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Asymptotical Behavior
of Solutions of Nonlinear Elliptic Equations in R

M. Grillot and P. Grillot

Abstract. In this paper we study the behavior near infinity of non-negative solutions u €
C?(R™) of the semi-linear elliptic equation

—Au+u?—u? =0

where ¢ € (0,1), p > g and N > 2. Especially, for a non-negative radial solution of this
equation we prove the following alternative :

either v has a compact support
or u tends to one at infinity.

Moreover, we prove that if a general solution is sufficiently small in some sense, then it is
compactly supported. To prove this result we use some inequalities between the solution and
its spherical average at a shift point and consider a differential inequality. Finally, we prove
the existence of non-trivial solutions which converge to one at infinity.
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1. Introduction

In this article we study non-negative solutions of the semi-linear elliptic equation with
non-Lipschitzian non-linearity

—Au+u?! —uP =0 (1)
with ¢ € (0,1) and p > ¢. This equation and, more generally, the equation
—Au+ f(u) =0 (2)

where f : [0,400) — R is a given continuous function, appears in models for many
physical situations. On the one hand, equation (2) can be considered as non-linear
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Euclidean scalar field equation (see [2]). On the other hand, equation (2) can correspond
to the stationary problem of the non-linear evolution equation g 8—“ = Au + f(u). This
equation occurs, for example, in population dynamics and Chemlcal reactions (see [7, 8,

10]).
Our first question is the following:

Letting u € C2(RY) be a non-negative solution of equation (1) in RY with N > 2,
can we describe the precise behavior of u near infinity? In the general case, this question
is very difficult. For example, the sign of the Laplacian of w is not constant in the
case where u oscillates around one. Another difficulty is that the non-linearity is non-
Lipschitzian. Few people have tackled this question. The only results that we know are
due to Cortazar, Elgueta and Felmer [6]. They consider the case 0 < ¢ < 1 < p < N+2

and N > 3 and prove that every H!(RY)-function which satisfies equation (1) in the
sense of distributions is a classical solution of this equation with compact support.
Moreover, if this solution is positive, then it is radial. Therefore, it seems that the
radial case is an important step in the study of equation (1).

Note that the function identically equal to one in R¥ is a solution of equation (1)
which is not in H!(RY).

Section 1 concerns the radial case. Our results complete those of [6]. We give a
complete classification of solutions of equation (1) under the only restriction ¢ € (0, 1),
p > q and N > 2. Our main result is given in

Theorem 1. If u € C%(RY) is a non-negative radial solution of equation (1) such
that uw # 0 and uw #Z 1, then either u has compact support or u tends to one at infinity.

The proof of this theorem consists of several steps. We begin to prove by energy
arguments that the function u is bounded. We distinguish two cases according to the
monotonicity of u. In the case where u is non-monotone, which is the more difficult
one, we prove that u oscillates necessary around one. More precise, we give a complete
analysis on the length of the oscillation of a solution w.

The second question is the existence of solutions of equation (1). Section 2 is devoted
to this problem. If 0 < g <1 < p < %‘Lg, then in [6] the existence of a non-trivial
solution of equation (1) in RY with compact support is proved. On the other hand, if we

consider radial solutions, equation (1) is reduced to the ordinary differential equation
u” + Nl = — P (3)

where u/ denotes the derivative of u. Another result of [6] asserts that if 0 < ¢ < 1 <
p < N +2 , there exists a unique non-trivial solution of equation (3) such that

u(r) >0 in [0, 400) } . )

u(0) =0

We state a result in an exterior domain. Troughout the paper we denote by b* the
number

b = (ZEh) e, (5)
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Theorem 2. Assume q € (0,1), p > q and N > 2. Let v € (0,b*] and ro > 0.
Then there exists a unique solution u of equation (3) in (rg,+00) such that u(rg) =~
and u/'(ro) = 0. Moreover, u is positive and converges to one at infinity.

The uniqueness of solutions of equations (3) - (4) is proved in [6] whithout restric-
tions on p and q.

If we are not in the case 0 < g < 1 < p < %, the existence of a non-negative
solution of equation (3) in (rg,+o00) with u(rg) = v > b* and u/(ry) = 0 is an open
problem.

The following notations are introduced in [6]. For ¢ € (0,1) and p > g, let u be a
solution of equation (3) in (rg, +00) such that u(rg) =~ > 0 and u'(rg) = 0. Define

R(y) =sup {r >ro: u(s) >0 and v'(s) <0 for all s € (ro,7)}.

It is proved in [6] that if v > 1, then R(y) < oo. There are also introduced the sets

N:{ : lim w(r)=0 and lim «'(r <O}
" r—R(7y) ( ) r—R(7v) ( )

G = : lim w(r)=0 and lim 4/ (r)=0
{’Y r—R(v) ( ) r—R(v) ( ) }

P = {’y : T_l)i}r%rév)u(r) > O}.

Note that these sets are mutually disjoint and that they form a partition of the interval
(1,400). Also, it is proved that N and P are open subsets of (1,+o0c). Theorem 2
implies (1,b0*] C P, and this result entails the existence of a real number b > b* such
that Theorem 2 still holds for v € (0,b). We do not know if b = 400 is possible.

In last, in Section 3 we prove that all small (in some sense) non-negative general
solutions of equation (1) have necessarely a compact support. More precisely, we state
the following

Theorem 3. Let n be a positive real number such that max(A, B) < 1 where
__1 __1
A= ((%)P*l‘q + g) " and B= ((%)H n g) e

If u € C?(RY) is a non-negative solution of equation (1) such that u # 0 and u(z) <
min(A, B) for large x, then u has compact support.

The proof of this theorem uses the spherical average of u. First we introduce the
spherical coordinate (r, ) of x in RN with » = |z| and § € S¥~!. Next we denote by u
the spherical average of u which is defined by

u(r) = ﬁ /SN—l u(r,0) do (6)

for all » > 0 and where |S™ 1| denotes the Lebesgue measure of the unit sphere of RY.
Now the idea of the proof of Theorem 3 is as follows. Since u satisfies equation (1) and
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the inequality u(z) < min(A, B) < 1, u is subharmonic for large x. As in [5] we deduce
an inequality between u and @ of the type u(x) < C’ﬂ(%) and prove that @ necessary
tends to 0 at infinity. Finally, a maximum principle of the type of [6] leads us to the
conclusion of the theorem.

Note that this property of solutions with compact support has been exhibited in
[3, 4] where the problem is no longer in R¥. There the authors consider equation (2)
in a bounded domain, for example B; \ {0}, where B; denotes the unit ball in RY. In
the case where f(u) = u? + (#)u with ¢ € (0,1) and ¢ € R, it is proved in [3] that
for N > 3 some solutions of equation (2) have compact support in B; \ {0}. The same
is true [4] for f(u) = u? if N = 2. We also mention the papers [1, 7, 9] for general
semi-linear or quasi-linear equations with monotonous non-linearities.

We finish our paper stating its last result as

Theorem 4. Assume q € (0,1) and p > 1. If u € C*(RY) is a solution of equation
(1), then liminf|, 4 u(x) < 1. Moreover, if u(x) > c for large x with some c € (0, 1),
then lim sup|,_, 4 oo u(z) > 1.

Corollary 1. There does not exist solutions u of equation (1) such that u(x) > ¢ >
1 for large .

Our work leads us to the following

Conjecture. If u € C2(RY) is a solution of equation (1), then either u has compact
support or im0 u(z) = 17

We now establish the notations that we will use troughout this paper. We introduce
functions F' and E defined in (0, +oc) by

F(v) = qul pItt — ]ﬁ pP (7)
E(r) = 5u(r) — F(u(r)) (8)

where u is a solution of equation (3). Observe that the function F is increasing in (0, 1),
decreasing in (1,400) and positive in (0,b*) where b* is defined in (5). On the other
hand, if u satisfies equation (3), then the derivative of E is

E'(r) = =5 u(r) 9)

which implies that F is non-increasing. This will be used in several later comparison
arguments.
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2. Classification of non-negative radial solutions

Here we establish a classification of non-negative radial solutions of equation (1) starting
with a result on their boundedness. We state it with an inequality which will be used
later in Section 4.

Lemma 1. Let u = u(r), u € C%(a, +00) with a > 0, be a solution of the differen-
tial inequality
u + MLy <l — P (10)

in (o, +00). Then u is bounded in (a, +00).

Proof. Assume that v is unbounded. Then limsup,_  u(r) = +oo. If u is
monotonous, then F is non-increasing and lim,_, ; . E(r) = +oo which is a contradic-
tion. If w is non-monotonous, then there exist sequences (r,) and (i) of maxima and
minima of u, respectively, such that u is non-decreasing in (ji,,, 7, ) and lim, —, 4 oo u(ry,) =
+00. Since u satisfies inequality (10), E is non-increasing in (f,,7,). On the other
hand, inequality (10) implies u(p,) < 1. This entails E(r,) < E(u,) < 0 which is a
contradiction to lim, 1 F(r,) = +o0o. Therefore u is bounded in (a, 4+00)

Lemma 2. Lut u = u(r), u € C%(a,+00) with o > 0, be a solution of equation
(3). Then u and its derivatives v’ and u” are bounded.

Proof. Lemma 1 implies that u is bounded. Since E is bounded from above,
there exists a constant C' > 0 such that u?(r) < C + 2F(u(r)). We deduce from the
boundedness of u that u' is also bounded. Finally, we deduce from equation (3) that
also u” is bounded 1

Note that there does not exist a local minimum or maximum point r such that u(r)
is strictly greater or less than 1, respectively. Because of Lemma 2 we can introduce
some vocabulary:

Definition. We say that u = u(r) oscillates around one if for all R > 0 there exist
two points 71 > R and r9 > R such that u(ry) = u(rz) = 1 and u(r) > 1 in (r1,r2).

Note that if u = u(r) oscillates around one, then for all R > 0 there exist two points
ry > R and r}, > R such that u(r]) = u(ry) = 1 and u(r) < 1in (r],r}). This is a
consequence of equation (3).

Lemma 3. Let u = u(r), u € C*(0,+00), be a solution of equation (3) such that
u oscillates around one and limsup,_,_ . u(r) = b € (1,b*), with b* from (5). Then we
have the following property:

(1) If (o) is a sequence such that u(oy,) = 1 and lim,—, o 0y, = +00, then there
exists a real v > 0 such that |u'(oy,)| > v for all large n.

(i) If (sn) and (r,) are two sequences such that u(s,) =1 and v’ > 0 on (S2p, )
oru <0 on (ry, Sant1), then

2u(ry) — 1) = \/§/+ VIL+ Flu(r) + 0(1)] dr (11)

as r, — 400, where F is the function defined in (7) and L = lim,_, 4~ E(r).
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Proof.

(i) Since u is a solution of equation (3), definition (8) implies

1u*(0,) = E(0,) + F(u(o,)) = E(o,) + max F(v) = E(on) + F(1) (12)

for all n. Since by (9) and Lemma 2 F is non-decreasing and bounded, lim, _, 4~ E(r) =
L. We deduce from (12) that

nli}}—loo u'?(0,) = 2(L + F(1)).
On the other hand, since u oscillates around one and limsup,_, . u(r) = b € (1,b%),
there exists a sequence (z,,) of strict maxima of u such that lim,, . u(z,) = b. Thus
lim, 400 F(z,) = —F(b) < 0 and therefore L = —F(b) < 0. Since b € (1,b*), we
deduce that 2(L + F(1)) = 4% > 0 with ¥ > 0. This implies the first statement of
Lemma 3 with v = g

(ii) Because of (8) and since lim,_, 1~ E(r) = L = —F(b), there exists a function
® such that lim, . ®(r) = 0 and that ® satisfies the equation

u?(r) =2(L + F(u(r)) + ®(r)). (13)

Then

(1) = V2y/|L + Flu(r) + 2(r)|. (14)
Integrating this relation on [Say,, Sont1], We obtain

/82n+1 |’ (r)] dr = /Tn u'(r) dr — /82n+1 o (r) dr = 2(u(r,) — 1)

S2n S2n Tn
which implies (11) B
Lemma 4. Let v = v(r) be a mon-negative uniformly continuous function on
(0,4+00). If (04,) is a sequence such that lim, . 0, = +oo, liminf,, ,,v(o,) > v
and Gin > (3 for some reals v > 0 and 8 > 0, then the integral f1+°° @ dr is unbounded.

Proof. Since v is a uniformly continous function and lim inf,, _, ;- v(o,) > 7, there
exists a real & > 0 which does not depend on n and an integer N such that for all n > N

v(r) > 3 Vr € (op,on + ). (15)

Since lim,, 1~ 0, = +00, there exists a subsequence also denoted by (o) such that
on +a < opyq for all n > N. Therefore,

N pone o(r)

N+m
Z/ Tdrz-g-Zm(HU&n) (16)
n=N Y n n=N

for all m € N. Since the sequence (0,,) tends to infinity, we have In(1 + ) ~ >, But

RIS g for all n. Then (16) implies that the integral f1+oo @ dr is unbounded il

On
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Lemma 5. Let u = u(r), u € C%(0,+00), be a solution of equation (3) oscillating
around one and such that

limsupu(r) =b € (1,b%) or liminfu(r) =¢ € (0,1)

r——+o00 r—+00

with b* defined by (5). Further, let (s,) be a real sequence with lim,,_, .o S, = +00,
u(sp) =1 (n €N) and

u(r) >1 Vr € [san, Son+i] or u(r) <1 Vr € [sont1, Sont2)s

respectively. At last, let (r,) or (uy) be a real sequence such that

' (rp) <0, lim u(ry)

n—-+00

' (n) >0, lim u(p,) =¢,

n—-+o0o

Th € (32n7 5271—1—1); UI(T‘n) = 0} {,un S (32n+1; 52n+2): ul(,u'n) =0
- or
rn) =b

respectively. Then the sequence

(S2n+1 — S2n) or (S2n+2 — S2n+1)s (17)

respectively, is bounded.

Proof. We only consider the pair of sequences (s,) and (r,), the proof concerning
the pair of sequences (s,,) and (juy,) is similar. To prove that the sequence (S2,,41— 2y, ) is
bounded, we assume the contrary. Then either the sequence (7, — sa,,), or the sequence
(S2n+1 — Tn) or both of them are unbounded, with an extraction of a subsequence if
necessary. Without loss of generality we can assume that (7, — s2,,) is unbounded.

Denote by ¢ and d the constants defined by ¢ = 1T+E and d = Z’LTb*. There exist an
integer N and a sequence (7,) such that

Son < p <1 and u(y,) =c Vn > N.

Since the sequence (u(r,)) converges to b and is non-increasing because of the mono-
tonicity of F, there exists an integer n; > N such that

u(r) € [c,d] Vr € [Yn,Tn] and n > ny.

Now we distinguish the two cases where the sequence (7, —7,) is bounded or unbounded.

1. First we assume that (r, — 7,) is unbounded and integrate equation (3) on
[YnsTn] tO get

—u' () = v (rn) — u'(7n)

— (N - 1)(@)

r

R E) / %dﬁ /rn(uq —wy(syds. Y

Tn

n

Because of Lemma 2 both functions v and u' are bounded. Then we deduce that there
exists a number M > 0 independent on n such that for all n > ny

/Tn (u? —uP)(s)ds| < M. (20)

n
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Because of (18) and the monotonicity of the function r — r? — P on [c, d] we obtain
0>c?—c? >ul(r)—uP(r) > (d?—dP) Vr e (Yn,Tn)-

Then

Tn

(¢ — )1y — ) > / (ut — uP)(r) dr > (d7 — d)(ry — )

Tn

which implies

lim sup/ (u? —uP)(r)dr = —oc0 because limsup(r, — v,) = +00.

n—-4oo n n—-4oo

Therefore we obtain a contradiction to (20).

2. Now we consider the case where the sequence (7, — 7,) is bounded. Recall that
we assume (7, — S2,) to be unbounded. We deduce that (7, — $2,,) is unbounded. Let
e >0 and D > 0 such that

F(c) — F(b) —e = D* > 0. (21)

The assumptions of Lemma 3 are satisfied and we can use the function ® introduced in
(13). Let ng be an integer greater than ny such that for all n > ny

O(r)+e>0 V1 € [San, V- (22)

Since u is non-decreasing on [s2,,, V,|, we deduce that F(u(r)) > F(c) for all r € [s2y,, Vn]
and equality (21) implies

F(u(r)) — F(b) —e > D? Vr € [son, Vnl- (23)

Then, for all n > ny and for all r € [sa,, n], both relations (22) and (23) imply

VIF@(r) = FB) + @(r)| = /| F(u(r)) = F() — ¢ + 9(r) +¢
> \/F(u(r) — F() —
> D

(24)

> 0.

Since v, < S2,41, we have

/SMH VIFu(r) = F@E) + ()| dr > /% VIF@(r) = F@) + o()]dr  (25)
and we deduce from (11), (24) and (25)

2(ul(rn) = 1) = V2D(yn — s21) (26)

for all n > ny. Since lim,, o u(r,) = b and the sequence (7, — s2,,) is unbounded we
obtain a contradiction when n goes to infinity il
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Now we prove Theorem 1. For that we proceed in several steps in which we denote
by C' > 0 a constant independent of r.

Proof of Theorem 1. Let u € C?(RY) be a non-negative radial solution of equa-
tion (1) such that v # 0 and u # 1.

Step 1. Here we assume that u is monotone. Because of Lemma 2 we deduce the
existence of a real [ > 0 such that lim, . u(r) = [. Assume [ € (0,1). Then [ — [P
is positive. Therefore, there exists a real o > 0 such that (r¥~1/(r))’ > Dr¥—1 for
all » > rg with D = # Integrating successivily two times this inequality on (rg,r),
we obtain u(r) > Cr? for large r where C' > 0. But this is impossible because u is
bounded.

Now if [ > 1, there also exists another rq such that (r¥~1/(r))’ < Dr¥=! for all
r > ro which implies u(r) < Dr? for large r with D < 0. We still obtain a contradiction.

Then either [ = 1orl = 0. If | = 0, [6: Theorem 1] implies by comparison arguments
that v has compact support.

Step 2. Here we assume u to be non-monotone for large r and prove lim, _, ; o u(r)
= 1. Recall that there does not exist a local minimum or maximum point r such that
u(r) is strictly greater or less than 1, respectively. This implies that there exist an
integer N and sequences (r,,) and (u,) of strict maxima and minima of u, respetively,
such that

Hn, S Tn S Hn+1 S Tn+p (27)
0 < ulpn) <1< ufr) (28)

for all n > N and p > 1. That is, u oscillates around one. Now we divide this step in
several parts.

(i) We claim that there exists a real b € [1,b*] such that (u(r,)) converges to b.
Indeed, since FE is non-increasing, we have from inequality (27)

E(rnip) < E(pnt1) < E(rn) < E(pn) (29)

for all n > N and p > 1. Moreover, the monotonicity of the function F' defined in (7)
and both inequalities (27) and (28) imply

0 < F(u(pn)) < F(1). (30)

We deduce with the help of (8) that L € [-F(1),0], where L is given in Lemma 3, and
that (—F(u(ry,)) converges to L. Since F' is one-to-one on [1,400), we conclude that
there exists a real b € [1,b*] such that lim,, o u(r,) = b.

(ii) In the same way we can prove the existence of a real ¢ € [0, 1] such that
limy, 4 oo u(py) = €.

(iii) We assume that b € (1,b*) and ¢ € (0, 1). Since u oscillates around one, we can
define a sequence (S,)n>0 by

s = ?nf{r >ry:ou(r) =1} (31)
Spt1 = inf{r > s, : u(r) =1}
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Without loss of generality we can assume

S2n S T'n S Son+1 S Hn S S2n+42.

Then v > 1 on [Say, Sont1] and u < 1 on [S9,41, Sant2]). Because of (29) the sequence
(u(ry,)) is non-increasing and the sequence (u(py,)) is non-decreasing. Therefore, (i)
- (ii) and Lemma 5 imply that the sequences (Sa+1 — S2p,) and (Sopt2 — Sopt1) are
bounded. Thus the sequence (s,+1 — s,) is bounded. That is, there exists a constant
C > 0 and an integer N > N such that Spnt1 — Sp < C for all n > N. A straightfoward
computation gives us for large n

L > 1 (32)
sn ~ nC + sy
On the other hand, we deduce after integration of (9) over (1, +00)
+oo , 12
IL— E1)|= (N - 1)/ v g, (33)
1 r

12
which implies that the integral [ 1+°O 4 T(r) dr is bounded. Now we check the assumptions

of Lemma 4 for v = «? and 0,, = s,. First, because of Lemma 2, v’ is uniformly
bounded. Next, Lemma 3 with o, = s,, implies lim,, . ., u"?(s,) > v > 0. Finally,
inequality (32) holds and we obtain a contradiction.

(iv) If we assume b = b*, then L = lim, . o F(r,) = —F(b*) = 0. Therefore, we
deduce from (29) when p tends to infinity that E(u,) > 0 for all n > N. On the other
hand, inequality (30) implies E(p,) < 0. Thus E vanishes identical for large r and
relation (9) entails that u is constant for large r. We deduce from (3) that v = 0 or
u = 1 which contradicts the fact that lim,,_, o u(r,) = b*. Then b < b*.

(v) We deduce from substeps (iii) and (iv) that necessarily b = 1. Then L = —F(1)
and we deduce from (29) that —F(1) < —F(u(pn)) < —F(u(ry)) for n > N + 1.
Therefore, lim,,, 4 oo —F(u(uy)) = —F(1) and inequality (28) implies lim,,, 4 oo u(y) =
1. Thus lim,_ 4 u(r) = 1 and the theorem is proved.

(vi) If ¢ = 0, we obtain a contradiction as in substep (iv). Then ¢ = 1 and as before
we obtain the statement of the theorem N

3. Existence of non-trivial radial solutions

Here we prove the existence of solutions of equation (3) which tends to one. We start
with the following

Lemma 6. Let v € (0,b*] and ro > 0. Then there exists a unique solution u of
equation (3) in (g, +00) such that u(rg) =y and u'(ro) = 0. Moreover, u is positive in
(7”0, +OO) :

Proof. Since 7 > 0, there exists a solution u of equation (3) in some maximal
interval (rg,ro + J) with 6 € (0,4o00] and such that u(rg) = v and u/(rg) = 0. We
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claim that w is positive in (rg,79 + d). Actually, E(rg) = —F(y) < 0, and if there
exists 1 € (rg,r0 + 0) such that u(ry) = 0, then E(r1) = % > 0. Since FE is
non-increasing, we have a contradiction if v < b* which entails —F(vy) < 0. And if
v = b*, then E(r) = 0 in [rg,7r1] and (9) implies v'(r) = 0 in (r¢,71). Thus u(r) = b*
in [rg,r1) which is not a solution of equation (3). This contradiction implies that w is
positive in (rg,rg + 0).

We claim now that § = oo. Actually, assume § < co. Then there exists a number
m > 0 such that u(r) > m for all r € (r,ro + ). Moreover, for all r € (rg,r9 + 0)

—F(u(r)) < E(r) < E(rg) = —F(u(rg)) <0.
We deduce that for all r € (rg,rg + 9)
m < u(r) <b*.

Recall that u satisfies equation (3) which is equivalent to (r™~1u/) = rN=1(ud — uP).
Then there exists a constant M (J) such that for ro <r < s <rog+9

sV () — PV ()| = ‘/StN_l(uq—up)(t) dt| < M(5)]s — ).

That is, the function r +— 7% ~14/(r) is uniformly Lipschitz and there exists a real number

[ such that lim,_,,+5 v’ (r) = [. Thus we can extend the solution which contradicts that
the interval (rg, 7o + J) is maximal. This ends the prove of the lemma B

Proof of Theorem 2. Because of Lemma 6 we only need to prove that the solution
of equation (3) tends to one. Actually, if this is not the case, Theorem 1 implies that
u has compact support. That is, there exists a real number R > ry such that v =0 on
[R,+00). Since E is non-increasing, we deduce E(rg) > 0.

If E(ro) > 0, then —F(y) > 0, and then v > b* which is a contradiction. If
E(rg) = 0, then v = b* and E(r) = 0 for all r € (rg,4+00). Thus E'(r) = 0 for all
r € (r9,+00). That is, w/(r) = 0 for all r € (rg, +00) and u(r) = b* for all r € (rp, +00).
The constant b* is not a solution of equation (3). This is an other contradiction il

4. Solutions with compact support

In this section, we prove Theorems 3 and 4. For this we use a result of [5] which gives
an estimate between the solution w and its spherical average u. We recall this result as

Lemma 7. Let w € C?(RY) be a non-negative subharmonic function with w % 0
near infinity. Then W is monotone for large r = |z| and, for any € € (0,1),

w(z) < C(N,e) e Nw(|z|(1+e€)) near infinity (34)

where C(N,e) = N~H((1 + &)V — (1 — )), with sign +¢ if W is non-decreasing, and
sign —e if w is non-increasing. Moreover, for any Q > 1 and large r,

wWO(r) < wl(r) < (C(N,e) e MQw(r(1 +¢)) (35)



926 M. Grillot and P. Grillot

and, for any @ € (0,1),
w9 (r) > w(r) > (C(N,e) e Mm@ (r(1 £ &))w(r). (36)

Proof of Theorem 3. Since N > 2 and min(A4, B) < 1, the function u is sub-
harmonic for large . Consequently, the spherical average u of u is monotone in some
interval (rg, +00) with ro > 0. Actually, 7’ + 2=1%" > 0 entails that there cannot exist
the maximum of w. On the other hand, Lemma 1 imlies that w is bounded. Therefore,

there exists a € [0, 1] such that lim,_, ; . T(r) = «a.

If « =0, Lemma 7 with ¢ = % in (34) implies lim|,|_ o u(x) = 0. Hence using the
comparison of [6] we establish the result in this case.
Now we assume a > 0 and consider the following two cases.

Case 1: p > 1. Then, because of Lemma 7, we have for some ¢ € (0, 1)
(u? —uP)(r)
> (C(N,e)e V)t (37)
X [ﬂq_l(r(l + ))a(r) — C(N, e)PH-ae~NoH1-agp (1 + e))]
with C(N,e) = N71((14+¢)Y — (1 —¢)Y). Let ¢ be the function defined on (0, 1] by

6(s) = [N7H(1+ )" = (1= o))t Ve,

(ﬂ)p—i—l—q

- and lim, o+ ¢(s) =

This function is decreasing on (0, 1), satisfies ¢(1) =
+00. Hence there exists g > 0 such that
N\ p+l—
o(e0) < (57)"" "+ (38)

Because of (37), with ¢ replaced by ¢p, we find from here

(u? = uP)(r)

> (C(N, o) ey V)1t [aq—l(ru +e0))u(r) — ((20)" T 7+ )@ (r(1 + 20)) |
On the other hand, since « < min(A4, B) < A, we deduce

a® — ((2)" 7 4 p)a? = A > 0.

Consequently, since lim,_, ., u(r) = «, there exists a real r; > rg such that
(u? —uP)(r) > 5 (C(N,e)ey ™)
which is equivalent to
(P (r) > 5 (C(N,20)eg ™)

for all » > r;. Two integrations over [r1,7] yield u(r) > Cr?, with C > 0, and we get a
contradiction because u is bounded.

Case 2: p < 1. Then, because of Lemma 7, inequality (37) is replaced by
(u? —uP)(r)
> (C(N,e)e ™M) a9 (r(1 £ &))u(r) — C(N, 5)1_q5_N(1_Q)ﬂp(r)].

With similar arguments we obtain a new contradiction. Finally, in both cases we prove
that u cannot have a limit different from zero i
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Proof of Theorem 4. We devide the proof in steps (i) - (iii).

(i) Let u € C?(RY) be a solution of equation (1). Recall that we introduced the
spherical average in (6). Since p > 1, the Jensen inequality implies that u satisfies (10)
in (a,+00), with a > 0. Then Lemma 1 entails that @ is bounded in («, +00).

(ii) We claim that liminf |, ;o u(z) < 1. Actually, if lim inf};_ o u(x) > 1, then
there exists a constant [ > 1 such that u(z) > [ for large x. Thus (u? — wP)(z) < —a
for large z, with @ = P — 19 > 0. Equation (1) implies @’(r) + &=2%'(r) < —a for
large r. We deduce that (rV=1%')/(r) < —ar¥~! for large r. Indeed, integrating this
inequality twice in some interval (a,r) we obtain u(r) < —ar? 4+ d with d € R. This is
a contradiction to the conclusion of step (i).

(iii) Assume that u(x) > ¢ > 0 for large z, with some ¢ < 1. If limsup ;|4 o u(z) <
1, then there exists a constant [ < 1 such that ¢ < u(z) <1 for large x. Thus

(u? — uP)(z) € [min(c? — 19 — 1), max(c? — P, 17 — )]

for large x. Equation (1) implies the existence of a constant A > 0 such that Au(z) > A
for large & which entails (rV~1a') (r) > ArV ! for large r. Integrating this inequality
twice in some interval (o, 7) we get u(r) > C(\, N)r? which also contradicts the fact

that @ is bounded
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terest in the present work. In collaboration with her, the authors study the conjecture
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