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On Fourier Transforms of Wavelet Packets

K. Ahmad, R. Kumar and L. Debnath

Abstract. This paper deals with the Fourier transform #, of wavelet packets w, € L*(R)
relative to the scaling function ¢ = wg. Included there are proofs of the following statements:
(i) £,(0) =0 for all n € N.
(ii) o, (4nkn) = 0 for all k € Z, n = 27 for some j € Ny, provided ||, |mo| are continuous.
(i) ou(E)f = 25" [Barnt (2762 for r € .
(iv) 2, Pi;gl bkez 0, (2777 (€ + 2k7))|> = 1 for a.a. € € R where r =1,2,..., 5.

Moreover, several theorems including a result on quadrature mirror filter are proved by using
the Fourier transform of wavelet packets.
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filter
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1. Introduction

The concsept of wavelets refers to a family of functions of the form (see Daubechies [4])

Yas(w) = la|“Fp (=) (1.1)
normalized by the factor |a|~2 where ¢ € L2(R) and a,b € R with a # 0 (see Debnath
and Mikusinski [5]). Thus, 45 is constructed from translation and dilation of a single
function 1, called mother wavelet. Physically, the mother wavelet appears as a local
oscillation (or wave) on which most of the energy of the oscillation is concentrated in
the frequency (or wave number) domain due to the Heisenberg uncertainty principle.
The scaling (or dilation) parameter a controls the width and the rate of oscillation
and intuitively can be thought of controlling the frequency of the wavelets 4. The
translation parameter b simply moves the wavelet throughout the domain.

If the dilation and translation parameters a and b are chosen such that a = 2" and
b =n2™ where m,n € N, then there exists a wavelet 1 such that the family of funtions
(). )
Ymon(x) =2"292 "z —n)
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constitute an orthonormal basis of the space of functions or signals in L?(R) which
have finite energy (see Daubechies [4], and Debnath and Mikusinski [5]). Thus, the
two discrete parameters m and n can be varied for the analysis of local features of
a given function. These two degrees of freedom m and n have the natural ability to
describe features at a variety of scales by adjusting m and at any location by changing
n. On the other hand, in a Fourier basis, by contrast, the basis functions represent a
one-parametric family ()", indexed by the frequency parameter n, and hence, one
can effectively analyze global, periodic and smooth features by varying this frequency
parameter n. Consequently, a Fourier basis is, however, less effective for the analysis of
located oscillations or structure.

If ¢ € L2(R) and 1, is given by (1.1), then the integral transformation Wy, defined
on L?(R) by

Wd) [f](a7 b) = (fa 77D0L,b) == /_Oo f(fL’)@Da,b(fL') dx

is called a continuous wavelet transform of f.

Coifman at al. [2] introduced the concept of wavelet packets. The wavelet transform
is generalized to produce a library of orthonormal basis of modulated wavelet packets,
where each basis comes with a fast transform. By generalyzing the method of multi-
resolution decomposition, it is possible to construct orthonormal bases for L?(R) (see
Daubechies [4]). Discrete wavelet packets have been thoroughly studied by Wickerhauser
[11] who has also developed computer programs and implemented them. The wavelet
packets allow more flexibility in adapting the bases to the frequency contents of a signal
and it is easy to develop a fast wavelet packet transform. The power of wavelet packet
lies on the fact that we have much more freedom in deciding which basis function can
represent the given function. The best basis selection criteria and application to image
processing can be found in [10, 11].

Several authors including Daubechies [3], Chui [1] , Mallat [7, 8] and Meyer [9]
have studied Fourier transforms of wavelets and scaling functions. On the other hand,
Coifman et al. [2], Wickerhauser [11] and Hernandez and Weiss [6] have obtained some
results on Fourier transforms of wavelet packets.

The main objective of this paper is to study the Fourier transform of wavelet packets
in order to generalize some results due to authors listed in the preceding paragraph.
This is followed by a result on quadrature mirror filter based on the Fourier transform
of wavelet packets.

2. Notations and terminology

We let Z and R denote the set of integers and real numbers, respectively. The inner
product of two functions f, g € L*(R) is denoted by (f,g) and is defined (see Debnath
and Mikusinski [5]) by (f,g) = [~ f(z)g(z) dz. The norm of f € L*(R) is denoted by

| fIl. The Fourier transform of any functlon f € L2(R) is denoted by f and is defined
as usual by f(§) = ffooo f(x)e~**dz. The set £2(Z) is the vector space of absolutno
square-summable sequences.
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Definition 2.1. A multi-resolution analysis consists of a sequence of closed sub-

spaces {V;};ecz of L?(R) satisfying the following properties:
(i) V; C Vj4q for all j € Z.

(ii) UjezV; = L*(R) and N;ezV; = {0}

(iii) For f € L*(R), f(z) € V; if and only if f(2z) € V; 4 for all j € Z.

(iv) For some ¢ € Vy, {p(- — k) }rez is an orthonormal basis for V.

(v) There exists an isomorphism I : Vo — (?(Z).

The function ¢ whose existence is implied by condition (iv) is called scaling function

of the given multi-resolution analysis. For every f € V), there exists a unique sequence
{ak}rez € ?(Z) such that

f@) =3 anple — k).

keZ
We assume _
i .
eik(@) = 220272 — k).

Since @o r(x) = @(z — k), in view of condition (iv) ¢or € Vy follows for all k € Z.
Moreover, if j € Z, condition (iii) implies that {¢; x }xez is an orthonormal basis for V.

Let Wy be the orthonormal complement of Vg in Vi, that is Vi = Vi & Wy. Then if
we dilate the elements of Wy by 27, we obtain a closed subspace W; of Vi1 as

Vim=V;oW;  (j€Z),

We consider Vy = W_; ® V_; and observe that \%gp(i) € V_; C V. By condition (iv)
we can express this function in terms of the basis {¢(- — k) } ez to obtain

o(5) = VEY hiwla— k) (2.1)
keZ

where hp = \%fR o(£)p(x — k) dz, the convergence of the series is in L?*(R) and
> ke |hil* < 0o. We take the Fourier transform of (2.1) to obtain

P(28) = mo(§)P(§) (2.2)
where '
mo(§) = \/LE Z hye k. (2.3)
ke

This gives the result
J
56 = { TTmot26) pt2-7%)
n=1
If j — oo and $(0) =1, then $(§) =[], mo(27"€). It follows from (2.2) that

mo(0) = 1. (2.4)
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The sequence {hy} and its Fourier series mg(&) need to satisfy specific constraints that
are related to the properties of the function :

(a) If ¢ € L*(R), then >, ., hi = V2.
(b) ¢ is compactly supported in [p, g| if and only if hy = 0 for k < p or k > q.

(c) When the constraints (a) and (b) are satisfied, the orthogonality of {p(- — k) }kez
is ensured if and only if

Imo()1* + Imo(E+ 7)) =1 (2.5)

and there exists a compact set K, congruent to [—m, 7] modulo 2w, such that
mo(27%¢) #£ 0 for all £ € K and k > 0.

We then define '
my(€) = —emo(€ +7) (2.6)

and

2O =m(5)e(5)  where v(x) = V2Y gup(2r — k)
kEZ

with g = (—=1)*h;_. Tt follows from (2.4) - (2.6) that

m1(0) =0 and  my(§) = % nge_iﬁk. (2.7)

keZ

Now we consider a function 1) € Wy such that {¢)(- — k) }rez is an orthonormal basis

for Wo. If this is the case, then {234(27 - —k)}rez is an orthonormal basis for W; for all
J € Z due to condition (iv) in Definition 2.1 and the definition of W;. Hence {¢; 1} kez
is an orthonormal basis for L?(R), which means that 1) is an orthonormal wavelet on R.

Now we state few lemmas which will be used in the proofs of theorems in Section 3.

Lemma 2.1. Let v € L?(R) be an wavelet constructed from the scaling function ¢
such that |p| and |mg| are continuous. Then 1p(4km) =0 for all k € Z.

Lemma 2.2 (see Mallat [8]). Let ¢ € L*(R) be a scaling function. Then {p(- —
k)}rez is an orthonormal basis of Vo if and only if Y., [P(§ + 2km)|? = 1 for a.a.
£ eR.

Lemma 2.3 (see Hernandez and Weiss [6]). Let ¢ € L*(R) be a wavelet associated
with the scaling function ¢. Then |p(€)|? = Z;i1 [0(27€)|? for a.a. £ € R.

Now we construct wavelet packets from multi-resolution analysis. In general, con-
sider two sequences {a,}, {b,} € (?(Z) satisfying the requirements as stated in [11: p.
452]. If H is a Hilbert space with orthonormal basis {ej }recz, then the sequences defined

by
f2n - \/§Z A2n—kLEL

keZ

fons1 = V2> bon_ren

keZ
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are orthonormal bases of two orthonormal closed subspaces H; and H, respectively,
such that H = H; & Hy. Using this “splitting trick” we now define the basic wavelet
packets associated with a scaling function ¢ as defined in multi-resolution analysis.

Let w = ¢. The basic wavelet packets w,, (n € Np) associated with the scaling
function ¢ are defined recursively by

won () = \/52 hi wn (22 — k)

keZ

(2.8)
Wont1(z) = \/§ng wn (22 — k)
keZ
When n =0 in (2.8), we obtain
wolz) = \/52 hi wo(2x — k)
kEZ (2.9)
wi(x) = \/§ng wo(2z — k)
keZ

It follows from (2.9)2 that wy = 1. The Fourier transform of the functions given in (2.9)
yields the relations

wo(§) = H mo(277§)
21(€) = m (5) [T mo(z9).

More generally, equalities (2.9) are equivalent to the result
o(&) = [ [me,277¢) (2.10)
j=1
where n = 3777 £;2/7! with e = 0 or ¢ = 0.

3. Main result

Several theorems describing the main results are proved in this section.

Theorem 3.1. If w, € L?*(R) are wavelet packets related to the scaling function
© = wp, then ©,(0) =0 for all n € N.

Proof. We recall (2.10). I tis clear that for n > 0 the right-hand side of (2.10)
must contain at leat one term of type m1(277¢) where j may take any value from N.
Then the result follows by using (2.7) B
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Theorem 3.2. If w, € L*(R) are wavelet packets associated with the scaling func-
tion o, then &, (4nkn) = 0 for all k € Z, where must be n = 27 for j € Ny, provided |p|
and |mg| are continuous.

Proof. From the definition of wavelet packets, we have (2.8). The use of the Fourier

transform of (2.8); yields
Do (€) = mo<g>@n (g) (3.1)

Taking n = 27 and £ = 4nkn = 29 2knr we get @(4nkm) = W5 (29 %kr). Applying
equality (3.1) recursively and using Lemma 2.1 we get

O (Ankm) = mo(27 T km)Dos _1 (27T k)

= mo(27 T km)mo(27kn) - - mo(2%km) 51 (2%kT)

Jj+1
{Zmo (2" k) } (4km) (since wy = )
=0
and the statement is proved i
Theorem 3.3. Suppose h,, is an exact quadrature mirror filter satisfying the con-

ditions B
Z P —okhpn—21 = 01 and Z hn = V2

nez nez
Further, let mo and my be defined by (2.3) and (2.6), respectively. Then

Ze_igj{]_lj—ZanO(g)"_gj 2km1< >} \/_e

JEZ

where g = (—1)%hy_4.
Proof. We define the operators Fy, Fy : (?(Z) — (*(2Z) by

Fo{se}(§) = swhw—o;  and  Fi{si}(j) =D skfr—2;-

keZ keZ

Their adjoints F; and F} defined by

Fj{sk}(4) nghk 2j and Fi{si}(j) Zsjgk 2j

JEL JEZ
are orthogonal projections on ¢?(Z). The operator F defined by
F(sp) = Fo(sg) @ Fi(sk) € 12(Z) @ 1?(27)

is orthogonal and
FyFo+ FiFy =1 (3.2)
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where I is the identity operator. We can write (2.8) as

won(t —j) = \/52 hi—2j wn (2t — k) = Fo{ V2w, (2t — k)}(5)

kEZ

wont1(t = §) = V2 grosjwn(2t — k) = Fi{vV2w, (2t — k) }(j)

kEZ

where V2w, (2t — k) is viewed as a sequence in j for (¢,n) fixed. Using (3.2) we get

wp (2t — =7 Z hj—opwan (t — \/— Z Gj—2kwan+1(t — 7). (3.3)

keZ kEZ

The Fourier transforms of (2.8) yield

&)

o) = )
3
2

(5)
Won+1(§) = ml( ) g

&)

Now the Fourier transform of (3.3) gives

wn (2§ — k) =7 Z hj—2klon (€ — j) + % > Gj—akbant1 (€ — J)

keZ keZ
~ %@”(g>€_igk \/—]ZE;% 2kW2n (§ 157+—]Z€;gj akant1(€)e "
> (e ¥ = o s () () + arondn (5 (5)}
% e i an($) 5 a9

JEZ
e \/ﬁze_igj{fb'—zkmo(§) +§‘—2km1<§>}
JEZ ’ 2 ’ 2

for a.a. £ € R and the statement is proved B
Remark 1. If £ = 0, the equality of Theorem 3.3 reduces to ZjeZ e i {Bjmo (g) +

gma(3)} = V2.

Remark 2. If { = 0, the equality of Theorem 3.3 together with mgo(0) = 1 and
m1(0) = 0 reduces to Y5 hj_ox = v/2 which can be written as Y., h; = V2.

Theorem 3.4. If w, € L*(R) are wavelet packets associated with the scaling func-

tion p = wy, then
271

B (&) = D [Bornss (27

s=0
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forr=0,1,2,3.

Proof. From the definition of wavelet packets we have (2.8). Also, the Fourier
transforms of wavelet packets are given by (3.3). Using (2.5) - (2.6) in (3.4) gives

[G2n (26)* + D201 (26)1* = [m0 ()@ (§)° + [ma (§)n (&)
= {Imo()? + le"*mo (€ + )7 } [@n (E).

That is, |©2,(28)|? + |D2n+1(28)]? = [©,(€)|%. A simple iteration of this result yields

|0, (€)% = Zi;_ol |@arn1s(27€)|? and the statement is proved i

Remark 3. If n = 0, the equality of Theorem 3.4 reduces to

2"—1

2n (O = [@o(O> = ) [@:(27)[*. (3.5)

s=0

Theorem 3.5. If w, € L?(R) are wavelet packets associated with the scaling func-

tion ¢ = wq, then
271

SN |@s2n(E + 2km))] =1

kEZ s=0
for a.a. € € R where r € Ny.

Proof. In view of (3.5) we can write |p(€ + 2km)|? = |@o(€ + 2k7)|?. By using
Theorem 3.4, the right-hand side of this equality can be written as

2" -1
B+ 2km)? = Y |Bs(27 (€ + 2km)) |
s=0
which implies
2" -1 5
Do @@+ 2km))|T =D 1B + 2k =1
keZ s=0 kEZ

by Lemma 2.2 and completes the proof il

Theorem 3.6. If w, € L?(R) are wavelet packets associated with the scaling func-

tion ¢ = wq, then
271

SN S @a @0t (€ + 26m))|F = 1

JEZ 5=0 kEZ
for a.a. £ € R wherer =1,2,...,7.

Proof. From Theorem 3.4 we have

2" —1 orti_g

DLOP =Y [Borrs(27OP = ) [@a(279) (3.6)

s=0 n=2"
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since w; = 1. Lemma 2.2 together with Lemma 2.3 gives

D IPE TP = @ (2 (6 + 2km) .

kezZ j=1kez
Therefore,
SN @€+ 2km))|F =1 (3.7)
j=1kez

for a.a. £ € R. From equalities (3.6) and (3.7) we obtain the equality in question where,
clearly, r ranges form 1 to j since it is not possible to decompose a wavelet space W
greater than j times il

Theorem 3.7. For orthonormal wavelet packets w,, € L*(R) the expression

oo 2711

=3 3 N @@ + 2km))|

j=1 s=2" keZ

1s well defined and finite for a.a. &€ € R. Moreover, f] D(&) d¢ = 2w for any interval 1
of length 2m in R.

Proof. D(¢) is well defined and can not be infinite on a set of positive measure if
the last part of the theorem is true. The second part will follow if we prove the result
for I = [0, 27] since D(§) is 2m-periodic. Now,

oo 2711

/ID(g)dgzp => > Z/ G (2977 (€ + 2km)) | de

j=1 s=2" kecZ

27““—1 2(k+1)7r
= } D3 S Bk
j=1 s=2r kcz’?2k
co 2711

—uny T [ e

j=1 s=27 Y 7X
co 27T1_1
=2y » 270 / @ (€)2dE
j=1 s=27
0o ortl_q
=2y 2797 > @3
j=1 n=2"
OO .
=2m Y 2797 21@, 3
j=1
= 27| Gn |3
=27

and the statement is proved i
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