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The Generalized Riemann Problem
of Linear Conjugation for

Non-Homogeneous Polyanalytic Equations
of Order n in W, ,,(D)

Ali Seif Mshimba

Abstract. We consider a non-homogeneous polyanalytic partial differential equation of order
n in a simply-connected domain D with smooth boundary D in the complex plane C. Initially
we transform the given equation into an equivalent system of integro-differential equations and
then find the general solution of the former in W,, ,(D). Next we pose and prove the solvability
of a generalized Riemann problem of linear conjugation to the differential equation. This is
effected by first reducing the Riemann problem to a corresponding one for a polyanalytic
function. The latter is solved by first transforming it into n classical Riemann problems of
linear conjugation for n holomorphic functions expressed in terms of the analytic functions
which define the polyanalytic function. The solution of the classical Riemann problem is
available in the literature.
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order, Riemann problem of linear conjugation
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1. Introduction

We consider the following non-homogeneous polyanalytic partial differential equation of
order n in a given simply-connected and bounded domaun D in the complex plane C:

P ) o m

where n € N and k,m € Ny are such that m + k£ < n and (0,0) # (m, k) # (0,n) and
% stands for the set of all possible partial derivatives of w, with respect to z or
its complex conjugate z, of order not exceeding n and excluding %T;‘Tf’. Equation (1) may

be viewed as a complex normal form of the following system of two partial differential
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equations of real-valued functions v = u(z,y) and v = v(z,y):

" (k) o"u (k) o"v
> (4500 g + B i)

J=0
n—1 c L
O tiq 9 tiy
+i.§':0 ( (2¥] (x’y>a$28yj + .7 (x’y)axlayﬂ) fk(x7y)

(k = 1,2). The former is obtained from the latter through the introduction of the
complex notations
r=x+iy, w=u+iv, F=fi+ifs

m-imoim) w0 moimtin)

and if the assumptions of the existence theorem on implicit functions are satisfied.

We shall show that equation (1) has a unique general solution w for every prescribed
in D polyanalytic function of order n, before we embark on solving a generalized version
of the Riemann problem of linear conjugation.

2. The requisite integral operators

When solving elliptic equations of first order (cf. [7, 15, 24, 25, 27]) the Cauchy-Pompeiu
operator Tp and the strongly singular Vekua integral operator Ilp:

Tof(z //DC—zdéd z:x—i-iy)

I f (2 ____[/ d&l C=¢&+1n

and the operators related to them (cf. [8, 12, 26]) play an important role. When handling
elliptic differential equations of higher order, the need arises either to reduce the given
equation to one of first order or, alternatively, to generalize the integral operators so
that they can be applied rationally to the higher order differential equations at hand.
Begehr and Hile generalized the operators as follows (see [2, 5, 6]):

Tl @) = [ Knnle=Qr(Qdgtn (m+n>0) (2)
where the kernel K, ,, of the operator is defined as follows:
( (—m)!(=1)™
—( (Zl)_ (1)|73 zm—lzn—1 as0>meZ
(=) (=D)" 1
Km,n<z): Wz z as0>neZ (3)
Zm—lgn—l m—1 1 n—1 1
loglz2 = S~ = — —) N.
\(m—l)!(n—l)!w(Ogyz| Zr ) e

—_

r=1 s=
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If m =1 or n =1, the correspoding sum is dropped. The case m = n = 0 is used to
define the identity operator. Thus Ty o pf = f for all f € L,(D) (1 <p < o0).

We note that the kernel K, , has no singularity in C, except possibly at the origin.
It has at worst a pole of order two, when m = —n. In such a case the operator T}, ,, p is
strongly singular, and hence T, ,, p f exists solely in the sense of the Cauchy principal
value if f € Co(D) (0 <a<1)or fe L,(D) (1 <p<o0). Assuch, T}, p can be
seen as a generalization of the Vekua integral operator IIp. It satisfies, moreover, the
Zygmund-Calderon inequality (cf. [5, 6, 9, 12, 19, 21, 26]):

||Tm,n,Df||p < Ap”f”p,D (m +n= 0)
m,n,D“Q < ||Tm,n,D||p < Ap 1<p<oo

If m +n > 0, then the operator T}, , , has either no singularity in C, or it has a pole
oforder 1 at ( = z. It can thus be viewed as a generalization of the Cauchy-Pompeiu
operators I'p,T'p, Ty, or the potential operator Pp:

Tos) =4[ c—l dédn
1) = 4 |<—O e

Pof(z // 7(¢)log |¢ — | dédn.

Since K, € L1(D) if D has a finite area, we deduce from the convolution theorem
of Young (see [19: p. 7], for instance) that T}, , pf € L,(D) (1 < p < 00), and an
estimate of the form

”Tm,n,Df

.0 < C(m,n,D) | fllp.p (1<p<oo;m+n>0)
holds.

The integral operators 15, ,, p with m+n > 0 and m+n = 0 demonstrate properties
which are similar to those of the operators Tp and Il p, respectively, in the Banach spaces
Cra(D) (0 <a<1)and Wi,(D) (1 <p < oo)for ke Ny (see [2, 5, 6]). We write
here two of such properties which will play an important role in our discussion:

1. If f e L,(D) (2 <p < o0)and D C Cis a bounded domain, then T_,, ,, pf
exists, for m,n € Ny with 0 < m < n, in the Lebesgue sense for all z € C. In particular,
for z with |z| < R the estimates

|T—m,n,Df(z)| S Ml (m7 n,p, D7 R) ||f||P,D
HT—m,n,DfHP,D < Mg(m,n,p, D7 R) HfHI%D
hold.

2. If fe L,(D) (2<p<oo0)and D C Cis a bounded domain, then T_,, ,, pf
satisfies, for any 21,29 € C and m,n € Ny with 0 < m < n, the Holder condition

‘T—m,n,Df(Zl) - T—m,n,Df(22)| S M3(m7n7p7D) ||f”p,D’Z1 - ZQ‘ﬁ

where
1 n—m2>2
F=11-2 ifn-—m=1.
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3. Transforming (1) into an integro-differential system

We consider the given non-homogeneous polyanalytic partial differential equation (1)
in a simply-connected bounded domain D C C. If T, p denotes the generalized

cauchy-Pompeiu operator (2), then %ka,pf(z) = Tm-1kpf(2), % mkDf(2) =
T k—1.p f(2) and, in general,

oiti
Wvakny(z) - Tm—i,k—j,Df(z> (4)

for m,k € Z and i, j € Ng with m + k > i+ j > 0 in the Sobolev sense (see [5]).

Suppose w is a given solution of equation (1). We define a function ¢ as follows:

2(2) = w(e) ~ Ton o (00 { o 1) )

Then, by virtue of (4), we find out immediately that

e 0w TO,O,DF<C,UJ(C), { oMty })(z)

oz" ozn dCmACk
m-+k m-+k
= {gga ) ~F (e g )) CSP

=0

in the Sobolev sense, and as such ® is a polyanalytic function of order n in D (in
some literature the term ”n-analytic function” is used synonymously). We conclude,
therefore, that any solution of equation (1) may be expressed in the form

am—!—kw
w(z) = ®(2) + TP (GO { amgar ) () (5)
where ® is a polyanalytic function of order n in the domain D.

On differentiating (5) we obtain

am—i—kw am—i—kq)

na2) = o = T o (G000 {2 1) )

where n € N and m, k € Ny are such that m + k < n and (0,0) # (m,k) # (0,k). We
are therefore in a position to formulate the following

Theorem 1. A function w is a solution of the non-homogeneous polyanalytic partial
differential equation (1) of order n if and only if, for a polyanalytic function ® of order
n in the domain D C C, {w, hy, 1} is a solution of the integro-differential system

w(z) = ®(2) + To,n,0F (¢, w(C), {hm x(O)})(2)

m-+k (6)
i (2) = 5+ T 4 F (G, (A (O} 2

where n € N and m,k € Ny are such that m +k <n and (0,0) # (m, k) # (0, k).
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4. The general solution

We make the following assumptions on the right-hand side of the non-homogeneous
polyanalytic partial differential equation (1):
(A1) F(z,w,{hm.r}) is a continuous function of its variables z € D, w and the partial
" w
ozmn *
(A2) There exists a tuple (w*, {hy, }), w*,h}, ;. € Lp(D) (2 < p < oo), such that
F('va*? {h:n,k}) S LP(D)'

(A3) F(z,w,{hm.r}) satisfies a Lipschitz condition of the form

| (2,0(2), {hinp(2)}) = F (2,0 (2), (i (2)})]

< Lymax {[w(z) = ()], max | () = honi(2)] |

Ly max [ (2) = hone(2)

derivatives of w of order not exceeding n and excluding

A~

a.e. on D, if w, W, hyy i, ki € Lp(D). Whereas 0 < Ly < 1, the constant L,
may take any positive value.

Remark. Assumptions (Al) - (A3) guarantee that F'(z,w, {hm r}) € Lp(D) when-
ever hy, € Ly(D) (2 <p < o0). Indded, we have

HF(vav {h”m,k})Hp,D
< [|F(z,w", {hp 1 Dllp,0
+ Ly max{”w —w*||p,p + max ||hmi — hy, k”p,D}
m+k<n ’
+ Ly max ||hpm,x — by illp.D-
m+k=n ’

We next introduce the Banach space £,(D) (2 <p < o0):

Ly(D) = {(w, {hm.r})

W, hyn i € Lp(D), n € N, m, k € Ny with m,k <n, (0,0) # (m, k) # (0,n) }

1w, {hmk})lp,p = rfylgg)( {'7”“’ p’Dv'YmrE%}én [kl p, D mr—Ikll%}:in [ kel p, 0
We define a mapping P in £,(D) through the right-hand-side of (5). Namely, for any

tuple (w, {hm r}) € L,(D) we set

P(w, {hmi}) = (W, {Hnk})
with
W (z) = ®(2) + To,n,0F (¢, w(C), {hm x(¢)}) (2)

m+k (7)
Hok(2) = o T F(C0(Q), (hank () ()
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where ® € W, ,(D) is a polyanalytic function of order n in D, n € N and m,k € Ny
are such that m +k <n and (0,0) # (m, k) # (0,n). Surely, P maps the Banach space
L,(D) into itself.

Let (W,{H, x}) and (W, {I:[mk}) be the images of (w, {hmx}) and (w,{ﬁmk})
under the mapping P, respectively. Then

YW —W

p,D < 7||T0,n,D||pHF(Z7w7 {hm,k}> - F(va7 {iLmJﬂ})Hp’D
<A To,n,pllpL1 max {Hw — W|lp,p, max ||k — Bm,k”p,D}
m—+k<n
+ YN Ton,pll L2 max ||hp, x — iLm,ka,D
m+k=n

<\ Toun 0l (Lr + 7L (w0, (i }) = G, (o}

Similarly we obtain

’Y”Hm,k - I:Im,k |p,D < ||T—m,n—k,D||p(L1 + 'ng)H(w, {hm,k}) - (?f;, {ﬁm,k})Hp,D
|Has — Hasllpn < 1Tan—s.0llp (1L1 + Lo) ||, (i) — (o, (D)

for0 <m+k <n, a+ [ =nand (a,3) # (0,n). However, we know from properties
of the integral operators 71}, , p that

||T || _ C’(m,k‘,n,D) for0O<m+k<n (8)
I A ) Y for m+k—=n

where IIp is the strongly singular Vekua integral operator. We thus conclude that

H(W7 {Hm,k}) - (Wa {I:Im»k})Hp,D

x (LL1 + Lo) || (w, {n i }) = (b, S D]

and P turns out to be contractive in £,(D) (2 < p < o0) if

max {7 Ton.pllp 7 max [T spllps Mollp} (R +La) <1 (9)

If estimate (9) is realizable, then by the Banach fixed point theorem P has a unique
fixed point (w,{hmir}) € L,(D) (2 < p < oo) satisfying (6). By Theorem 1, the
corresponding w is the general solution of equation (1) corresponding to the prescribed
in the domain D polyanalytic function ® € W, ,(D) of order n.

Restriction (9) can be satisfied if the constants L1, Lo and -y are chosen suitably and
the domain D is sufficiently small. It is well-known that

i) [Mpll, > Moz =1 (1 <p < o0)

ii) |[IIpl|, is a logarithmic convex function of p € (1, c0)
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(cf. [5, 6,9, 12, 13, 19, 20, 26)).

Suppose that Lo satisfies the inequality Lo||IIp|l, <1 (i.e. 0 < Ly < 1). We then
fix the constant v large enough so that, for given L1, the relation (%Ll ~|—L2) Ipll, <1
is also valid. Finally, since |70, pllp and |T-pm n—k, pllp for m + k < n increase with
the area of the domain D, a proper reduction of the size of D ensures the fulfilment

of estimate (9), and hence the existenxe of a unique fixed point of the operator P in
L,(D) (2 <p<o0).

Theorem 2. Assuming the validity of assumptions (Al) - (A3) and estimate (9),
the non-homogeneous polyanalytic partial differential equation (1) of order n admits a
unique solution w € W, ,(D) (2 < p < o00) given by equation (5), for every prescribed
in the bounded domain D polyanalytic function ® € W, ,(D) (2 < p < 00) of order n.

It can also be shown that the operator R:

R(0.{ L 2) = (w fh)

0zmozk

is a topological mapping of the set H of all in the domain D polyanlytic functions
® € W, (D) of order n onto the set W of all solutions (w, {hm i} € L,(D) of the
integro-differential system (6). In the light of Theorem 1 we can thus formulate the
following

Theorem 3. The operator R is a topological mapping of the set H of all in the
domain D polyanalytic functions ® € W, ,(D) of order n onto the set W of all solutions
w € Wy, (D) of the complex partial differential equation (1).

5. The generalized Riemann problem of linear conjugation
for non-homogeneous polyanalytic equations

We now pose the following generalized Riemann problem of linear conjugation for the
function w:

0w _ F(z,w, {w}) on D (1)

oz" 0zmozk
0¥y T 9%y
[qu 8zj—1azj] () - G(t) [ij m] (t) = g;(t) on D (@)
828—2’11) + aQS_Qw _
{W] @—Hs(ﬂ{m} (t) = fo(t) ondD (H)
where ¢; € Z,

9;,Gj € Wn—2j+1—%,p(aD)
(2<p<o0)
f87 HS S Wn—25—|—2—%,p(8D)

and

J,s € Nyn e Ny with 25 <n+1 and 25 <n+ 2
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k,m,n € Ng with m +k <n and (0,0) # (m, k) # (0,n).

We know that the general solution of equation (1) takes the form (5), where @ is
an arbitrary polyanalytic function of order n in the given domain D. We thus first
substitute the jump conditions (G) in the general solution (5) and thus arrive at the
following corresponding problem for the polyanalytic function ®:

o 921-1p + o 92i-1p 1~
R = ORI Cpeer O

_ an—l - _ 82j—1 + (G)/
= g;(t) + G;(t) 1% {mTo,n,DF] (t) —t% [mTo,n,DF (t)

= gj(t) + (Gj(t) - 1) t_qulfj,nfj,DF(Ww? {hm,k‘})(t)

on 0D, since T}, , pF' is a continuous function on the whole complex plane whenever
F e L,(D),2 <p<ooand m+k > 0. Similarly, we obtain from the jump conditions
(H)
823—2@ + 628—2(1) -
| O HsO) | 5| O
025-10z 025710z (H)
= f5(t) + (Hs(T) = )T1—sn—s41,0F (-, w, {hm 1 })(t)

on 0D. We deduce from the properties of the integral operators 1), . p in L,(D) (1 <
p < OO) that Tl—j,n—j,DF € Wn_2j+17p(D) and Tl—s,n—s—|—2,DF & Wn_28+2’p(D), and
hence, by the trace theorem (see [1, 11, 22, 23]),

Tijn—jpF € Wiy_5j01-1,(0D) and  Tisn-sio,pF € Wy g5pn 1 ,(9D).

We next split the polyanalytic function ® into two such functions, ® = @1 + @, 3),
so that the jump conditions (G)" and (H)" are written as generalized Riemann problems
of linear conjugation for ®; and @, p):

o 823'71@1 + - 82]'71@1 -
| 0- 60 s | 0=a0 o)
625_26131 + 825—2<I>1 -
[W} (t) — Hq(2) {W] (t) = fs(t)
and 27—1 + 27—1
[ O Dy ) 07T ®wm | )
W] (t) = Gi(t) [ W} )
= (Gj(t) = DVt T jn—jpF (-, 0, {hm i })(2) ()
_828_2q)(w,h) + 828_2q)(w,h) -
W] (t) = H(1) [W} )
= (HS(T) - 1)T1—s,n—s+1,DF('awa {hm,k})(t) )

on 0D. Such generalized Riemann problems of linear conjugation (10) - (11) were posed
and solved by the author in [17], assuming that (w, {h, r}) is given. It was shown there
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that such a problem admits a uniquely defined in the given domain D polyanalytic
function ® of order n, provided that sufficient point conditions on it are imposed. The
solution is an element in the Sobolev space W, ,(D) (2 < p < 00), and it satisfies
estimates of the form

|1®|lp,0 < Col(p, D, Q;) max || f;

p,0D

and, for 1 < k <n,
|©

ko0 < Cr(p, D, Q) max || f;

s,p,0D

where
n+2—k—2j—+
S = or
n+l—Fk—2j—,

Q; and f; are the coefficients and the free terms, respectively, in the respective Riemann
problem.

We next revisit the mapping P defined in Section 4, whereby the arbitrary but fixed
polyanalytic function ® € W,, ,,(D) is now replaced by the one constructed above. Thus,
for any tuple (w,{hm. r}) € L,(D) we set

P(w,{hmi}) = W, {Hpmx})
with
W (2) = ®1(2) + Pun)(2) + To,0,0F (¢ w(C), {hm k(O)}) (2)

m-+k
Hm,k(z) - %(@1 + (p(w,h))(z) + Tfm,nfk,DF(g7 w(g)v {hm,k(C)}) (Z)

where ®1, ®(,, ) € W, (D) are polyanalytic functions of order n in D, n € N and
m, k € Ny are such that m + k <n and (0,0) # (m, k) # (0,n).

Let
(w, {hm 1 }), (@, {hmi}) € Lp(D) (2 <p < o0)

and let (W, {Hyn 1}), (W, {Hn}) be their respective images under the mapping P. We
then obtain

YW — WHP,D
<ANTom.0llp||F (2, w, {hmx}) — F(z,1, {Bm,k})HpD TP w,h) = P iy
<7 (Ci(p, D) To.n,pll1.0 + 1 Tonnll»)
x Lymax {[|w = @lp,p, 02X s = om0 }

m-+k
+ v(Ci(p, D)||To,n,p

< ~(C1(p, D)||To,n,0

p,D

1o+ [ Tom,nllp) Le max || — Bun llp,p
m+k=n

1pt+ HTO,n,D”p) (Ll + 'YLQ)H(w7 {hm,k}) - (lf), {ﬁm,k})prp'
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Similarly we arrieve at

’YHHm,k - ﬁm,kHILD < (Cm,k(p7 D)HTO,n,DHn—m—k—l—l,p + HT—m,n—k,DHp)
% (L1 + 7L (w, S} = (@ i D

and
HHozﬁ - Ha,/BHILD < (Cn(va)HTO,n,D”l,p + HT—a,n—&DHp)

x (2L1 + Lo) || (w, {hn i }) = (i, {m i D))

for0O<m+k<n,a+=mnand (a,3) # (0,n). Consequently,

(W AHms}) = (W {Hm i })|| < &l (w, {hmi}) — (@, {hrmi})|
where

k= (L1 + Ly) max Vmﬁlgfn{cm,k(% D)||To.n,plln-m-k+1,p + 1 T—m.n—k,0llp}

Cn(p; D)[Ton,pll1p + bl

The mapping P is thus contractive in £,(D) if k < 1, and in this case it has a unique
fixed point (w,{hmr}) € L,(D) (2 < p < o0), thanks to the Banach fixed point
theorem. By Theorem 1 and the construction of the polyanalytic functions ®; and
D (w,n), w of the fixed point (w,{hmx}) solves the generalized Riemann problem of
linear conjugation (1), (G), (H).

The contractiveness of P can be arrived at in essentially the same manner as the one
discussed earlier in the case of a general solution. It is noteworthy in this exercise that
all constants Cy(p, D), Cy, k(p, D) and C,,(p, D) increase with the size of the domain D.

Theorem 4. If assumptions (Al) - (A3) are satisfied and a requisite number of
point conditions are given, then the generalized Riemann problem of linear conjugation
(1), (G), (H) admits a unique solution w € W, ,(D) (2 <p < 00).
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