. If lim, ..o = y, = 00, then lim, ., x, = oco. Now we consider the case
that lim,, . ¥y, = a € R. Thus {y,} is bounded which implies that {x,} is bounded
(see (3)). Therefore, there exists a sequence {ny} such that limy_,.onr = oo and
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limy o0 p, = limsup,,_, ., ©n. As before, without loss of generality we may assume
that limy_, ¢, and limy_, o 5, —~ exist. Hence

a= lim y,, = lim z,, — hm Cny, hm T, —r > limsup x, (1 — ¢),
k—oo k—oo k—oo k— Nn—00

ie.
> limsup z,,. (4)

1-c n—oo

On the other hand, there exists a sequence {n} } such that limj_, T = liminf,,— o0 Tn.
Without loss of generality we assume that limy_, o Cn and limg_, o T 7 €Xist. Hence

a= lim y, = hm Ty, — lim ¢, lim @, > liminf zn(l —c)
k—o0 k—oo k—o0 k k—oo n—oo
or
< liminf z,. )
l—c = nooc " ( )

Combining (4) and (5) we obtain lim, .. 2, = 7%;. A similar proof can be given if

z, <0
We are now ready to prove the following results.

Theorem 1. Assume that lim, o ¢, = ¢ € [0,1), denote by S the set of all non-
oscillatory solutions of (1) and define the following subsets:

5(0,0,0) = {{xn} €S: lim z, =0, lim y, =0, lim Ay, = 0}

n—oo

S(b,a,0) = {{:L‘n} €S: limz,=0b= . ¢ , lim y, = a, lim Ay, :O}
n— oo — C n—oo n—oo
S(00,00,0) = {{xn} €S: lim z, =o0, lim y, =00, lim Ay, = O}
S(00,00,d) = {{xn} €S: lim z, = o0, lim y, =00, lim Ay, =d # O}.

Then
S =5(0,0,0) U S(b,a,0)U S(co,00,0) U S (00, 00,d).

Proof. Without loss of generality, let {x,} be an eventually positive solution of
(1). If lim, .0 x, = 0, by Lemma 1, lim, ..y, = 0 and lim, . Ay, = 0, i.e.
xn € 5(0,0,0). If lim,, o 2, = 0 fails, then by Lemma 2 y,, > 0 eventually, and it is
easy to see that Ay, > 0 and A%y, < 0 eventually. If lim,, o yn = a > 0 exists, then
lim,, 00 Ay, = 0, by Lemma 2, and we have lim,, oo ,, = % = b, i.e. 7, € S(b,a,0).
If lim,, o0 Yn, = 00, then by Lemma 2 lim,,_,o T, = 00. Since A2y, < 0 and Ay, > 0,
we have lim,_, Ay, = d, where d = 0 or d > 0. Then either {z,} € S(c0,00,0) or
{zn} € S(c0,00,d) I

In the following we shall show some existence results for each kind of non-oscillatory
solution of (1). For this, denote by X the Banach space {20 of all bounded real sequences
T = {Znfn>n, With norm ||z, || = sup,,>,, [Tl
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Theorem 2. Assume that lim,,_. ¢, = ¢ € [0,1). Then (1) has a non-oscillatory
solution {x,} € S(b,a,0) (a# 0 and b +#0) if and only if

o0

> G1FG, b, b)) < 00 (6)

Jj=mno
for some by # 0.

Proof. Necessity. Without loss of generality, let {z,} € S(b,a,0) be an eventually
positive solution of (1). By Theorem 1 we know that b > 0 and a > 0. From (1) and
(2) we have

Azyn = _f(na Lgy(n)s--- 7xgm(n))'
Summing both sides of this equalty from s > ny to co we get

= Zf(.]a Lgi(5)s--- "Tgm(j))'
j=s

Summing both sides of the equality from N > ng ton —1> N we get

n—1
Yo =yn + Y (= N+Df (G2, T ()
j:ON (7)
+ (n_N)fU’xgl(j)?”'7$9m(j))'
J=n
Since lim]Hoo Ty ;) = b >0 (i = 1,2,...,m), there exists an N > ng such that

Tgi(j) > 2 for j > N. Hence from (7) we have

n—1

j=N
which implies that (6) holds.

Sufficiency. Set by > 0 and A > 0 so that A < (1 — ¢)b;. From (6) there exists a
sufficiently large N > ng so that for n > N we have n — 7 > ng and g;(n) > ng (i =
1,2,...,m), and

A oo
_+Cn Z .]7b17"'7 1)§1 (8)
=N
Define a set §2 by
:{{mn}€X|O§mn§b1 (nZno)}

and an operator T on €2 by

( n—1

A + CnTpn—r + Z jf(j? xgl(j)’ e ’xgm(j))
j=N

+ Z(n =D f (I Tgr()s -+ g (i)

j=n
\TIEN_H if ng <n< N +1.

fn>N+1
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Clearly, for {z,} € Q,

n—1 o]
Tay < Atcabi+ Y f(G b, b)) + D (0= 1)f(j,b,...,b)
=N j=n
© (n>N+1)
S A+Cnbl + Z]f(]?bb"'abl)
j=N
<b
and
Tﬂ?n:TQJN+1§b1 (n0§n§N+1),
ie. TQ C Q.
Define a series of sequences {a:,(f)} (ke N,,) as
29 =0
n > ]
g = TgF=Y (ke N) (72 7o) (10)
By induction, we can prove that
ng;’“*” §m7(f) <b; (n >mng,k €N).
Then there exists {z, } € Q such that limj_, a:ﬁf) =z, (n>mng).
In the following, we shall show that
N ) ® y_ N :
klingo Z(n — l)f(], Toiyr ,xgm(j)) = Z(n — l)f(], Ty (j)s- - - ,mgm(j)).
j=n j=n
In fact, by (6), for any € > 0 there exists N1 > ng such that
> fGibr,. . by) <e.
Jj=N1
Thus, for No > Ny we get
S (k) ( N
. (k k) . (k) (k)
D =Gy, 5) = 2= DI (g0, 5)
Jj=n Jj=n
— - (k) (k)
= 2 = DfGg e myg)
j=Na2+1
() (k)
< D GGy, 5)
j=N2+1
< Y GfGibibr)
j=N2+1

<e.
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Hence
k b 2 g
Z(n—l)f(],xgl(])7‘71‘gm(])) - Z<n_1)f(j7xgl(j)’..‘7$97n(j))
Jj=n 7=

uniformly for £k € N as Ny — 0o. Therefore

oo

' . (k) (k)
Jim 320001y w))
=n

= lim lim (n—1)f(j,xé’f)(j),...,x;]2(j))

. . ; k k
= lim lim (n — 1)f(J7 1';1)(]-)’ e 751”;,,3(3'))

=Y (n=Df (G20 Tg(5)):

j=n
Let kK — oo. Then (10) gives

( n—1

At enttnr + Y 3 f (120G Tgn()
j=N

+ (=1 f (G TGy T ()
j=n

L TN41 ifng<n<N+1.

v, — In>N+1

Clearly, =, > 0 for n > ng. Therefore, {z,} is a positive solution of (1). Since
0< A<z, <by, from Theorem 1, {z,} € S(b,a,0)

Theorem 3. Assume that lim,,_. ¢, = ¢ € [0,1). Then (1) has a non-oscillatory
solution {x,} € S(00,00,d) (d # 0) if and only if

D 1G9 ()s - hgm ()] < o0 (11)

Jj=no
for some h # 0.

Proof. Necessity. Without loss of generality, let {z,,} € S(oc0,00,d) be an even-
tually positive solution of (1). From Theorem 1, we have d > 0. From (1) and (2) we
have

A2yn + f(na Lgy(n)s -+ ngm(n)) =0 (n > TL()).
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Summing both sides of this equality from n; > ng ton — 1 > ny we get

n—1

Ay = Doy + Y F (5202595 () = 0.
Jj=n1
Since lim,, . Ay, = d > 0, we have
> FG 0@y Tgn) < 00 (12)
Jj=ni
and there exist d; > 0 and ne > nq such that y,, > din for n > ny. Therefore

S FG Gy Ten) = D Y0 G) - Yan ()

Jj=na Jj=n1

- (13)
> Z F(G,drgi(d), - digm(5))-
Jj=n1
Choosing h = d; and combining (12) and (13), we get
> F(hgi(d), - hgm () < oo (14)

Jj=n1

Sufficiency. Set h >0, d > 0 and B > 0. From (14) there exists a sufficiently large
N > ng so that for n > N we have n — 7 > ng and g¢;(n) >ng (j=1,2,...,m) and

d 1
E—}_nh—i_cn—i—%Zf(j7hg1(j)7”.’hgm(j))<1' (15)

Define a set 2 by
Q:{{zn}eX:dgzngh (nZno)}

and an operator T on €2 by

B n—T
d“" —_ +Cn Zn—T1

n
1 n—1

+ — ]f(ﬂa gl(j)zg G)r- - ,gm(j)ng(j)) i

Tzn: nj; 1 1fnZN+1 (16)

n—1< . ) .

+ > [(5.910)20.G0s- -+ 9m () 200 (1)

j=n

\TZN—H ifng <n<N+1.
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Clearly, for {z,} € Q

n—1
B 1 . . .
j=N
100
= (n=1)f(j, hg1(5), - hgm(s))
n: (n>N+1)
B 1l o= ... . .
Sd+—teht Y if(5.h1(3). - hgm(5)
=N

and
Tz, =Tzy+1 <0 (no <m < N+1).

It is easy to see that T'z,, > d for n > ng. Hence, TQ2 C 2. Define a series of sequences
(=27} (k€ No) by
20 =d (n > no)
n >ng).
20 = 72(k=D (ke N) ’
We can prove that
d< z,(bk) Sz,(fﬂ) <h (n > ng, k € Np).

Then there exists {z,} €  such that limy_, z( ) — zn and d < z, < h (n > ng).
Clearly, z, =Tz, (n>ng),i

(

B n—rT
d+—+Cn Zn—1
n n
l i ] 91 Z g (])z j )
B n g1(5)s -+ Ym gm(J) ifn>N+1
2y = j=N
1 — :
EZ n—1)f (G, 910201 ()s - -+ » I (5 Zg0 (1))
| 2nvi1 N 1fn0§n<N+1

Let x,, = nz, (n >mng). Then we have

(dp + B+ cprp_r

+ > 32y T () .
=N ifn Z N + 1 (18)

Z n—1)f ]7xg1(j)7"'7xgm(j))

\LL’N_;,_l 1fn0§n<N—{—1
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Hence, {z,} is a positive solution of (1). On the other hand, z,, > y, > dn+ B. Hence
lim,, o0 ,, = 00 and lim,,_, o ¥, = co. From (18), we have

Ay, =d+ Z FG:Taiys - g (i)

_d+Zf j 91(3)2g1(G)s - -+ 9m(J )ng(3)>

] =n

< d+Zf(]7 hgl(.j)a"wh’gm(j))‘

Jj=n

Hence, lim,, oo Ay, = d. Therefore, {z,} € S(co0,00,d) i

Theorem 4. Assume that lim,_,. ¢, = ¢ € [0,1). Further, assume that

2 |F G hgr (), hgm () | < o0 (19)
and o
> lFG by )| = o0 (20)

for some h # 0 and by # 0, respectively. Then (1) has a non-oscillatory solution
{zn} € S(c0,00,0).

Proof. Without loss of generality, assume that h > 0 and b; > 0. From (19)
there exists a sufficiently large N > ng so that for n > N we have n — 7 > ny and
g](n) > ng (.7 = 1,2,...,771) and

b L1 - .
= +o > FGhg1(G), - hgm () < L. (21)
j=N
Define a set §2 by
:{{zn}eX: 0<z,<h (nZno)}

and an operator T on {2 by

( bl n—rT
_+Cn Zn—1

3
L:

_|_

S

~
I
3
I
i
z

('ﬂ - 1)f<j7 gl(j)zgh(j)? e 7gm(])29m(3))

+
S|

<
Il
3

( T2N 11 ifng <n<N+1.
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Clearly, for {z,} € Q

n—1

b 1 e . :
Ty < -t enht =D jf (5. hor(3) - hgm(5)
j=N
1 oo
2N =0 F(G hgr(f), - - hgm (G
- ;( )f (3, hg1(3), - - hgm (5)) (> N+1)
b = . . .
< teaht Z £ (3, hgr(4), - - hgm ()
j=N
<h
and
Tz, =Tzni1<h (ng <m < N+1),
ie. TQ C Q.
Define a series of sequences {sz)} (k € Ng) by
20 =0 (n> no)
n > ng).
20 = 72(k=D (ke N) =
By induction, we can prove that
ngﬁbk) Sszﬂ) <h (n > mno, k € Np).
Then there exists {z,} € € such that limy_, o 20 =2, (n > ngp).
Clearly, z, = Tz, (n>ng), i.e.
( bl n T
— Cn “n—1
n n
n—1
1 " : .
B +ﬁ jf(jagl(.j)zgl(j)a--wgm(j)zgm(j)) ifn>N+1
Zn = j=N
1 — ,
j=n
L ZN+1 ifng <n<N+1.
Let x, = nz, (n >mng). Then we have
( n—1
b+ en@nr + 3 JF (G2 5) 0 T i)
N ifn>N+1

+ (=D (G201 Ty )
j=n

TN+1 ifng<n<N+1.

(22)
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Hence, {z,} is a positive solution of (1). On the other hand, from (23) we have z,, > b;

and
n—1

Ty > Yn = Tpn — Cpnn—r > ij(]ablaabl)
j=N

for n > ng which along with (20) implies lim,,_, o, 2, = oo and lim,,_, ¥y, = c0. By
(23) we get

Ayn =D (720102 T (i)
j=n

FG a1 2giys - - - 9m ()2, ()

o

<
Il
S

o

<
I
3

Hence

0< lim Ay, < lm Y f(j, hg1(4),- -, hgm(5)) =0,

j=n
i.e. lim, o Ay, = 0. Therefore, {z,,} € S(c0,00,0) 11

Theorem 5. Assume that lim, .o ¢, = ¢ € [0,1). Further, assume that there
exists d > 0 such that

Z f(,dy,...,dy) =00 for any dy € (0,d]. (24)

Jj=no

Then every solution {z,} of (1) either oscillates or {z,} € S(0,0,0).

Proof. Let {x,} be an eventually positive solution of (1). By Lemma 1, if lim,,_,
xn = 0, then lim, .y, = 0 and so lim, . Ay, = 0. Hence, {z,} € S(0,0,0). If
lim,, oo T, = O fails, then y, > 0 eventually. Since A%y, < 0, we have Ay, > 0.
Therefore, there exists d € (0,d] such that z,, > y, > d. From (1) and (2) we have

Ayn = —f(n, T, (n)s s Tgrim))-

Summing both sides of the equation from ny to n — 1 we obtain

n—1 n—1
Ayn - Ayno = - Z f(.jvxgl(j)a"'amgm(j)) < - Z f(jvavaa)

Jj=no Jj=no

Let n — oo. Then we get Z;‘;no f(4,d,...,d) < oo which contradicts (24) and com-
pletes the proof i
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3. Examples

In the following we shall give three examples which demonstrate the applicability and
the importance of the results obtained in Section 2.

Example 1. Consider the difference equation

—n—2

AQ(CL’H — %xn_2> + (1‘4"22_—’1"'1)3 l’ifl =0 (n Z 2) (25)

for which condition (6) of Theorem 2 is satisfied. In fact, the sequence {z,} = {1+ 5=}
is a non-oscillatory solution of (25) which belongs to the class S(1, 3, 0).

Example 2. Consider the difference equation

A2(xn - %xn_l) + % 5’32_1 =0 (n>2) (26)
for which condition (11) of Theorem 3 is satisfied. In fact, the sequence {z, } = {n— 5=}
is a non-oscillatory solution of (26) which belongs to the class S(co, 00, 2).

Example 3. Consider the difference equation
A*(zy — 2, 0) + 27" %20 =0 (n>2) (27)

for which condition (24) of Theorem 5 is satisfied. In fact, the sequence {z,,} = {55} is
a non-oscillatory solution of (27) which belongs to the class S(0,0,0).
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