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On the Cauchy Problem
for a Degenerate Parabolic Equation

M. Winkler

Abstract. Existence and uniqueness of global positive solutions to the degenerate parabolic
problem

ur = f(u)Au in R™ x (O,oo))

ult=0 = uo

with f € C°([0,00)) N C*((0,00)) satisfying f(0) = 0 and f(s) > 0 for s > 0 are investigated.
It is proved that, without any further conditions on f, decay of uo in space implies uniform
zero convergence of u(t) as ¢ — oo. Furthermore, for a certain class of functions f explicit
decay rates are established.

Keywords: Degenerate diffusion, large-time behaviour

AMS subject classification: 35K55, 35K65, 35B40

0. Introduction

We are concerned with positive solutions to the Cauchy problem for a class of degenerate
parabolic equations

uy = f(u)Au in R™ x (0, 00) } 0.1)

u|t=0 = Uo

where ug € CY(R™) N L>(R™) is positive in R™, while the given function f is required
to be in C°(]0,00)) NC((0, 00)) with f(s) > 0 for s > 0 and, which makes the equation
degenerate parabolic, f(0) = 0.

So far, to the best of our knowledge, a detailed study on problem (0.1) has been done

only for the special case f(s) =sP (0 < p < 1) or — more or less — slight perturbations
1—
thereof. In this case, namely, the substitution U(z,t) = (1 —p) 7 u'~P(z,t) transforms
(0.1) into the Cauchy problem for the porous medium equation Uy = AU™ with m =
1

75 > 1 which has been studied by several authors (see [1, 2, 7], for example).

In order to motivate the question of qualitative behavior of solutions of problem
(0.1), let us assume for a moment that f increases to co as s /' co. If then we investigate
instead of (0.1) the corresponding initial boundary value problem with zero Dirichlet
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data in some smooth bounded domain, it is easy to see by a comparison argument
that all solutions tend to zero uniformly in Q as ¢t — oco. More generally, replacing in
the latter problem —A by any second-order linear elliptic operator A (with sufficiently
smooth coefficients) having first eigenvalue A;, we achieve global existence and large
time decay as before whenever A1 > 0. On the other hand, \; < 0 implies finite time
blow-up for any positive solution (see, e.g., [5] or [12]). The borderline case A\; = 0
has been investigated only under special circumstances so far; in [9] there is proved for
f(s) =sP (p>0) that if uy decays fast enough near 9¢2, then u exists globally, while if
ug decreases sufficiently slowly, then u is bounded away from zero uniformly on compact
subsets of €2 for all times. It is not known, however, whether there are initial data which
cause unboundedness or zero decay of solutions.

In the situation of A = —A, increasing 2 to R” means taking A; \, 0, thus in
problem (0.1) we formally have exactly the borderline case, so the question is whether
one of the tendencies towards blow-up on the one hand or stabilization to zero on the
other hand will win, or if intermediate effects occur. The main results of the present
note are that u exists globally and tends to zero, provided merely that ug vanishes at
infinity (cf. Section 3), and if ug and f enjoy further properties, then upper bounds for
the decay rate can be given (cf. Section 2).

Acknowledgement. The author would like to thank M. Wiegner and C. Bandle
for drawing his attention to the problem.

1. Existence and uniqueness

Assuming throughout that
(H1) wo € CO(R™) N L>®(R") is positive

we are first of all interested in whether problem (0.1) has a solution at all. As we are
familiar with the Dirichlet problem for u; = f(u)Au on bounded domains, we are led
to the idea to construct a solution on R” via approximation by a sequence of solutions
on, say, Bg = Bgr(0). More precisely, let, for ¥ € N, ug; € C'(By) be such that
0 < upr < ugk+1 in By, uoklop, = 0 and ugr /" up in R™. Concerning solvability of
the corresponding initial-boundary value problem in Bj with zero boundary values and
initial data wug , we have

Lemma 1.1. The problem

8tuk = f(uk)Auk mn Bk X (0, OO)
uk‘aBk =0 (1.1)

Uk |t=0 = ok

is uniquely solvable in C°(By x [0,00))NC?! (B x (0,00)). The solution can be obtained
as the C° (B, x [0,00)) N C2Y(By, x (0,00))-limit of a decreasing sequence of solutions

loc
ug. e of problem (1.1) with uy c|lop, =€ and ug c|t=0 = uo .k +¢€ for e \, 0.
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Proof. Local existence of u. j and monotonic convergence to a limit function uy, is
proved in a standard way using arguments pointed out in detail in [11: Theorem 1.2.2]
(cf. also [10: Theorem 3.2]). To see that the solution actually exists for ¢t € (0,00) we
only have to note that by comparison &€ < ug . < ||uo,x||z(B,) +€ as long as uy . exists,
so that uy . and hence u; can be extended for all times il

Taking k — oo, we in fact obtain a solution to the original problem.

Lemma 1.2. Problem (0.1) admits a positive classical solution u € C°(R™ x
[0,00)) N CEHR™ x (0,00)) N L®(R™ x (0,00)). If ui denotes the solution of prob-
lem (1.1), we have up — u in C° _(R™ x [0,00)) N C2HR™ x (0,00)).

loc loc

Proof. Aswugyt1 > uoin By and ug k+1|ap, > 0, we have uy11 . > uy, for all € and
thus ug41 > ug in By, X (0,00). Consequently, as k — oo, the u monotonically increase
to some limit u which is easily seen to fulfil 0 < u < ||ug|| L (®n»). To find a uniform local
bound from below, let kg € N be given. Then there exists a constant ¢, > 0 depending
on kg only such that ug r > ug ry+1 > €k, Ok, in By, for all £ > ky, where Oy, denotes
the Dirichlet eigenfunction of —A in By, with max 0, = 1, corresponding to the first
eigenvalue A\q , > 0. Setting

at

y(t) = croe with o = At ko[ fll oo ((0,e1,))

we find that

Ot (YOko) — f(UOke) A(YOky) = ¥ Oky + A ko f (YOko ) YOk,
< (¥ + ay)Op,
<0 in Bko X (0,00)

which yields by comparison
up > y(t)Ok, () in By, x (0,00) for all k > k.

Thus for all K x [0,7] CC R™ x [0, 00) there is a constant cx p > 0 such that for k large
(depending on K)
Uk > CK,T in K x [O,T]

Together with up < [|ug|| (&), this provides uniform local two-sided bounds on the
coefficients f(ug) in (1.1). Hence, parabolic Holder and Schauder estimates (see [6:
Theorems V.1.1 and IV.10.1]) together with the Arzela-Ascoli theorem show that all
derivatives of ug up to order two converge uniformly to those of u in any compact subset
of R"™ x (0,00) and u solves u; = uP Au. Moreover, if ug € C*(R"), the same estimates
show that uy — u even in CP _(R" x [0,00)) and u|t—o = uy.

If up is merely continuous, we use the result just obtained in the following way: Let
us fix kg € N and ¢ > 0. We take 49 € C*(R™) N L>®(R") with vy < @ in R™ and
o < up + € in By,. By what we have just shown, there is a solution @ of problem
(0.1) with @|;—¢9 = @ which is continuous down to ¢ = 0. In particular, @ < ug + 2¢
in By, x (0,7) for some sufficiently small 7 > 0. By comparison, u; < 4 for all k£ and
hence

u < ug+ 2¢ in By, x (0,7). (1.2)
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On the other hand, by Dini’s theorem, up — wuo holds uniformly in By, hence there
is k1 € N such that ug x, > up — ¢ in By,. Continuity of uz, now gives uy, > up — 2¢ in
By, x (0,7) after diminishing 7 if necessary. Thus by monotonicity,

up > ug — 26 in By, x (0,7) for all k> k. (1.3)

Combining (1.2) and (1.3), we end up with 0 < u—wuy, < 4e in By, x (0,7) for all k > k;
which implies u € C°(R™ x [0,00)) and u|;—g = ug

In the sequel, most of the assertions on u essentially rely on the fact that u = lim uy;
thus, the question of uniqueness is of great importance. Before answering it we assert
that if ug vanishes at |z| = oo, then so does u(t).

Lemma 1.3. Suppose that, in addition to condition (H1),
|uo|l Lo oBr) — 0 as R — oo. (1.4)

Then
|u(t)|| Lo (oBr) — 0O as R — oo Vit > 0. (1.5)

Proof. i) Starting with the radially symmetric case, we first suppose ug(z) =
Uo(]z|) in R™ with some non-increasing Uy € C?(]0,00)). Then the ugj clearly can
be chosen radially symmetric, that is ug x(x) = Upk(|z|) where we may assume Uy j, €
C?([0, R]) to be non-increasing. Then the uj . from Lemma 1.1 and thus u are also
radially symmetric, i.e. ug o(z,t) = Ug(|z|,t) and u(z,t) = U(|z|,t).

I) We assert that r +— Uy (r,t) is non-increasing on (0, R) for all ¢ > 0 which
will imply that r — U(r,t) does not increase on (0, 00) for ¢ > 0. Indeed, by parabolic
regularity theory, z(r,t) = 0,U.c(r,t) is in C°(Q) N C*(Q) with Q = (0, R) x (0, 00)
and satisfies the linear parabolic equation

20 = (Uk)z + [ B F(Uhe) +  Uk) (U e + 22 (Ue)r) | 20 = 252 (U2

in Q with coefficients in C°(Q), and as uy . > €, we have z(R, t) < 0 as well as z(0,¢) = 0
for all t. Since also z(r,0) < 0 by assumtion on Ug j, we have z < 0 in ) by comparison.

IT) If (1.5) were false, there would be ¢ > 0 and €9 > 0 such that
u(t) > o in R" (1.6)

due to the monotonicity property of u(t). We choose a non-decreasing fo € C*°([0, M])
with M = [Jug|| oo (mn) such that fo < f, fo(s) =0 for s < £ and fo(s) > 0 for s > .
Finally, we set

[ folo) .
P(s) _/0 F(0) do (s >0)

and test (1.1) with the smooth function %(uk) having compact support in By X [T, ]

(0 < T < t), to obtain

-/ t [ sl - [ t o = [ en) - [ o)
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and hence upon letting 7 ™\ 0,

/Bk P (uk(t)) +/0t . Fo(u) | Vug|? < / D (uo 1)

By,

by Fatou’s lemma so that

[ oo+ [ goma < [ ot am

But by (1.6), ®(u(t)) > ®(g9) > 0 in R™, hence the left-hand side equals 400, while
Jgn ®(uo) is finite due to (1.4), which is a contradiction.

ii) For general ug, we define a continuous and non-increasing function ¢ on [0, co)
by ¢(R) = |Juo||r=®m\ By and fix any non-increasing C*-function Uy with ¢(R) <
Us(R) < o(R) + + in [0,00). Then comparison shows that each uj and hence u is
majorized by the corresponding solution @ evolving from ig(z) = Up(|z]), whence (1.5)

follows from part i) il
We are now ready to show uniqueness.

Lemma 1.4.

i) If n < 2, then the solution u = limy_ o u constructed above is unique within
the class C of non-negative classical solutions of problem (0.1) from C°(R™ x [0,00)) N

C?H(R"™ x (0,00)) N L=®(R™ x (0,00)).
ii) Ifn > 3 and, in addition to condition (H1), (1.4) holds, then u is unique among
all solutions from C sharing the spatial decay property

|u(t)|| Lo (oBR) — 0 as R — oo Vit > 0. (1.8)

Proof. We begin by constructing suitable functions to test (0.1) with. For R > 1,
let or(x) = fr(|z|) be the solution of the problem

—Apr(r) = x(Jz]) in Br }

(1.9)
90R|3BR =0

where x € C5°([0,1)) with x
transforms into

] <X < X[o,1]- Expressed in terms of fg, problem (1.9)

1
2

—fr(r) = 2 fr(r) = x(r) in (0,R) }

fr(R)=0
which is explicitly solved by

)= [ ()" wieracae

Observe that fr is non-decreasing in R and

mm = [ (&) x@uez gl [Ceae=
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which implies
1

an—l :

Abbreviating Hs = [, % for s > 0, we rewrite problem (0.1) in the form

ONYRloBr > — (1.10)

OHu — Au=0 in R" x (0, 00)
ult=0 = uo
and assume v is another solution of (0.1) from the indicated class. By comparison,

v > ug in By x (0,00) for all k, hence v > u. Multiplying 0;(Hv — Hu) — A(v —u) =0
by pr and integrating over Br x [1,t] (0 < T < t) we get

L+ 1+ 13
t t
= [ ot ent [ [ w-wxleh+ [ [ 0= oven
Bpr 7J BRr 7JOBR
:/ (Hv — Hu)(T) - pr =: I4. (1.11)
Br
Both Hu and Hv are continuous in Bg X [0,00) and equal Hug for ¢t = 0, thus
Iy —0 as T — 0. (1.12)
As v > u,
I, >0 (1.13)

while by (1.10)

1 t t
I3 > — —u) > — o0 ds. 1.14
02 g | @0z [ lamond (1.14)

Now in the case n > 3, (1.8) and Lebesgue’s dominated convergence theorem show that

¢
/ |v(s)||Loe (9B r)ds — O as R — oo (1.15)
0

which in view of (1.12) - (1.14) immediately gives Hv(t) < Hu(t) or v(t) < u(t) on R"
since pp is non-decreasing in R and positive in Bgr. If n < 2, however, it follows from

n R
(3) / o' "do
min{1,r}

that limg_. pr = oo uniformly on compact subsets of R, so that using the trivial
estimate I3 > —cl|v||poe(rnx(0,00)) (instead of (1.15)) and taking R — oo in (1.11)
we infer that |[{Hv(t) > Hu(t)}| = 0 and thus u is unique within the set of classical
solutions without satisfying any further decay condition il

fr(r) >

3=
N[ =

Remark. By a slight modification in the proof (using Holder’s inequality to guar-
antee that liminfr .. I3 = 0) it is possible to replace (1.8) by a ‘decay in mean’
requirement u € Lf;’c([O, o0); L1 (]R”)) for any ¢ > 1, provided of course that u = lim uy

enjoys this property at all (cf. Lemma 2.1).
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2. Large time decay: the case of nice f

In this section we asssume that f, apart from being merely positive for positive argu-
ments, satisfies in addition

(H2) For all M > 0 there exists 8 = (M) > 0 such that S]’:;S) > (3 on (0,M).

Note that condition (H2) is fulfilled, e.g., by f(s) = s? (p > 0) (with 8 = p), as well as
by f(s) =e % (p>0) (with 3(M) = <75 ), but neither by non-monotonic functions
nor by those approaching zero very slowly as s \, 0, such as f(s) = m (p>0).

In particular, we shall see in a minute that condition (H2) endows the solution
u = lim ug from Lemma 1.2 with one first important feature, namely the one of non-
increasing distance to zero in any of the spaces LI(R™) (0 < g < 00). Consequently, due
to the remark following Lemma 1.4, it is unique in the class of non-negative bounded
classical solutions from L7 ([0, 00); LI(R™)) provided that, besides condition (H1), ug
fulfils

(H3) wup € LY(R"™) for some ¢ > 0 with ¢ > 1 — 3, 8 = B(||uol| o (rn))-

Throughout this section, whenever the parameter ¢ arises it will be assumed implicitly
that condition (H3) holds for this g.

Lemma 2.1. For all g >0 withq>1— 73,

/num)g/nug Vi 0. (2.1)

Proof. The procedure is similar to the one used in part i)/II) of the proof of Lemma
1.3, but we have to be a bit more careful here since our integrals cover regions where u
is small. In virtue of Fatou’s lemma, it suffices to prove that for all kK and all £ > 0

/Bk wi(t) < /B il (2.2)

To this end let, for some sequence 6 = (§;) with §; \, 0, @5 € C°°([0,00)) be such
that X[s.00) < @5 < X[2,00); o5 > 0and ¢5 /1 on (0,00) as 6 N\, 0. Then for all

0 <7 <t < oo the function ¥ = ps(ug) - uz_l is smooth and has compact support in
By, x [1,t], hence testing (1.1) with 1 gives

t t
0= [ [ estwut v+ [ [ Gu- 9 (fwad ps(w)) = i+ 1o
7J By 7J By,
Here I is non-negative since F(s) = s971 f(s)ps(s) has its derivative

F'(s) 2 8172 f(s)((a = 1+ Be(s) + s¢'(s))

non-negative due to the choice of q. Setting

Ds5(s) = /08 ws(0)o T do



684 M. Winkler

we have ®s(s) %sq as 0 \, 0 and thus

I =/Bk ‘I’é(uk(t))—/Bk P (uk(r)) — %/Bk UZ(t)—é/Bk i (7)

as 0 — 0 by Beppo Levi’s theorem, where we notice that both terms on the right are
finite for fixed k. Thus,

/u%(t)g/ ud (1) Vo< T<t<oo
By, By,

which implies (2.2) as 7 — 0 since uy, is continuous on By, x [0,00) B

The monotonicity hypothesis (H2) translates into a monotonicity property of our
solution.

Lemma 2.2. For all k € N we have

Oruy,

1
” > “h in R™ x (0, 00). (2.3)
Consequently,
s LR (0,00), (2.4)
u [t ’

Proof. For fixed 7 > 0, classical regulartiy theory tells us that the approximate
solutions ug . from Lemma 1.1 are in C*!(By x [r,00)), hence the function

8 Ul
Rk = # = f(uk,e)uk,eAuk,s = F(uk,e)Auk,e
,€

is in CO(By, x [r,00)) and fulfils

/ —_—
Oi2h,e = (f (Uk’s)wﬂ’; f(Uk’€)>Uk,aZk,eAuk,s + f(uk’E)A(Uk,aZk,s)
U e Uk,e
f/(uk E)uks 2 f(uk E)
= ’ A 2V -V .
flug.e) Fiee T Uk e (2 Bbe + 2V Vae)

2,e vanishes at 0By x [1,00), while at ¢t = 7, 2. > —M for all M > M, and some
sufficiently large M. > 0. Hence, by comparison, 2z, . > ¢ on By X (7,00) for all
M > M., where @);(t) is the solution of ), = Bp3,; on (1,00), o (T) = —M, i.e.
om(t) = —W. Consequently, zx . > —ﬁ on By x (1,00) for all 7 > 0,

hence also zj . > —é on By x (0,00). Taking successively ¢ — 0 and then k — oo, we

arrive at (2.3) and (2.4), respectively W

Via Lemma 2.2, condition (H2) (together with condition (H3)) will imply addi-
tional regularity properties of the solution which are not a priori obvious in the context
of degenerate parabolic equations. At the same time, it provides a quantitative homog-
enization rate.
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Lemma 2.3. For all ¢ > 0 with ¢ > 1 — (3, the estimate

/R [Vhg(u(t)? < b m | (25)

holds for t € (0,00) where hy(s) L/ flo)do (s>0).

Proof. For fixed t we gain from Lemma 2.2 the inequality —Aug < i leu ) which

we test with the compactly supported function wu} lf(uk)g05(uk) € C?(By), s as in
the proof of Lemma 2.1, to obtain

I:= / Vg, -V (ul ™ (ur) s (ur)) < %/ ulps(uy) < %/ ud
By, By R™
where we have made use of Lemma 2.1. Using again
F(s) =1 f(s)ps(s)  with F'(s) > (¢ — 1+ B)s"*f(s)0(s)
we observe

I= F’ Vug|?

/B ()| Vond

>(g—1+ ﬁ)/ 05 (ur)ul > f(ug,)| Vug |
By,

—(g-1+5) /B 5 () [V g (1)

and complete the proof upon letting 6 \, 0 and then k& — oo, each time employing
Fatou’s lemma i

In order to derive decay estimates for u itself (rather than its gradient), we em-
ploy the Gagliardo-Nirenberg inequality, a suitable formulation of which is given for
convenience in the following lemma. Note that integrability powers p < 1 are involved.

Lemma 2.4. Suppose s € (1,n*) where n* = % forn >3 and n* = oo forn < 2.
Then for all i € (0,s), there is a constant co = co(s, ) such that the estimate

loll e rny < coll Vel 2o e 21l frny (2.6)
holds for all p € L*(R™) with Vi € L?(R™), the number a € (0,1) being defined by
-2 = (1—g)a—g(1—a). (2.7)

Proof. For u > 1, (2.6) is the standard Gagliardo-Nirenberg inequality proved,
e.g., in [8: Chapter 3.4]. For pu € (0,1), we first apply this — with u replaced by 1 — to
obtain

lellzs@ny < el Vol e @ l@lliifen, — where =% = (1—%)b—n(1—b).
By standard interpolation, using Holder’s inequality,
. 1—
lellzr@ny < llollze @l pateny  with e = sk

Now (2.6) follows upon combining these inequalities and using that ﬁ coincides
with a which follows from an elementary calculation B
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The main result of the present section is

Theorem 2.5. Let ¢ > 0 be such that ¢ > 1— (3.
i) For all € [max{q, 22 — },00) and all s € [1,00) with s > 2L there are

constants o > 0 and ¢ > 0 SUZ_;L that T
|2y (w(t))]| s (mry < et™ for all t > 0. (2.8)
ii) Ifn =1, then in addition
|2y (u(t)) | poor) < ct™? for allt >0 (2.9)
with o = 2*2’5
Proof.

i) Asr > ¢, we have by interpolation
1-3 G
[uol| rwr) < Nluoll gy lluoll fagny < o0
Hence Lemma 2.3 applies to give
1 z
[Vhe (u(t))l| L2 @ny < ™2 [Juol| 2 gy

On the other hand, we obtain from an integration of (H2) that f(o) < co?, so that
hy(0) < co 2 Thus, setting p = Ti—qﬁ, we employ Lemma 2.1 to see that

1 (u@) |y < C([luoll Lanynre rn))-
Now the Gagliardo-Nirenberg inequality yields
e ()| ze ey < el V(w22 @y 1o (W) | (2.10)

for all s € (max{u,1},n*), with

|
W |

(2.11)

==

+ =1~
3=

|
N[ +—

which is in (0, 1) since pu < s < n*.
If n > 3, (2.10) continues to hold for @ = 1 and s = n* < oo, and for s > n*,
interpolation between n* and oo gives

*

1 (W)l Lo @ny < ellbr ()] fox oy < €87
and thus (2.8) follows.
ii) In one space dimension, s = oo is allowed in (2.10), where now a = ﬁ The

proof is complete B
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Corollary 2.6. Suppose f(s) = sP (p > 1) and 9 € (§,En*] with the exception

¥ < oo for n = 2. Then for all ug € [),5o LY(R") and all ¢ > 0 there is a constant
ce > 0 such that the corresponding solution u of problem (0.1) satisfies

[u(®)]| o any < ot 77 (2.12)
Proof. Noting that § = p and h,.(0) = ripargp in this case, we choose r = ¢ small
such that
2 1 1— &
7“<219—p, W= q <1, and “ > - —¢, Wherea:Tsn_
r+p r+p p IT+=>p

We set s = Tzfp to obtain 1 < s < n* and s < n* if n = 2. Going back to the proof of

Theorem 2.5, (2.11) now reads

rtp _
lu®ll %yp, < ct
L7z °(Rn)

N]IS)

or ()] o ny < ct™ 75 < et vt

which is exactly the claim i

Remark. It is easy to see that if f(s) = s? (p > 1) and  C R" is a smooth
bounded domain, then a family of solutions of problem (0.1) is given by w.(z,t) =
(v +pt)_%W(x), where v > 0 and W is the positive solution of AW + W!=P =0 in Q,
Wlaa = 0 (cf. [10]). Accordingly, estimate (2.12) is not far away from being sharp.

One might ask whether uniform decay can be achieved also for space dimensions
higher than one, possibly not at a fixed rate. A positive answer to this question will be
the subject of the following section.

3. Large time decay: the case of general f

Although we have seen that condition (H2) covers a not too tiny class of diffusion
coefficient functions f (including positive powers as the most frequently mentioned
representants), we do so far have no guaranty that solutions might behave completely
different if we perturb such an f so as to violate (H2). One particular question is
whether or not we may admit f’ to change sign (or touch zero) at least for s bounded
away from zero. Keeping in mind that large time decay surely takes place in case of
the familiar heat equation (where f = 1 and hence condition (H2) is hurt), one might
conjecture that, if existing at all, something like a ‘no decay phenomenon’ should be
caused by a bad behavior of f near zero rather than for larger values. The problems
even seem to increase if we admit that for general f with f(0) = 0 we do not know
how to control the derivatives of u near points where u is small (and these will be
quite a lot if u is to vanish asymptotically), so that the decay arguments from Section 2,
basing upon homogenization in space, seem to be little adequate in the present situation.
Searching for an alternative approach, we note that due to the comparison principle,
once we have shown decay of one special solution u, we at the same time have proved
zero convergence of any other solution with initial value less than ug. Therefore the
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key to the main result of this section will be to find out under which assumptions
on ug a radially symmetric solution decays. Fortunately, the weakest possible spatial
decay hypothesis impg .o [|tuo| L (9B;) = 0 (that is sharp in the sense that admitting
liminfr o ||uol| Lo (9B,) > 0 would allow constant initial data which, however, trivially
solve problem (0.1)) turns out to be sufficient for uniform decay in the case of arbitrary
function f.

Theorem 3.1. Suppose that, in addition to condition (H1), |lugl/z~@B,) — 0 as
R — oo. Then the solution u of problem (0.1) satisfies

|u(t)|| oo (mmy — O as t — oo. (3.1)

Proof. i) We first note that by a reduction argument similar to the one used in the
proof of Lemma 1.3, we may assume without loss of generality that u(x,t) = U(|z|,t)
is radially symmetric and r +— U(r,t) non-increasing on (0, co) for all ¢ > 0.

ii) We claim that for all € > 0 there is a constant T > 0 such that
u(t) <e on 0By for all t > Tj. (3.2)

Suppose on the contrary that for some 9 > 0 and a sequence of times tx /' oo we
had u(ty) > €9 on OB;. Let © denote the first Dirichlet eigenfunction of —A in By
corresponding to the first eigenvalue A\; > 0 with max©® = 1, and set

2(a,t) =y(1)O(z)  with y(t) = coe” ) and v = Ay || f ()| L (27 x (0,00))

in By X [ty,00). Then z < u on 0B and, as u(t)|5, takes its minimum on dB; by step
i), also at ¢t = t. Moreover, z; — f(u)Az = y'O© + A1 f(u)y® < 0, so that v > z in
B; x [tg,00) by comparison, which implies the existence of numbers 6 > 0 and p > 0

such that .
uZEO in B, X [tg,tr + 6] VEk € N. (3.3)

Next, we choose a non-decreasing fo € C*°([0, M]), M = |Juo|| Lo (wn), such that fy(s) =

0 for s < ¢ and fo(s) = a(s — ) for s > 5}, where v = min¢z0 57 f(s) > 0, so that
fo< fand fj =a>0on [, M]. As in the proof of Lemma 1.3, we set

o) = [

and test (1.1) with %(uk) to obtain after taking k — oo

/Rn D(u(t)) + /Ot/n [Vh(u)]* < /Rn d(ug) Vt>0 (3.4)

where h(s) = [; \/fi(c)do. Note that the right-hand side in (3.4) is finite since by
assumption the set {ug > <} is compact.

fo(o)

o)
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Let us now fix R large such that |B R|<I> > 2 fRn (up) and define a function
v(r,t) on [0,00)% by v(|z|,t) = h(u(x,t)). )y Jo© ST ™ Hop|?drdt < oo, hence
for each k there is t;, € [ty,tx + 0] such that

R
v, (7, fk)\zdr — 0, that is |]vr(~,7§k)\|L2((§,R)) — 0 as k — oo.

o~

We thus find a subsequence such that v(-,#x) — w in C°([5, R]), where w must be a
constant. By (3.3), w > h(2), whence by uniform convergence we have u(f) > % in

Bp, for some large £,. But as ® > 0, this implies

[ ey = [ o) = Bai(z) > [ o)

which is absurd in view of (3.4).

iii) Now let ¢ > 0 be given and fix Ty such that (3.2) holds. If e € C?(B;) denotes
the solution of —Ae = 1 in By, e|spp, = 1, we have e > 1 in B; and therefore the
function

z(x,t) = e+ y(t)e(x) with y(t) = HU(TO)IILm(Rn)e_“(t_TO),

w > 0 small to be fixed soon, majorizes u at t = Tj and, by (3.2), also on 0B x [Ty, 00).
As

ze — f(2)Az = [~pe + f(e +ye)ly

is non-negative in By x (T, 00) if we choose

1
= min_f(s), where M = ¢ + ||u(T; o ®myllell Lo (B,
el Lo (By) s€leM] (s) [u(To) | oo e llel| Loe (1)

we infer from the comparison principle that v < z in By x (771, 00) and therefore u(t) < 2¢
in By (and thus in all of R™ by monotonicity) for all sufficiently large ¢ il

Remark. Except for the uniqueness proof in Lemma 1.4, none of our arguments
actually required that the domain under consideration has no boundary. In fact, all of
the existence and decay assertions remain valid if R™ is replaced by any (bounded or
unbounded) domain € C R™ with, e.g., Lipschitz boundary.

Finally, we mention that all the results from Sections 1 and 3 remain valid without
any change if we drop the degeneracy condition f(0) = 0 — note that then Section
2 becomes obsolete since condition (H2) implies f(s) < f(1)s” for s € (0,1), hence
f(0) = 0. Indeed, reviewing the proofs shows that the degenerate case (to which we
have restricted ourselves) seems to be the most critical among all cases im which f(s) > 0
for s > 0 is required.

Accordingly, we obtain as a corollary to Theorem 3.1 that for any quasilinear equa-
tion uy = f(u)Au with f € C°([0,00)) N C1((0,0)) positive on (0,0), every solution
evolving from positive initial data decaying arbitrarily slowly in space decays uniformly
as time tends to infinity.
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