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Characterization of the Maximal Ideal
of Operators Associated to the
Tensor Norm Defined by an Orlicz Function

Abstract. Given an Orlicz function H satisfying the Aa property at zero, one can use the
Orlicz sequence space £ to define a tensor norm g% and the minimal (H “-nuclear) and maximal
(H*“-integral) operator ideals associated to g in the sense of Defant and Floret. The aim of
this paper is to characterize H°-integral operators by a factorization theorem.
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1. Introduction

The Orlicz theory of function and sequence spaces appears in the literature as a natural
attempt to generalize the classical theory of the L, (u) and ¢, spaces. In these spaces the
role of the function t? is essential and it is quite natural to try to replace this function
by a more general one. Moreover, the Orlicz theory has been very fruitful in some basic
areas of analysis.

One of the problems in the theory of tensor products and operator ideals in normed
spaces is the definition of suitable corresponding norms. In this way, the ¢, spaces play
a central role in the definition of interesting topologies in tensor products and operator
ideals. In [6, 7] we study the tensor norm with respect to an Orlicz function H and
some operator ideals associated to this tensor norm. The so-called "local theory” in
Banach spaces, i.e. the study in terms of finite-dimensional subspaces, has so much
enriched our understanding of Banach spaces. The ultraproducts technique allows to
study some operators in terms of their finite-dimensional parts. In the factorization
theorem of p-integral operators, which is the key in the proof of many metric properties
of the involved tensor norms and operator ideals, the lattice isomorphism between an
ultraproduct of ¢, spaces and some L,(u) spaces is essential. The structure of the
Orlicz sequence spaces is not as simple as that of ¢, spaces; for instance, in general an
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ultraproduct of Orlicz sequence spaces does not have a useful representation. The aim
of this paper is to obtain a factorization theorem for integral operators of our setting
using only "local theory” techniques.

The notation is standard. All the spaces considered are Banach spaces over the real
field, since we shall use results in the theory of Banach lattices.

2. On the norm g%, associated to an Orlicz function H
and H°-nuclear operators

A non-degenerated Orlicz function H is a continuous, non-decreasing and convex func-
tion defined in R* such that H(¢t) = 0 if and only if ¢ = 0 and lim;_,o, H(t) = oc.
All the Orlicz functions H in this paper are non-degenerated and normalized so that
H(1) = 1. The Orlicz sequence space £ is the space of all scalar sequences a = (a;):2,

such that >~ H (@) < oo for some ¢ > 0. The functional

() <)

is a norm in ¢y and (¢g,11g(+)) is a Banach space.

An Orlicz function H satisfies the As property at zero if the ratio H(2t)/H (t) is
bounded in a neighborhood of ¢ = 0. Many properties of £z show the importance of
the behavior of H in a zero neighborhood. For example, generally, the sequence of unit
vectors (e )02 is not a basis for (¢g,IIx(+)), and if the closure of the linear span of

(6n)5% 4 in £ is denoted by hp, it is known that £ = hy if and only if H satisfies the
A, property at zero.

Iy (a) = inf {c >0

In the duality theory of Orlicz spaces, the notion of a function complementary to an
Orlicz function H is essential. An Orlicz function H* is said to be the complementary
of H if

H*(u) = max {ut — H(t) : 0 <t < co}.

Moreover, H** = H. With the aid of H* we can introduce another equivalent norm in

fg defined as
|lal| gz = sup { Z anbn
n=1

if a = (a,)%2,, having the property that (hy,g(-)) = (lg+,|| - ||g+) as isometric
spaces. Moreover, {f is reflexive if and only if both H and H* satisfy the Ag-property
at zero. For more information on Orlicz functions and Orlicz sequence spaces the reader
is referred to [5].

M (b)) < 1}

Given a Banach space E, a sequence (x,,)°%; C F is
— strongly H-summing if 7((x,)) = Hg((||z.]])) < oo
— weakly H-summing if e((z,,)) = sup,/ <1 [|([{zn, ")) || < 0.

If T" is a set, £ (I') denotes the set of elements a = (a-),er with a, € R for every v € T,
so that there is a sequence S = {7, },>1 in I' with ay, = 0if v € S, endowed with the
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norm Il (a) = Iy ((ay,)). If {X,}yer is a family of Banach spaces, {g{((X) er)}
denotes the Bochner space of elements © = (z)~yer with z, € X, for every v € I, such
that (||z]|)yer € €u(I"), with the norm 7y (z) = g ((||z4|)yer). If X, = X for each
v € I', we write £g{I', X} instead of {g{((Xy)yer)}. T = N, then {5{(X,)} and
(p{X} are written instead of £ {(X,)nen} and £y {N, X}, respectively.

The definitions and results in the theory of tensor norms and operator ideals involved
in this paper are exposed in [1]. Given a pair of Banach spaces F and F and a tensor
norm «, F ®, F represents the space £ ® F' endowed with the a-normed topology.
The completion of F ®, F is denoted by E®.F, and the norm of z in EQ.F by
a(z; E @ F). If there is no risk of mistake we write a(z) instead of a(z; E ® F'). This
is recalled from the metric mapping property: if A; € L(F;, Ei2) (i = 1,2), then
A1 ® Ay € L(E11 ®q Ea21, E12 @4 Eag) with ||A1 @ Az < ||A1]] ]| Az2]|-

Definition 1. Let E and F be Banach spaces. For every z € ¥ ® F' we define

z = an ®yn}.
n=1

It is possible that for some Orlicz function H the functional gy does not satisfy
the triangular inequality, but it is always a quasi-norm for £ ® F' to posses the metric
mapping property. In order to get a tensor norm it is necessary to do the convexification
9% of gm, so that

grr(2) = inf {m«xn))sm ()

g () = mf{zm () ((4:7))

=1

Z—ZZ:L’U@)yW}

=1 j=1

A suitable representation of the elements of a completed tensor product is a basic
tool in the study of the involved operator ideals. The reader is referred to [6], to prove
that if a Orlicz function H satisfies the Ay property at zero and z € E®g§, F', there are

{(zi5)521 bien C EN and {(yij)3%1 bien C FN such that

> wul(@g))en-((iy) <oo  and 2= zi; ® yij.

i=1 ij=1

Moreover,
oo
g5(2) =inf Y wa((2ij))en-((vis))
i=1
where the infimum is taken over all such representations of z.
From now on the Orlicz function H satisfies the Ay property at zero.

Every representation of z € E'®,,,. F,

o0
=Y w;®y;  with Zm Nen-((yi)) < oo

7,j=1
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defines an operator T, € L(E, F') such that

oo

T.(x)= ) (zfja)yy (¢ € B).

4,j=1

We remark that all possible representations of z define the same map T,. Let ®gp :

Definition 2. Let E and F be Banach spaces. An operator T': E — F is said to
be He-nuclear if T = ®pp(z) for some z € E'®ge F.

Ny (E, F) denotes the space of Hnuclear operators T : E — F endowed with the
topology of the norm

N (1) = int { 3w err ()| @er(:) = Tz = 3 a0 .

Z:]:]-

For every pair of Banach spaces E and F, (N ne(E,F),N Hc) is a component of the
minimal operator ideal (Npge,Np<) associated to g%, called the ideal of H¢-nuclear
operators.

The following characterization of H¢-nuclear operators is proved in [7]:

Theorem 3. For every pair of Banach spaces E and F, let T be an operator in
L(E,F). Then the following assertions are equivalent:

1) T is H-nuclear.

2) T factors in the following way:

where B is a diagonal multiplication operator defined by a positive sequence ((bij)) €
0 {ly}.

Furthermore, Ny (T) = inf{||D|| ||B|| ||A]|}, taking the infimum over all such fac-
tors.
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3. HC¢integral operators

According to the general theory of tensor norms and operator ideals, the ideal (Zgc,lxe)
of H°¢-integral operators is the maximal operator ideal associated to that of H°-nuclear
operators. According to [1], for every pair of Banach spaces E and F, an operator
T: E — Fis Hintegral if and only if JpT € (E ®(4e ) F')', where Jp : F' — F" is
the canonical isometric map. The aim of this paper is to obtain the characterization of
H¢-integral operators by means of a factorization theorem.

Theorem 4. Let G be an abstract M-space. Then every positive operator T : G —
0 {ly(T;)} is HC-integral.

Proof. As (1{lg(T;)} = (cof{hm-(T;)})’, then ¢1{¢(T;)} is complemented in its
bidual space (£1{¢g(I';)})” with a positive projection P : ({1{fgy(I';)})" — 1{¢x(T;)}.
In consequence, the map PT" : G — {1{fy(T;)} is positive. As G is an abstract M-
space, then G’ is lattice isomorphic to Li(u) for some measure space (2,3, u) (see [9:
Theorem 8.5]), hence G” is lattice isomorphic to Loo(p). Let B : G” — Lo (1) denote
the corresponding positive isometric map and Ig : G — G” the canonical inclusion
map. But T = PT"B~'Blg with PT"B™ : Lo() — ¢1{¢5(T;)}, hence we only have
to see that every positive map S : Lo () — €1{¢(T;)} is Hintegral. But as the unit
vectors system {eiq}ger, (icn) is a basis for £1{g(I;)}, if S(xa) = ijs:l Wrs€i(ryg(s)s
then {e;(;)g(s) }r,sen is a basis for the space image and so it is enough to see that every
positive operator S : Loo(u) — ¢1{¢x} is H¢-integral.

Let 7 denote the linear span of {e;;}; jen, which is dense in co{hg-}. From the
density lemma we only have to see that S € (Loo(pt) ®(4e,) 7). Given an arbi-
trary element z € L. (p) ®(ge) T, let X and Y be finite-dimensional subspaces of
Loo(p) and 7, respectively. If the system {gs}7, is a basis for Y such that g, =
SE_ST CsuvCi(su)j(sv)s €very g € Y can be expressed as g = S5, S0 ) brweiy -
Once g € Y and f € X have been fixed, we have

(S, f®g)=(5(f),9)

{
(
<f, i i bhw (€ eww>S/(€mw)>
(

so that

U= ZZS’ €inin) @ €inin € Loo(it) @ 1 {lr}.

=1 w=1
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Then for linearity, (z,S) = (U, z) for every z € X ® Y;. But

gre (Us Loo (1) ® £1{€m})

<Y mu (" (€insn)))em ((€ins)
h=1

= i inf
h=1

t
Sl €indw *
oo Som(IHen Iy <od s el

1 1A=l g <1

g
Il

— = =
g
1]~
—
S

n 1
h=1 P
n t
h=1 w=1 P

< ISl feny

< |15l

and then S is H‘-integral, with an integral norm smaller than or equal to || S| 1

Definition 5.

a) A Banach space X is said to be finitely representable in a family of Banach spaces
{X;}ier if, for every finite-dimensional subspace M of X and for every € > 0, there are
an index ¢ € I and a finite-dimensional subspace N of X; such that the Banach-Mazur
distance d(M,N) <1 +e.

b) A Banach lattice X is said to be lattice finitely representable in a family of
Banach lattices { X, };¢; if, for every finite-dimensional sublattice M of X and for every
€ > 0, there are an index ¢ € I, a finite-dimensional sublattice N of X; and a lattice
isomorphism J : M — N so that || J|| ||/ 7| < 1+e.

If for every i € I the space X; is a subspace (sublattice) of a Banach space (lattice)
Y, then X is said to be (lattice) finitely representable in Y.

The main result achieved in this paper is as follows.

Theorem 6. Let G and X be Banach lattices such that G is an abstract M -space
and X is lattice finitely representable in ¢1{lg}. Then every lattice homomorphism
T: G— X is HC-integral.

To obtain this theorem, we must first consider the result given in [2: Lemma 4.4]:

Lemma 7. Let G be an order complete Banach lattice and let X be a finite-
dimensional Banach subspace of G. Then for every € > 0 there is a finite-dimensional

Banach sublattice Y of G and an operator A : X — Y such that |A(x) — z|| < ||z
forall x € X.

Remark 8. The inequalities ||A]] < 1+ ¢ and ||A — idx| < ¢ are easily demon-
strated.

Definition 9. A Banach space E is said to be a £, y-space (1 < p < oo and
1 < X\ < 00), if for every finite-dimensional subspace P of E and for every € > 0 there is
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a finite-dimensional subspace () of E containing P such that the Banach-Mazur distance
dim(Q)
d(@Q, b 77) <A

It is known that L,(p) are L, x-spaces for every A > 1. The next proposition
involving L, » spaces is an extension of a well known result of Hollstein [4: Proposition
2.2]. For every Banach space F' and for every closed subspace Fy of F', K, : F — F/Fj
represents the canonical quotient map, and the open unit ball in F' is denoted by Bp.

Proposition 10. Let E be a L r-space. Then, for every finitely generated tensor
norm o, E ®. - isomorphically respects quotients. More precisely, for every Banach
space F' and for every closed subspace Fy of F,

Bpg,ryr, C Midp ® Kr)(Bre. r)-
Proof. We have to see that for every v € E ® F/Fy there is u € E® F so that

(idp ® Kp,)(u) = v and a(u; EQ F) < Aa(v; E® F/Fp).

Given v € E® F/Fy and € > 0, let

U:Zazi@m’i € EQ F/F,
i=1
a representation of v € E ® F/F, such that the vectors z; (i = 1,...,n) are linearly
independent in F/Fy. Let M and P be finite-dimensional subspaces of E and F/Fy,

respectively, so that
a(v;M @ P) <a(v;E® F/Fy) +e. (1)

We remark that p = dim(P) > n. For each j = 1,2,...,p there is y; € F such that
{Kr,(y;)}j=1 is a basis for P, Kg,(y;) = 25, and [ly;|| < [l +1if 1 < j < n.
Let N C F be the linear subspace of F' generated by the linearly independent system
{y;};—1- The map R = (Kp,)|n, R: N — P is bijective and continuous with a norm
value less or equal to one. But also for every § € P/,

IR (9)lln = sup [(R'(9).n)|= sup [(§,Kr,(n))| = [l9llp
lInll~<1 In|ln<1

because K, is a quotient map and then Kz, (By) = Bp, hence R’ and R are isometric
maps.

We consider the tensor
u=> 7,0y, EM@NCE®F.
j=1

It is clear that
(Ig @ R)(u) =v € E® F/Fy. (2)

As E is an L x-space, there is a finite-dimensional subspace M; C E such that

M C M, (3)
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and an isomorphism 7" : My — (7' (where my = dim(M;)) such that
ITIHIT=H] < A (4)

From Lemma 7, as ¢2' is an order continuous Banach lattice, there is a sublattice
My C €72 and an operator A : T (M) — M, so that

[A(z) —z| <ellzl]  (z € T(M)). ()

Then we have

a(u; E® F)
< a(u; My ® N)
=a((T7" ®idy)(T ®@idy)(u); M1 ® N)
<|NT7 ' a((T ®idy)(u) : €2 @ N)
< T (@ ((Gdr(an — AT @ idy) (w); €2 @ N) + (AT @ id ) (u); €2 @ N) )
< |77 (@ ((Gdr(an — AT @ idn) (w); Ma @ N) + (AT @ id ) (u); Mz @ N) )
= ||T*1||< (((idrary — AT @ R)(u); Mo @ P) 4+ o((AT @ R)(u); M2 ® P))
= |71 (a(((

As M, is a complemented subspace ¢! with projection S : (7)' — My such that
S]] <1 (see [5: p. 162]), using Remark 8 and (3), then

ZdT(M) T ® idp)(v); MQ ® P) + Oé((AT@ idp)(U);MQ ® P))

a(w; E® F)
<77} (a(((z’dT(M) — AT @idp) (v); My @ P) + (AT @ idp)(v); My ® P))
< TSI (@((Gdron — AT @ idp) (v); €2 @ P) + a((AT @ idp) (v); €2} @ P))
< T (llidron — Al ITlla(v; My @ P) + ]| | Tlla(v; My @ P))

< ITHITN( + e)a(v; My @ P)
<A1 +e)(a(v; E® F/Fy) +¢).

Hence a(u; E® F) < Aa(v; E® F/Fy) I

Proof of Theorem 6. As G is an abstract M-space, then G is lattice isomorphic
to Loo (1) for some measure space (§2, 2, p). Let B: G — Lo (p) denote the correspond-
ing positive isometric map. Hence JxT = T" B, where Jx : X — X" is the canonical
isometric map. Then we only have to see that 7" € (Loo (1) ®(ge, ) X')'.

Given z € Loo(p)®@ X" and e > 0, let M C Loo(p) and N C X' be finite-dimensional
subspaces and let z = Y ' | f; ® 2 be a fixed representation of z with f; € M and
x, € N (i = 1,...,n) such that (¢%)' (z; M ® N) < (9%)"(2; Lo () @ X') + €. Let M,
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be a finite-dimensional sublattice of L. (¢) and A : M — M; an operator so that, for
every f € M, |A(f) — f|| < el[f]l. Then

() = | S ).t
<D AT (idr ) — A)(fo), 2i)| + ZT" (A(f)), i)
=1 =1

<elT] Z LFill Nl +

Z(T”(A(fi))7w§;> :

=1

As T is a lattice homomorphism, according to Ando (see [8: Theorem 1.4.19]) T" is
also a lattice homomorphism, and X; = T"(M;) is a finite-dimensional sublattice of
X". From the theorem of Conroy and Moore (see [2: Lemma 4.3]), X" is lattice finitely
representable in X, and then there is a finite-dimensional sublattice X5 of X and a
lattice isomorphism C : X7 — X, such that ||C|| ||C7Y|| < 1+e. As X is lattice finitely
representable in ¢1{¢y}, there is a finite-dimensional sublattice Z of ¢1{¢y} and an
lattice isomorphism D : X5 — Z such that |[D||||D7Y| < 1+e. Let R: My — Z
denote the map R = DCT" and I the inclusion of Z in ¢1{¢y}. Then

n

> (T (A)), )

=1

I
.M:

N
I
—

(((DC)"H(DC)T") (A(f:)), )

(D)) (R(A(f:))), =7)

I
NE

1

~.
Il

I
NE

(R(A(f:)), (DC)™1)' (7))

1

R A (DO) ) (a))

~.
Il

I
/\

with

ZA(J‘}-) @ ((DC) ™) (z}) e My ® Z".

The map I}, : (/1{fu})’ — Z' is a canonical quotient map and My is a Loo 14
space. Then after Proposition 10, there is u € M; ® (¢1{¢g})" with a representation
u=73",g;®a; so that

(idr, © ) (w) = Y A(fi) ® (DO) ™) (x})
=1

(50) (1 My @ (01 {Lar})) < (1+)( (ZAfZ >>'<x;>;M1®z').
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Then

(R, (idp, @ Iy)(u))

(r gmm © (DC)) ()

[
NE

(R(9;),15(a;))

1

<.
Il

I
NE

((IzR)(g;),a;)
1

= <IzR, u)

<.
Il

But IzR: My — ¢1{fg} is a positive map. Then from Theorem 4, Iz R is HC-integral.
Accordingly,

{1z R, u)| < | 1zRI|(g%) (uw; My @ (61{ln})’)

< (1+9)|RI(g (ZA 1) ® (DC)™Y (a); My @Z’)

<@+ D] el T |r<Dc>1||<g;,>'(ZA<fi> ©als My @ N)
=1
< (1 +e)?ITIAl(95) (23 M @ N)
< (14 e)*T|I(9%) (2 M @ N)
< (1 +)YTI((g5) (25 Loo(p) ® X') +¢).
In consequence,
(T, z)| < e||T| Z I fill il 4+ (L + )T ((g5) (25 Loo (1) ® X') +€).
=1
Then as ¢ is arbitrary,
(T, 2)| < ITN(9%) (25 Lo (1) @ X')

hence
T" € (Loo(pt) Ry X' with 17"l (1, oy < ITI = 1T

Then T" is H¢-integral, hence T is also H°-integral with H°-integral’s norm being less
or equal to ||T|| 1

Let D be an index set and D a non-trivial ultrafilter on D. Given a family of Banach
spaces { A%} 4ep, (Agq)p denotes the corresponding ultraproduct. If every A9 is a Banach
lattice, (A%)p has a canonical order which makes it a Banach lattice. If we have another
family of Banach spaces {By}4cp and a family of operators {T% € L(A%, B%)}4ep such
that supgep |74 < oo, (T%)p € L((A)p, (B?)p) denotes the canonical ultraproduct
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operator. The main ideas on ultraproducts of Banach spaces used in this paper are
stated in [2, 3]. The importance of the ultraproduct construction techniques in operators
theory is well known. Therefore the interest of finite representability in this paper goes
through the fundamental fact that a Banach space (lattice) X is finitely representable
(lattice finitely representable) in the family of Banach spaces (lattices) {X;}ics (in the
Banach space (lattice) V), if and only if X is isometric to a subspace (sublattice) of some
ultraproduct (ultrapower) of Banach spaces (lattices) of that family (of Y'). Moreover,
according to Conroy and Moore’s theorem, the bidual E” of a Banach lattice F is
lattice finitely representable in E (see [2: Lemma 4.3]). Finally, we have the following
characterization theorem of H¢-integral operators:

Theorem 11. For every pair of Banach spaces E and F, the following statements
are equivalent:

1) T €Zy-(E,F).
2) JpT factors in the following way:

where B is a lattice homomorphism and X a Banch space, which is lattice finitely
representable in (1{ly }. Furthermore, Iy-(T) = inf{||D|| ||B| ||A||}, taking the infimum
over all such factors.

Proof. The implication 2) = 1) is evident from the preceding theorem. As to
1) = 2), we define the set

D= {(M, N): M e FIN(E) and N € FIN(F’)}

where FIN(Y) is the set of finite-dimensional subspaces of a Banach space Y, endowed
with the natural inclusion order

(Ml,Nl) < (M2,N2) <~— M; C My and Ny C Ns.
For every (Mo, Ny) € D, set

R(My, Ny) = {(M,N) € D: (My, Ng) C (M,N)}
R={R(M,N): (M,N) € D}.
R is a filter basis in D, and according to Zorn’s lemma, let D be an ultrafilter on D
containing R. If d € D, M; and N, denote the finite-dimensional subspaces of F and
F', respectively, so that d = (Mg, Ng). For every d € D, if z € My ® Ny,

JET\myueN, € (Mg ®(g¢,)’ Nd)/ = M} ®ge, N} = NHC(Md,NC/l)-
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Then from the characterization of H“-nuclear operators, Theorem 3, JrT|y, 0N, factors
in the following way:

where B is a positive diagonal with I (Tar,0n,) < Ire(T). Without loss of generality
we can assume that | A9|| = ||C?|| = 1 and ||C¢|| < Iy<(T). We define Wg : E — (Mg)p
by Wg(z) = (z%)p, so that ¢ = z if x € My and 2% = 0 if 2 ¢ M. In the same way
we define Wgr : F' — (Ng)p by Wri(a) = (a?)p, so that a? = a if a € Ng and a? = 0
if a ¢ Ny. Then we have the following commutative diagram:

Then with A = (AY)D, B = (BY)D, C = (CY)D, and G = (lou{loc(T9)})p and
Z = (N}))p, we have the following diagram:

As G is an abstract M-space, G” is lattice isometric to some L, (p). Moreover, F”
is complemented in F"”  and if P : F""" — F" is the projection, then |P| < 1 and
PJpnJpT = JpT. According to this we have the following diagram:

But Z is lattice finitely representable in ¢1{{y }, and according to the theorem of Conroy
and Moore, Z" is also lattice finitely representable in £1{¢y} B
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