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Existence of Non-Oscillatory Solutions
of
Second-Order Neutral Delay Difference Equations

Yong Zhou and Y. Q. Huang

Abstract. In this paper, we consider the second-order neutral delay difference equation with
positive and negative coeflicients

A rpA(xn + cTnk) + Prnt1Tntl-m — @ni1Tnp1—1 =0

where ¢ € R, k > 1 and m, [ > 0 are integers, {rn}ntng, {Pn}nen, and {gn}nep, are sequences
of non-negative real numbers. We obtain global results (with respect to ¢) which are some
sufficient conditions for the existences of non-oscillatory solutions.
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1. Introduction

Consider the second-order neutral delay difference equation with positive and negative
coefficients

A(TnA(xn + anfk)) + Pnt1Tnt1-m — Qn+1Tn41-1 = 0 (n > n()) (1)

where ¢ € R, k > 1 and m,l > 0 are integers, {r,}52, is a sequence of positive real
numbers, {p,}n=,, and {g,};Z,, are sequences of non-negative real numbers. The
forward difference A is defined as usual, i.e. Ax, = x,11 — .

Let 0 = max{k, m,l} and Ny > ng be a fixed non-negative integer. By a solution
of equation (1), we mean a real sequence {x,,} which is defined for all n > Ny — ¢ and
satisfies (1) for n > Ny. A solution {z,,} of (1) is said to oscillate about zero or simply
to oscillate, if the terms x,, of the sequence {x, } are neither eventually all positive nor
eventually all negative. Otherwise, the solution is called non-oscillatory.

Recenly there have been a lot of activities concerning the oscillation and non-
oscillation of delay difference equations (see, for example, [1 - 14]). Agarwal, Manuel and
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Thandapani [1- 2] establish some sufficient conditions for existence of non-oscillatory
solution of second-order neutral delay difference equations

A(rnA(zn + cntn—k)) + Prni1f (ETng1-m) =0 (n > ng) (2)

where {7, }72 ., {¢n}nen, and {pn};L,,, are real sequences with 7, > 0 and p, > 0.
The oscillation and non-oscillation of solutions of the first order neutral delay difference
equation with positive and negative coefficients

A(xp + Tp—k) + PnTn—m — @nTn—1 =0 (n > no)

have been investigated by Chen and Zhang [5], Zhang and Wang [12], and Zhou [8]. The
second-order neutral difference equation with positive and negative coefficients received
much less attention. In particular, there is no non-oscillation result for equation (1).

In this paper, we obtain global results (with respect to ¢) in the non-constant co-
efficient case, which are some sufficient conditions for the existence of a non-oscillatory
solution of equation (1) for all values of ¢ # +1.

2. Main results
In this section, we will give four theorems for existence of non-oscillatory solution of
equation (1).
Theorem 1. Assume 0 <c <1 and
; — < 00, ; — < 00. 3
Saften Tufi >
i=ng Jj=i i=ng J=1

1
1—c

Further, assume there exist a constant o > and a sufficiently large N1 > ng such

that

Then equation (1) has a non-oscillatory solution.

Proof. By (3) and (4), there exists ny > N; sufficiently large such that

ny > max{Ny,ng + o}, o= max{k,m,l} (5)
f:(pi+qi)§:l<1—c (6)
; — T
=nq j=1

o0 oo 1
0< Mp; — Mg; — <c—1 M 7
_;21(04 P Q);Tj c—1+a (7)

where M > 0 is a constant such that

1—-c 1—-c
<
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Consider the Banach Space 0 of all real sequence x = {x,};2,,  with the norm |[z|| =
SUP,,>p, |Tn|- We define a closed bounded subset §2 of I7,9 by

Q:{m:{mn}elgg M <z, <aM (nZno)}
and define an operator 7" : 2 — [0 by

l—c—cxp_i+ 23 nr; ?:_nll (PiTi—m — @iTiy)
TIn = + Zzzn(pzxz—m qle—l> Z;)iz fri if n Z ni + 1

Txp, if ng <n<ng+1.

We shall show that 7Q C Q. In fact, for every z € Q and n > nq, using (7) and (8) we
get

oo

T:L‘n—l—C—Cilﬁn k+Z7‘ szxzm qiTi—1 —|—szme qzxmlzri
J = ni =i J
n—1
< 1—c+2 ! Z aMp; — Mg;) + Zi(aMpi—Mqi)
j= nrji ni 1=n1
n—1 o0
§1—c+2(o¢Mpi—Mqlz —f—ZOéMpz Mg;) Zr_
1=n1 J=ti /
—1—0—1—2 aMp; — Mg;) Z—

’L’I’L1

< aM.

Furthermore, in view of (4) and (8) we have

[ee) n—1 [e%e)
1 1
Tr,=1—c—cxp_p + Z Z Pili—m — Qi Ti— l + Z Dili—m — qili—] Z 7”‘_
j=n J i=n Jj=t J

1=nq
>1—c—caM—i—Z ZMpl—anl—l—ZMpl—anlii
j=n Jinl =n ':ir

>1—c—caM

> M.

Thus we proved that TQ2 C Q.

Now we shall show that 7" is a contraction operator on €. In fact, for x,y € 2 and
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n > n; we have

Tz, — Tyy|

<C|£Bn E— Yn— k|+z sz|x2m Yi— m|+z ZQZ|$zl_yz l|

2n1 Z?’Ll

+Zpi|xi—m_yi—m|zr_j+ZQi|xi—l_yi—l|ZT_j
<||g;_y||(c+ {Z Z (pi + i) +sz+% Z 1D

1= 1
o0
<[+ X ti+a) > ==
i:n1 :
= O1[|lz —yll.

This implies
1Tz — Tyl < ]|z -yl

where, in view of (6), #; < 1, which proves that T is a contraction operater on (.
Therefore, T" has a unique fixed point x in §2, which is obviously a positive solution of
equation (1). This completes the proof of Theorem 1

Theorem 2. Assume 1 < ¢ < 400 and (3) holds. Further, assume there exist a
constant (3 > ng such that

Dn ZBQn (nZNl) (9)

Then equation (1) has a non-oscillatory solution.

Proof. By (3) and (9), there exists ny > N sufficiently large such that

ny + k > ng + max{m, l} (10)
o0 oo 1
St - <o (1)
i=n1 j=i J
> o 1
0< Z(ﬁHpi—HQ¢)Z—<1—C+CﬁH (12)
1=n1 Jj=1 T

where H > 0 is a constant such that
c—1 c—1
< HKL .
Bc T c+p
Let [70 be the set as in the proof of Theorem 1, set

Q:{x:{xn}elgnganSﬂH (n2n0)}
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and define an operator 17': 2 — [0 by

1= %{1 + Tntk — Z]Oin—f—k % ?;L:l_l(pﬂ?i—m — qiTiq)

Tz, ={ Z;‘)in+k(pixi—m — GiTi—1) Z;iz % if n >mny

Tx,, if ng <n <nj.

We shall show that TQ C Q. In fact, for every x €  and n > nq, using (9), (12) and
(13), we get

1 n+k—1
Tx —1——(1+$n+k— Z Z PiTi—m — ¢iTi-1)

jn+k]zn1

o0 o0

- Z (Pii—m — GiTi—1) Z rl)
i=n+k Jj=t J
%) 1 n+k—1 %) o 1
< 1—2(1— > — > (8Hp;—Hg)— > (BHp: HQZ)Z;)
j=n+k 1=n i=n+k j=i I
1 n+k—1 [e%) 1 00 00 1
Sl_g(l_ |: Z (ﬁsz H%) ;“f‘ Z (ﬁsz H%)ZF})
1=n1 Jj=t J i=n-+k Jj=1 J
=1- %(1— Z(ﬂﬂpi—ﬂqz)2%>
i=ny j=i J

Furthermore, in view of (9) and (13) we get

1 1n+k 1
T$n—1——<1+$n+k_ Z Z PiTi—m — qiTi— l)

]nJrk:]inl

- Z (pizi—m_%xi—l)Z%>
i=n+k Jj=1 J
1 1 n+k—1 00 0 1
<= t(vepm 2 LY s - Y G- pa) 3 )
j=n+k J 1=n1 i=n+k =i J

Zl—%ﬂ+ﬁH)

> H.

Thus we proved that TQ2 C Q.

Now we shall show that 7" is a contraction operator on €. In fact, for x,y € 2 and
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n > n; we have
T, — Tyy|

1
< e (\%’n+k — Yntk|

n+k—1 n+k—1
|: Z Z pz|xz m — Yi— m| + Z Z QZ|5E'L 1 — Yi— l|:|
j=n-+k ] 1=n1 j=n-+k ] 1=n1

+| S pile i m|2 £ gl AZ ])

i=n-+k i=n+k

1 n+k—1 [e%) 1 00 1

<He-ul(1+] X X s+ Y e ZT—D
i=n, j=i 1 i=n+k =i

1 > 1

i+ T -l
i=n, j=i J

= ba|z — y|.

This implies
| Tz — Tyl < ]|z -yl
where, in view of (11), 6, < 1, which prove that T is a contraction operator. Con-

sequently, T" has the unique fixed point z, which is obviously a positive solution of
equation (1). This completes the proof of Theorem 2 1

Theorem 3. Assume —1 < ¢ < 0 and (3) holds. Further, assume there exist a
constant v > 1 and a sufficiently large N1 > ng such that

Pn > Yqn (n > Ny). (14)

Then equation (1) has a non-oscillatory solution.

Proof. By (3) and (14), there exists n; > N sufficiently large such that (5) and

the inequalities
o oo

Z(pi+Qi)Z%<C+1 (15)

i=n1 j=i

= 1
0< ) (yMip; — Mig;) o= (c+1)(vMy —1) (16)
i=n j=i J
where the constant M, satisfies
1
— < M; <1. (17)
~

Let [70 be the set as in the proof of Theorem 1, set

Q:{x:{xn}elgglegxngfyMl (nzno)}
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and define an operator 17': 2 — [0 by

-1
l1+c—cxp_i+ 23 n; Z?:nl (PiTi—m — @iTiy)
TIn = + Zzzn(pzxz—m qiTi— l) Z;)iz fri if n Z ni + 1

Txp, ifng<n<n;+1.
For every z € Q2 and n > ny, using (14) and (16), we get

Tx _1+C—Cl'n k+z szxzm qzx2l+zpzxzm szzlzr_
J

’L?’Ll
1 — 1
<1+c—cmMi+§: }:'ﬂwmz Myq;) +§:wﬂﬁm Migi) ) —
1=n 1=n1 =n Jlj

o0 o0

1
<l4c—ecyM; + E (’YMlpi—Mqu‘)E 7“_
1=n1 J=t J

<l+c—cyMi+ (c+1)(yM; —1)

= ’}/Ml

Further, in view of (14) and (17) we have

Tx —1+C_an k+27’ szxzm QZzzl+Zplxlm szzlz_
J

1= mny
1 n—1 0 1
>1—|—c—ch+Z Z Mip; —~vMiq;) —l—z Mip; — yM1q;) Z—
=n 1=nq i=n j=t J
21—}—C—CM1
> M.

Thus, we proved that T C €.
For z,y € 2 and n > n; we have

’Txn - Tynl

_C‘xn E— Yn— k‘+z sz‘xz m — Yi— m“*’z Z%m‘z 1 — Yi— l‘

1=n1 i=n1

+ sz‘m—m ~ Yi—ml Z —+ Z ilzi-1 — Yi—il Z —
i=n j=i LE A — j=i Tj

<ol e+ | Dot S+ Yot )
i=n j=i J  i=n j=i J
oo oo 1
—[—c+i2<pz-+qz ;E]Hw—yH
=n1 =

= Osllz =yl
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This implies

1Tz — Ty|| < 05|z — yl|
where, in view of (15), #3 < 1. This proves that T is a contraction operator. Conse-
quently, T" has a unique fixed point x, which is obviously a positive solution of equation
(1). This completes the proof of Theorem 3 i

Theorem 4. Assume —oo < ¢ < —1 and (3) holds. Further, assume there exists a
constant 6 > 1 and a sufficiently large N1 > ng such that
Then equation (1) has a non-oscillatory solution.

Proof. By (3) and (18), there exists a ny > ng sufficiently large such that (10) and

the inequalities
o o

1
Z(pi+Qi)Z;<—C—1 (19)

i=n j=i J

1
0< Z 6H1pz qul Z’I"_S C+1 Hl—l) (20)

’L’I’Ll

hold where the constant H; > 0 satisfies

1
Let [0 be the set as in the proof of Theorem 1, set
Q:{x:{xn}elgg  Hy <z, <0H; (nzno)}

and define an operator 7" : Q2 — 20 by

1 ] 1 n+k—1
1+ E{l ~ Tntk + Zj:n+k Ty Lai=n, (Pii—m — GiTi—1)
Tw, =<+ Z?iwrk i(PiTi—m — qiTi—1) Z;'ii % if n. > ny
Ty, if ng <n <n.

For every = € Q and n > nq, using (18) and (21) we get

1 n+k 1
Tx, =1+ E (1 — T4k + Z Z pzxz m — qili— l)

jn—l—kanl

o0

+ Z Pili—m — qiTi— Z)Z:)
J

i=n-+k j=

1 fe’e) 1n—|—k1
<14+ -(1—-6H (Hyp; — 0H1q;
< +c( S LS (s 6Hg)

jn—|—k]in1

+ Z (Hlpi_(sHl%)Z%)
j=i 7

i=n+k

< 1+1(1—6H1)
C

< J0H;.
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Furthermore, in view of (20) and (21) we have

1 n+k—1
T =14 - <1_In—|—k+ Z Z PiZi—m — qiTi— l)

jn—l-kanl

+ Z Pili—m — q;Ti— Z)Z:)
J

i=n+k j=i

1 o 1 n+k—1
> 1+E(1_H1+ Z — Z (0H1p; — H1q:)

. Ty
j=n-+k 1=n1

+ Z (6H1p; — Hl%)z:_)

i=n+k j=t J
1 =1
>1+-(1-H (6H H —
> +C( 1+;; 1pi — 1Qz);rj)
] -

> 1+%(1—H1+(C+1)(H1 —1))

== H1~
Thus, we proved T2 C €.
For z,y € 2 and n > n; we have

Tz, — Ty,

1
< —z <|$n+k — Yn+k|

nt+k—1 ntk—1
+{ Z Z pz‘wz m — Yi— m|+ Z Z QZ‘xl 1~ Yi- l|1

]nJrk]inl ]n+kjin1

+[ipzl%m Vi m‘z qu”_yl MZ D

i=n+k i=n+k

g—énx—yn(H Z(pﬁqi)Z% > <pz‘+%‘>zr)
J= + ’

i=nq i=i ) i=ndtk j=i

=i+ S e

i:n1 :

= Oallz = yll.

This immediately implies
[Tz — Tyl < Oaflz — yl|.

In view of (19), 6, < 1. This proves that T is a contraction operator. Consequently, T'
has a unique fixed point z, which is obviously a positive solution of equation (1). This
completes the proof of Theorem 4 B
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Finally, in the special case where ¢, = 0, conditions (4), (9), (14) and (18) are
redundant. By Theorems 1 - 4, we have the following result.

Corollary 1. Assume —oo < ¢ < +o00 and Y2 p;y o2, ;- < co. Then the

j:i rj
neutral difference equation

A(rnA(l‘n + anfk) + Pnt1Tntl—-m = 0

has a non-oscillatory solution.
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