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L,-Norms of Exponential Sums
and the Corresponding Additive Problem

M. Z. Garaev and Ka-Lam Kueh

Abstract. In this note, a new estimate of Li-norm of certain exponential sum is obtained. At
the same time, we establish a sharp lower bound for the cardinality of corresponding sumsets.
In some cases this lower bound gives the true order of the cardinality.
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1. Introduction

Throughout the text the following notation will be used:

A < B means |A| < ¢ B with some absolute constant ¢
A <q4p,.. B means |A| < ¢ B with some constant ¢ depending on a, b, ... only
B > A means the same as A < B.

The problem of obtaining lower bound estimations of the Li-norm of exponential sums
is of great interest in Functional Analysis, Analytic Number Theory and other topics
of Mathematics. In this connection we would like to stress the Littlewood conjecture
which reads as follows:

There exists an absolute constant ¢ > 0 such that for any sequence of integers
f(1) < f(2) < ... < f(n) the inequality

1|l n
2mif f (x)
fx

=1
This conjecture was proved in 1981 by S. V. Konyagin in [4] and by O. C. McGehee,
L. Pigno and B. Smith in [6].

A. A. Karatsuba [3] noticed that the problem of lower bound estimations of a wide
class of exponential sums is closely connected with the arithmetical problem of finding
upper bounds for the number of solutions of the corresponding Diophantine Equations.

dp > clogn

holds.
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Let f(1) < f(2) < ... < f(n) be a sequence of integers, J = J(n) — the number of
solutions of the equation

f@)+ fly)=flw)+ flv)  (A<zyuv<n)
Theorem [3]|. For any coefficients v(x), |y(z)| = 1, the inequality

1 n
I=1(0)i= [ |5 5@ 5 = (1)
0 =1
18 valid.
Note that
1 n 2 %
I< / e2mih 1 (@) dﬁ) —n3.
ga)»

S. V. Konyagin [5], using methods of combinatorial geometry, proved that if 0 < f(2) —
F(1) < f(3) = f(2) < ... < f(n) — f(n —1), then J < n3. It means that for this
sequence [ > ni. A new proof of Konyagin’s theorem was given in our work [2], and
in the case f(z) = [Az®] (A > 0,a > 2) we obtained the bound .J < n? + n*~log?n
where n > ny(a, A) > 0.

In the present paper we obtain the following results.

Theorem 1. Let f(z) = [F(x)] where the real-valued function F is three times

continuously differentiable on the segment [1,n] with F'(x) > 0, F"(x) > 0 and F""'(z) <

0. Then
4 n?logn

n
Fn)+1 F'"(n)
Note that in Theorem 1 f is not necessarily strictly convex. The lower bound
estimation is easy enough. Indeed,

1 ,.n 2 ,2f(n)
n? = / ( eZﬂzﬂf(m)) ( e—27rzﬂ)\) dj
e x

A=0
1| n 4 3 1
2miB f(x)
< ([ [zeea) (]
= (2f(n) +1)7J*

from which the desired inequality follows. The upper bound we will obtain in Sections
3-4.

Corollary 1. Under the assumption of Theorem 1 and F'(1) > 1 we have

< J < (F'(D)™ +1)ns +

2f(n)

§ e—QTriﬁ)\
A=0

2\
)

> min (n1, (nF"(n))? (logn) )
where I is defined as in (1).
In the case F(z) = Az® (A > 0,1 < a < 2) Corollary 1 improves the main theorem
of [2] a bit by (logn)? and Theorem 1 gives
nt* o4 J Koan*“logn.

In fact we also have established the following theorem.
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Theorem 2. Under the assumption of Theorem 1 and F'(1) > 1, let |2S| denote
the cardinality of the set of all integers of the form [F(x)] + [F(y)] where x and y are
integers with 1 < x,y < n. Then

n 25| )%
F”(n) F“(n) '

Theorem 2 is a particular case of the direct additive problem. On this topic we refer
readers to the work of G. Elekes, M. B. Nathanson and I. Z. Rusza [1].

Corollary 2. For a fited A > 0 and 1 < o < 3 let |2S| denote the cardinality
of the set of all integers of the form [Az®] + [Ay®| where x and y are integers with
1 <x,y<n. Then

n? < n|28|5 + +n<

n® Ka,4 |25 Ka,a n.

Corollary 2 establishes the exact order of the cardinality of |2.S] for this special case.

2. Preliminary remarks

For a given strictly increasing sequence of integers f(1), ..., f(n) we denote by Jy = Jy(n)
the number of solutions in the positive integers of the equation

f@)+fy) =flw)+ flv) (A<z<y<nl<u<o<n)

Obviously, J < 4.Jy. Therefore, in order to obtain an upper bound for J it is sufficient
to obtain an upper bound for Jj.

Let s1, 82, ..., 8, be distinct numbers of the form f(z)+ f(y) (1 <x <y <n)and
denote by m; the number of solutions of the equation s; = f(z)+ f(y) (1 <z <y <n).
Without loss of generality we may suppose that

mq Z mo 2 Z mey. (2)
Obviously,
JO:ZmJZ (1§mj§n,w§n2) (3)
J<w
J<4Y md (X,c.mi = 3n(n+1)). (4)
Jlw

Let s1, 52, ..., s, be those of s;, for which m; > ... > my, > 2. Then J < 4Zj<k m?+4n2.
Under the conditions of Theorem 1 and F’(1) > 1 our aim is to obtain the estimate

my+...+m, <Cy <m‘% + F’Zn) +n<F”2n)>§> (5)

for any r with 1 < r < w where (7 is an absolute constant. Theorems 1 and 2 will
follow from (2) - (5). Obviously, in order to establish (5) it is enough to consider only
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those r for which » < k. Therefore we will suppose that £ > 1. We need the condition
F'(1) > 1 in order the sequence [F(z)] (1 < x < n) being strictly increasing. The case
F'(1) < 1 will be reduced to the previous one.

For a given [ with 1 <[ < n we denote by J; = J;(n) the number of solutions of the
Diophantine equation

f@x)+ fly) = flx+1) + f(2) (I<z<y<naz+l<z<n).

We need the following result from [2].

Lemma. Suppose ®; = ®;(n) (1 <1< n) is a sequence of real numbers such that
Jp < ®; for all 1. Then for any positive integer v with 1 < r < k there exist a real
number a and positive integers q and ly,...,14,lq+1 such that either

O, >Lmi+..4+m), L <2nr(my+..+m) "

1= 3
or
h<..<lg<lgp1<n, 0<a<P,,
Q4.+ P, +a=(my—1)+ ...+ (m, — 1)
Lh®y, + .. + 1P, +lgp1a < nr
hold.

3. The case F'(1) > 1

In this case f(1) < f(2) < ... < f(n) and we may apply the Lemma. In order to apply
it we estimate J; which is the number of solutions of the equation

[F(x)]+ [F(y)] = [F(x+ )]+ [F(2)] I<z<z+i<z<y<n).
Let us prove that y — 2z < 31. If y = 2 + [ + dp, then

24+ F(x+1) = F(x) > F(z+1+d) — F(2)
=F(z+1)+ 06F (2 + 1+ 05p) — F(2)
> F(x+1)— F(z)+ do

whence dp < 2, i.e. y— 2z < 31. We may fix z = 2 such that J; < nJ] where J] is the
number of solutions of the equation

[F(z + D] = [F(2)] = [F(20 + 0)] = [F(20)]

in the variables x and § subject to d < 3/ and z + 1 < n. Then

Jisn Y Ji0) (6)

0<8<3l
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where J/(9) is the number of solutions of the equation
[F(z + D] = [F(2)] = [F(20 + 0)] = [F(20)]

but now in one variable x subject to the condition x + [ < n. If x( is the least solution
of this equation, then we have

(F(z+1) — F(z)) — (F(zo+1) — F(x0)) <2

whence using F"’(x) < 0 we have

I(z — z0)F" (n //F”¢+w)d¢dw<2

Thus x — zp < + 1 and therefore J/(6) < F,?(n) + 1. From (6) it follows that

F//( )

J; < + 3in.

F//( )

We apply the Lemma with ®; = 6(%@) + In). The aim is to obtain inequality (5)
for any r with 1 <r < k. According to the Lemma two cases are possible. In the first
case we have

6<l1n+ (mi+...4+m,), 1 <2nr(mg+...+m,)""

F’Zn)) 2 %

from which inequality (5) follows. Now, assume the second case holds, i.e. for a given
r there exists a real number a and positive integers ¢ and [y, ...,1; such that

n
h<..<lg<lgz1<n, 0<a< 6(nZQ+1 + F”(n)>

6<nl1+FHTEn))+ —|—6(nl +F"Tz ))+a:(m1—1)+...+(mr—1)

611<nll—|— F”TEn)) +...+61, (nl + ) +lg41a < nr.

)
If(m —-1)+..4+(m.—1) < %, then inequality (5) holds. Suppose now that
(mi — 1)+ ..+ (myp — 1) > B0 If g < 220 then a < (m1_1)+'5'+(mT_1) and

77 (n) F(n)’
therefore we have the system

h<..<lg<lgy1<n )

6<nl1 + F”(n)> + .. +6<nlq + F’Zn)) > %(ml + ...+ m,)
o+ 61 (il +

n

601 (nl + o

)Sn’r

F’Zn))

qg<(mi+ms+..+m,.)

[N

n

Nf=
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Ifa > F,,( i then [;41 > 15~ and we would get the system

h <..<lg<lgy1<n
n n 1
6(nl1+ F”(n)> + .. +6<nl + F”(n)) +a> g(m1+...+mr)
n - C®)
b (nl )+ et 6l + es) + g <
61n1+F”(n LR F”n +12n_nr
q<(mi+mo+..+m)in"3

Vs

Now note that if in (8) we take a = 0, then we would get system (7). Therefore, it is
sufficient to obtain (5) by using system (8) for a > 0. So, let (8) be true for some a > 0.
Among [y, ...,l;, some may be less than F+(n) Let

h<..<li<

1
t W§1t+1§...§lq<n

(if such t does not exist or ¢t = ¢, then the proof is analogous). From system (8) we have

12tn 1 )
() + 12n(lyr + ...+ 1g) +a > g(ml + ...+ my)
6(l1 + ...+ lt)n 2 a? 9)
— < .
F(n) + 6n (lt+1 + ...+ )+ Tom nr
t<qg<(m +m2+...+mr)%n_% J
Therefore
mi+ ... +m,
1
F”( )+lt+1+ —|—l +12n> 36m (O)
t2 9 2 r
F(n )+lt+1+...+lq+72n2 gg. (11)

If F,,t(n) Mt then from (11)

r 2 -2
5 > Fr(n) > (my + ... + m,)?(72n)"°F"(n)
follows from which we derive (5). Let now F,,t(n) < Madetie  Then from (10) and (11)
we have T
ma me
l e+l
R A T 2n
2 7
o+ +12 (L) < -
P PP o lq + on) =6

Taking into account (9) we have

1 2
—(lt+1+ g+ ) > (my + o+ my)in 27272
12n

Chlﬁ
IS
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and therefore my + ... + m, < 100nr3. Thus, estimation (5) is proved for all 7 with
1<r<kand therefore for all r < w.

Now, Theorem 2 follows from (5) by using (4) if we take 7 = w. In order to prove
Theorem 1 we note that for any r

either my+...4+m, < 3C’1m“% (12)

o I 301%
r m m, <
1 F”( )

or mi—+..+m, < 301n<

(13)

F”T(n)>% (14)

Let B; be the set of those r for which (12) takes place. Then for r € By we have
m, < 3Cinr— 3. Therefore

Z m? < Z (3Cynr—3)2 + Z 3Cin(n?) " im, < n

’I"EBl

wwx

3 3
r€B1,r<n?2 reéBy,r>n2

Let Bs be the set of those r for which (13) takes place. Then using m, < n we easily
get

At last, let Bs be the set of those 7 for which (14) takes place. Then m, < n(rF”(n))"2
and therefore )
9 n _1 _n-logn
Z my. S Z F”(n) r < F”(n) :

Now Theorem 1 follows from (4)

4. The case F'(1) < 1

This case we easily reduce to the previous one. Let J be the number of solutions of the
equation
[F(o)] + [F(y)] = [F]+ [Fv)] (1 <zy,u0<n)

Then
F(z)+ F(y) = F(u) + F(v) + 20
where 6 is some function subject to |#] < 1. Taking g(z) = 5,((:’31)) we have
20
9(x) +9y) = 9(w) +9(v) + T3

Therefore

sy < (@] + ) = (9] + b)) < -
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If we denote by E(k) the number of solutions of the equation

then

But

lg(@)] + 9] =lgw)] +[g()]+k (1 <z,9,u,0<n),

J< Y E(k).

E(k) < E(0). Therefore

Taking this into account and that ¢’(1) > 1 we obtain the desired estimation of J by
estimating F(0) using the previous result in Section 3.
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