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Crack Detection in Plane Semilinear Elasticity

D. D. Trong

Abstract. Let 2 be a two-dimensional semilinear elastic body limited by a known outer
boundary I' represented by a Jordan curve and an unknown inner boundary -~y represented by a
finite disjoint union of piecewise C'* Jordan curves. Plane stress is considered. We assume that
the Lamé coefficient A depends on the spacial variables xz,y and the displacements u,v. Our
main result asserts that ~ is uniquely determined by the displacements and stresses prescribed
on an open portion I'g of T'.
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Let €2 be a plane solid body bounded by a known outer boundary I' and an unknown in-
ner boundary +, represented by a disjoint union of Jordan curves. The domain bounded
by v can be seen as cracks. If the solid body is electrical conducting, then it has been
shown in [5, 8] (the linear case) and in [20, 21] (the semilinear case) that the cracks are
uniquely determined by values of the electrical potential and flux described on an open
portion I'g of T'. If the domain €2 described above is a linear elastic body (i.e., the Lamé
coefficient \, u depends only on the spacial variables x, y) and if the inner boundary =y is
a C' Jordan curve stress free, then it is shown in [7] that the location and the shape of a
crack are uniquely determined by the values of the displacements and stresses specified
on an open portion I'g of T'.

In the present paper, we consider the problem of identifiability of the unknown
cracks (assumed to be finite in number) in a semilinear elastic body having the boundary
data mentioned at the end of the preceding paragraph. In fact, letting v and v be the
displacements and stresses in the x— and y—directions, respectively, we shall assume
that the Lamé coefficient A depends on z,y and u, v, i.e.,

A= A5, u,0). M)
Letting 01,09, T be the stresses (see [19]), we have the system

m+ry+X:0} )
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where ¢, = g—i and ¢, = g—i. Assuming plane stresses, we have the relations

T = 5(uy +vz)
01 = Ae + gy 3)
o2 = e + vy

€ = Uy + Uy

where A\, i are the positive Lamé coefficients. We assume that the displacements and
the surface stresses are given on a portion I'g of T, i.e.

(w, v)re = (f1, f2) (4)
and .
loi+mr =X

moy +0r =Y } on To (5)

where (£, m) is the exterior unit normal to 0.

Let w1, ...,wy be the unknown internal cracks in Q2. We shall assume that dw; (i =
1,2,...,m) are Jordan curves piecewise of C''-type and that

wiNw; =0 for i # j. (6)

The set v = [J;—; Ow; is the inner boundary of . On v we assume that the surface
stresses vanish except at a finite set of points {y1, ..., yx} in 7, i.e. on v, =Y\{y1, ..., yx},

€a1+m7':0}

7
mog + 41 =0 )

One has

Theorem. Let (3) — (6) hold. If X =Y =0 and (X,Y) # (0,0), then system (2)
subject to conditions (4) — (7) has at most one solution (Q, (u,v)) with u,v in C3(QU
Lo) NHY(Q) and T,0w; (i =1,...,n) are piecewise of C'-type.

This result is, to our knowledge, new. The key of the proof is the unique continuation
for the Lamé system (see [9, 11, 22]). We also refer to the book [10] and the paper of
Andrieux, Abda and Bui [4] dealing with the problem of rectilinear or planars crack in
elastic bodies from boundary measurements in terms of a functional introduced by the
authors. In the present paper, we only consider open simply connected cracks. The
case of infinitely thin cracks will be the object of a future study. We refer to the papers
[1- 3,12, 14 - 16] studying the problem of detection of infinitely thin cracks for elliptic
equations.

We now turn to the

Proof of Theorem. Let (!, (ul,v!)) and (Q2, (u?,v?)) satisfy (2), (4) - (7).
Let v' and +? be the inner boundaries of Q! and Q2, respectively. By assumptions,
vt (i =1,2) is Cl-smooth except at a finite set of points {4}, ..., y,lc} in +*. Suppose by

contradiction that Q' # Q2. Without loss of generality, we assume that Q! \§2 =+ (.
Denote by W the connected component of Q' N Q? such that I' € OW. One has the
following lemma (which will be proved later) related to the uniqueness of solutions of
system (2) satisfying conditions (4) - (7).
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Lemma 1. Let Ty be Cl-smooth, let X and p be in C*(R?* x R?) and C*(R?),
respectively. Then
(u',0') = (u*,v*)  on W. (8)

Using the results of [21], we can find an open subset Uy C Q1 \52 such that Uy # 0,
OUy is piecewise of C''-type and
OUy C (OW \T) U~ 9)

Let By be a finite set of points such that {y{, ...y} , 43, ..., yz, } C B1 and 9Up \ By is
a finite union of open C'-curves. From (9), for z € U, \ B, one has to consider two
cases

(i) z €7\ By
(ii) 2 € OW N~2\ By

(note that OW C 9Q' UIN? = TU~TU~?). If (i) holds, then (7) holds for o1, T replaced
by ob, 7! where o, 0%, 7% (i = 1,2) can be calculated from u’,v* by (3). In the case
(ii), (8) gives in view of (3)

(10)

0(2)0%(2) + m(2)7T3(2) = 0 }
m(z)o3(2) + £(2)72(2) = 0.

From (10), the latter equalities implies that (7) holds for o1, 05 and 7 replaced by o1, o3
and 7!, respectively. This gives, for z € Uy \ By,

@M%@+m@VV@=0}

)

E ) (11)
m(z)oy(z) +(z)T (2) = 0.

Multiplying (1) (corresponding to (u!,v')) by u!, intergrating over Uy and applying
(11); we get

/U (o1ul + Tlu;) dxdy = 0. (12)
0

Similarly, multiplying (2); (in (u!,v!)) by v!, integrating over Uy and applying (17);
give

/ (cr%v; + 7l) dedy = 0. (13)
Uo

Adding together (2) and (3) and using (3)2_3, we get after some rearrangements

[ (M2 ld)? + @) + i} + o)) dady =0
Uo
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1 1 1

B BT | JR _
= u +v,. This gives u, = v,

in Uy, we can show by elementary techniques that, for (z,y) € U,

u'(z,y) =cy+d
vl(z,y) = —cx +d

where e = u, +v, = 0in Up. Letting U be an open ball

where ¢, d,d’ are constants. Put

Then 61,9, T satisfy system (1) with X =Y = 0. Moreover, &« =0 = &1 = 62 = 0 in
U. Hence, using Lemma, one gets 1 = 6o = 7 = 0 in Q*. It follows that (X,Y) = (0,0)
on I'y, which is a contradiction. The proof of the theorem completes once Lemma is
proved.

In [22], the 3-dimensional case of Lemma was proved. The proof given in there is
carried almost verbatim to the one of the 2-dimensional case. Hence, we only give here
an

Outline of the proof of Lemma. By direct computation, one has for i = 1,2
Aul + F' =0

pet s (14)

AV + G =0

where

F' = (2N €")s + po€’ + pel + poul, + pyuy + pyvl, — peul, + X
G' = (2N'e")y + pye’ + pey + pryvy + ppvy + prag — pyvy +Y

A(z,y) = Mz, y,u'(z,y),v" (2,9)).

Differentiating (14) with respect to x and y, respectively, and adding the results thus
obtained, we get

2A((AN+p)e) + H =0 (15)
where . . . . . .
H' = —e'Ap —2uze, — 2uyey + 2p Au’ + 2p, Av'
+ 2(pgel, + ,uyeiy) + 2tz V’ + 2,uyyuiy + X, +Y,.
Put
o1 =u' —u®

2 =0 — v

p3 = (A +pet = (A 4 p)e?.

By (14), (15) and the mean value theorem of Lagrange, we can find continuous functions
@iji, bip in C(QUTY) (j,k=1,2; i,p=1,2,3) such that on W

2 3
Ap; + Z(aijl(ij + aijQSDjy) + Z bipSDp =0. (16)

=1 p=1
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On the other hand, by direct computation on I'y, one has in view of (5); and (6) that

o= 2P0 onTy  (i=1,2,3). (17)

wn

Since the principal part of system (16) is the Laplacian, we can use Carleman’s estimate
(see, e.g., [13, 17]) to prove that the functions ¢; (i = 1,2,3) satisfying (16) and (17)
vanish on W. This completes the proof of Lemma and the proof of Theorem i
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