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Some Distributional Products of Mikusinski Type
in the
Colombeau Algebra G(R™)

B. Damyanov

Abstract. Particular products of Schwartz distributions on the Euclidean space R™ are derived
when the latter have coinciding point singularities and the products are 'balanced’ so that
their sum to give an ordinary distribution. These products follow the pattern of a known
distributional product published by Jan Mikusinski in 1966. The results are obtained in the
Colombeau algebra G(R™) of generalized functions. G(R™) is a relevant algebraic construction,
with the distribution space linearly embedded, which by the notion of ’association’ allows the
results to be evaluated on the level of distributions.
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0. Introduction
In 1966, Jan Mikusinski published his famous result in [7] that
et —7%8(z) - 6(z) = 22 (x € R). (1)

Although neither of the products on the left-hand side here exists, their difference still
has a correct meaning in the distribution space D'(R). Formulas of this type can be
found in mathematical and physical literature. We think it relevant to name such
equations products of Mikusinski type or M-type products, for short. In a previous paper
[5] we derived a generalization of the basic Mikusiniski product (1) in the Colombeau
algebra of tempered generalized functions (see equation (2) below).

Recall that the Colombeau algebra G introduced in [1] has followed several con-
structions of differential algebras that include distributions, proposed by Konig, Berg,
Antonevich and Radyno, Egorov and other authors. Lately, the algebra G became very
popular since it has almost optimal properties, as long as Schwartz distributions and the
problem of their multiplication are concerned. G is an associative differential algebra
with the distributions linearly embedded into it, and the multiplication is compatible
with differentiation and multiplication by C°°-differentiable functions. Moreover, the
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so-called association in G, being a faithful generalization of the equality of distributions,
leads to results in terms of distributions (and numerical factors).

In this paper, we continue the study in [2]. Following the above approach, we obtain
results on singular M-type products of distributions of several variables, as embedded
into the Colombeau algebra, when the products admit associated distributions.

1. Definitions and preliminary results

We introduce first some basic notions from Colombeau theory.

Notation 1.1.

(a) If Ng stands for the set of all non-negative integers and p = (p1, ..., P, is a multi-
index in NJ*, we let [p| = Y. p; and p! = p1!---py! . Then, if x = 21 -+ 2,, € R™,
we denote

p _ ..D1 p P — ol
P =g .o gPm and = .
! m ozt - Ozl

Also, x < 0 means x1 <0,...,x,, <0 and x # 0.
(b) If g € Ny, we put

A,(R) = € D(R
o(R) {(p ®) where dgp = 1 and dg; = 0 for j >0

f]ij@(x) dr = 50j for 0<j<gq }

This definition extends to R™ as an m-fold product:

A (R™) = {90 EDR™): o(T1, ey Tip) = HX(%) for some x € Aq(R)} :

=1

Finally, we denote p.(z) = e (e z) (z € R™) for p € A,(R™) and € > 0.

Definition 1.2. Let £[R™] be the algebra of functions f(¢,z) : Ag(R™)xR™ — C
that are infinitely differentiable, by a fixed ‘parameter’ ¢. The generalized functions of
Colombeau are elements of the quotient algebra G = G(R™) = Ex[R™]/Z[R™]. Here
En[R™] is the subalgebra of ‘moderate’ functions such that for each compact subset K C
R™ and p € N there is a ¢ € N such that, for each ¢ € A;(R™, sup,cx |07 f(@e, x)| =
O(e~?) as € — 04. In turn, the ideal Z|[R™] of £3,[R™] is the set of functions such that
for each compact subset K C R™ and any p € N there is a ¢ € N such that, for every
r>qand g € A.(R™), sup,ex |07 f (e, )| = O(e"77) as € — 0.

The algebra G contains the distributions on R™, canonically embedded as a C-
vector subspace by the map i : D'(R™) — G, u — u = {u(p,x) = (u* @)(z)} where
@(x) = p(—x) and ¢ is running the set A,(R™).

Definition 1.3.

(a) Generalized functions f,g € G are said to be associated, denoted f = g, if for
some representatives f(¢e, ), g(pe, x) and any 1» € D(R™) there is a ¢ € Ny such that,

for any ¢ € A¢(R), lime—o, [o[f(pe, ) — g(pe, 2)]¢(x) dz = 0.
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(b) An f € G is said to admit some u € D'(R)™ as associated distribution, denoted
~ u, if for some representative f(¢c,z) of f and any ¢ € D(R™) there is a ¢ € Ny

such that, for any ¢ € Ag(R), lim._o, [ f(@e, 2)p(x) dz = (u,v).

Definitions 1.3 are independent of the representative chosen. The distribution asso-
ciated, if it exists, is unique. The image in G of every distribution is associated with the
latter, the association thus being a faithful generalization of the equality of distributions.

Then, by the product of some distributions in the algebra G (called ‘Colombeau
product’ sometimes), it is meant the product of their embeddings into G, whenever the
result admits an associated distribution. The following interpretation is in order: If we
reduce the information contained in the product down to the level of distribution theory,
i.e. consider its limiting action on test functions ¢, then the product behaves like the
distribution associated. A characterization of Colombeau product and comparison with
other distributional products can be found in [4].

Now, let =7 and §()(x) be the embeddings into G(R) of the distributions = and
§®)(z) (p € N). The following M-type product was proved in [3], which generalizes the
basic Mikusinski formula (1) for arbitrary p,q € N:

- U T ) e (g) m Pt (@eR).  (2)
(p—1)t(g—1)! '

We recall next some necessary results, starting with an extension of the multi-index

notation.

Notation 1.4.

(a) If a = (aq,...,a,) are ordered m-tuples in R™ with the vector operations, and
k € Z (the set of all integers), we specify that a + k stands for (a1 + k,...,am + k),

a > k amounts to a; >k (i =1,...,m) and 0 is the zero vector in R". We will also use
m

the short-hand notations z* = 7" --- 2% and I'(a) = [[,_; I'(a;) (= p! whenever a =

p+1€N). Finally, welet Q ={a € R: a# —1,-2,...} and Q" =Q x --- x Q to be
the m-fold tensor product.

(b) Denote further the normed powers of the variable € R™ for arbitrary a € Q
that are supported only in one quadrant of the Euclidean space R™ as follows:

a — 0 2 forx >0
vV, =V \xr) = I'(a+1)
i +(2) { 0 elsewhere
(—x)°
v I/i(aj):{p(a—_m for x <0
0 elsewhere.

s
m ¢

Here, in accordance with Notation 1.1/(a), 1“(2—:1) =1L, % Since z — v%(x) is a

locally integrable function for @ > —1, we can define the distributions v¢, for arbitrary
a € Q™, if we choose some k € Ny subject to the condition a + k + 1 > 0 and then put
Ve = Ot ()
v = (—D)kakva T (z)

where the derivatives are in distributional sense. Note that, due to the equations
0,v% = +v$ 1 (with no number coefficients) the calculations with these distributions
are facilitated.

With the above notation, the following Colombeau products were proved in [2].
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Theorem 1.
(i) For an arbitrary p € NJ', the embeddings Vi and 5®)(x) into G(R™) of the
distributions V5. and 6P (z) satisfy

V- 60) (z) & (—1)P127m(2)

—~

VP 50) (z) ~ 278 ()

+7s

(z € R™). (3)

(ii) For any a,b € Q™ such that a+b~+1 =0 the embeddings V% into G(R™) of the
distributions v satisfy

Vi b =08 b 27 MG(x) (x e R™). (4)

Let us remark that equations (3) and (4) are known in distribution theory, but
they have been only derived in dimension one as regularized products, using symmetric
mollifiers.

2. Results on Mikusinski type distributional products in G(R™)

We now proceed to singular M-type products of the distributions v{ and 5®) in the
Colombeau algebra G(R™) that extend further the results obtained in [2]. The follow-
ing general property of certain M-type products of distributions on R™ having tensor-
product structure will be employed.

Theorem 2. Let ug,v, (k = 1,2) be distributions in D'(R™) such that ui(z) =
[T, ui(z;) andvg(z) = [Tie, vi(z;). If all ul, v} are distributions in D'(R™) and their
embeddings into G(R™) satisfy u} - vi —ub -vi ~0 (i =1,...,m), then the embeddings
into G(R™) of the tensor-product distributions ug, vy satisfy

Uy 01 — Uy - U ~ 0. (5)

~ ~ —~

Proof. By the linearity of Definition 1.3 we have u} - v} ~ u} - v which holds in
G(R™) for i = 1,...m. Suppose that we have restricted ourselves to the subspace of
test functions ¢ (x) = [[i~, ¥i(z;) with each ¢); € D(R). Then, in view of the tensor-
product structure both of the distributions uy, vy, € D'(R™) and the parameter functions
v € Ap(R™), on applying a Fubini-type theorem for tensor-product distributions [5:
Section 4.3], we get for the functional value

(U1 (e, ) 01 (e, 7), () = <ﬁaﬁ<x6,xi> ﬁw<x€,xi>,f[wi<xi>>
= T (e 0 70 e 2. )
[T [( (e ) 8 (e ), () + 0 (1)

_ <&E(905,a:)172(905,a:),¢(g;)> +o(1).
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Here each Landau symbol o(1) stands for an arbitrary function of asymptotic order less
than any constant, or equivalently, that tends to 0 as € — 0. Therefore, we have

tim ([@1(p2,2) 5 (e, 2) = W00, ) (e, 2)], () ) = 0.

Now, since the set of test functions v(z) = [[~, ¢i(x;) is a dense subset of D(R™)
[5: Section 4.3], it follows by Definition 1.3 that the M-type product (5) holds for the
distributions u; and vy i

We are now in position to prove the following

Theorem 3. For any a,b € Q™ such that a + b > —2 the M-type product

v b — L S 20 (2 €R™) (6)

holds for the embeddings into G(R™) of the distributions v$ and 6(x).

Proof. Consider first the one-variable case, i.e. x € R and a € ). Suppose that
k € Ny is such that £ > max{—a — 1,—b — 1}. Then, to get the embedding into G(R)
of the distribution v¢ we use the derivative in the Colombeau algebra, which gives

. 671 0o y—z
a . — 6l€ a+k d
(ke /oo yoig® (122 )
Fa+k+1)J, €
(—1)kek /l +h (k)
S - @ du.
Tatht D _x/e(:c +eu)* eV (u) du
It is assumed here (without lost of generality) that supp ¢ C [—[, (] for some [ € Ry and
the substitution u = ¥=* has been made. Similarly, taking into account the equation
OF VTR = (1)t we get

— —1—k 0
b __ £ _)orR,R) (YT 4
V2 (e, ) F(b+k+1)/oo( y) ( . ) y

e* /e bk (K
= m/l (—.T—é'l)) + QD( )(’U)dv

For any ¢ € D(R), denoting the functional value F}(e) = <I7i(905,$) ;E(gos,:c), P(x))
and also G =T(a+ k+ 1)I'(b+ k + 1)Fy(¢), we have

_1\k le l —x/e
G = (52114:) / () /_m/E ™ (u) / (2 + eu)*TF (—z — ev)?T* o™ (v) dvdudz.

—le —1

We have taken into account that —[ < —f < I, that is —le < z < le. Further, on

making the substitution w = —Z we obtain

G = (—1)Fegatotl

l l w
X —ew ) (y u—w)*F (w — )" ) (1) dududuw.
[ wimew) [0 [ )i = 0 ) dodua
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Now, by the Taylor theorem, ¥ (—ew) = (0) — (ew)y'(nw) (n € (0,1)). Employing
this and changing twice the order of integration — which is permissible here — we get

G = (—1)Fp(0) e t0H

X /_ll go(k)(u) /u gp(k)(v) /vu(u — w)“+k(w — v)b+k dwdvdu + o(1).

—1

Note that to obtain the last term we have taken into account the requirement a +
b > —2 and that the multiplying expression amounts to definite integrals majorizable
by constants. Further, the substitution w — t = *=Y together with the relations

u—v

w—v=(u—v)tand u —w = (u—v)(1 —t) gives
G = (~1)F p(0) e

! u 1
< [ 60 [ (oS ) dud [0 e+ o).
—1 -1 0

By the definition of the first-order Euler integral [6: Section 22.4.4],

1
Fa+k+1DIb+E+1)
1—¢)otk btk = k,b+ k> —1).
/0( ) I'(a+b+2k+2) (atkb+k>-1)

Taking account of this and integrating k-times by parts with respect to the variable v
— the integrated part being zero each time — we obtain

_1\k €a—|—b—|—1 l U

_ e -
T T(a+b+k+2) /—l o /_z (u = )" (v) dvdu + o(1).

Recall that the formula for differentiation of integrals
O, (/ T(u,v) dv> = / 0uT (u,v) dv + T (u,v)|y=u (7)
—1 -1

holds [6: Section 4.6.1]. This equation, the fact that T'(u,v)|,=, = 0 in the particular
case under calculation, as well as the requirement a + b > —2 will all yield

File) = P(0) gatbtl )/_llgo(u) o (/u(u_v)a+b+k+l(p(v) dv> du + o(1)

P(a+b+k+2 -1

atb+1  pl u
_ ‘g((c?fb +2) /_l p(u) /_l(“ —v)* () dvdu + o(1).

(8)

Consider next the functional value

Fa(e) = (v (e, 2) Blipe, ), (@)
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where a + b > —2 and ¢ € D(R). On changing the variables and applying the Taylor
theorem, we obtain

PO = gy [ e (-5 [ oo (V) ave

le+x
a+b+1
= a1t 12 / Y(—eu)p / (u — )T o (v) dvdu 9)
w(o) a+b+1

CT(a+b+2) /_z #lu) /_z (u = 0)* o (v) dvdu + o(1).

We now distinguish the following subcases:
(a) a+b+1>0. Then lim._,o Fy(g) = lim. o F2(e) = 0.

(b) a+b+1=0, orelse, b = —a— 1. In this particular case, equations (3) and (4)
for m = 1 yield

e~

ve b — pertl L 5(2) = vi vZ*N— H-5(z) ~ 26(x) — 26(x) = 0.

(¢) —2 < a+b< —1. Equations (8) and (9) now give Fy(¢) — Fa(¢) = o(1). Thus

lim (12 (.. ) V2 (02, ) — 2P 8(a), () = 0.

e—0

By Definition 1.3, this proves equation (6) for x € R. Allowing for Notation 1.4, the
result in the case of several variables follows immediately from Theorem 2 B

Replacing further z by —z and interchanging a and b, we obtain

Corollary 4. For any a,b € Q™ such that a + b > —2, the M-type product

Vb Gy A0 (2 € R™) (10)

holds in G(R™).
The next assertion specifies further the results given by equations (6) and (10).

Theorem 5. If a,b € Q™ are such that a +b > —2, then for each p € N* the
M-type products

Ve b — L 50 () 0 (11)
V8 p—b — (—1)lPL AP 50) (2) & 0 (12)

hold in G(R™).

Proof. In the one-variable case, for arbitrary ¢» € D(R) and p € Ny consider the
functional value

F() = (V7 (o, 2) 60 (e, 2), ().
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On changing the variables and applying the Taylor theorem, we obtain

RO = e [ v (<) [ e (L) dya

F(a+b+p+2)

= (a+b+p+2 / (—eu) (p) )/( —v)“+b+p+1g0(v)dvdu

DO
T T(at+b+p+2) /—l o /_l(u_”) T p(v) dodu + o(1).

Taking further into account equation (7), with T'(u,v)|y=, = 0 in this particular case,
as well as the requirement a + b > —2, we get

a+b+1 ! m
F(e) = F(f(—:—))bg—i—p—f— %) /_l o(u) O (/_l(u — )a TP ,(y) dv) du + o(1)

e b+1 l u
a5z [ #0000 o),

(13)

On the other hand, following exactly the calculations in the proof of Theorem 3, for the
functional value

—~

Fi(e) = (Vi (pes2) V2 (e, 2), $(a))
we get

a+b+1 l u
Fi(e) = % /—z o(u) /_l(u — )T (v) dvdu + o(1). (14)

Now equations (13) and (14) give Fy(e) — F(¢) = o(1), and therefore

—~

hm <V+(8057 ) g(‘me) - yﬁmﬂ(%,x)g(\;)(%,x), 1/}($)> = 0.

By Definition 1.3 this proves equation (11) for x € R. Taking account of Notation
1.4, the result in the case of several variables follows directly from Theorem 2. If we
replace © by —z, interchange a and b, and apply the formula 6 (—2) = (—1)PIgP§(x)
for z € R™, we obtain equation (12)

Combining now the results given by equations (6), (11) and (10), (12), respectively,
we obtain

Corollary 6. If —1 < c € R™, then for each p € N™ the M-type products

ot g(\;)(a:) — 1% - 5(z) ~ 0
v 50 () — (—1)P1E - 3(z) ~ 0
hold in G(R™).

We note that the particular case ¢ = 0 is in consistency with ‘ordinary’ Colombeau
products given by equation (3) above.
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