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Iteration Procedures of Shuttle Iteration Type
in
Continuous Non-Monotone Problems

D. Rachinskii

Abstract. We suggest and study iteration procedures converging from below and above to
robust stable solutions and to robust stable continuous branches of solutions for quasilinear
boundary-value problems with continuous non-monotone non-linearities. The iterations are
constructed by modifications of the shuttle iteration method, which is used in problems with
monotone operators leaving invariant a cone interval.
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1. Introduction

Consider the equation © = Tz in a Banach space with cone semiordering [4, 11]. If
the operator T' is monotone and maps some cone interval into itself, then in general
situations this equation has a solution in the cone interval. Moreover, under natural
conditions, there are solutions possessing important additional properties: robust stable
solutions of equations with continuous operators, regular solutions of equations with
discontinuous operators (a solution is called regular if it is a robust stable continuity
point of the discontinuous operator T'), robust stable continuous curves and continuous
branches of solutions. The existence of such solutions is proved in [5, 8, 9, 14, 15] (see
also references therein). Some other methods and results can be found, e.g., in [13].

In [8], the authors suggested a special iteration procedure called the shuttle iteration
method to construct robust stable and regular solutions of equations with monotone
continuous and discontinuous operators. The iteration procedure converges to such
solutions and contains their upper and lower estimates.

In this paper, we consider problems with continuous, but non-monotone operators.
The problem can be reduced to the Hammerstein type equation z = B f:c with linear
positive compact operator B and nonlinear non-monotone superposition operator f .
By modification of the shuttle iteration method, we construct iteration procedures that
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converge from below and above either to a robust stable solution of the problem, or to
a robust stable continuum of solutions.

We use the iterations
Tpr1 = Than = (I + anB)_lB(fn + apl)xy,,

where fn are Lipschitz continuous approximations of the non-linearity f . The numbers
o, are sufficiently large (generally speaking, «,, — o0), the operators T,, are monotone
for all n.

2. Problem statement

Consider a bounded closed domain © in the space RN (N > 1) and the differential
expression

N
L= a;lt (% 8t Zb c(t)x (2.1)
i,j=1

where t = {t1,...,tn} € Q and the coefficients a;; satisfy the ellipticity condition

N N
— Y a(&E =a) & (a>0,teq)
Q=1 i=1

Let us use the same notation L for the linear differential operator defined by differential
expression (2.1) and the zero boundary condition

() =0  (tedQ). (2.2)

This operator is considered in the space C(2). The coefficients a;;, b;, ¢ and the bound-
ary 0f) of the domain €2 are supposed to be sufficiently smooth, which guarantees the
following classical properties of the operator L (see, e.g., [1, 12]).

(i) The resolvent set of the operator L contains an interval (—oo, —ayg). Every
operator Ala] = (L+al)™! with a > ag (here I is the identity) is completely continuous
in the space C(Q) and positive with respect to the semiordering generated by the cone V)

K, = {m € OQ): x(t) >0 for all t € Q}

of non-negative functions, i.e. Ala]xz € K for every x € K.

In this paper, we study the quasilinear boundary-value problem

Lx = f(t,x) (2.3)

U The general theory of Banach spaces with cone semiordering can be found in [4, 11]. We
only use some notation and simple facts.
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where the nonlinear function f: 2 x R — R is continuous with respect to the set of its
arguments. By property (i), problem (2.3) is equivalent to the equation

z = Flo]z := Ala](fz + ax) (x € C(2)) (2.4)

for every a > ap, where f : C(Q) — C() is the superposition operator (fz)(t) =
f(t,x(t)) generated by the function f. Everywhere it is assumed that the non-linearity
f satisfies the estimates

h(t,x) < f(t,x) < g(t,x) (t e, zeR) (2.5)
and the problems
Lx = h(t, )
(2.6)
Lz = g(t,x)

have solutions z_,z; € C(Q) such that
z_(t) <z (t) (t € Q). (2.7)

The functions h and g are supposed to be continuous with respect to the set of their
arguments; the existence of solutions (2.7) is discussed in Section 6.

Under the assumptions above, property (i) implies that for every sufficiently large
o > ag the operator F[a] maps the convex closed set 2

(r_,24) = {x € OQ): z_(t) < a(t) < x4 (t) forall t € Q}

into itself (the details are in the next section). By the Schauder principle, there is at
least one solution of equation (2.4) or, which is the same, of problem (2.3) in (z_,z).

We are interested in solutions possessing additional properties.

A solution z, = z.(t) of (2.3) is called robust stable if for every ¢ > 0 there is a
0 > 0 such that any problem
Lx = fi(t,z) (2.8)

with a continuous non-linearity f; satisfying
Alta) - fta) <6 (e aeR) (2.9)

has at least one solution Z, satisfying ||Z. —z.|lc < . In other words, problem (2.8) has
a solution in arbitrary small vicinity of the robust stable solution of problem (2.3) when-
ever perturbation of the nonlinearity is uniformly sufficiently small ®). In particular,
any isolated solution of (2.3) with a non-zero topological index [10] is robust stable.

In the Sections 3 - 5 we construct and study a number of iteration procedures that
converge either a to a robust stable solution of problem (2.3), or to a robust stable
continuum of solutions (see the exact formulations below). Section 6 contains some
discussion of the results and examples. Further, Sections 7 - 8 contain the proofs.

2 This set is called a cone interval.
%) We consider perturbations of the non-linearity only. Also, it is possible to consider pertur-
bations both of the linear and nonlinear parts of the problem.
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3. Existence of robust stable solutions

Set p = max{||z_||c,||z+]lc} + 1. We use a fixed increasing sequence of functions h,,,
h(t,z) < hi(t,x) < ho(t,x) < ... < hy(t,x) < ... (teq, |z| <p) (3.1)
and a decreasing sequence of functions g,
g(t,x) > g1(t,x) > ga(t,x) > ... > gn(t,x) > ... (teQ,|z| <p) (3.2)
that converge uniformly to the function f from below and above:

lim max |h,(t,z) — f(t,z)] = lim max |g,(t,x) — f(¢t,z)|=0. (3.3)

n—0o0 teQ,|z|<p n—oo te,|z|<p
All the functions g,, h,, are continuous in ¢ and Lipschitz continuous in x:
|hn(t,z) — han(t, y)] < anlz — 9
\gn(t,x) - gn(tvy)| < ﬁn’x - y|

Evidently, sequences (3.1) and (3.2) can be constructed for any estimates (2.5) (possibly,
it should be that «,, 3, — o0). The functions g, g,, h, h,, generate continuous bounded

A A

superposition operators g, gn, h, hy, in the space C().

(t €9 [xf, [yl < p). (3-4)

Without loss of generality, suppose that the sequences of the Lipschitz coefficients
Qn, 3, are non-decreasing and oy, 81 > ), therefore the operators Alay,] = (L+a, 1)1
and A[3,] = (L + 8,1)! are defined and positive for all n. Set

H, = Alay](hn + anl)
Gn = A[ﬂn](gn + ﬁnI)

Since the functions h,,(t,z) + a,x and g, (¢, z) + B,z increase in z for t € Q and |z| < p,
it follows that each of the operators H,,, G,, is monotone on the cone interval (x_,z,),
ie.
r<y, ,y€{r_,ry) = Hpux<Hyy, Gpz<Guy; (3.5)
here and henceforth we write ¥ x <y, or y > x, whenever y — z € K.
The estimates h(t,z) < h,(t,x) < gn(t,z) < g(t,x) imply the relations

t_ = Alay](he_ 4 apz_) < Hyr— < Hyxy < Alog|(§24 + anzy) = 24
t_ = AlBp)(ha_ + Bnz_) < G < Gnay < AlBn](§24 + Bn)rs = x4,

hence each of the operators H,, and G, maps the cone interval (z_,x,) into itself 5),
Therefore for every zg,Zo € (x_,x4) and every n the sequences

oy =z, o\ = HuyM, (k> 1) (3.6)
W =0, 2V =GurY) (k>1) (3.7)

4 The relation z < y is the semiordering generated by the cone K in the space C/(€).

5) This implies that the operator F[a] also maps the set (z_,z,) into itself whenever o is
sufficiently large. Indeed, one can take aqy = 81 = . Then the estimates hi(t,z) < f(t,z) <
g1(t,x) imply Hiz < Fla]Jr < Gix and therefore the inclusions Hix,Giz € (x_,zy) imply
Flajx € (x—,z4) for all z € (z_,x1).
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are contained in (z_,x,).
We use sequences (3.6), (3.7) with initial values zg, Zo € (x_,x4) such that
o> H,x
o (3.8)
To < GnZo.

Relations (3.5) and (3.8) imply that sequences (3.6) and (3.7) decreases and increases,
respectively:

yM> s sy s (3.9)
V<M< <M< (3.10)

Since the operators H,,, GG,, are completely continuous, it follows that monotone bounded
sequences (3.9), (3.10) are compact and converge to solutions y., z. € (r_,z) of the
equations © = H,z,x = G,z, which are equivalent to the problems Lz = h,(t,z), L =
gn(t, ).

For every n denote by u,, the limit of the decreasing sequence

Lemma 1. The sequence of solutions u,, € (x_,xy) of the problems Lx = hy(t,x)
increases and converges uniformly to a solution u, € (x_,x4) of problem (2.3).

By Lemma 1,
Uy (t) = lim lim ((H,)Fz)(t) = supiréf((Hn)kar)(t). (3.12)

n—oo k—oo n

Now, for every n consider the sequence
zén) = Uy, z,gn) = an,(i)l (k>1) (3.13)

with initial value (3.12). Since u, = A[Bn](fus + Bntis) < Gnuy, sequence (3.13) in-
creases and converges uniformly. Denote its limit by v,.

Lemma 2. The sequence of solutions v,, € (x_,x) of the problems Lx = g, (t,x)
decreases and converges uniformly to a solution v, € (x_,x) of problem (2.3).

By construction,
v, (t) = lim lim ((G,)"u,)(t) = inf sup((Gy)*us ) (t) (3.14)

n—00 k—o00 n o L
and u, < v,, the cone interval

(Us,v4) = {2 € C(QN) : ue <z < 0.}
is included in (x_,z). Simple examples show that the points u, and v, can be different
(see Section 6), or they can coincide.

A set M C C(Q) is called a continuous branch connecting the points u, and v, if
Us, Vs € M and M N OU # () for any bounded open domain U C C(2) such that either
Uy € Uyve €U or uy € U,v, € U; here OU is the boundary of U.

Denote by Il the set of all the solutions of problem (2.3). A non-empty subset IT
of the set Il is said to be robust stable if any e-vicinity

m :{:ceC(Q): ;glf_lux—yucq} (e > 0)

of IT contains at least one solution of every problem (2.8) such that estimate (2.9) holds
for a sufficiently small 6 = §(e) > 0.
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Theorem 1. Let u,, v, be solutions (3.12),(3.14) of problem (2.3). The following
statements are valid:

1. If uy = vy, then u, is a robust stable solution of problem (2.3).

2. If uy is an isolated solution, then u, = v, and for every a > «qg the function u,
18 a singular point of the topological index 1 for the completely continuous vector field

r— Ala)(f +al)z, xeC(Q). (3.15)

3. If ux # v, then the set of all solutions of problem (2.3) that lie in the cone
interval (uy,vy) is a robust stable continuous branch connecting the points u. and v,.

By statement 3 of Theorem 1, problem (2.3) has a continuum of solutions in (u,, v.)
if uy #£ v,

If problem (2.3) has at most a countable number of solutions, then by statement
1, at least one of them is robust stable. If the number of the solutions is finite, then

statement 2 is applicable, hence there is a robust stable solution of the topological index
1.

4. Approximation of solutions

In this section, we construct some iteration procedures converging to solution (3.12) of
problem (2.3). At every iteration, the linear problem

Ly+ay=¢ (4.1)

should be solved for given ¢ € C(2) and o > .

Lemma 3. Suppose that for some n sequences (3.6), (3.7) are contained in the cone
interval (x_,x1) and relations (3.9), (3.10) hold. Suppose

hn(t,x) < ¢(t, z) < gn(t,x) (teQ, |z <p) (4.2)
where the function ¢ is continuous in t and Lipschitz continuous in x:
6t x) — ot y)| <clz -yl (€ |2yl < p). (4.3)
Set (¢z)(t) = ¢(t,z(t)) (x € C()). Then for any fived a > ap the estimates
2., (1)

(n) (n)

Ale](dy,, " +ay, ) >y, (4.4)
Ala](¢2" + azl) < 2™
are valid for all sufficiently large k.
By Lemma 3, the elements of sequence (3.11) satisfy
Hy oy >y (4.5)

for all sufficiently large k. Recall that y,(cn) — Up,.
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Theorem 2. Let {s(n)} be an arbitrary sequence of indices such that for every n
the element yg?gb) of sequence (3.11) satisfies (4.5), i.e. Hn+1y§?g) >>y£7(2). Then the
relations

u1<<y£8)<<uQ<<y§2)<<...<<un<<y§?7)l)<<un+1<<...

are valid. Therefore the sequence {yn} = {yiz)l)} (n > 1) converges uniformly from
below to solution (3.12) of problem (2.3).

Let g, be the first element satisfying (4.5) in sequence (3.11), i.e. g, = yi?i) with
s(n) = min {k : H, 1y >y (4.6)

By Theorem 2, the functions ¥,, monotonically and uniformly approximate the function
uy from below. To find the approximation g, of order n, one needs to construct a
(n)

finite number of elements y, ~ of sequence (3.11), the initial element is always x,.. The
required number (4.6) of iterations (3.11) is not known a priori, therefore the function

Hn+1y,(€n) should be also constructed and compared with y,(gn) for each £ € N. The

calculations for a given n are complete as soon as relation (4.5) is valid, this means that
k = s(n) and yén) = 9,. Then, one can proceed to the construction of the approximation
of next order.

Now consider the situation when the functions x_,z, are not known. Instead,
suppose we are given the function o = Zo(t) € (z_,x4) such that G1Zo> Zy. By
Lemma 3, the increasing sequence

20 = i‘o, Zm = Glzm_l (m Z 1) (47)

contains a subsequence {z,, } such that Hy,z,, < z,, (n > 1); it is natural to select
this subsequence by the rule

mg =0, m, = min {m > Mp—1: Hpzm <<zm} (n>1).
(n) (n)

For every n one can construct the elements y; 7, ... »Ys(n) of the decreasing sequence

where s(n) is given by (4.6).
Theorem 3. The sequence {d,} = {ygg)} increases. If

9=9, Ty =2z = lim 2, (4.9)

m—00

then the sequence {d,} converges uniformly from below to solution (3.12) of problem
(2.3).

Relations (4.9) are not an additional restriction. Indeed, if they are not satisfied
originally, we can consider them as a new definition of the functions ¢ and x,. This
definition is correct, since the limit z, of sequence (4.7) is a solution of the problem
Lz = ¢g1(t,z) and the inequalities

h(t,x) < f(t,x) < g1(t, z), T <L 2y

are valid, i.e. both our main hypotheses (2.5) and (2.7) are satisfied for the new functions
(4.9) and the original functions h, x_. Also note that Zo € (x_, z,).
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5. Two-sided approximations

Here we construct iteration procedures that converge to a robust stable solution © of
problem (2.3) (or to a robust stable continuum of solutions) and contain both upper and
lower estimates of the solution (the continuum of solutions, respectively). Everywhere
Zo € (x_,xy) is a given function such that Zo < G1Zg.

The first iteration procedure is a simple modification of the shuttle iteration method
of [8]. Set @iy = o and define the sequences ,, and ¥,, by induction as follows. Suppose
the function @, _; is already constructed; then v,, is an element of the sequence

20 =Up—1, 2r=Gnzr—1 (k>1), (5.1)
namely, it is the first element such that
Gni12k < 2k, H, 2z < 2. (5.2)
The function u,, is the first element satisfying

Hpv 1y > yr, Gn+1Yk > Yk (5.3)
in the sequence
Yo = ﬁna Yk = Hnyk—l (k > 1) (54)

The existence of the functions v,,, @, for each n follows from Lemma 3. If a; < (G5 <
ay < B3 < ..., then the first relation implies the second one in (5.2) and (5.3).

Theorem 4. The sequences {uy,} and {0,} converge uniformly to solutions u, and
vy of problem (2.3), respectively, and the relations
U LU <L e LUy Lo LUy LV L LUy L KL Vg K D (5.5)
hold. The set of all solutions of problem (2.3) contained in the cone interval (uy,vy) is
robust stable (if u, = vy, then u. is a robust stable solution).

Now, consider sequences {u,},{0,} that converge to a robust stable continuous
branch of solutions of problem (2.3). Together with the sequences {u,,}, {v,}, we con-
struct an auxiliary sequence of functions w,,, 4, < w, < v,, and sequences of indices

l=tpg<ni <... <1, < ...
l=jo<pn<...<jn<...
such that
Uy < Hj Uy, Up>G5,Up, wy <G4 wy (n >0). (5.6)

Set wg = g, up = z_ and ¥9 = xy. Then relations (5.6) are valid for n = 0 (the
functions z_, x4 can be unknown, we do not need to construct them). Further elements
of the sequences {w, },{u,},{v,} are defined by induction.

6 The solutions constructed in this section can differ from the solutions u. and v, defined
in Lemmas 1 and 2.
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Suppose that for some n relations (5.6) hold and the function w, is already con-
structed. Lemma 3 implies that the increasing sequence

20 =Wpn, 2Zm=Gi, 2Zm-—1 (Mm>1) (5.7)
contains a subsequence {z,,, } such that
Hj, i k2m, < Zmy, Gi, +12m,;, < Zm,, - (5.8)

For every k > 1 consider the decreasing sequence

k k k
U =z U = Hyoayyy (0>1) (5.9)

and denote by dj, the first of its elements satisfying yék) < H jn+k+1yék). The functions

Jl, ds, ... can be constructed in the same way as the functions d;,ds, ... in Theorem 3.

Lemma 4. The sequence {dy} increases, converges to a solution of problem (2.3),
and B 3
dk—H < Gz‘n—i—ldk (5.10)

for all sufficiently large k.

Suppose the functions cil, e ,Jko, dko+1 are constructed, where kg is the smallest of
the indices k, for which relation (5.10) holds. Define
U g1 = di,, Jn+1 =Jn T ko + 1.

By construction, Czk0+1 >H;, HCZ%H. Therefore the sequence

Yo = Jk0+1, Ym = Hj Yym—1 (m > 1) (5.11)
decreases and contains a subsequence {y,, } such that
Hjn+1—|—1ymk = Y Gin+kymk = Ymy, (]{7 > 1)-

Every function y,,, determines the increasing sequence
k k k
A = Y 2 = Gz (02 1); (5.12)

denote by dj, the first of its elements satisfying zék) > Gin+k+1z§k).

Lemma 5. The sequence {dy} decreases, converges to a solution of problem (2.3),
and B B
dk_|_1 >>Hjn+1—|—1dk~ (513)
for every sufficiently large k.
Set B B
@n—i—l == dk17 Wp+1 = dk1—|—17 in—l—l - Zn + kl +1
where k; is the smallest k, for which (5.13) holds. This completes the definition of the
sequences {u,} and {v,}.
Theorem 5. The sequences {u,} and {v,} converge uniformly to solutions u* and
v* of problem (2.3), respectively, and the relations
NKLU <L LUy < <K<U KV K KLV, K- KL Vg K1 (5.14)

are valid. If u* = v*, then u* is a robust stable solution. If u* # v*, then the set of
all solutions of problem (2.3) contained in the cone interval (u*,v*) is a robust stable
continuous branch connecting the points u* and v*.
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6. Remarks

6.1 Smoothness of solutions. Throughout the paper we consider continuous solutions
of problem (2.3). If the boundary 02 of the domain 2 and the coefficients of operator
(2.1) are sufficiently smooth (see, e.g., [12] for exact requirements on smoothness), then
for every p € C(Q2) and a > ag the solution y = A[a]p of linear problem (4.1) possesses
Holder continuous first derivatives in Q, i.e. y € C(1)(Q) for some € € (0,1). Moreover,
if ¢ is Holder continuous, then y = Afa]p is a classical regular solution of (4.1). This
implies that any continuous solution z, of nonlinear problem (2.3) with continuous
non-linearity f lies in C()(Q); if the function f satisfies the Holder condition

‘f(t,iﬂ) _f(Tay)’ < Cl|t_7—|5 +C2|x_y|6 (taT € Qa T,y € Ra €€ (031))7

then every solution z, is regular, i.e. z,. € C(2) N C?(Q\9Q).
Observe that solutions of linear problem (4.1) are defined by

y(t) = (Alalp)(t) = /Q G(t, 7 0)p(r) dr

where G(-,-;a) is the corresponding Green function. Therefore iterations (3.6), (3.7)
have the form

y (1) = / G(t, 75 ) (7, 5™ (7)) + g™, (7)) dr
« (k>1).

A0 = [ 60755 (90(r. 5 () + Busf, (1) d
Q

In the simplest cases, the Green function of problem (4.1) is known explicitly. For
example, this is the case for the scalar problem

—y" +py + (g + )y = 90}
y(0) =y(1) =0

with constant coefficients.

6.2 On the existence of upper and lower solutions. Given problem (2.3), an
important question is how to construct problems (2.6) that have solutions z_, x sat-
isfying (2.7). Consider two examples where we use the methods of one-sided estimates
[10] and potential bounds [6, 7]. We also refer to the variety of results on upper and
lower solutions (see, e.g., [2] and the references therein).

Below we denote by Ao the smallest real eigenvalue of the operator L. This eigen-
value is simple and Re\ > )\ for every other eigenvalue A of L (see, e.g., [4]). Suppose
that for some k < Ag the one-sided estimate

signx f(t,x) < klx| + g (teQ,xeR) (6.1)
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holds, where ¢ > 0. Then bounds (2.5) can be defined by the formulas

h(t,z) = min{/fx —q—1,f(t,z) — 1}
g(t,z) = max{mc +q+1, f(t,z) + 1}.

Relation (6.1) implies that A(t,x) = kx — ¢ — 1 for x < 0 and ¢g(¢t,z) = kz + g+ 1 for
x > 0. Denote by x_,x the solutions of the linear problems

Lr =kr—q—1

Lx=rkx+q+1,
ie. x4 = A[—k](qg+1), _ = —x,. Since —k > —\g, the operator A[—&] is positive, 7
hence
ro <0<y (6.2)

and therefore the functions x_, z; are solutions of problems (2.6). These solutions can
be used as initial values for the iteration procedures considered in Sections 4 and 5.

The next example is based on the method to study problems with self-adjoint posi-
tive operators by analyzing potential bounds of nonlinear terms. To be simple, consider
the scalar problem

2+ ft,z) =0
z(0) = z(m) = 0.
Here L = —% and the smallest eigenvalue of L is \j = 1. Suppose that the primitive

of the function f (with respect to the variable x) satisfies the quadratic estimate

/Omf(t,g)dégﬁ:r2+q (t € 10,7, z € R) (6.4)

with some x < 22 = 1; by the Golomb theorem [3], estimate (6.4) implies the existence

of a classical solution of problem (6.3). Define bounds (2.5) of the function f by

h=f-c

o= te (6.5)
where ¢ > || f(-,0)||c and therefore
h(-,0) <0< g(-,0). (6.6)
From estimate (6.4), the similar quadratic estimates
| s9de < s+
0 (t € [0,7], z € R) (6.7)

/x h(t, &) dé < kiz® + q1
0

Tt is easily seen that property (i) is valid for ay = —Mo.
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with 1 € (k, 3) and q1 > g+ (k1 — k) ! /4 follow for the primitives of functions (6.5).
Relations (6.6) and (6.7) imply [6] that the auxiliary problems

" +h(t,r) =0, 2" +g(t,x)=0, z(0) =x(r) =0 (6.8)

have solutions z_,x satisfying (6.2). The functions x_,z are not known, but their
norms can be estimated explicitly for given k1, q;.

In both examples, one can choose the function g; so that g;(-,0)>0. Then the
operator (31 takes the identical zero to the non-negative function A[51]g1(-,0), therefore
Theorems 3 - 5 are valid for iteration procedures with initial value zo = 0.

6.3 Example with continuum of solutions. The simplest example of problem (2.3)
with robust stable continuum of solutions is

Lz = (Ao — 1)z + () (6.9)

with

0 ifz<O

Ye)=< 2z if0<zr<1

1 ifx>1.
The solutions of problem (6.9) are the functions z = uy (0 < & < 1) where ug is
the non-negative normed eigenfunction of the operator L corresponding to its simple
eigenvalue A\g. The right-hand side of (6.9) satisfies estimate (6.1) with kK = Ay — 1,
q=1.

Consider the problems

Lxr =X — 1Dz + (1 —e)y(x)
Lx = ()\0 — 1)113 + T/J(IL‘) —+ EUp

with e € (0,1). It is easily seen that the first of them has a unique zero solution. At the
same time, the norm of any solution of the second problem is greater than 1. Therefore
the identical zero and the function ug are included in every robust stable closed subset
of the set of solutions of problem (6.9). Thus, all the iteration procedures of Sections 4
and 5 converge to the solutions u, = 0,v, = ug of (6.9) (for any sequences (3.1), (3.2))
and the solution set £ug (0 < £ < 1) of this problem is a robust stable continuous
branch. Note that none of the solutions is robust stable itself.

6.4 Other applications. The methods of this paper are applicable to any problem
(2.3) with linear operator L satisfying condition (i) and non-linearity satisfying the
assumptions of Section 2. The iteration procedures should be constructed in the same
way as in Sections 4 and 5, the theorems hold without any change in formulation. For
example, this is true if the elliptic operator L is defined by differential expression (2.1)
and the Newton boundary condition

ox
% +0(t)x=0 (t € 09)
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where v is the exterior normal at the boundary of the domain 2 and 6 is non-negative.
Condition (i) is satisfied for periodic problems for equations —z” +p(t)z'+q(t)z = f(t,x)
and ' = f(t,x), etc.

There is no need to use theorems of this paper if the function f is Lipschitz contin-
uous or even if it satisfies the lower Lipschitz condition

(z—y)(fta) = fty) = cl@—y)* (e |z |yl <p). (6.10)

Estimate (6.10) implies that the function f(t,z)+ az with any a > max{—c, ag} in-
creases in x on the segment [—p, p|. Therefore the operator F[a] is monotone on the
cone interval (x_,zy), which it maps into itself. Robust stable fixed points of such
operators (or robust stable continual sets of fixed points) can be constructed by the
shuttle iteration method.

7. Proof of Theorem 1

7.1 Proof of Lemmas 1 and 2. Consider the sequence {u,}. The equality Lu, =
hpu, is equivalent to
un, = Ala](hyn, + al)uy, (7.1)

for any o > . Therefore
Un—1 = Alan](hn_1 + anD)un_1 < Alo](n 4 o D) tin_1 = Hytpn_1.

Due to the monotonicity of the operator H,,, the relations wu,—1 < Hpup—1, tUp—1 < T4
imply that all the elements of sequence (3.11) satisfy y,gn) > y,_1. Therefore ® limy, y,(fn)
= Up > Up_1, i.e. the sequence {u,} increases.

Fix any a > «. Since A[a] is a compact operator and the functions h,, are uniformly
bounded, it follows from the relations u,, € (x_,z;) and (7.1) that the sequence {u,}
is compact, hence it converges uniformly to the function u, € (x_,z). Passing to the
limit in (7.1), we obtain u, = Ala](f + al)u,, therefore u, is a solution of (2.3). This
proves Lemma 1 B

The proof of Lemma 2 is by the same argument and we omit it.
7.2 Proof of statement 1 of Theorem 1. By Lemmas 1 and 2,
Uy, — Us, Uy, — Vs, Up, L Uy K Vs K Upy. (7.2)

Let us show that for any given n the set (u,,v,) contains a solution of problem (2.8)
whenever the function f; satisfies (2.9) for a sufficiently small § = §,,. Due to this fact,
statement 1 follows from (7.2) if u, = v,.

Take any n and any o > «ay,, 8,. Due to (3.1) and (3.2),

ho(t,z) < f(t,7) < gn(t,z) (L€ Q, |z| < p). (7.3)

8 Everywhere we consider the convergence in the space C(Q); it is not mentioned sometimes.
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Therefore there is a § = §,, > 0 such that (2.9) implies
hn(t7$> Sfl(t7x) Sgn(tvx) (ter ‘x| S,O)

and hence iLnu < flu < gnu for every u € (uy,,v,). From the estimates a > a,, 3, and
(3.4), it follows that the functions h,(t,z) + ax and g, (¢, x) + ax increase in x, hence

ﬁnun + auy, K fALnu + au
Int + au < gpv, + avy,

for all u € (uy,v,) and therefore
fznun + au, <K flu + au <K gnv, + au,.

Applying the positive operator Ala] to these relations and using equality (7.1) and the
similar equality v, = A[a](gn + al)v,, we obtain

Un < Ale](fru + au) < vy, (u € (Un, vn)),

i.e. the completely continuous operator Ala](fi + o) maps the cone interval (u,,v,,)

into itself. Therefore the equation = = Ala](fi + al)z equivalent to problem (2.8) has
a solution in (u,,v,) and statement 1 is proved B

7.3 Proof of statement 2. Suppose u, is an isolated solution of problem (2.3). The
relation u, = v, follows from statement 3.

Consider any € > 0 such that u, is a unique solution of (2.3) in the open ball
B(e) ={u € C(Q) : ||u—ullc < e}. We need to show that the rotation ? (I — Ala]
(f + al),dr) of the vector field (3.15) on the boundary dT' of some open domain T’
equals 1, where I' contains the point u, and the closure T' of T is contained in B(¢). Fix
any n such that (un,v,) C B(e) and any « satisfying o > a,, G, Set

by = teér,l\ixr}gp(f(t’ I) - hn(ta m))

b2 = teér}‘;ﬂlgp(gn(ta ZL') - f(ta CL')),

(7.4)

these numbers are positive due to (7.3). Now, take any § > 0 such that (u, — 9, v, +0) C
B(e) and the implications

|I - y’ S o — |hn(t7$) - hn(t7y) + Oé(:L‘ - y)‘ < bl (75)
lt—yl <o = |gn(t,x) —gn(t,y) + alz —y)| < by (7.6)

are valid for all t € Q and |z|, |y| < p. We define I' = (u,, — 6,v,, + 6) where § is the
constant function; I' is the non-empty interior of this cone interval.

9 For the definition, main properties, and methods of application see, e.g., [10] or any book
on the topological degree theory.
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Let u € I. Since o > a,, the function h,,(t, ) + ax increases in z, therefore

~ ~

fu+ ou = hpu+ ou+ (f — hp)u>(hy + o) (up — 0) + (f — by )u.

Here

A~

(f = hp)u>> by > (hy + oDty — (hy + o) (4, — 6)

due to (7.4) and (7.5), hence fu + au> hyu, + au, and consequently,

Alo](f + al)u> Ala](hn + al)u, = uy, (wel).

Similarly, the relation A[a](f + al)u < v, for each u € T follows from (7.4) and (7.6).
Thus, the operator A[a](f + ) maps the cone interval I’ to the smaller cone interval
(Up,vy) CT'. Therefore vector field (3.15) is linearly homotopic to the vector field u—u.
on the boundary OT" of the domain T', whence 10

~

y(I — Ala](f +al),0T') = v(I — u,,0r') = 1.

This formula is now proved for one value of a. To complete the proof of statement
2, it remains to note that vector fields (3.15) have the same zeros for all & > o (their
zeros are the solutions of problem (2.3)) and depend continuously on « uniformly with
respect to z, therefore the rotation v(I — A[a](f 4+ o), dT) is the same for all o > o B

7.4 Proof of statement 3. Let u, # v.. Denote by 1L, the set of all solutions of
problem (2.3) that lie in (u,,v.). As it is proved in Subsection 7.2., there is a sequence
9, — 0 such that the cone interval (u,,v,) contains at least one solution of problem
(2.8) whenever the function f; satisfies (2.9) for 6 = 6,, > 0.

Consider any sequence of problems Lz = f,(t,x) such that |f,(¢t,z) — f(t,z)| <
dn (t € Q,2 € R) and a sequence of their solutions x,, € (u,,v,). Due to the compact-
ness and continuity of the operator Afa], the equalities z,, = A[a](fn+al)z, imply that
the sequence {z,} is compact and any its partial limit satisfies x, = A[a]( f+al )Ty,
Ty € (Uy,Vs), 1.6. x, € II,. This proves the robust stability of the set IL,.

It remains to show that II, is a continuous branch connecting the points u, and v,
which is the main part of the proof. Consider any open bounded domain U C C (Q)
such that either u, € U,v, € U or v, € U,u, ¢ U. We need to show that

I, N U # 0. (7.7)

Consider the following two auxiliary lemmas.

19 The rotation (I — ., OU) is 1 if ux € U and is 0 if u. & U for every point u. and every
open bounded domain U; here U is the closure of U.
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Lemma 6. For any sufficiently large n and any m the implication
Up L2 <LV, Hpz>2z — 2¢9U (7.8)

18 valid.

Proof. Due to the monotonicity of the operator H,,, the relations H,z> 2z (z €
(x_,zy)) imply that all the elements of sequence (3.11) satisfy y,in) > z, hence the limit

uy, of (3.11) satisfies u,, > z. Therefore the implication
Uy L 2L Ty, Hyz>»>2 — z=u,

holds. From wu,, — ux, u. &€ OU it follows that u,, ¢ OU for every sufficiently large n.
This proves (7.8) i

Lemma 7. For every sufficiently large m there is a n = n(m) > m such that the
implication
Up L 2LV, Guz<z — 2z¢&0U (7.9)

18 valid.

Proof. Since v,, — vy, vy & U, the relation v, ¢ AU is valid for every sufficiently
large m. Let us fix such a m. We show that any sequence {z,} such that

Up L 2n L Vmy  Gimzn < 2Zp

converges to v,,, therefore (7.9) follows from v, ¢ OU.

The estimate g, (t,2) > hn(t, ) implies (Gm + BmI)tin > (hn + Bl )un. Applying
to both sides the positive operator A[f3,,], we obtain G,,u, > u,. From the relations
Gty > u, and G,,v,, = v,, it follows that the monotone operator GG,, maps the cone
interval (uy,,v,,) into itself. Therefore G,,z, € (u,,vy) for each n.

Consider any partial limit y, of the compact sequence {y,} = {Gnzn} (n > 1).
The relations y, € (Un,Vm), Un — U IMPly Yu € (Us, V). Also, Yy = Gzn < 2p
implies G,,yn <y, for each n, hence G,y < Y.

From the relations y, € (Us, Vm), Gmys < ys it follows that all elements of sequence
(3.13) with n = m satisfy z,(cm) < Yy, therefore v, = limy, z,gm) L Yy L Upp, 1.6, Yy = U
Since this is true for any partial limit y. of the compact sequence y,,, we conclude that
Yn — Um and the inequalities vy, < z, < v,, imply 2, — v, 1

For any sufficiently large m consider the cone interval (u,,v,,) such that both
implications (7.8) and (7.9) are valid; here n = n(m) > m. This cone interval is a
bounded convex closed subset of C'(2), therefore there exists a continuous projector P
onto this subset:

Pz=2z z€ (Up,Um), Pz € (up,vm), z€C(Q).
Consider the completely continuous vector field

O(z,\) =2—- NG, Pz— (1 — N, (z€U)
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depending on the parameter A € [0,1]. Recall that the operator G,, maps the cone
interval (u,, v,,) into itself. Therefore the inclusions Pz, v, € (uy, vy, ) imply AG,,, Pz +
(1 — Nvp, € (up,vy,) for any z and A, hence every zero z* of the vector field ®(-, \)
satisfies

2" = NG 2" + (1 = N, U, < 2¥ = Pz" <v,,.

This means that either A = 0, 2* = v,,, or A > 0, 2* > A\G,,,z* + (1 — A)z*. In both cases,
2* > Gpz* and by Lemma 7 z* & OU, i.e. the vector field ®(-, \) is non-degenerate on
OU for each . Therefore the rotation v(®(-, \), 0U) of this field on the boundary oU
of the domain U is defined and this rotation is the same for all A € [0, 1]. In particular,

(I = Gy P,OU) = 4(I — vy, V) (7.10)

for A\=1and A =0.
Now consider the vector fields V(z,a) = z — A[a](Gm + ol )Pz with the parameter
@ = P For a = [,
U(z,Bm) = P(2,1) = 2 — G, Pz. (7.11)

Since Ala], gm + ol are monotone operators for a > 3, and g,,(t,x) > hy(t,z), the
inclusion z € (uy, vy,) implies

tUn = Ale](hy + o)ty < Ala](Gim + al)z < Al (Gm + D) vy = U, (7.12)

hence the operator A[a](gm + al) maps the cone interval (uy,, vy,) into itself. Therefore
U(z,a) = 0 if and only if

z = Ala)(Gm + al)z, 2= Pz € (Un,vm),

i.e. the zeros of the vector field ¥(-, a) for each « coincide with the solutions of the
problem Lz = g, (¢, x) lying in the cone interval (u,,v,,). We see that all the vector
fields U(-, ), @ > [, have the same zeros, hence they are non-degenerate on U
together with field (7.11). Since the vector fields ¥(-,«) depend continuously on «
uniformly with respect to z, they have the same rotation on OU and (7.10) implies

y(I — Ala)(Gm + «I)P,0U) = (I — vy, 0U) (> Bm)- (7.13)
Similarly one can prove the formula
(I = Ale](hy + )P, 0U) = v(I — u,,0U)  (a > ). (7.14)

Lemma 6 implies that the vector fields z — AH,, Pz — (1 — A\)u,, are non-degenerate on
oU for all A € [0,1] and therefore v(I — H,P,0U) = v(I — u,,0U), i.e. (7.14) is true
for « = «,,. For a > a,, formula (7.14) follows from the fact that the vector fields
z — Ala](hyn + al)Pz depend continuously on « and have the same zeros (these zeros
are the solutions of the problem Lz = h, (¢, x) lying in the cone interval (u,,, v,,)).

By assumption, the domain U contains one of the points wu., v, the other point lies
outside the set U. Suppose m and n = n(m) are sufficiently large. Then U contains
exactly one of the points w,,v,,. Therefore one of the rotations v(I — u,,0U),y(I —
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Um, OU) equals 0, the other rotation equals 1. Fix any o > au,, By, From (7.13), (7.14),
the relation

(I = Ala] (G + o) P,0U) # v(I — Ala](hyn + aI)P,dU)

follows, consequently any completely continuous deformation connecting the vector
fields z — Ala](gm + al)Pz and z — A[a(h, + al)Pz is degenerate on 9U. In par-
ticular, the linear deformation

O(z,\) = z — A[o](Agm + (1 = Ny + al)Pz, A€ [0,1]

has at least one zero z = z,, € OU for some A = \,,. From (7.12) and the similar
relations .
Uy, < Ala](hy, + al)z < vy, (z € (up,vm))

it follows that the operator A[a](Agm + (1 — A)hy, 4+ o) maps the cone interval (u,, v,,)
into itself, hence the equality ©(z,,, \;,) = 0 is equivalent to the relations

z2m = Ala](Angm + (1 — )\m)ﬁn(m) +al)zm,  Unpm) < 2Zm = Pzy < U, (7.15)

Finally, consider any partial limit z, of the compact sequence {z,,}. Relations (3.3)
and (7.15) imply z, = Ala](f + al)z. and u, < 2z, < vy, 1e. z, € . Also, 2, € OU
implies z, € OU, which proves that (7.7) is valid and that II, is a continuous branch
connecting the points u, and v,. Theorem 1 is completely proved i

8. Proof of Theorems 2 - 4

8.1 Proof of Lemma 3. First note that if the relation Aa](¢ + al)u>> u holds for
some u and a > «, then it holds also for any 5 € (g, @) in place of «. Indeed, applying
the positive operator (o — ) A[f] to this relation and using the resolvent identity

Alf] — Ala] = (a - B)A[B] Al (8.1)

we obtain

AlBl(é + al)u — Ala)(é + al)u>(a — B)A[Blu

and hence X X
AlB)(¢ + Bu> Ala](¢ + ad)u> u.

Similarly, if A[a](¢ + al)u < u, then A[S](¢ + BI)u < u for all § € (o, a). Therefore
it suffices to prove relations (4.4) for sufficiently large v only. Both the relations can be
proved in the same way, we prove the first one.

Denote by y, the limit of the decreasing sequence (3.6). By definition, y, is a fixed
point of the operator H, = Alon](hyn 4+ anl), hence it is a solution of the problem
Ly = hy(t,y). Fix any o > ag,c. Due to (4.3), the operator ¢ + al is monotone on
(x_,x4), therefore y,(gn) > v, implies

Ala)(é+al)y" > Ala](d+al)y. (k> 0). (8.2)
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We prove that for all sufficiently large k

y < Ala)(é + al)y., (8.3)

then the required relation

(4.4) follows from (8.2).
Estimates (4.2) imply (¢ys — hnys)(t) > 6 > 0 for all t € Q. Since y, = limy y,(c")

and the operators Alay,], hy, are continuous in C(€2), for each sufficiently large k& the
relation

(I + (o = ) Afan]) (i + D)y = (b + 0 Dys) <(é — by (8.4)

is valid. Let us apply the positive operator A[a] to both sides. Using (8.1), we get

Alon](hn + an D"y — Alan] (b + anDy. < Ala)(é — hin)y..,
i.e. . .
y” < Ala)(é — )y + Alon] (n + an )y
Due to A .
Y = Al (hy + an D)y = Ala](hy, + al)y.
this is equivalent to (8.3) il

8.2 Proof of Theorem 2. By definition, sequence (3.11) decreases, therefore yg?,r)b) >

(n) _

limy v, = up. From the relations
(n—1) (n—1) (n 1)
ys(n—l) < H”ys(n—l)’ an+ LT, s(n 1) LTy,

it follows that the monotone operator H, maps the cone interval (y(( 11),x+) into

itself, hence all the elements of sequence (3.11) and its limit u, lie in this cone interval.

Therefore y(( i) < u, and the proof is complete I

8.3 Proof of Theorem 3. By definition of the sequence {d,,}, the relations
Ap1 < 2, L 2, K< Tq, dp—1 < Hpdp—1

are valid for each n. Due to the monotonicity of the operator H,,, these relations imply
that all elements of sequences (3.11) and (4.8) satisfy y,(gn) > dy_1, i.e.

Aoy <(H)xy, dyy<(Hp) 2z,  (k>0).

Passing to the limit in the first relation and setting £k = s(n) in the second one, we
obtain d,,_1 < u, and d,_1 < d,. Since u, < u,, it follows that

i <dy<... <dy, < ... < Uy (8.5)
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where u, is solution (3.12) of problem (2.3). It remains to prove d,, — u, if (4.9) holds.

Fix any index ¢. The relations z,, — x4 and gi(¢t,z) > he(t,z) imply for every
sufficiently large m

(I + (e — B)A[B]) (61 + BiD)zs — (91 + B1I)zm—1) < (g1 — he)z 4.
Applying to both sides the operator Alay] and using (8.1), we get
Gizy — G1zm—1 < Alay|(g1 — ile):mr. (8.6)

Here Gix4 = x4 due to (4.9), hence x4 = Ala|(§1 + al)zy for every a > ag and we
can rewrite (8.6) as

Tq — 2m < T4 — apAfay|ry — A[adi@@.,

ie. zm > Aloyg](hy + agl)xy = Hyxy. Since the sequence x, Hyxy, (Hy) 2y, ... de-
creases and converges to uy, this inequality implies z,, > u,.

Take any n = n(¢) such that n > ¢ and z,,, > u,. From (7.1) and h, (¢, z) > he(t, )
the relations

wp = Alan](he 4+ anl)uy < Alon) (b + anI)ug = Hyug
follow. The inequalities uy < Hpug, ug < zp,,, imply that all elements of sequence (4.8)

satisfy uy < y,in), in particular uy < d,. Finally, the relations uy — u.,us < d, ) and

(8.5) imply d,, — u,. This completes the proof i

8.4 Proof of Theorem 4. Take any n > 2 and consider the function v,_;. By
definition, v,,_1 > H,,_10,_1, therefore the sequence

Yo = Un-1, Y =Hp_1yp—1 (k>1)
decreases and its element w,,_1 satisfies 4, _1 < v, _1. Also, by definition,
an—l < Gnan—ly CTYn@z—l < 6n—1-

These relations imply that sequence (5.1) increases and converges uniformly to a solution
Cn € (Up—1,0n—1) of the equation x = G,x. Since ¥, is an element of this sequence, it
follows that u,, 1 < v, < ( < Up_1.

Similarly, the relations
ﬁn—l <<Hnﬂn—17 Hn'ﬁn <<77n

imply 4,1 <&, < U, < Uy, where , is the limit of the decreasing sequence (5.4),
&, = H,&,. Thus, we have

U <K<K . KUy 1 <KL <KUp << .. K<L 1<K...<(<L0. (8.7)
In the same way as in the proof of Theorem 1, the relations
H<KEK... LK. <K<GXK.LK O (T, &= Hpé, G =Grln

imply that the sequences {{,} and {(,} converge uniformly to solutions u, and v, of
problem (2.3), respectively, the inequality u, < v, holds, and the set of all solutions of
problem (2.3) contained in the cone interval (u,, v,) is robust stable. Now all conclusions
of Theorem 4 follow from (8.7)
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9. Proof of Theorem 5

9.1 Proof of Lemmas 4 and 5. Because both lemmas can be proved in the same way,
we prove Lemma 4. The constructions are basically the same as in the corresponding
parts of the proofs of Theorems 1 and 4.

Since sequence (5.7) increases and each sequence (5.9) decreases, the relations
dp—1 < Zm,_, < Zm, are valid for every k. The functions dj_; and z,,, satisty

Cik—l < Hjn-i-kdk—l? Hjn+kzmk < Zmy,
by definition. These relations imply the inequalities dp_1 < N <K yék) for each element
of sequence (5.9), where 7;, is the limit of this sequence, ni, = Hj, ;. In particular,
dp—1 < i < dg.
From the relations

Jl <<772<<CZ2<<773<<...<<J;C_1 <<nk<<czk<<...<<x+, Nk :Hjn—i—knk;

it follows that the sequences {d;} and {n;} converge uniformly from below to the same
limit d, and this limit is a solution of problem (2.3).

It remains to prove (5.10). Set a = (3; 4+1. The estimate ¢; +1(¢t,z)— f(t,z) > 6 >0
implies the inequality (§;, 11+l Vg > ( f+al )d, for each sufficiently large k, therefore

Gi 1dy = Ala](§s, 41 + oD)dy > Alo)(f + al)d, = d,.

Now (5.10) follows from d, > dj41 B

9.2 Proof of Theorem 5. The proof of this theorem is close to that of Theorem 1.
Thus we give a sketch of it only.

Denote by (, and &,11 the limits of the increasing sequence (5.7) and the decreas-
ing sequence (5.11), respectively. From the definition of @, and v, it follows without
difficulty that

U KE KU K K. < (<K <L (1 KUy, (9.1)

These relations and the equalities &, = H;, &y, = G, ¢, imply that the functions

u* =supu, = supé,

v* = inf v,, = inf {,

are solutions of problem (2.3), the inequalities (5.14) are valid, and the sequences
{tn},{&n} converge uniformly to u*, the sequences {v,},{(,} converge uniformly to

v*x.

To prove robust stability of the set II, of all solutions of problem (2.3) lying in the
cone interval (u*,v*), one can use the argument of Subsections 7.2 and 7.4, it suffices
just to replace the functions u,, and v, by &, and (,, and the operators h,, and gn by
Bjn and g;,, respectively.
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We need analogs of Lemmas 6 and 7 to prove the last conclusion of the theorem
(that II, is a continuous branch if u* # v*). Suppose u* # v* and consider any open
bounded domain U such that either u* € U,v* € U or v* € U,u* ¢ U. Consider the
sequence

20 =&nt1, 20 =Gi, 41201 (L >1). (9.2)

The equality &,+1 = Hj, . {41 implies that &, 11 < G;, 11841, therefore this sequence
increases, denote its limit by 7,,4+1. By definition, 7,41 = G4, +1Tn+41-

Lemma 8. For every sufficiently large n the implications

H x>xr = x¢dU 9.3)
Gi,rir<e = x¢0oU '

hold for every x € ({n41,Tnt1). The sequence {T,} converges to v*.

Proof. If ¢, 1 <z, G;, 112 < x, then all elements of sequence (9.2) satisfy z, < z,
hence 7,41 < x. Therefore the implication

b1 KT <L Tpt1, G ix<<e = T =Tpy1 (9.4)

holds. Consider the decreasing sequence (5.9) for k = ko + 1:

ko+1 ko+1 ko+1
y(() ot = Mg 417 yé ot — Hj, ., lg_ol ) (£ >1).

By definition, this sequence contains sequence (5.11), hence they have the same limit
Ent1 and Eny1 < zZmy 1y - Also, Gi, 12y, < Zmy,, due to (5.8), therefore the rela-

tion 7,41 < Zimgg 1 holds. If there is a x such that * < 7,11 < Zmg 11 and H;, x>,
then ygkOH) > x for each £ and &, 1 = lign yékOH) > x, hence
én—i—l LT K< Tp41, Hjn+1$>>l’ — $:fn+1. (95)

Now note that relations (5.10) and (9.1) imply
dio1 < Gipr1diy = Giy1lins1 < Giy 1€t

Since sequence (5.11) decreases and converges to &,11, all its elements v, satisfy
fn—i—l L Yn X Yo = dko-H < Gin—l—lfn—i—l- From fn—l—l L Ym, K Gin—&-lgn—l—l it follows that
sequence (5.12) with k = 1 converges to the same limit 7,1 as sequence (9.2). Both
sequences increase and the first of them contains d;, hence d; < 7,41.

By Lemma 5, the sequence {d;} decreases, therefore v, 1 = dj, < d; < 7,+1. On
the other hand, 7,41 < 2, ., and 2m, ,, is an element of sequence (5.7), which in-
creases and converges to (,, hence 7,11 < (.

The relations v, 41 < 741 < (,, and vy, ¢, — v* imply 7,, — v*. Since also &, — u*,

for every sufficiently large n the relations v*, v* € U imply &, 11, Tny1 & OU. Therefore
(9.3) follows from (9.4), (9.5) and Lemma 8 is proved B
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The rest of the proof of Theorem 5 follows exactly the proof of Theorem 1. If n is
large enough, Lemma 8 implies the formulas

v(I — Al (gi,+1 + al)P1,0U) = y(I — Tp41,0U)
(I = Ala)(h;, ., + )Py, 0U) = (I — &nia, OU)

similar to (7.13) and (7.14), where P; is a projector onto the cone interval (&, 11, Tpt1)-
Therefore the linear deformation

A

O1(z,A) =z — Ala](Agi, +1 + (L = M)A +al)Pz

In-+1
has a zero z, € OU N (€41, Tn+1) for some A, € [0,1] and any partial limit z,. of the
compact sequence {z,} satisfies the relations z, € OU N (u*,v*), z, = Ala](f + al)z..
This completes the proof i
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