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Convergence Rates
for a Reaction-Diffusion System

M. Kirane and N.-e. Tatar

Abstract. A class of reaction-diffusion systems is investigated. This class is motivated by
some diffusive epidemic models, which serve to modelise the spread of Feline Immunodeficiency
Virus (FIV) in the cat population, and sexually transmitted diseases. We obtain exponential
convergence rates for a system with unbounded time dependent coefficients.
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1. Introduction

We consider the problem

)

up = dyAu — ri(t) f1(u)w? — ro(t) fo(u)z" r e Q,t>0)
r € Q,t>0)
r e t>0)
r e t>0)
x € 00t >0)

x €N) J
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(

where

- 2 is a bounded region in RV with smooth boundary 92

- the diffusion coefficients d; (i = 1,2,3,4) and a are positive constants
- the functions 7; are of the form 7;(t) = t*ig;(t) (i = 1,2,3,4)

-k >0 (i=1,2,3,4) and g; are continuous functions in L?(0, o)

- the exponents v, n, o, p are greater than one

- fi (i =1,2,3,4) are given functions to be precised later

- % denotes the outward normal derivative on 02

- (ug, wo, Vo, 20)(x) is a given initial value of the solution.
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We will study global existence, asymptotic behavior and convergence rates for solutions
of problem (1).

If filyy =y (i=1,2,3,4) and v =n = 0 = p = 1, then we find the problem stud-
ied by Fitzgibbon et al. [2]. This system modelises the circulation of a disease within
a population which is confined to a bounded region. More precisely, it describes the
spread of Feline Immunodeficiency Virus (FIV) in the cat population or sexually trans-
mitted disease. The entities u, w, v, z represent the susceptible males, infective males,
susceptible females and infective females, respectively. See [2] and references therein for
further explanations and related problems. In fact, in [2] the authors considered the
system with age dependence and arrived at the conclusion that FIV (for the proposed
model) is not endemic unless a significant source of new susceptibles is inserted in the
system.

The following problem similar (in some sense) to ours was studied in [6] by H.

Hoshino:
Sy =d1AS — f(S)I™ xeQt>0) )

(
I = do AT + f(S)I™ — 11" (z€Q,t>0)
Ry = dsAR+rI" (x € Q,t>0)
95 — 9L _ OR _ (x € 09, t > 0)
(

v — v v
(S,I, R)(.I,O) = (S(),I(),Ro)(x> x € Q) )

The author considered the case 1 < n < m and proved exponential convergence of the
solution to (Se, 0, Rso) (the equilibrium state) when n = 1 and polynomial convergence
when n > 1. The convergence is shown in C*(Q)3 with u € [0,2).

In our case, we use ideas from [9 - 11] to study convergence rates for solutions of
problem (1). We should mention that global existence and convergence of solutions
present no new difficulties with respect to previous results. However, the arguments in
[6] leading to exponential decay are no longer valid.

2. Notation and preliminaries

Let W'P(Q) denotes the usual Sobolev space of order [ > 0 for 1 < p < oo; | - |l

denotes the norm of LP(§). The space C°(Q2) (¢ > 0) is the Banach space of [0]-
times continuously differentiable functions in whose [o]-th order derivatives are Holder
continuous with exponent o — [o], so that C°(Q) = C(Q) and C'(Q) are the Banach

spaces of continuous and of continuously differentiable functions in €2, respectively.

Definition 2.1. For p € (1,00) we define

D(4,) = D(B,) = D(F,) = D(G,) = {y e W2P(Q) : 9|, =0}

Apy = —d1Ay
By = —(d2A — a)y
pr = _dSAy

Gpy = —(dsA — a)y.
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Then, for p € (1,00), —A,, —B,, —F,, —G, are sectorial operators (see [5]) and gen-
erating analytic semigroups {e~ 4% };>0, {e 87 }i50, {e 7P 110, {76 )50 in LP(Q),
respectively.

Definition 2.2. We shall write for y € L*(Q) with k € (1, 00)

Qoy = 19! /Q y@)de  and  Quy(z)=y(z) - Qoy

where || is the volume of .

Definition 2.3. A, = Ap|g, rr(0) and Fyy = Fy|g, 1r() Will denote the restric-
tion of A, and F), respectively, onto Q4 LP(€2).

It is then clear that for p € (1,00) the operators A, and Fj,; generate analytic
semigroups {e~t4»+},50 and {e tFr»+},5, respectively. The fractional powers of the
above operators are defined in the usual way (see [5]). In fact, we will need the fractional
powers of the operators A, , By, Fj,; and G).

Next, we prepare some lemmas that will be needed in the sequel.
Lemma 2.1. Let A be a sectorial operator in X = LP(Q) (1 < p < oo) with

D(A) = Xt — Wm™P(Q) for some m > 1. Then, for 0 < a < 1, X* — C¥ when
O§V<ma—%.

Lemma 2.2. Let A\ denote the least positive eigenvalue of the Laplacian with ho-
mogeneous Neumann boundary condition and p € (1,00). For every a € [0,1), there
exist constants C; >0 (i = 1,2,3,4) such that fort >0 and y € LP(Q)

||A§‘+e*tAP+Q+y||p < Cit e " MQyyll,
IBye™ Pryll, < Cot™*e™*|lyll,

|Fe e Frryll, < Cst™ e M||Q |,
IGpe™"ryll, < Cat™%e™ ||yl

Lemma 2.3. Let p € (1,00), m > 1 and o € [0,1). Then there ezists a constant
C > 0 such that

lyllpm < ClIBRylIp Iyl

N(m—1)
2pma

< <1.

where 0 satisfies

See [5: Theorem 1.6.1], [5: p. 37/Gagliardo-Nirenberg inequality] and [5: Theorem
1.4.4], respectively, for the proofs of Lemmas 2.1 - 2.3.

Lemma 2.4. Let o € [0,1) and B € R. There exists a constant C = C(«a, ) > 0
such that

¢ CeP? if B> 0
/ sT%Pds <L C(t+1) if =0
0 C if B<0.
See [7] for the proof of this lemma.
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Lemma 2.5. If p,v, 7,2 >0, then
ZU/ (z—¢rlgrte T de < O
0

where C' is a constant independent of z.
See [9] or [12: p. 23/Proposition 2.1] for the proof of this lemma.

Lemma 2.6. Let a,b, K,v be non-negative continuous functions on the interval
I=(0,T) (0<T <), letw: (0,00) — R be a continuous, non-negative and non-
decreasing function with w(0) = 0 and w(u) > 0 foru > 0, and let A(t) = maxo<s<¢ a(s)
and B(t) = maxg<s<; b(s). Assume that

v < al) +0) [ K@we)ds (e,

Then
() < H [H<A<t>>+B<t> / K(s)ds} (t € (0.1))

where H(v) = [0 4T (v > vy > 0), H™' is the inverse of H and Ty > 0 is such that

vo w(T)

H(A(t)) + B(t) [, K(s)ds € D(H™Y) for all t € (0,T1).
See [1] for the proof of this lemma.

3. Existence and asymptotic behavior

In this section we shall state without proofs some results on the existence and asymptotic
behavior of solutions of problem (1). Let us first make the following assumptions:

(i) fluoll1s llwoll1, [[voll1s l|zollx >0

(i) f; (i =1,2,3,4) are non- negative C''-functions on [0, cc)
(iii) f;(0) =0, and f;(y) >0 if and only if y > 0 (i = 1,2, 3,4)
(ivyl<n<pandl<o<~.

(H)

Theorem 3.1. Assume that 0 < wug,wp,vo, 20 € C(Q) and assumption (H) hold.
Then there exists a unique non-negative global solution (u,w,v, z) to problem (1). More-
over, there exists a number M > 0 such that

0<wie.t)z(mt) <M (ret>0) )
and
0 < u(x,t) < luollo
(x € Q,t>0). (3)
0 < o(z,t) < [lvoll

The local existence and positivity may be proved in a standard manner (see [5:
Chapter 3|. The continuation of the solution follows from the uniform a priori bound-
edness. The boundedness of u and v follow from the maximum principle. As mentioned
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in [6] we may use the argument by Haraux and Youkana [4] to show that the positive
functionals

/ (14 61 (u + u?)]e*Vdx and / [14 62(v + v?)]e**dx
Q Q

are non-increasing on the maximal time interval for some constants d; (i = 1,2) and
g; (i = 1,2). This implies the boundedness of w and z, that is (2). This argument
works for a larger class of non-linearities. In fact, we may replace w?, 2", w?, 2 by
o(w),¥(2), x(w), ¢(z) accordingly, provided that

. 1 _ : 1 —
Sy log(L+e(y)) = lim o log(l+¢(y)) =0

and
[vWlIn < [le)lln, IX(W)llv < lle@)ln-

Theorem 3.2. Assume the hypotheses of Theorem 3.1 hold. Then, for every u €
[0,2),
(u(t), w(t), v(t), 2(t)) — (too,0,v00,0)

in C*(§2) as t — +oo.

The proof is similar to that of [6: Theorem 2.2] (combined with the new Lemma
2.5) and is therefore omitted.

4. Convergence rates
In this section we state and prove our main theorem. Let us set

my =max{y—1,n—1,0—-1,p—1}

ma = max{% 1,0, p}

Observe that m; = mg — 1 and from assumption (H)/(iv) we have my = max{~, p}.
Let ¢ and ¢* be conjugate exponents, i.e. % + qi* = 1, such that

. 2l gf gy <1
q = Y .
2 ify>1
with y = 1=2. We also set h(t) = max{g? (t):i=1,2,3,4}.

Theorem 4.1. Let the hypothesis of Theorem 3.1 hold. Suppose thatp > N*5*, o >
Ntk >mg — &= (i =1,2,3,4) and

T

+oo
/ h(r) dr < My (Jwoll? + =0 ]2)
0
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for some constants My > 0 and r > 0 (to be determined later). Then for every p <

200 — % we have

lw®ll @y 12Ol cn@y < Mae™  (t — +o0).

Moreover:
a) If v,n > d12 and o,p > d32, then
a a

Hu(t) - uooHCH(ﬁ) < M3ef min{a,d1 A}t

[0(£) = Vool o gy < Mae™ mintedar}t

} (t — 400).

(b) If at least one of the assumptions in statement (a) fails, say v < dlg, then
assuming that

¢ )
/ GQ*ngi] (1)dr = O(eq*bt) (t — +00)
0

for some b > di A — ay and b< di A\, we get
Ju(t) — uoo”cu(ﬁ) < Mse™ min{a,diA—b}t (t — +00).
The other cases are treated similarly.

Proof. Let us consider the integral equations associated to (1) and (1)4

w(t) = e Pruwg + /o e~ Be Ly (1) fr(w)w” + ra(7) f2(u)2" }dr

t
2(t) = e 105 + / e*(t*T)GP{Tg(T)fg(v)w" + 7“4(T)f4(v)zp}d7'.
0
Using Lemma 2.2 we can see that

1Bwll, < cz{t-ae-atnwonp
t
+ / (t—r1) et [Tklgl(T)fl(U)Uﬂ + TkQQz(T)fz(U)Zn} dT} (4)
0
lGez], < 04{75—%—“”20”10

+ /O (¢ = 7)ot 75095 (7) 3 (0)w” + g4 (7) fa(v) 2| dT}. (5)

Multiplying both sides of (4) - (5) by e* and taking into account assumption (H)/(ii)
and (3) we find

t
53wl < Coft=lhuall, + 1l [ (6= 1) ga(r) o
t
Fla@l [ (€= 7)) | r (©
t
1G5l < Caf 2 laally + a0l [ (¢ = 7)o rhogn(r) e

+ Hf4(v)Hoo/0 (t—T)_O‘G“TT'““M(T)HszpdT}- (7)
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Let 1 <! < min{~,n, 0, p} = min{n,c}. We have by Lemma 2.3
0 -0
[w]lp = [lwl[3, < CaHngHp”HwHél )7

Choose 60, such that 6,y =1, i.e. 6; = % This choice is possible by our assumptions on
p and . Then
a l
[w™|lp < Csl| Bywll,-

Also,

1271y = ll21I7, < CrllGR2lg212l15 0.

Choosing 0, such that 8,n =1, i.e. 5 = %, we find
12", < CslIGy 2l

In the same fashion we obtain [|w”||, < Col|Bgwll}, and |[2°]|, < Ciol|GSz|}. Using
these relations in (6) - (7) it appears that

t
eat||B;‘pr < C’ll{t_o‘Honp —I—/ (t— T)_O‘e“Te_l“Tel“TTklgl(T)HBg‘wHi,dT
0
'
+/ (t—T)_O‘e“Te_l“Tel“TTk2gg(T)HGg‘zHLdT}
0
t
e L N R A L
0
t
—|—/ (t — T)_aeaTe_laTelaTTk4g4(T)||Gg‘z||§)d7'}.
0
Let us now set

Ey(t) = et Bywl,
EL(t) = ") G2,

We see that
t
E,(t) < C11{||wo||p + / (t — 1)~ 2erU=D7rki=aly (DEL (1) dr
0
t
+ ¢ / (t — T)_ae“(l_l)TTkQ_o‘lgg (T)Ei(T)dT} (8)
0
t
E.(t) < C’lg{Honp + ¢ / (t — 7')_aea(l_Z)TTk?’_algg(T)Efu (1)dr
0

t
+ / (t — T)_ae“(l_l)77k4_alg4(T)Ei(7') dT}. 9)
0

Let us estimate the integrals Iy, I in (8) and I3, I; in (9) separately.
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(i) Suppose that y > 1. Then 1 —2a > 0, ie. a < % Applying the Cauchy-Schwarz
inequality we get

1 1
' 3 t 2
I < (/ (t — T)_2a62a(1_l)77'2(k1_al)dT) (/ g%(T)ESUl(T) dT) i
0 0

As 1+ 2(ky — al) > 0 holds from the assumption k; > mg — %, Lemma 2.5 implies

[N

I < Kit™@ (/Ot G (T)EX(7) dT> . (10)

In the same manner we obtain

NI

R B () df) (1)

[N

/Ot
I3 < Kst™@ ( /O t g2 (1) EX (1) dT) (12)
/Ot

RV E2(7) dr> N (13)

E.() < Cus {HZoHp +([ doEm dr)% +( [ oEzm df)%} |

Therefore
Ei<t>s015{||wo||§+ / G2 (r)E2 () dr + / gémEil(T)dT} (14)
E§<t>s016{||zO||,%+ / G2(r)E2 (1) dr + / gngng}. (15)

Summing up (14) and (15) with F,, = E2 and F, = E?, it results that

F(t) = Fu(t) + F.(t) <

t

t
017{uwou§+ ol + [ (6F + L) dr + /
0

Hence

(& + ) () FL(r) df} |

Fo SCB{“wOngzoup /O h(r)F(r) dT}
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where h(t) = max{g?(t) : i = 1,2,3,4}. From Lemma 2.6 we infer

F(t) < H_l {H{Clg(HwOHf, + HZ()H?,)} + 018/0 h(T) dT}

where H(v) = v %o and H™Y(z) = {og ' — (I - 1),2}_%. Therefore

1—1
1—-1 — 1-—

1

P < { [Cos(lunl} + ol2)) ™ =0 =)0 [ hiryarf .

The first assertion of the theorem follows.

Next, as in [6], we write u(t) — uoo = (Qou(t) — uso) + Q+u(t) and estimate both
terms on the right-hand side separately. Integrating the first equation (1); over [0, t] x €2,
we see that by Green’s formula

/Q w(z, ) dz + /O t/ﬂ [rn(7) fr () + ro(r) fo(w)2" Y dadr = /Q o (z) dz.

Therefore,

Qou(t) — uso| = |2 7" {/;OO/Q (r1 () f1 (uw)w? + TQ(T)fQ(u)zn)dde} :

From (3), assumption (H)/(ii) and the previous estimates of w and z it follows that

+oo
Qou(t) — s < C { / e (rhimre=mber Tkz—nae—m—nm)dT} |
t

Here and below C' will denote a generic constant which may change from line to line.
By the definition of the Euler gamma function it is clear that

Qoult) = uscl < Ce™ D3 (14 2(k1 = 7)) + T (14 2(ke = na) |

for any ¢ > t; > 0, provided that 1+ 2(k; —ya) > 0 and 1+ 2(k2 —na) > 0. Note that
these conditions are satisfied by our assumptions.

Concerning ()4 u, since we are working away from 0, it is convenient to apply Ay, Q+
to the integral equation

u(®) = () — [ eI (7 fi () + ra(r)folu)" Y.

t1

Thus, for ¢t > t; > 0 we have from Lemma 2.2
A5+ Q1 u(t)]lp

gC{e_dlA(t_tl)HQw(tl)Hp

+ / (t = 7) "% XED Q{1 (r) Ar(ww? + 7a(7) fo(w)2"} || dr|.

t1
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The boundedness of u and assumption (H)/(ii) imply that
A5+ Qu@®)llp

SC|:e_d1>\(t—t1)||Q+u(t1)||p

t
+/ (t — 7)== DA Ly (7) w2, + (7| 2] p}H dr|.

t1

Whence
[ AD, Qyu(t)lp

<c |:e_d1)\(t—tl) 1Qu(ti)|lp
t—t
. / ) (t e T)_ae_dl)\(t_tl—ﬂ{Tkl—woze—aw + T’fz—'rzae—anT}dT .
0

As k1 —ya > —1 and ks — na > —1 (by our assumptions) we may use Lemma 2.5 to
get the following:

() When di A — ay <0,

145 Q+u(t)lly < Cem ML Q u(t) ], + (¢ — 1)~}

and the first assertion in statement (a) follows. The second assertion may be proved
similarly.
(B) If dy A — ay > 0, then the first integral in

||AS+Q+U<75) Hp

t—t1
S C |:e—d1/\(t—t1) ”Q—i—u(tl)”p + 6—d1A(t—t1) / (t . tl o T)—a
0
% {Tlﬂ —Woce(ch)\—a’v)rgl (7_) + Tk2_na€(dl)\_an)ng(T)}dT:|
can be treated as

t—tq
/ (t . tl . T)—aTkl —’yae(dl)\—a'y)Tgl (7_) dr
0

t—t
- (/ 1 (t - T)_QaTz(kl—’ya)e2[(d1>\—afy)—b]7'd7.)
0

<Ot —t1)"eblt=1),

3 t—t1 3
( TG >dT)
0

(ii) In the case y < 1, the argument is similar to that of the case (i) except we use
Holder’s inequality instead of the Cauchy-Schwarz inequality. So, for instance,

t é t . . q%
I < (/ (t— 7')_qo‘eqa(l_l)TTq(kl_al)dT) (/ g1 (1)EY l(T)dT) )
0 0
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2

Observe that ¢* = % implies ¢ = nyﬂ and then 1 —ga=1— 241 _1_ — y—1)2 > 0.

+1 v+l v+l (et

Consequently, Lemma 2.5 applies giving

1

¢ o
L < Kt (/ g1 (T)Eg)*l(T) dT)
0

and the theorem is proved il

Remark 4.1. Observe that the conditions k; > mgy — ql* (1 = 1,2,3,4) may be
relaxed. Indeed, according to the proof, we only need ki > q%, ko >n— qi*, ks >0 — =

qa*

and k:4>p—ql*.
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