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Automatic Control of the Temperature

in
Phase Change Problems with Memory

S. Gatti

Abstract. We study a parabolic two-phase system with memory occupying a bounded and
smooth domain. The heat exchange at part of the boundary is controlled by a thermostat.
Assuming on the phase variable either a relaxation dynamics or a Stefan condition, we prove
existence and uniqueness results for feedback control problems corresponding to two different
types of thermostat: the relay switch and the Preisach operator. These results are strictly
related to the continuous dependence of the solution on the boundary datum, which is inves-
tigated in advance.
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1. Introduction

We consider a bounded and smooth domain Q@ C RY (N > 1) occupied by a two-phase
system whose state is described by a pair of state variables (0, x). Here 6 is the relative
temperature (@ = 0 being the equilibrium temperature at which the two phases, for
instance solid and liquid, can coexist) and x is the concentration of the more energetic
phase (i.e. water in a water-ice system).

On account of [8] (see also [5, 7, 17, 18]), we introduce the following constitutive
laws for the internal energy & and the heat flux ¢:

t

E(x,t) = pob(z,t) + ox(z,t) + / o(t —s)0(z,s)ds —1—/_ Yt —s)x(z,s)ds

— 00

q(z,t) = —koVO(x,t) — / k(t —s)VO(x,s)ds

— o0

for (z,t) € Q x R. Here ¢, ¥o, ko are positive constants and ¢, 1, k are time-dependent
memory kernels.

S. Gatti: Politecnico di Milano, Dip. di Mat., Piazza L. da Vinci 32, 20133 - Milano, Italy
stegat@mate.polimi.it

ISSN 0232-2064 / $ 2.50  (© Heldermann Verlag Berlin



884 S. Gatti

Assuming that the past histories of § and x are known up to ¢ = 0 and using the
energy balance

E+V-q=yg
where ¢ is the heat supply, we deduce the integro-differential equation
ore — koA —kx A = f in 2 x (0,00) (1.1)
with
e = ol +ox +p*x0+1xx (1.2)

where * stands for the usual time convolution product over (0,¢) and f is the sum of g
with the contribution of the known term containing the past histories of 8 and x up to
t=0.

In order to describe the evolution of § and x, we need to couple (1.1) — (1.2) with a
phase relationship. By considering the relaxation dynamics (cf., e.g., [7, 8, 20, 22, 23])

adix +A(x) 2 B(0,x)  in Q2 x(0,00) (1.3)

where « is a kinetic parameter, while \ is a maximal monotone graph and 3 a Lipschitz
continuous function, we represent non-equilibrium phenomena like supercooling or su-
perheating. Alternatively, we replace (1.3) with the standard equilibrium condition of
the Stefan problem (see, e.g., [7, 8, 10, 11, 22])

xeH®O)  inQx(0,00), (1.4)

where H is the Heaviside graph, i.e. H(n) =0ifn <0, H(0) = [0,1], and H(n) =1 if
n > 0.

We suppose that part of the boundary is at a given temperature (for instance,
at the equilibrium temperature § = 0) and we consider the influence of a thermostat
on the heat exchange at the remaining part of the boundary. Hence, we impose the
following mixed boundary conditions. Letting {I'g,I';} be a partition of 9Q = I' into
two measurable subsets (I'; of positive Lebesgue measure), we take

0=0 on I’y x (0,00)
—ko— —kx — =0(0—6,) on I'; x (0,00)

Here o is a positive constant, 6, represents the external temperature and may depend
on the past history of # up to ¢t = 0 as well. As usual, v stands for the unit outward
normal to 0f).

In addition, regarding the initial conditions, we associate with (1.1) — (1.3) the

following ones
0(-,0) =10
.0 ’ in
X('v O) = Xo
while with (1.1),(1.2) and (1.4) we just need
(¢ + Yox)(-,0) =eo  in Q.

Now, we fix a finite time interval (0,7") and we consider the following two problems.
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Problem P1. Find a pair (6, x) such that

885

e= ol +ox+ex0+1Y*xx inQx(0,T) )
oe — koA —kx A= f inQx(0,7)
adix + A(x) 2 B(0,x) inQx(0,T) (1.5)
0(-,0) =060, x(-,0)=xo in®
=0 onlyx(0,7T)
—koQ% — k% %% =o(0—0,) onlyx(0,T))
Problem P2. Find a pair (0, x) such that
e=pold +ox+ex0+vY*xx inQx(0,T) )
Ore — koAO —kx A0 =f inQx(0,7T)
x€H) inQx(0,7T) (1.6)
(pof + Yox)(-,0) =€y in Q
0=0 onlyx(0,7T)
—koQl — k%82 =5(0—0,) onlyx(0,T))

Remark that both problems differ in equations (1.5)3_4 and (1.6)3_4 only. We
will refer to Problems P1 and P2 as to the relaxed problem and the Stefan problem,
respectively. Well-posedness was investigated for both cases in [7, 8]. Moreover, it was
studied in [3] for the relaxed problem under weaker assumptions. In all these papers, a
homogeneous Dirichlet boundary condition was considered. Since we are dealing with a
non-homogeneous mixed (Dirichlet-Robin) boundary condition, the first aim is to obtain
well-posedness for our relaxed and Stefan problems adapting the approach used in [3,

7, 8].

Moreover, when the data enjoy suitable regularity properties, we have a stronger
regularity for the solution.

These well-posedness results are somewhat preliminaries to our feedback control
problems. Actually, a thermostat device influences the evolution of the free boundary
on account of suitable measurements of the temperature (cf., e.g., [9, 14]). First of all,
we assume to detect the temperature 6 by a real system of thermal sensors placed in the
interior of the body and on its surface. Hence, according to [9], we suppose to know,
for any ¢ € [0, 7],

M(0)(t) :][Q O(x,t)wr(z)dz —l—][r (1 * 9) (y,t)ws(y)dl.

Here )y C Q2 and I'y C I'y are of positive Lebesgue and surface measures, respectively,
f stands for the mean value, while w; : Qo — [0,00) and wg : I's — [0,00) are weight
functions related to the characteristics of the sensors.

Now we consider the action of a thermostat. A heating/cooling device acts when
the temperature M (6) detected by the sensors is ‘too far’ from the critical temperature.
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This fact can be described by introducing a function u(t) which represents the control
input. According to [14] (see also [9, 19]), v modifies a fraction of 6e; that is

Oc(y,t) = 0a(y, t)u(t) +0p(y,t)  V(y,t) € T2 x(0,7), (1.7)

where u is the solution to the Cauchy problem

b+ u=W(M(B)) + b on [0,T] } (1.8)

u(0) = ug

and 04,05 : T1 X (0,T) — R and ¢ : [0,7] — R are given, b is a positive parameter,
and W represents the action of the thermostat and ug € R.

Problems of this kind have been investigated, e.g., in [9, 14]. More precisely, the
real-time control of a two-phase parabolic Stefan problem was introduced in [14]. On the
basis of classical well-posedness results on parabolic equations, existence and uniqueness
are obtained for two automatic control problems with mixed boundary conditions: in
the former model, the characteristic function of the thermostat exhibits a simple jump
discontinuity; in the latter, a hysteresis loop. The first analysis of some feedback con-
trol problems with memory, meaning that the memory effects are also included in the
constitutive laws, is contained in [9]. Three types of thermostats are considered: the
ideal switch, the relay switch and the Preisach operator. Existence and/or uniqueness
are shown for the corresponding systems. We observe that [9] deals with a hyperbolic
Stefan problem and that the notion of solution to the direct problem is weakened with
respect to [14], but a Robin boundary condition is assumed on the whole boundary.

Here we extend the analysis of [9] to parabolic Stefan problems with memory with
or without relaxation. Moreover, in this paper mixed boundary conditions will be
considered: as we have pointed out above, this involves the proof of suitable well-
posedness results.

We are going to consider a pair of thermostatic operators: Wi, corresponding to
the relay switch, and the Preisach operator W,. The former is characterized by two
threshold functions pr,, pr € C°(]0,T]) such that, for some § > 0, py(t) — pr(t) > 6 for
any t € [0,T]. For any r € C°([0,T1]), at time to, Wy (r) jumps up from —1 to +1 or,
vice versa, down from +1 to —1 according to

Wi (r)(t,) = +1 if r(t.) = pr(t.) and Wy (r)(t) = —1 just before
1T )(le) = -1 if T(tc) = ,OU(tc) and W, (r)(t) = +1 just before

The Preisach operator has been extensively studied by Visintin (see, e.g., [21, 24]) and
is defined as follows. Let P = {(p1,p2) € R? : p; < pa} be the so-called Preisach plane
and ¢ : P — {+1,—1} be a Borel measurable function. For any (p1,p2) € P and any
r € C9([0,T]) we define

+1 if r(0) < py

Hpy.02)(r,€)(0) = ¢ C(p1,p2) if p1 <7(0) < p2
-1 if r(0) > po.
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If t € (0,7, we set

T, ={r€(0,t]: r(r)=p1or (1) = pa}

and .
H(Pl,p2) (T, C) (O) if 7:5 - (Z)

H(p,p2) (15 €)(2) = +1 if 7; # 0 and r(max7;) = py

—1 if 73 # 0 and r(max7;) = po.

We point out that, for any pair (p1,p2) € P and any ( fixed,
Hprp2) (- €) : C2([0,T]) — C([0,T)) NBV(0,T).

Now, if p is a non-negative Borel measure on P, integrating . .)(r,{) with respect to
1 over the half plane P of the admissible thresholds, we obtain the Preisach operator

Wa(r)(t) = /P sy (rs O (0) du(pr, p2).

The second part of the paper is devoted to study the following problems:

Problem (TPj). For a fixed thermostatic operator W; (j = 1,2), find a triplet
(0, x,u) such that (0, x) is the solution to the relaxed, respectively the Stefan, problem
with . given by (1.7) and u obeing (1.8).

This rough formulation can be made more precise by incorporating the thermo-
stat dynamics into the boundary conditions. Indeed, observe that regarding (1.8) as a
Cauchy problem for u, we obtain

t

u(t) = /0 e T (W (M(8))(7) + B (7)) dr + upe™

e

(1.9)

for any ¢t € (0,7, i.e. u is given by a Volterra operator. Inserting (1.9) into (1.7), for
7 =1,2 we get
e = F(W;(M(8))) on 'y x (0,7).

Here, for r € L2(0,T),
¢
F(r> (y7 t) = / E(ya L, T)T(T) dr + EO(y7 t) v (y7 t) € Fl X (07 T)
0
wherein F and Ej are easily recovered from (1.8) as
E('v t, 7-) = 6_tiTﬂ—eA('v t)

¢
Eo(-,t) = (/ e_t_TTec(T)dT—Fqu_
0

[SIES

)9A(~,t) + 93(',t)

almost everywhere on I'; and ¢,7 € [0,7]. However, we can consider a more general
situation (see Section 4 below).

Now we can state our problems as follows, for j = 1,2 fixed.
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Problem (TPj). Find (6, x) solution to the relaxed, respectively the Stefan, prob-
lem with

0 = F(W;(M(8))) on 'y x (0,7).

We observe that we are dealing with nonlinear parabolic integro-differential prob-
lems with a nonlinear and non-local boundary condition.

Applying an inductive argument as in [14] (see also [9]), we will show that there
exists a unique solution for our problems (relaxed and Stefan) corresponding to the relay
switch. Concerning the Preisach operator, using the Schauder fixed point theorem, we
can prove the existence of the solution. Uniqueness also holds, under suitable hypotheses
on the measure u, provided that w; = 0.

The plan of the paper is the following:

Sections 2 and 3 are devoted to the well-posedness for the relaxed and the Stefan
problems, respectively. In Section 4 we will establish our existence and uniqueness
results for the two feedback control problems involving the relay switch, while in Section
5 we study the analogs in the case of the Preisach operator.

2. Relaxed problem: well-posedness

2.1 Variational formulation and main results. Let  C RY be a bounded domain
with boundary 99 of class C? and Qr = Q x (0,T); {T'9,I'1} is a partition of 9 into
two measurable subsets (I'y of positive Lebesgue measure). We introduce the Hilbert
spaces V = {v € HY(Q) : v = 0in I'o} and H = L?*(Q). Since we allow Iy to be
a null set, we endow V with the norm |jv]ly = {[,[|Vv|* + lv|?]dx}!/?, while H is
equipped with the usual norm denoted by || - ||. Further, V' represents the dual space
of V and || - ||y stands for its norm. Identifying H with its dual space H', it turns out
that V. C H C V' with dense and compact injections. In addition, we denote by (-, -)
the duality pairing between V' and V, by (-,-),((-,-)) and ((+,-)). the scalar products
in H,V and V', respectively. Also, J : V — V’ stands for the Riesz isomorphism
(Ju,v) = ((u,v)), for any u,v € V.. Let (-,-)r, and || - ||z2(r,) be the the scalar product
and the norm in L?(T'y). Henceforth g, 10, ko, @ and o are positive constants.

Our assumptions on the data are the following:
(H1) ¢ e L2(0,T) and 4,k € L(0,T).
(H2) There exists v > 0 such that yfot lv(s)|?ds < fg (kov(s) + (k *v)(s))v(s) ds for
any v € L*(0,T) and any t € [0, T).
(H3) fe LY0,T;H)+ L*(0,T;V").
(H4) 6, € L2(0, T; L*(Ty)).
(H5) X :R — 2R is a maximal monotone graph, particularly A = 9A.

(H6) A : R — [0,400] is a proper, convex and lower-semicontinuous function such
that A(0) =0 = minA.

(H7) There exists L > 0 such that |3(61,x1) — 8(62, x2)| < L{|6h — 02| + [x1 — x2|}
for any (61, x1), (02, x2) € R%.

(H8) 6y € H and xo € K ={y€ H: ve€D()\) a.e. inQ2}.
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(H9) A(xo) € LH(Q).
(H10) h is a Carathéodory function depending on # in a Lipschitz continuous way
(being M its Lipschitz constant) and such that h(0) = 0.

Observe that assumption (H2) is due to the Second Principle of Thermodynamics (see
[12]).
We shall deal with the following

Problem 1. Find (6, ¢, x, &) such that

6 c L>0,T; H)NnL*(0,T;V)
ec WHH0, T H) + H*(0,T; V') (2.1)
x € H'(0,T;H), ¢ € L*(0,T; H)

and which, moreover, fulfills

e=pod +Yox +e*x0+1Yxx ae inQr )
(Ore + J(kob + k % 0),v) + o(Or,,v)r, =
(f,v) + (h(0,k % 0),v) + 0(fe,v)r, forallveV, ae. in (0,7)
adix +&=0(0,x) ae inQr
€€ Xx) ae inQr
0(-,0) =6y, x(-,0)=x0 a.e. in{ )

Remark 1. In our Problem P1, h(0,k % 0) = kof + k % 0, but we can consider a
general function enjoying assumption (H10).

(2.2)

Remark 2. We point out that, because of (2.1); 3, (2.1)2 follows from (2.2);_3.
Moreover, (2.1)3 implies 9,0 € L'(0,T; H)+L?(0,T; V') which, due also to (2.1);, yields
0 € C°([0,T); H) so that the first initial condition of (2.2) makes sense as well.

Now we can state the existence and uniqueness of the solution to Problem 1 and the
Lipschitz continuous dependence of 6 on 6, which we exploit in our feedback problems.
Note that uniqueness is a straightforward consequence of estimate (2.3) below.

Theorem 2.1. If assumptions (H1) — (H10) hold, then the solution to Problem
1 exists. Moreover, if k € WH(0,T), such solution is unique and there is a constant
C > 0 such that for any pair 0.; € L?(0,T; L*(T1)) (i = 1,2), if we denote by (0;, e;, Xs)
the solution to Problem 1 corresponding to 0., then

101 — 02| L2(0,7: 1)
+[V (1% (61 = 02)) || o< o,750) (2.3)
+[[1 % (01 — 02)|| oo (0,722 (1))

+lx1 = xallze0,7;m) < Cllfe1 — OeallL2(0,7;02(r))

where C depends on

Qa Pl? T7 «@, 0, Po, ¢0, kOa Lv M
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and on the norms
H90||L2(O,T)a HkHlel(O,T)a Hw”Ll(O,T)‘

Dealing with the Preisach operator we shall need a uniform bound for
0 c L>0,T;V)NH (0,T; H)

in terms of f.. This requires stronger regularity assumptions on the memory kernels
and on the data 6g, 0., f. Indeed, we have

Theorem 2.2. Let assumptions (H2) and (H5) — (H10) hold and suppose p,k €
WLY0,T) as well as p € L?(0,T). Now, if 8 € V, . € WH1(0,T; L*(T'y)) and
feL?0,T;H)+WbHt0,T; V"), then § € L>=(0,T;V) N H0,T; H). Moreover, there
exists a constant C > 0 such that

||0||L°°(0,T;V)HH1(O,T;H) < C{l + ||ge||W1v1(0,T;L2(Fl))} (2.4)

holds where the constant C' depends on
Q, I, T, M, o, o, @o, Yo, ko, |¢(0)], [k(0)]

and on the norms
lellwrio,ry, 1kllwiio,r), ¥z,

1Bollv, [Ixoll, 1AMz ()s [1f1IL20,m )+ w21 0,75v7)-

2.2 Relaxed problem: continuous dependence and uniqueness. As we have
pointed out at the end of Section 1, we will deal with Problem 1 which is the variational
formulation of a more general problem. We observe that it suffices to prove (2.3) since
uniqueness is a direct consequence; let the quadruple (6;,¢€;,x:,&;) be a solution to
Problem 1 corresponding to 6.; for ¢ = 1,2. Taking the difference of all equations in
(2.2) written for the two solutions and denoting

O=0,—-02, E=e;—e3, X=x1—X2, 2=& —&, Oc=10c1—0c2

we infer that the quadruple (0, E, X, =) solves the following problem with homogeneous
initial conditions:
(O E + J(ko® + k % ©),v) + (0,v)r,
= (h(@l, k ‘91) - h(eg, k x 92), ’U) + O'(@e, U)rl VoveV, ae. in (0,T>
adi X +E=p(bh,x1) — B(02,x2) ae. inQr
E=00+ 9 X+pxO+1Y*xX ae. inQr

(2.5)

In order to get an estimate for X, we multiply (2.5)s by X and integrate over Q.
Assumptions (H5), (H7), (H8), the Holder inequality and the standard Young inequality

ab< $a®+ 56> (a,bER, §>0) (2.6)
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yield, for any ¢ € [0, 7],

SIXO < % [ o+ (£ 40) [IxGIPe e

Now we integrate (2.5);_o over (0,¢) and choose as test function v = O; integrating
with respect to time, we get

2ollOll72 0,0y + N1+ YOI + N1+ ©) ()72 r,)

:—/Ot(go*@,@)—d}o/ot(X,@)—/Ot(q/}*X,G)—/;(J(k*l*@),@)
+/t (1* [h(el,k*el)—h(ez,k*QQ)],@+a/t (1%0,0.),.

:ZB(t)

By Holder inequality we have

t 1/2
B0 < lellzom [ 101 mmds}t €l
|Ba(t)| < %ol X || £2(0,6,m0) 1O L2 (0,811 -

By the Young inequality for convolution (see, e.g., [13]) we estimate the third integral
as

[Bs()] < 19l 10,0y 1 X [ 220,660 1O £2 0,:0)-

The same inequality, integration by parts and properties of convolution yield

[Ba()] < [[kl[ 20,711 * Ol L2(0,6;v) | (1 % ©)(£) |
+ [1EO)] + 1K w00 11 % Oll72 0.1

t 1/2
\B5<t>130{ O u@rr%z(o,s;mds} 1012200581

|Bs(t)] < a||(1%Oe)(®)|| L2 [|(1 % ©) ()] £2(ry)
+0(1Oell 20,6221 ) 11 * Ol L2(0,4;22(1 )

Collecting all estimates above for Bi(t), ..., Bg(t) and using (2.6), we get
1017200 + FNA*OYDIT + T+ O) D)2 (r,)

t
< C{ /O ||@”2L2(073;H)d8 + |11 % @H%ﬂ(o,t;v) + |1 % @||2L2(O,t;L2(F1))

X + H@eniz(owm}-
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Adding herein (2.7) multiplied by % and using a standard inequality, we obtain

22110320,y + 211 % OB + N1 % O) )32y + £ X (1))
t
< C{ /0' ||@H%2(O,S;H)d5 + Hl * @H%Q(O,t;V) + Hl * @”%2(0,t;L2(F1))

X0 + 1€l |-
Now the Gronwall lemma implies (2.3).

2.3 Relaxed problem: existence. In order to show that the solution to Problem
1 exists, we will study a sequence of approximating Problems P, characterized by
smoother kernels. By a fixed point argument, we infer that there exists a unique solution
(0n, €ny Xn,En) to Problem P,,. Moreover, we can prove that an a priori bound holds:
then, at least for a subsequence, weak or weak star convergences are deduced, but
due to the non-linearities due to A\, 3 and h, they do not allow to pass to the limit in
the nonlinear terms. We overcome this obstacle by showing that the solutions to the
approximating problems are Cauchy sequences with respect to suitable norms. Finally,
an appropriate subsequence will converge to a solution to Problem 1. Indeed, due to
uniqueness, the whole approximating sequence will converge to the solution.

First of all, we observe that, since ¢ € L?(0,T) and k € L*(0,T), it is possible to

find two sequences {¢,} and {k,} in WH1(0,T) such that
n— @ in L?(0,T

on = @ 1( ) 2.8)

kn —k in L*(0,T).

By assumption (H2), (2.8)2 and [3: Inequality (3.7)], without loss of generality, we can
assume that, for any n € N, for any v € L?(0,T) and any t € [0, 7],

%/Ot lv(s)|?ds < /Ot (kov(s) + (ky % v)(s))v(s) ds. (2.9)
We will study the following approximating problems:
Problem P,,. Find (0,,, €., Xn,&n) such that
0,, € C°([0,T); H)N L*(0,T; V)
040, € L*(0,T; H) + L*(0,T; V")
Xn € H'(0,T;H), &, € L*(0,T;H)
and, moreover,
0obn + VoXn + on *x 0, + U % xp =€, ae. inQr
(Oren, + J(kobn + kp % 0,),0) + 0 (0, v)r,
= (f,v) + ("0, k % 0,),v) + 0(fe,v)r, VveV, ae in(0,T)
aOixn +&n = B(On, xn) ae. in Qr
&n € Mxn) a.e. in Qr
0,.(-,0) =60y, xn(-,0)=x0 a.e. in J

(2.10)




Automatic Control in Phase Change 893

Lemma 2.1 If assumptions (H1) - (H10) hold, let v, k, € W11(0,T) be such that
(2.8) is satisfied. Then, for any fized n, there exists a unique solution to Problem P,,.

Proof. We drop n for simplicity. Our argument is based on the Banach Fixed Point
Theorem. Let us introduce the Hilbert spaces

Xp = {(u, ) € L2(0,T; H x H): 1xu e L=(0,T; V)}
endowed with the norm
[(u, )17 = ||u||2L2(0,t;H) + [|1 % u||2L°°(O,t;V) + ||77||%2(07t;H)
and
Yo = {(u,n) € Xr: n(-t) € K ae. in (o,T)}.
Note that Y7 is a closed and convex subset of X7. Now we consider the following
problem:
Problem (P). For any (u,n) € Yr fixed, find a pair (6, x) such that
6 cC°[0,T); H) N L*(0,T;V)
o0 € L'(0,T; H) + L*(0,T; V')
x € HY(0,T; H), x(-,t) € K VYt €[0,T]
and which, moreover, fulfills
00 (0, v > + < J(kob),v > +0(0,v)r, )
= (f,v) + (h(u, k x u),v) + o (b, v)r,
— (O (Yox +o*xu+pxx)+J(k*xu),v) VveV, ae in (0,7T)
a(Ox, x —7) < (B(u,n),x —7) V€K, ae in(0,T)
0(-,0) =0y, x(-,0)=x0 a.e.in )

By the same argument used in [8], we can easily see that there exists a unique
solution to such problem; it turns out that a nonlinear and continuous operator R :
Yr — Yp is defined as R(u,n) = (0, x), where (6, x) solves the corresponding Problem
(P). As in [8: Lemma 3.2], it is possible to prove that there exists a positive constant
C' such that, for any (uy,n1), (u2,n2) € Y7,

t
|R(ur,m) — Rug, m2)|, < C / [ Cur, ) = (uzy o) ||l
Owing to this inequality we can deduce that

|R(us,m) — Rluz,m)||; < Ct||(wr,m) — (uz,m2)||;-

Then .
||R2(U1,771) - RQ(“zﬂ?z)Hf < C/ HR(Ulﬂh) - R(Uzmz)HidT
0

< Cztz H(Ulﬂh) - (Wﬂ?z)“f-
By induction,
HRm(Ul,m) - Rm(u2,772)Hf < %”(Ulﬂh) - (U27772)Hf-

Then, if m is large enough, R™ is a contraction mapping in Yr and the solution to
Problem P,, exists and is unique il
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We point out that e, € WH1(0,T; H) + H'(0,T;V’). We can now prove that the
following a priori estimates hold.

Lemma 2.2. Under the assumptions of Lemma 2.1, if we write f = f1 + fo, where
fi € LY0,T;H) and fy € L*(0,T;V'), there exist two constants Cy,Cy > 0 both
independent of n such that, for any n € N, the solution (0, en, Xn,&n) to Problem P,
satisfies

0, . 2 vy + n||H! ; <C
16l oo, rzmnrz o) + IxXallao,1:m) < Ch (2.11)

HenHCO([O,T];H) + [len — 1% leHl(O,T;V’) + anHLZ(o,T;H) < (.

Proof. We multiply (2.10)4 by x, and integrate over ;. Then, taking account of
assumptions (H5), (H7), (H8) and (2.10)5_¢, we get

S{a O = IIxoll*} < C{l +/0 [lIxn ()11 + ||9n(8)||2]d8} (2.12)

where C' > 0 is independent of n. Let us recall that x,, is a solution to (2.10)4_¢. Then
assumptions (H5) - (H9) entail, by the third inequality in [4: p. 72/Theorem 3.6],

o[ ||atxn<s>||2dss2||A<xO>uL1<m+c{1+ / [||en<s>|\2+uxn(s)n?]ds}. (2.13)
0 0

Now we choose v = pob,, + pn * 0, in (2.10)2_3: integrating with respect to time and
taking account of (2.9), we deduce

2
311 (00n + on * 00) ()] + %II%II%QW;V) + 0900||9n||2L2(0,t;L2(F1))

o (2.14)
< 21160l + D 1L(1)]
1=1

where

t
(1) = do / (O ol + o % 00)dr
0
t
Io(t) = / (Ot X, 900n + o % 00 )T
0
t
Ig(t) = / (kogn + kn * 0n7 ©n * Hn)dT
0

'
I(t) = 0/ (0ny o * 01, dT
0

t

I5(t) = <f7 900971 + ©n * 8n>d7—

J
J

(h(@n, kx0p), 0000 + ©n * 0p )dT

t
I7(t)=0’/ (Gea@o‘gn‘i'%pn*gn)rldr
0
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We can estimate [;(t) for i = 1,2,3 as in [3: Formulas (4.22), (4.25), (4.26)] (henceforth
d > 0 stands for a constant suitably chosen in any estimate). Namely,

t
1O < 31000 e m + 5 [ 16000 + 0 4 0)(5) P
Let us recall that 0¢(1) * xn) = Xo® + ¥ * O¢xrn. Then we get
t
L(0)] < ol / [6(3)] | (o + on * 0)(5) s
+ S 112 (0.1 196Xl F 2 0.1
THE / 2o + 9o+ 0)(5) s,

From (2.8) we infer

t
[I3(t)] < %{ﬂlenlﬁz(o,t;m + %/0 ||9n||2L2(0,s;V)dS}~
Now we consider the first term due to the boundary condition:

t
L) < G 10nl1720, 602000y + %/0 10n 1172 (0,0:22 (01 45

We write f = f1 + f2. Then we get

t
I5()] < / LA (2o + @n *0,)() |5 + CLIal25 00 + CEl0n 000
t t
To(t)| < M / 16, (s) 2ds + 4 / 1906 + on * 0)(5)|Pds

t
1L (8)] < §10ell72(0.4:02(00y) + %6||9n”%2(0,t;L2(1“1)) + UTC(;/O 160n]12(0,5: .2 (1, ) 45+

It is easy to see that

t
2
L1017 < 211(00bn + @n * 00) (O] + C/O 167 (5) % ds.

By this remark, inserting the above estimates for I (), ..., I7(t) into (2.14) and taking
advantage of (2.12) and (2.13), we obtain

108 + @n % 82) ()| + 211601220 1)

2
+ 28210l 220,22ryy) T R 10O + SIXn O + S 10exnll72(0,0:0)

<ol [ 10O + P + [0+ 0 26000

(2.15)

t
1006 g |5+ [ 18l 0,0

# [l I+ 1A ot + o810 |

By a generalization of the Gronwall lemma [1: Teorema 2.1] we deduce (2.11); while
(2.11)4 follows from (2.15) and (2.10);_3 B
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From the a priori estimates we can conclude that, at least for a subsequence,

0, — 0 weakly star in L>(0,T; H) N L*(0,T;V)
Xn — X weakly in H*(0,T; H)
e, — e weakly star in L>(0,7; H)
en—1%fi —e—1xf; weaklyin H'(0,T;V")
&, — & weakly in L?(0,T; H) J

(2.16)

As we have pointed out, these convergences are not enough in order to pass to the limit

in (2.10); we also need some strong convergence.

By comparison in (2.10)3_3, (2.11); yields the existence of a constant C3 > 0 such

that for any n € N, ||8t9n||2L2(0,T;V/) < (3. Then, by compactness,

0, — 0 strongly in L?(0,T; H).

Writing (2.10)4 for n,m € N and taking the difference, we get

a’at(Xn - Xm) + gn - gm - ﬁ(gnaXn) - ﬂ(emaXm) a.e. in QT-

Choose v = xn, — Xm herein and integrate over Q x (0,t) to get

t
%H(Xn - Xm)(t)||2 + / (gn - €m7Xn - Xm)
0
t
= /0 ([ﬁ(erm Xn) - 5(‘91717 Xm)} »y Xn — Xm)-
Observe that assumptions (H5) and (H6) entail

21l (xn = xm) (1)

< L{110n = Ol z20,0m) + Ixn = Xomll 20,180 Hxn = Xomll 20,18

By the Gronwall lemma and the strong convergence (2.17), we deduce that

Xn — X strongly in L°°(0,T; H).

(2.17)

(2.18)

Now we proceed along the lines of [3]: we write a sketch of the proof for reader’s
convenience. Now (2.8), (2.16);—4 and (2.17) - (2.18) allow to pass to the limit in
(2.10)1_3 ending up with (2.2);_3. The pair (0, x) satisfies the initial conditions (2.2)g
because of (2.10)¢. Relation (2.2)4 is fulfilled since assumption (H7) and (2.17) - (2.18)
yield 8(0n,xn) — B(0,x) in L?*(Qr). Exploiting the monotonicity of \, by [2: p.

42 /Lemma 1.3], relation (2.2)5 follows from

lirrlllsolip//Qénan//Qéx-
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This condition holds true because of (2.10)5, (2.16)5 and (2.18).

2.4 Relaxed problem: regularity. Let (0, x) be the solution to Problem 1. Since
0 € L*(0,T;V)NC°([0,T); H) and x € H'(0,T; H), by Faedo-Galerkin method, we can
easily prove that § € L>(0,T; V)N HY(0,T; H).

Now we will prove that estimate (2.4) holds as well. We can write (2.2)1_36 as

0o (08, v) + ko(J(0),v) + o (0,v)r, + (G(8),v)
= (F,v) + 0(0e,v)r, VoveV, ae in (0,T) (2.19)
6(0) =6y a.e. in

where

(G(0),0) = (D40 * 0),0) + (T (k  0), v)
(F,v) = (f — Oh(tbox + %), v) + (h(8, k% 6),v).

Under the assumptions of Theorem 2.2, since x € H'(0,T; H), it turns out that F' €
L?(0,T; H) +WY1(0,T;V'). Moreover, G is linear and continuous from L>(0,T;V) N
HY0,T;H) to L?(0,T; H) + Wbt (0, T; V").

First of all we point out that

Xl o,y < C{L A+ 8elleorizacrn (2.20)

where the constant C' depends on

©0, va(]a g, M

and on the norms

lellzo,1ys 1¥llLrorys 1kllwracorys Iflro,rm+reomvnlixolls 1AL ()-

In order to get (2.20), we infer as in (2.12) that

X1 < lIxol® + C/O (Ix()11* + 16(s)]1%) ds. (2.21)

We need an estimate for ||| 2(g ¢z) which can be obtained by integrating (2.2)z_3
over (0,t), choosing 6 as test function and performing a further integration with respect
to time. Then, owing to the properties of convolution and Gronwall Lemma, we get

101 20,6, < 0{1 + [10ell L1 0,602 (r1)) + ||X||L2(O,t;H)}-
Substituting this inequality into (2.21), we derive

X)) < C(1+ 10ell 21 0,,L2(r1))
101l 20,4561y < C (L4 [|0ell L1 (0,6:22(m1))) -
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Arguing as in (2.13), we obtain (2.20) by [4: p. 72/Theorem 3.6].

Now, in order to prove (2.4), we introduce the bilinear, continuous, symmetric and
coercive form a(u,v) = ko(Ju,v) on V. x V. Then if J : V — V' is the Riesz isomor-
phism and I : V — V' the injection operator, a satisfies the compatibility condition
a(Jvi,ve) = a(vy, Jug) for all vi,vy € J7H(I(V)). We recall that

F=F+F,c L*0,T;H) + Wh'(0,T; V")
where
Fy = f1 = 0(ox + ¥ *x) + h(0,k *0)
Fy = fo.

We are going to apply a regularization procedure introduced in [16] and whose main
properties are summarized in [6: Appendix].

For € > 0, we define u.(t) as
u(t) eV such that (I + ?J)uc(t) = 0(t) a.e. in (0,T).

Since § € L>(0,T;V) N H'(0,T; H), by [6: Proposition 6.1] we deduce that u. €
H'(0,T;V). Choosing u.(t) as test function in (2.19);_» and integrating over (0,t), we
get

¢ ¢ ¢
goo/ (0¢0, ul)ds +/ a(f,ul)ds + 0/ (0,ul)r,ds
0 0 0

t t t (2.22)
za/ (Oe,ule)plds—k/ (F,ué)ds—/ (G(0),u.)ds.
0 0 0
By definition of u. we have
t t t
oo [ (0,L)ds = oo [ (08—t Lds+ oo [ (Lt ds
0 0 0

¢ ¢
ezt [(Guladds o [ uo)lhds (22

0 0

= 90052” Ufs ||%2(o,t;V) + ol Ula H%?(O,t;H)'
As e — 0, by [6: Proposition 6.1 /Formulas (6.7) and (6.8)], the right-hand side of (2.23)
tends to ¢ol|0:0]172(g 4.7y Though § € L(0,75V) N H'(0,T; H), arguing as in [6:
Proposition 6.3], we see that
t

lim [ a(0,ul)ds = 3{a(0(t),0(t)) — a(0(0),0(0)} = T {N0)I} - ll6ol13 }

e—0 0

a.e. in (0,7). Integrating by parts, by [6: Formulas (6.11) and (6.7)] we obtain

¢
‘/ (O, ul)r, ds
0

< |0ell Lo 0,520y {100llv + 1101 o 0,7:v) }
+ |0¢0e| L1 (0,720 ) 101 Lo (0,131

< Nbellwra (0,62 {10ollv + 160l o 0,6 } -
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The last two terms on the right-hand side of (2.22) can be estimated as above, that is

¢
‘/ (F,u.)ds
0

< NF1l 220,48 1060 2 (0,4; 1)

+ HFQHlel(O,T;V’){HHHLOO(O,t;V) + ||90”V}

and

[ @o).uas

< [|90(0)| + ”QO/HLl(O,T)} ||‘9||L2(0,t;H)||8t9||L2(0,t;H)

+ HkHLZ(O,T)H9‘|L2(07t;v)HV@(t)HHN
+ [[RO)] + 151 22 0.0 ] 101 22 0.6 [ VOl 20,05
+ M”9||L2(O,t;H)Hat9”L2(0,t;H).

Collecting the previous estimates, it turns out that

1901 L2 0.6:12) + 101|000y + 10| 2= 0.1:220)) (2.24)
2.24
< C{IIF sty +wrao vy + el oz + Iollv |

where the constant C' depends on
lellwraorys Ikllwiiomy, 1eleiom. 10O, [kO), o, @ wo, Yo ko
By the definition of F' and (2.19);_9, it is easy to see that
IF | 20,1 awra0.vy < C{1+ 0ellro,m502(r) }
where the constant C' depends on

| fll2 0,5+ wrr0,1v7), Yo, [Ullz20,1), Ixolls M, [|Ellwrro,ry, |AX0)| L1 @)

Inserting this inequality into (2.24), (2.4) follows.

3. Stefan problem: well-posedness

In this section we state our main results concerning the Stefan problem. First of all, we
slightly modify the hypotheses on the memory kernels and the initial data:

(K1) ¢,% € WH1(0,T) and k € L?(0,T).
(K2) eo € H.

Also, we suppose that assumptions (H2) - (H4) hold. With the same choice of V' and
H of Section 2, the variational formulation of Problem P2 reads
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Problem 2. Find a triplet (6, e, x) such that

0 € L>(0,T; H)N L*(0,T; V)
ec WHH0,T; H) + H*(0,T; V')
x € L= (Qr)

and which, moreover, satisfies the equations

e= ol +1ox +ox0+yxx inV' ae in (0,T) (3.1)
(Ore,v) + (V(kob + k % 0),Vv) + o(0,v)r,
= (f,v) +0(be,v)r, YveV, ae. in (0,7) (3.2)
x € H#) ae. inQr :
(000 + tox)(-,0) = € in V", (3.4)
Theorem 3.1. If assumptions (K1) - (K2) and (H2) - (H4) hold, then there exists
at least one solution to Problem 2.

Since we can not obtain any continuous dependence estimate for x from (3.3), we
apply as in [8] an inversion formula for Volterra integral equations (see [13]). It requires
stronger regularity on memory kernels, but allows us to get rid of the convolution term
in x. Then, exploiting the monotonicity of H, it is possible to control this term. It
remains to seek for an estimate for § which is easy to derive.

Theorem 3.2. If assumptions (K2) and (H2) hold and, moreover,
., ke WHH0,T), (3.5)

then there exists a constant C > 0 such that, denoting for any 0e; € L*(0,T; L*(T'1)) by
(0:,xi) (i =1,2) the solution to Problem 2 corresponding to 0e;, the estimate

101 — 02| 20,71y + |1 % (01 — O2) || Lo 0,73y < Cllfe1 — be2llr20,m5020,))  (3.6)

holds where C' depends on g, 0o, ko, o,7,|k(0)| and on the norms of v, and k in
L2(0,T), Wt1(0,T) and WH(0,T), respectively.

Finally, we can prove the following regularity result.

Theorem 3.3. If assumptions (K2), (H2) and (3.5) hold, let us suppose that

feL*0,T;H)+ Wt 0,T; V")
0. € WHH0,T; L*(T'1)) . (3.7)
190 = ((,00[—{— @bQH)il(Go) cVv

Then 6 € L>=(0,T; V)N H(0,T; H) and there exists a constant C > 0 such that

0] o< 0,7y 0,11y < C{L+ [|0ellwrao1 20y }- (3.8)
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The constant C' depends on the norms |¢|lw.10,1), |Ellwri01), [¥wiom. [|0ollv
and || fl| 20,7 m)+wrr0,15v7)

3.1 Stefan problem: existence. We will show that there exists at least one solution
to Problem 2 by the same procedure as in [8: Theorem 2.2], i.e. by obtaining as limit
of a sequence of solutions of relaxed problems whose kinetic parameters tend to zero.
Let g € H and xo € K, with K defined by

H:{veH:ngygl a.e. in Q},

be such that ¢ofy + Yoxo = €o a.e. in Q. Assumption (K1) allows us to introduce a
sequence {k,} in C*([0,T]) such that k,, — k in L?(0,T).

Now we consider the following approximating problems.

Problem P1,,. Find a pair (6,, x,) such that

0, € L>=(0,T; H) N L*(0,T;V)
Xn € HY0,T; H), xn(-,t) € KVt € [0,T)

and which, moreover, satisfies

(0(p0bn + Yoxn), v) + (Oe(p * On + ¥ % Xn), V)
+(V(kobn + kn % 6,), Vo) + (0, v)1,

= (f,v) + o(Oc,v)r, YveV, ae in(0,7) (3.9)

Loxn+H '(xn) 20, inQr (3.10)

0,(-,0) =6y, xn(,0) =x0 in Q. (3.11)

We point out that (3.10) is a particular case of (2.2)4, with A = H~! and 3(6, x) = 0.

Then by Theorem 2.1 it is easy to see that Problem P1,, is well posed for any n € N.
The following a priori estimate also holds:

Lemma 3.1. If assumptions (K1) - (K2) and (H2) - (H4) hold, then there exists a
constant C' > 0 such that, for any n € N, the solution (0, x»n) to Problem P1,, satisfies

HenHLoo(o,T;H)mm(o,T;v) + HXnHLOO(QT) + %HatXnHLQ(QT;H) <C.

Proof. It is easy to recover such estimate because x,(-,t) € K for any t € [0, 7] and
any n € N. Moreover, the estimate for = ||0;xn || 2(0,7#) follows from [4: p. 72/Theorem
3.6]. Finally, we take v = pof,, + ¢, *0,, in our variational equation (3.9) and, reasoning
as in Lemma 2.2, we get the desired estimate il

From Lemma 3.1 we deduce that, at least for a subsequence,
0, — 0 weakly star in L>(0,T; H) N L*(0,T;V)

Xn — X weakly star in L*(Qr) (3.12)
%6tXn — 0 strongly in L(0,T; H)
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as n — oo. Now our aim is to prove that (6, x) solves Problem 2. We observe that,
taking advantage of assumption (K1), we infer

On *0, — @*x0  weakly star in W (0,T; H) N H*(0,T;V)
W * X — P *Y weakly star in W (0, T; H)
kp %0, — k=x0 weakly star in L>°(0,T; H) N L*(0,T;V).

Taking now &, = 0:(pobn + Yoxn) — f1, from (3.9) and the previous convergences we
get that {&,} is bounded in L?(0,T;V’) and, possibly taking a subsequence, &, — ¢
weakly in L2(0,T;V'). Moreover, for any v € Hj (0,T;V) we have, integrating by parts
with respect to time,

T T T
n ds = at ‘9n n)s ds — , d
| teiias = [ (@it + voxa) s = [ (v
T T
= _/ <9009n+¢0Xn>73tU>d3—/ <f1,’U>dS.
0 0

Hence, because of (3.12);_2, we can pass to the limit and obtain that £ = 0:(pof +
Yox) — f1, that is

Ot (pobn + Yoxn) — f1 — Ot(pob + Yox) — f1 weakly in L2(0,T; V. (3.13)

On account of (3.12);_2 and (3.13), apply a compactness theorem [15: p. 58] to infer
that

(¢0bn + oxn) — 1% f1 = (pof + Pox) — 1 * f1
weakly star in H1(0,T;V’)NL>(0,T; H) and strongly in L?(0,T;V"'). Now it is allowed
to pass to the limit in (3.9) and (3.11) ending up with (3.2) and (3.4).

It remains to show that (3.3) holds, too. Though the proof is the same as in
[8: Theorem 2.2], we sketch it for the readers’ convenience. Since x,(-,t) € K, then
0<x<1a.e. in Qr. We are going to show that

ATWQQAX—WNJ»ﬁzo Vyek (3.14)

where

K:{nELQ(O,T,H):n(-,t)EK for a.e. tE(O,T)}.

In the variational formulation of (3.10), we choose v € K. Integrating over (0,7), we
get

%/ <atxn('7t)7(Xn _7)<'7t)>dt
i (3.15)



Automatic Control in Phase Change 903

for any v € K. Due to (3.12), (3.14) holds true if

limsup/o <Xn(-,t),0n(-,t)>dt§/0 (x(-,t),0(-,t))dt. (3.16)

n—oo

Exploiting the previous compactness argument and the weak lower semicontinuity of
the norms, from (3.15) we deduce

T
lim sup/0 (Xn (), 00 (-, 1))dt

n—oo

n—oo

T
= lim sup {%/ <(<p00n + Yoxn — 1% f1)(-, 1), Hn(-,t)>dt
’ T
—ﬁwwawm+ﬁé<uwmwwmwwﬁ
T
g-%é (000 + tox — 1% f1)(+ 1), 6, 1))t
T
—%thm+ﬁl<OWM¢W®m%

that is (3.16).

3.2 Stefan problem: continuous dependence and uniqueness. As we wrote at
the beginning of this section, we can not derive any estimate for x from (3.3). Hence,
assuming that the memory kernels are absolutely continuous and taking advantage of
an inversion formula for Volterra integral equations (see [13]) and of the monotonicity
of H, we can control only the variation of 6. Indeed, let (6;,e;,x;) be the solution
to Problem 2 corresponding to f.; (i = 1,2) and denote © = 0; — 02, E = e; — eq,
X =x1—x2 and O¢ = 0c1 — Oo2. Then (O, E, X) solves the problem

E=0p®+ 19X +o*xO+¢*xX inV’
(O,E,v) + (V(ko® + k% ©),Vv) + 0(0,v)r, = (Oc,v)r, YveV

a.e. in (0,7). Integrating herein the second relation over (0,¢) and taking account the
first relation we get

(WoX + 15 X,v) = (0@ + ¢+ ©,0)
— (V(kol*O 4+ k*1%0),Vv)
—0o(1*0,v)r, +0(1*Oe¢,v)r,

=: (F,v)

(3.17)

for any v € V and a.e. in (0,t). We observe that F € L*(0,T;V’). Since ¢ €
W11(0,T), by [13: p. 42/Theorem 3.1] we know that there exists a unique ¥ €
WHH0,T) (named the resolvent of %) solution to YW + ¢ * ¥ = ¢ in [0,T]. By
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[13: p. 44/Theorem 3.5], (3.17) is equivalent to Yo X = F — ¥« F in V', a.e. in (0,7).
Then, for any v € V and a.e. in (0,7,

(o X, v) = = (90O + ¢ x ©,v) — (kgV(1 % ©) + k x V(1 % ©), Vo)
—o(1%0,v)r, + (1% O, v)r, + (po(¥*xO) + ¥ xpx0O,v)
+ (ko « V(1% O) + k* U xV(1%0), Vo)
+o(Ux1x0,v)r, —o(V*1%6Oe,v)r,.

Choosing v = O, integrating over (0,t¢) and taking account of the monotonicity of H,
we infer

0llOll72 0,00y + FNV L% )OI 7w + SN (L * O) O T2,

t
/(W@,@)ds
0

t
< + / (V(k+1%©),V0O)ds
0

t t
—|—0'/(1*@e,@)1"1d8 —|—’/ (po(¥ % O) + U xp*0,0)ds
0 0

(3.18)

t
+ / (kO\II*V(l*@)—f—k:*\lf*V(l*@),V@)ds
0

t t
+o / (Ux1%x0,0)r,ds|+ o / (U%1%0,0)r,ds
0 0

7
= 3 (L),

We estimate these integrals by the usual inequality (2.6), the Holder inequality and
properties of the convolution. Moreover, recall that, since k € W11(0,T), then kxVO =
E(0)(1xVO)+ k'« 1% VO. On account of that, we deduce

11 (t)] < |lo* Ol L2(0,6;) 1O L2(0,1; 1)
1L (t)] < (|kO)] 4+ 1|10, [V (1 % G)H%Z(O,t;HN)
+[V(E*1%0)() | g~ [[V(1*O) ()| g~

[Is(t)] < U{H(l * O) ()l L2y [I(1+ Oe)(B)l| L2(ry)

+ 1% Ol 20,522 (r)) H@eHL%O’t;L“Fl))}

1(8)] < {0l 5 Oll 2oty + o ¥ 5 Ol 20,501) PO 20,0500
I5()] < (ko + 1Kl 0,0) 1€ % V(15 ©) e 0 0 |V (1% ©) () | v
+ (ko (0)| + kol|¥'|| L1 0,7y + ||k * ¥) || L2 (0,7))
X V(1% ©) 30 1m0)
[I6(t)] < o (1Z(0)] + 1%l L2 0,1)) 11 * ©ll72(0.4:22(ry )
01l 15 ©) (1) | 2y (1% ©)(1)[z2r
L] < o1 51500 (1)l 20,y (15 O)(8)[z2r,)

+ ||‘I’ * @e||L2(0,t;L2(F1))H1 * @”L2(O,t;L2(F1))}'
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Taking account of these estimates in (3.18), we obtain that there exists a constant C' > 0
such that

%H@HZH(O,t;H) + B V(1 G)H%OO(O,t,HN) + ZI(1* @)(t)||2L2(P1)

< c{ueeuigwwm IV % O) B,

t
+ 11 Oll72(0,1:02(r)) +/0 ||@‘|2L2<0,5;H>d3}

and by the Gronwall lemma we get the desired estimate (3.6). Of course, uniqueness is
a straightforward consequence of the continuous dependence estimate.

3.3 Stefan problem: regularity. Integrating (3.2) over (0,t), we obtain
(Yox + ¢ * x,v) = (G,v) Vo eV, ae. in (0,7) (3.19)

where

(G, v) = —(pod + o *0,v) — (koV(1%6) + k V(1 %6),Vv)
- 0(1 * 97U)F1 + 0(1 * 067”)1"1 + <1 * f,U>.

Arguing as in Subsection 3.2, we write (3.19) as
Yox=G—-¥xG inV' ae in (0,7)

where ¥ € WH1(0,T). Now, for € € (0,1], we define a smooth approximation H. of H,
for instance,

0 if s <0
H.(s) = {5_5(105233 —15es* +6s%) if0<s<e
1 if s >e.

We point out that H. : R — [0,1] is a maximal monotone graph and H. € C?(R) N
W2 (R). Since f = f1 + fo € L*(0,T; H) + WH1(0,T; V'), we can find two sequences
{f}} and {f?} such that

f2 e WHN0,T; H), f2 € L*(0,T;H), 82 € L*0,T;V')

and

1 BN . 2 .
fA—f i L20,T;H) } (3.20)

f2—fo  in WHYH0,T; V")

as € — 0. It turns out that f2 € C([0,T]; V') and f2 — fy in L>=(0,T;V"’). We will
denote by f. = f1 + f2. Moreover, we introduce

o €V such that 0. — 0o := (pol +YoH) (eg) in V
0o € H(0,T; L*(T';)) such that 6. — 6 in W(0,T; L*(I')).
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We will deal with the approximating problems to find a pair 6.,x. € H(0,T;H) N
L?(0,T;V) such that
(Ot (0 O +100 X +p * 0:), v)
+ko(V 0, V) + o(b,v)r,
= —(kxV0.,Vv) +0(0ce,v)r, + (fe,0)
—|—<9008t(\11 x0:) + 0 (U x o x6,), v>
+(k:0\If * VO, +kxWx Vﬁg,Vv)
+o(U0.,0)r, —0(Vx0cc,v)r, — (U x fo,v) VoeV, ae in (0,7) (3.21)
Xe € H.(0:) ae. in Qp (3.22)
0:(+,0) = 6o, xe(-,0) = He(Ope) a.e. in . (3.23)
Using the same argument as in [8: Theorems 2.2 and 2.3], it is easy to see that the
solution to this problem exists and is unique. Arguing formally, choose v = 0; 6. as test

function in (3.21) and integrate over (0,t¢). Recalling that 0, x. = H.(0:)0; 6. and H.
is increasing, we obtain

ol 040 0y + 5219 00l + 51100 Baqry
< (B IV boe 17w + 51 60c 172(0,))
t
/ (D0 4 0.), 0, 0.)ds| +
0

t
4+ / (ki + V0., V0, 0.)ds
0

t t
+o / (Occ, O Oc)r,ds| + / (fe, 01 0:)ds
0 0

t
+ / <9008t(\11 % 0:) + O (W * o x0.),0; 0 >dS
0

t
+ / (koW % VO, +k+ ¥ % V0.,V 0. )ds
0

t t
+o / (U *0.,0:0-)r,ds| + o / (U * Occ, Oy 0c)r, ds
0 0

t
+ /(‘Il*fg,é)t9€>ds
0

9

= (51 boc 17w + 511 60= 172r,) + D Silt).
=0

Henceforth, C' stands for a positive constant depending on g, 1g, kg, 0,2 and on the
norms of ¢, 1, k in WH1(0,T). Exploiting the properties of convolution and integrating
by parts, we derive the following estimates:
1S1()] < llellz20,7) | Goc [| 21106 Oc || 20,411
+ [l * O 0 ||L2(0,t;H) 10 0c ||L2(o,t;H)
1S2(8)| < [k * VO0c || oe (0,6,53) [V Oz [ Los (0,6,

+ (1RO + 151 10,0 1V 0 172 0,009
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|S3(t)] < O{H Occ || Loe 0,702 ) || 02 || Lo 0,8:2(T1))
+ 11 0cc(0)]| 2y |l Ooe | 22(ry)
+ 10t Oce 10,5221 ) || 0= ||L°°(0,t;L2(I‘1))}
1Sa()] < N2 20,7500 104 0= || £2(0,4:01) + HffHLOO(o,T;V')H O || o< (0,45v)

+ 1121 o 0,50 1 Boe lv + 186 f2 1 L1 0,50 |1 B2 [ oo (0,851
1S5(t)] < (o + llellLro,1)

X {19 20,1yl Ooe 11 + 1% % 8y Oc || L2 (0,0:51) } 1O Oc || 120,450
1S6(t)| < (ko + 1Bl 1 0,10) W * V 0c [ oo (0,6:185) |V Oz || Loe (0,61

+ {ko (1T O)| + 1Y [ 1 0.)) + | (k*¥) || 21¢0,7) }

x ||V 0 “%2(0;t;HN)
15201 < {2011 6= 20,2y 16 o 0 200y
+ (12(O) |+ 19220, 6= 20220000 |
15()] < {19 % O o522 | 6 w0 20

+ (1ZO)] + 1% L1 0.7)) | O e 122 0,652 1)) I 6= HL?(o,t;LZ(Fl))}
1So ()| < 19 f2 20,760 10 Oc | £2(0,1:21)

+ 1w o, 12w o, || 0= | Lo 0,6v)-

Collecting the estimates above, by the Gronwall lemma we see that there is a constant
C > 0 independent of £ such that

10: 0 ||2L2(o,t;H) + Vo ||2L°°(O,t;HN) + [ 0e ||%°°(0,t;L2(I‘1))
< {110 1} + 11 6ec Wy o122y (3.24)
12 ey + 152 wn 0,y | 8 N0, §-

Now we need to deduce an estimate for || 0. ||z (0,#); thus we choose as test func-
tion v = 0. in (3.21). Integrating (3.21) with respect to time and by definition of H.
we see that there is a constant C' > 0 such that

162 13 < 0500y < C{VIRIT 1002 20,1 + 1160 12 + 1 FE 30 .
1720w o v 1 6= Do) -

From (3.24) and (3.25), by (2.6) and (3.20), we see that there is a constant C' > 0
independent of ¢ such that, for any € € (0, 1], the inequality

H 0. HLoo(O,T;V)mHl(o,T;H) < 0{1 + ||90HV + ||f1||L2(0,T;H)

2w + 10llwrs o, |
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holds. Possibly taking a subsequence,

6. — 0 weakly in H*(0,7T; H) and weakly star in L>(0,T;V)
Xe — x weakly star in L>(Qr)

as € — 0. But the first weak convergence therein yields 6. — 6 strongly in C°([0,T)]; H).
Now it is allowed to pass to the limit in (3.21) - (3.23), and (3.8) holds by the weak star
lower semicontinuity of norms.

4. The relay switch

We can assume that the relay is initially switched on. Let us denote by (TP1) the
feedback control problem corresponding to the relay switch, i.e. we shall deal with the
following

Problem (TP1). Find a triplet (6, x, z) and a finite sequence of switching times
0 =ty < tp < .. <ty = T such that z € L>(0,T), (0, x) solves the relaxed
(respectively, the Stefan) problem with 6, = F(z2),

2(t) = (=1)" ift € [ty thi1)
the1 = inf {{T} U Kh—H}

where, for h=10,1,....m — 1,

pu(t) if his even}

Kpy1 = {t € (tn, T1 = M(0)(t) = {pL(t) if h is odd

Let us recall that

MO)(t) = e(sc,t>w1<x>d:c+][ (1% 6)(y, )ws (y) dT

QO FQ

and, for r € L2(0,T),

F(r)(y,t) = /0 E(y,t,7)r(t)dr + Eo(y,t) V(y,t) € 'y x (0,7).

We assume the following:

(H11) w; € L*(0;[0,+0)) and wg € L*(T'2; [0, +0)).
(H12) E € L*(T) x (0,T)%), E,, E, € LMI'; x (0,T)2), By € Wh1(0, T; LA(T'1)).

Now we can state our existence and uniqueness results.
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Theorem 4.1. If assumptions (H2), (H5) - (H9), (H11) - (H12) hold and

1,1
w0,k € WHH(0,T) } (1)

feL*0,T;H)+ W40, T: V"), 0y € V

then there exists a unique solution to problem (TP1) in the relaxed problem case. Re-
placing assumption (H8) by assumption (K2) and adding (3.7)s, the same result holds
for problem (TP1) in the Stefan problem case.

First of all we shall prove that for both problems the number of switching times
is finite. In order to do that, we need some properties of the operators F and M. If
assumption (H12) holds, then observe that F is a continuous operator from L°°(0,T")
to WH1(0,T; L*(T'1)) such that F(r)(-,0) = Ey(+,0) a.e. on I'y, for any r € L>=(0,T).
Moreover, there exists a constant A; > 0 such that

IF () lwriorn2ryy) < A {1+ (|7l Lo, } } (4.2)

[(F(r1) = F(r2)) Ol zzry) < Aillrr — r2llz2(o.

for any ¢t € [0, 7] and all r,ry,79 € L>(0,T) (see [9: Proposition 2.2] for details).

On the other hand, if assumption (H11) holds, then M : L*(0,T;V) — L*(0,T)
turns out to be a linear and continuous operator such that, for any vy, vy € L>(0,T;V),

| M(v1)(t) — M(v2)(t)|
< (llwrll 2y + llwsllL2(ry)) (4.3)
X (o1 —v2) (5 )l + 11 (01 — v2) ()| L2y }

for almost any t € (0,7). Moreover, for any v € L>(0,T;V) N H*(0,T;H), M(v) €
C%=([0,T]) and

[M(v)(t) = M(v)(7)|

. (@
< {lrllzzaolOelizzosm + sl loll 2o iz He— 712
for any ¢,7 € [0,T]. Particularly, if w; = 0, then
[M(v1) = M(v2)llcogo,ry) < Azlll* (v1 = v2)ll Lo 0,3 (4.5)

where Ay = [|ws||z2(r,)-

Now we can prove

Lemma 4.1. Let assumptions (H2), (H5) - (H9), (H11) - (H12) and (4.1) hold and
M(0(-,0)) < p(0). Then, for any

w€E B = {7‘ € L>(0,7T) : HTHLOO(O7T) < 1},
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letting (0(w), x(w)) be the solution to Problem 1 with . = F(w), there exists v > 0
such that, for any w € B and any pair tr,ty € [0,T)] fulfilling

MO(w))(tr) = pr(te) (4.6)
M(O(w))(tr) = pu(tv)

we have
|tL — tU‘ Z -

In particular, M(0(w)) commutes at most [%] times between the threshold functions py,

and py ([%} being the integer part of %) The same result holds for Problem 2, provided
assumption (H8) is replaced by assumption (K2) and (3.7)3 holds.

Proof. Taking into account (2.4), (4.2); and (4.4) we have, for any w € B,
[M(O(w))(tL) — M(O(w))(tv)]
< (lwrll 2o 10:0G0) | 20,0
+ ||WS||L2(F2)||9(w)||L2(o,T;L2(r1))> tr — tu]?
< C(1+ [|F(w)llwraorzmy)ltn — tU|%

1
< C(2+ |wlle(o,m)tL — tu]?

(4.7)

< Asltn —tul®.

Because of the uniform continuity of pr, there exists a constant v; > 0 such that, for
any t,7 € [0,T] with |t—7| < 41, we have |pr,(t) —pr(7)| < . Then either [t; —ty| > 1
or |t;, —ty| < 1. In the second case, by (4.6) and (4.7), we deduce
Nsltz — tul} = |MOW))(tr) — M(B(w)) ()|
= |pr(tL) — pu(tv)]
v(tv) = po(tv) — |pr(te) — pr(tv)]

If v := min{y, %}, we have the first part of the thesis. The second follows from
M(6(-,0)) < p(0) N

In both cases, there exists a unique solution to Problem (TP1) because we can apply
the inductive argument of [14] (see also [9: Theorem 4.1]).

4.1 Proof of Theorem 4.1. Since we have supposed that the relay is initially switched
on, we define
wo(t) = +1 Vte[0,T].

Let us consider the triplet (6(wg), x(wo),wp), where (0(wg), x(wo)) solves the relaxed
(respectively, the Stefan) problem with 6, = F(wy), and set

Dy = {t € [0.7]: M(B(wo))(t) = pu ()}
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If D; = ), then we are done because (6(wp), x(wo),wo) solves problem (TP1). Oth-
erwise, we pick t; = inf D; (it is a minimum because of the continuity of M) and by
Lemma 4.1 we see that t; > v. Now we define

wo(t) iftel0,t
wl(t):{_l() iftg%th)]-

Then (6#(w1), x(w1)) solves the relaxed (respectively the Stefan) problem with 6. =
F(wy) and
Dy = {t c (tl,T] : M(Q(wl))(t) = pL(t>}

If Dy = ), then the solution is (6(w1), x(w1),w1), otherwise we consider t = inf D
and we proceed as above, recalling that t5 > 2v. Finally, there exist m € N, a triplet
(0(wm), x(wm), wy,) and a sequence of switching times {¢;,}7"  such that m < %,
tmy =T and 0 = 0(w,,), X = X(Wm), 2 = Wy, uniquely satisfies problem (TP1).

5. The Preisach operator

We will take advantage of some properties of the Preisach operator (see, e.g., [24:
Chapter IV] for details). First of all, we are concerned with the continuity of this
operator (see [24: Theorems 3.1 and 3.2]). We recall that if p is a non-negative Borel
measure on P with bounded density such that, for any (p1,p2) € P,

p({p1} x R) = (R x {p2}) =0, (5.1)
then
V2 ()l Lo 0,m) < 1(P) < 00 Vr € C°([0,T7) }
_ _ 0 0 : (5.2)
Wy s strongly continuous from C”([0,77]) to C°(]0,T])

Moreover, as is shown in [24: Theorem 3.5|, denoting by [ the bidimensional Lebesgue
measure, if the assumption

(K3) There exists a constant A, > 0 such that p(A) < A,I(A) for all Lebesgue
measurable sets A C P

is fulfilled, then there exists a constant A4 > 0 such that, for all ry,r, € C°([0,T]) and
for any ¢ € [0, 7],
|(Wa(r1) = Wa(r2)) (t)] < Asllrs — rallcogo,) (5.3)

where the constant A4 > 0 depends only on p(P) and A,,.

We now consider the following

Problem (TP2). Find (6, x) solution to the relaxed (respectively, the Stefan)
problem with 6. = F(W,(M(6))) on I'y x (0,T).

Exploiting the results of Sections 2 and 3 and the properties of the operators
F, M, Ws, we are going to prove
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Theorem 5.1. Under assumptions (H2), (H5) - (H9), (H11) - (H12) and (4.1) and
(5.1), there exists a solution to problem (TP2) corresponding to the relaxed problem.
Moreover, if w; = 0 and assumption (K3) holds, then the solution is unique. Replacing
assumption (H8) by assumption (K2) and assuming in addition (3.7)s, then under the
same hypotheses this result holds for problem (TP2) in the Stefan problem case.

Proof. We consider the feedback control problem corresponding to the relaxed
condition. As in [9: Theorem 5.2], we apply a fixed point argument to the operator

S C°(0,T]) — C°([0,T)), S(r) = M(0(r))

where, as usual, (6(r), x(r)) is the solution to Problem 1 with 6. = F(Wx(r)). More
precisely, the continuity of F and (4.4) yield that S takes values in C%2([0,7]) and,
by (5.2), there exists a constant A5 > 0 such that ||S(r) < As. Then S is

compact provided we show that it is continuous.

HCO’%([O,TD

If {r;} is a sequence converging in C°([0,77) to some 7, then by (5.2)s we deduce
that Wa(r;) — Wa(r) in C°([0,T]). Taking account of (4.2)s we infer F(Ws(r;)) —
FWa(r)) in C°([0,T]; L?(T'1)). Now, from the continuous dependence of 6 with respect
to e, we can deduce only that 6(r;) — 6(r) in L2(0,T; H) and (1% 0)(r;) — (1% 6)(r)
in L?(0,T, L*(T'1)). But, by (4.3), it is enough to deduce that S(r;) — S(r) in L?(0,T).
Then, arguing as in [9], we can conclude that such convergence holds in C°([0,T]) and,
by the Schauder fixed point theorem, there exists at least one solution to problem (TP2).

We now prove that such solution is unique, provided w; = 0 and assumption (K3)
holds. Let us suppose that (61, x1), (02, x2) are two different solutions to problem
(TP2) and set O.; = F(Wa(M(6;))) for i = 1,2. By the continuity of F and recalling
(5.2)2,(4.2); and (2.3), we get

181 = 6e2) (O 7,y < AT[Wa(M(61)) = We(M(82))][}2
t
< (ArAy)? / [ M(81) = M(B2)[ o s
; :
t
< (A1A2A4)2/ |1 (61 — QQ)HQLOO(O 51y 48
; 53
¢ 2
< C/O ”091 - 962||L2(0,5;L2(F1))d8

t
<C [0 = 005,

and uniqueness follows from the Gronwall lemma. Arguing as above, we can prove the
same result for Problem (TP2) with the Stefan condition.
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