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Tensor Algebras and Displacement Structure
I. The Schur Algorithm

T. Constantinescu and J. L. Johnson

Abstract. In this paper we explore the connection between tensor algebras and
displacement structure. Thus, we describe a scattering experiment in this frame-
work, we obtain a realization of the elements of the tensor algebra as transfer maps
of a certain class of non-stationary linear systems, and we describe a Schur type
algortihm for the Schur elements of the tensor algebra.
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1. Introduction

It was recently showed in [7] that the tensor algebra has displacement struc-
ture. The goal of this paper is to further develop this connection. The dis-
placement structure theory, as it was initiated in the paper [13], consists in
recursive factorization of matrices with additional structure encoded by a so-
called displacement equation. Many applications of this theory were found
in applied fields, like in the study of wave propagation in layered media, cir-
cuit synthesis, and filtering and modeling of non-stationary processes (see [14]
for a survey). On the mathematical side, there are applications to bounded
interpolation in upper triangular algebras (including the classical setting of
bounded analytic functions on the unit disk) and to triangular factorization
of operators.

On the other hand, the tensor algebra is a classical concept and in [7] it
is showed that there is a connection with the displacement structure theory
expressed by the fact that any element 7' of the unit ball of the algebra (with
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respect to the appropriate operator norm) satisfies the equation

N
A= FRAF; =GJIG*
k=1

where A = I —T*T and the so-called generators Fj, G and J are described in
the next section. This equation is of displacement type so we can develop re-
sults for the tensor algebra that parallel the ones in the displacement structure
theory. It is the main goal of this paper to describe several such results.

The paper is organized as follows. In Section 2 we review the basic ele-
ments relevant to the tensor algebra. We describe the well-known isomorphic
representation of this later algebra by a certain algebra U3 (H) of upper tri-
angular bounded operators since this representation allows us to rely on the
results and ideas in the displacement structure theory. In this section we show
that a certain class of positive definite kernels on the free semigroup with N
generators has also displacement structure of the type mentioned above, and in
Corollary 2.5 we explain the connection between this class of positive definite
kernels and the algebra U%(H). In Section 3 we obtain results corresponding
to so-called scattering experiments. Theorem 3.1 is the main result in this
direction and as a by-product we can obtain Schur type parametrizations for
UY(H) and the realization of the elements of the tensor algebra as transfer
maps of a certain class of non-stationary linear systems. Section 4 develops a
Schur type algorithm in the framework of U2 (H).

We plan a more detailed study of the algorithm in a sequel of this paper.

2. Preliminaries

We briefly review the construction of the tensor algebra and we explain its
displacement structure.

2.1 Tensor Algebras. We introduce some notation relevant to tensor al-
gebras and we describe their representation as algebras of upper triangular
operators (see, for instance, [15]). The associative tensor algebra 7 (H) gen-
erated by the complex vector space H is defined by the algebraic direct sum

T(H) = @rp>oH®F

where
H* =H® - -0H
N——’

k factors
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is the k-fold algebraic tensor product of ‘H with itself. The elements of 7 (H)
are terminating sequences r = (xg, 21, ..., 2,0, ...), where z,, € H®? is called
the pth homogeneous component of x (note that H®% = C and H®! = H). The
addition and multiplication of elements in 7 (H) are defined componentwise:

(T4 Y)n =2n + Yn

and
@Y= Y @y (20 @Yn=1yn® T0 = ToYn)-
k+l=n
In order to deal with displacement structure matters it is convenient to
use the fact that 7 (H) can be represented by upper triangular matrices of a
special type. In this paper we restrict ourselves to the case H = C¥ (N > 1).
Then we denote by F(H) the full Fock space associated to H, that is, the

Hilbert space
F(H) = BrpsoH®"

obtained by taking the Hilbert direct sum of the spaces H®* (k > 0), on which
we consider the tensor Hilbert space structure induced by the Euclidean norm
on H =CN. If {eq,...,en} is the standard basis of CYV, then

{ei1®---®eik|z’1,...,z’ke{l,...,N}}

is an orthonormal basis for H®*. It is more convenient to write e, instead
of ;, ® --- ®e;,, where 0 = 47 ---1; is viewed as a word in the unital free
semigroup IFj\', with N generators 1,..., N. The empty word is the identity
element of F;. The length of the word o is denoted by |o|. We also use to
write the elements of F}, in lexicographic order. The space H®**1 can be
identified with the direct sum of N copies of H®*. More precisely, we notice

that
{Giea)ali € {1, N} o] =k}
is an orthonormal basis for

:}.{@k DD H®k/ _ <H®k>®N

g

N terms

where d;; is the Kronecker symbol. We deduce that the mapping

¢k(((5jl60)l]i1)) = €jo (] = 17aN)

extends to a unitary operator from (H®*)®N onto H®**1 and the formula

Uk = dpo1PN 6PN (k>1)
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gives a unitary operator from H; = H®N"' onto H®* (the notation 7
means the direct sum of [ copies of the operator 7). We finally obtain a
unitary operator ¢ : @2 Hr — F(H) by the formula ¢ = @72 (1, where
Yo is the identity on C = Hy. Each Hi (k > 2) is also identified with the
direct sum of N copies of Hy_1,

Hy =HON " @ g HONT

v~

N terms

but the explicit mention of the identification can be omitted in this case. It

is convenient to introduce a similar notation for an arbitrary Hilbert space £.
Thus, & = € and for k > 1

E =& 1D D Sk—lJ = 5,59_]\1
N t;rrms

Note that &£, can be identified with H; ® £.

An operator T' € L(®FL,Hk) has a matrix representation T' = [T};]7%_
with T;; € L(H,;,H;). We say that T is upper triangular provided that T;; = 0
for i > j. We denote by UY(H) the set of upper triangular operators T" =
[T35]55 =0 in L(BRZyHs) with the property that for i < j and 4,7 > 1

N
T;; = T;2%

1—1,7—1 (21)

and there exists k such that Tp; = 0 for 7 > k. We notice that the entries
To; (j > 0) determine the matrix 7. Also, a simple calculation shows that
UY(H) is an associative algebra.

We define an algebra isomorphism
®: T(H) — U (H) (2.2)

as follows: for z € T(H), x = (zo,z1,...), there are complex numbers ¢,, o €
FE such that

T = Z Cols- (2.3)

|lo|=3
For j > 0, Tp; is the row matrix [¢;]|5|—;. Then Tp; = 0 for sufficiently large j
and we can define T' € L(B572 Hy) by using (2.1). Set ®(x) = T. Clearly, ® is
a bijection. In order to see that ® is also an algebra morphism it is convenient
to introduce the following operators. First, the operator C';- (j=1,...,N)is
an element of UY (H) defined by the formula C; = ®(0,€5,0,...) = [1}]/;]276:07

where T7, = 0 for k # 1 and TJ;, = e;. Then Cr=(7) (j=1,...,N). If
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we use the notation C; to denote the operator C; ...C; where o =1i; -+,
then we deduce that each T € U2 (H) has a representation

T=Y ¢C,. (2.4)

UEFE
Now the required properties of ® follow from the easily verifiable fact that
®((0,€5,0,...) ® (0, €x,0,...)) = C;Cy .

As it is well-known, the representation of 7 (H) as a subalgebra of the
upper triangular algebra has several advantages. We mention the introduc-
tion of natural topologies on 7 (H) (for some recent papers, see [11, 12]).
Among these topologies, the operator norm topology was studied in papers
like [2, 9, 16]. Thus, we denote by U7 (H) the algebra of all those operators in
L(B o Hi) that satisfy condition (2.1). We denote by S(H) the Schur class
of all contractions in Uz (H). It is convenient to extend this setting. If &
and & are Hilbert spaces, then Uz (H, £1,E2) denotes the set of the operators
T = [Ty]35—0 in L{ D2y (Hr ® &1), B2 (Hi ® £2)) obeying (2.1). Instead
of Ur (H,E,E) we write Ur (H,E). Also, S(H, &1, E) denotes the set of the
contractions in Uy (H, &1, E2). We notice that Uy (H) = U7 (H,C,C).

2.2 Displacement structure. The systematic study of the displacement
structure was initiated in [13], and since then manifold applications have been
found in the fields of mathematics and electrical engineering (for a recent
survey, see [14]). Two main themes of this theory are about scattering exper-
iments and recursive factorizations. A matrix R has displacement structure
with respect to the generators F' and G provided that

A— FAF* = GJ,,G* (2.5)

where Jp, = I, ® —I, is a signature matrix that specifies the displacement
inertia of A. In many applications, » = p + ¢ is much smaller than the size of
A. There is also a version of this theory allowing A to depend on a (usually
integer) paramater (see [5] or [14]). A major result concerning matrices with
displacement structure is that, under suitable assumptions on the generators,
the succesive Schur complements of A inherit a similar structure. This allows
us to write the Gaussian elimination for A only in terms of generators (see
[13, 14]).

We now describe a connection between displacement structure and Uz (H).
Let Cy = [Ti@]fgzo (k = 1,...,N) be isometries defined by the formulae
T;; =0 for i # j + 1 and let T;11; be a block-column matrix consisting of N
blocks of dimension dim;, all of them zero except for the kth block which
is I,. These operators are closely related to the operators C'];" , in the sense

that there is a unitary operator u such that Cj = uC’,‘:u* (k=1,...,N).
The following result was noticed in [7].
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Theorem 2.1. Let T' = [T};]75_o € S(H) and A =1—T*T. Then

N
A=Y CLAC} = GJ G (2.6)
k=1

where the generator G is given by the formula

1 T(;“O
G = 0 T(Skl

Equation (2.6) can be rewritten in the form of the time variant displace-
ment equation

A— FA®NF* = GJ;1G*

by setting F' = [C4,...,Cn]. We now discuss some additional examples.

2.2.1 Positive definite kernels on Fj(, A mapping K : Fﬁ X IF} — Cis
called a positive definite kernel on IFIJ(, provided that

k
Z K(ai,aj)Ain > 0
i,j=1
for each positive integer k and each choice of words o1,...,04 in IF]J(, and
complex numbers A1, ..., A\y. Without loss of generality, we assume K (0, () =

1. The semigroup F; acts on itself by juxtaposition and we assume that the
positive definite kernel K is invariant under this action, that is

K(ro,70') = K(0,0") (1,0,0" € F}).

By the invariant Kolmogorov decomposition theorem (see, e.g., [15: Chapter
I1]) there exists an isometric representation u of F{, on a Hilbert space K and
a mapping v : Fj\', — K such that

K(o,7) = (v(1),v(0))k
u(t)v(o) = v(1o)
for all o,7 € F};, and the set {v(0)| o € F}} is total in K. The mapping v is
unique up to unitary equivalence and u is uniquely determined by v. Also, the
previous representation of K implies, as noticed in [17], that u(1),...,u(NV)
are isometries with orthogonal ranges if and only if K(o,7) = 0 for all pairs
(0, 7) with the property that there is no a € F}; such that o = 7 or 7 = oav.
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In this case, K is called in [17] a multi-Toeplitz kernel and we will use the
same terminology. We can define

Sij = [K(0,7)]jo|=i.|r|=j € L(Hj, Hi). (2.7)

By induction on the length of words and using properties of the lexicographic
order on words we check that if K is a positive definite multi-Toeplitz kernel,
then for all 4,5 > 1
_ QBN
Sij - Si—l,j—l‘ (2-8)
This relation is an analogue of (2.1), therefore we expect that positive definite
multi-Toeplitz kernels have displacement structure.

Theorem 2.2. Let S = [Sij]f,'}zo be the array of operators associated to

a positive definite multi-Toeplitz kernel on Fj\', Then

N
S =) CiSC; = GInG” (2.9)

k=1
where the generator G is given by the formula

1 0
G = Sf)kl S{)kl

The equality above can be interpreted in the sense of an equality of un-
bounded operators with dense domain made of the terminating sequences in
DiZoHi-

Proof of Theorem 2.2. We write S = L + Q, where L = [L;;]¢5_, and
Q= [Qij];‘)zzo are the lower and, respectively, the upper parts of S, such that
L;; = S;j for i > j and L;; = 0 for ¢+ < j, while Q;; = 5;; for i« < j and
Qij = 0 for i > j. Since, formally (that is, computing the entries of the arrays

that are involved according to the usual rule of multiplication of operators),
LCy, =CiL and QC}; = C;Q for all k =1,..., N, we deduce that

N N
S=Y CwSC;i =L+Q - Ci(L+Q)C;
k=1 k=1

N N
=L+Q-) CiLC; - CvQC;
k=1 k=1

N N
=L+Q-> LCyC; =) CiCiQ.
k=1 k=1
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But I —Zszl CrC} = Py, the orthogonal projection on Hy, so we can deduce
that

N
S—Y CwSC;=L+Q—L(I—Py,)— (I - Py,)Q
k=1
= LPy, + Py, Q

= GJ1G"
and the assertion is proved i

We now consider truncations of a positive definite multi-Toeplitz kernel on
F}. If K is such a kernel and S;; are associated to K by formula (2.7), then
we define K,, = [Sij]?,j:O' These are positive operators on @©;' H; and their
entries satisfy (2.8). We also introduce the operators Ck n, = Par_ 3, Ck| B[,
H;.

We obtain another example of a displacement equation:

Corollary 2.3. The positive operator K,, satisfies the displacement equa-

tion N
K, =Y CrnKnCy, = GInG* (2.10)
k=1
where the generator G is giwven by the formula
1 0
RERE
Son Son

Proof. This is an immediate consequence of Theorem 2.2 }

It turns out that the operators satisfying (2.10) have a certain explicit
description. For z € @] ,H; we denote by U(x) the upper triangular operator
on @) H; satisfying (2.8) and whose first row is x.

Theorem 2.4. A positive operator A on @' H; satisfies (2.10) if and
only if A =U(z)*U(z) — U(y)*Ul(y) for two vectors xz,y € &} H; with the
property that there is another vector z € ®p_,H; such that U(y) = U(2)U(x)
and U(z) is a contraction.

Proof. If A=U(z)*U(x)—U(y)*U(y), then we use the fact that, for any
r €@ Hiand k=1,...,N, C, ;U(x)" = U(x)*C,, and deduce (2.10) as
in the proof of Theorem 2.2. Conversely, if A satisfies (2.10), then we use the
fact that Cy,, = 0 for |o| > n in order to deduce that

A=GInG + ) ConGInG*C;,,.

jo|=1
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Hence, if G = [z*,y*]| for some z,y € @] (H;, then A = U(z)*U(x) —
U(y)*U(y). Since A is positive, it follows that there exists a contraction
T such that U(y) = TU(x). We notice that we can assume, without loss
of generality, that o # 0 and then we deduce that C, ;7" = T*C,, ) for
k=1,...,N, which implies that "= U(2) for some z € & ;H; §

We mention a simple but useful consequence of this result. Let K be
a positive definite multi-Toeplitz kernel on F{, with K(0,0) = 1 and let
Si; (i,7 > 0) be the operators associated to K by (2.7). Let

T, =[1 St ... Sg ]

yn =10 Sg ... Sg T

Then K, = U(z,)*U(x,) — U(yn)*U(yn) and by the previous result there
exists z, € @ oH; such that U(y,) = U(z,)U(x,). In fact, z, is uniquely
determined and also Pgr 3,U(2n41)|BoHi = U(zy) for all n > 1. It follows
that there exists a unique T'(K) € S(H) such that Per 2, T(K)| &Ly Hi =
U(zp) and T'(K)oo = 0. Denote by So(H) the set of those elements T' € S(H)
with TOO =0.

Corollary 2.5. The mapping K — T(K) gives a one-to-one correspon-
dence between the set of positive definite multi-Toeplitz kernels on Fﬁ with

K(0,0) =1 and So(H).

2.2.2 Pick kernels. This type of kernels were recently introduced in [2,
17], and they were shown in [1] to have a certain universality property with
respect to a Nevanlinna-Pick problem. Actually, these kernels belong to a
class of kernels introduced in [4, 8, 19].

Let BY be the open unit ball in C. For distinct points A,..., Ay, in BY
and complex numbers bq,...,b;, we define the Pick kernel by the formula

s,

R= |7

1 - <)‘j’ At) gil=1

where (\;, \;) denotes the Euclidean inner product in CV. We can define
Fy=diag M), (j=1,...,N)

— the diagonal matrix with the diagonal made of the jth components of the
points A, ..., Ar. Also, we set
1 b
G = . .
1 bg
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We can check by direct computation that

N
R- ) FiRF; = GInG". (2.11)
k=1

It was shown in [7] how to use this equation in order to solve some multidimen-
sional Nevanlinna-Pick type problems as those in [9, 17]. These problems were
extended in [6] to the more natural setting of data given on the N-dimensional
operator unit ball of a Hilbert space.

3. Scattering experiments

One of the main results in displacement structure theory refers to the possi-
bility of associating a scattering operator to the data given by the generators
of equation (2.5). In this section we prove a similar result for displacement
equations of the type of (2.11) and we explain the connection with a special
class of time variant linear systems.

Let &1,&; and G be Hilbert spaces. We consider a displacement equation
of the form

N
A=Y FAF} =GJIG* (3.1)
k=1

where F), € £L(G) (k=1,...,N) are given contractions on the Hilbert space
G. Also, G = [U V] € L(& @ &,G) and J = Ig, @ (—Ig,). The wave
operators associated to (3.1) are introduced by the formulae UZ = [Ux]?2,
and VOZ = [Vk]zo:o where Uk = [FUU]|U|:k : gl,kk — g and Vk = [FUV]‘U|:]€ :
&1 — G. We will assume that both Uy, and V., are bounded and also that
limy oo D21, = [[F5 9]l = 0 for all g € G. Under these assumptions we deduce
that (3.1) has a unique solution given by

A=U U — VEVi. (3.2)

The next result was already noticed in [7], but here we present the details
of a different approach based on system theoretic ideas.

Theorem 3.1. Solution (3.2) of the displacement equation (3.1) is posi-
tive if and only if there exists T € S(H,E1,E2) such that Voo = TU.

Proof. Assume A = U Uy, — VL Vo > 0andlet A= LL* be a factoriza-
tion of A with L € £(F,G) for some Hilbert space F. From (3.1) we deduce

that
N

LL*+VV* =) F,LL'F; +UU".
k=1
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In matrix form,

L*Fy
L :
L V] [ } =[RL ... Fy\LU]| * |. (3.3)
4 L*F%
U*

Defining A* = [L V] and B* = [F1L ... FyL U], we deduce from (3.3) that

there exists a unitary operator 6y € E(R(B),R(A)) such that A = 69B. It
follows that there exist Hilbert spaces R1 and R,, and a unitary extension
RS E(]:@N GELDORL,FRE D Rg) of Ay, hence this extension satisfies the

relation 1 B
=40 . 3.4
|:0R2 :| |:0R1 } ( )

Let 6;; (z €{1,2,3},je{1,2,...,N+ 2}) be the matrix coefficients of 6. It
is convenient to rename some of these coefficients. Thus, we set

Xk:91k (]C:L,N), Z:91’N+1
V=00 (k=1,...,N), W =0yn41.
From (3.4) we deduce that

N
L*=> X L'F} + ZU*
k=1

N
VE=> ViL'Fp + WV

k=1
By induction we deduce that
N n
VE=WU Y Y MX,ZU'Ff,+ > Q;L'F; (3.5)
k=1|o|=0 |T|=n+1
where @), are monomials of length |7] in the variables X1,..., Xn,Y7,...,Yn.

Since 6 is unitary it follows that all (), are contractions.
We define Tyo = W and, for 57 > 0,
To; = Y XoZ]|g|=j—13k=1,...,N-

Then we define T;; (i > 0,5 > 4) by formula (2.1) and T;; = 0 for ¢ > j. We
show that T' = [T};]¢5_, belongs to S(H, &1, E2). To that end, we introduce
the following notation for n > 0:

Xi(n)=1[X1 ... XN]@Nn Yi(n)=1[Y1 ... YN]@N”
Xs(n) = 28" Ya(n) = WoN",
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We check by induction that

Too = Y2(0)
Tor = Y1(0) X2(1)
To; = Y1(0) X1 (1) -+ X1 (j — D) X2(j) (F>2)

Consequently, 7™ is the transfer map of the linear time variant system
(n>0).

Xl(n) XQ(T‘L)
Yi(n) Ya(n)
T* is a contraction, hence T is a contraction and T € S(H,&E1,E2). Since
My o0 D21, =k [F59ll = 0 for all g € G, we deduce from (3.5) that Voo =

TU I

Since each matrix [ } (n > 0) is a contraction, it follows that

This result is a generalization of Theorem 3.1. It can be used to solve
interpolation and moment problems in several non-commuting variables as
suggested in [7]. Details can be found in [6]. The proof given here emphasizes
the fact that this type of problems appears as an interesting particular case
of similar questions in time variant setting (as described, for instance, in [5]).
Next we develop this idea by giving a parametrization of the elements in

S(H, &1, E).

3.1 Schur Parameters. We introduce a Schur type parametrization for
S(H,&1,E) and then give a number of applications. A first instance of such
a result might be considered Euler’s description of SO(3). Schur’s classical
result in [18] gives a parametrization of the contractive holomorphic functions
on the unit disk and Szegd’s theory of orthogonal polynomials provides an
alternative to this result for probability measures on the unit circle (see [3,
10] for more details).

Here we provide a parametrization of S(H,&1,&2) in terms of so-called
Schur parameters. For a contraction C' we denote by D¢ its defect space,
that is the closure of the range of the defect operator Do = (I — C*C)'/2,
Let II(&1, &) be the family of sequences of contractions {vg}aeFx with the

properties vy € L(&1,E2) and for |o| > 0
Vko € £<D%7Dv;§o_l) (3.6)

where k =1,..., N and ko — 1 denotes the predecessor of ko with respect to
the lexicographic order.
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Theorem 3.2. There exists a one-to-one correspondence between S(H, E1,E:)}
and I1(&1, &s).

Proof. A simple proof can be obtained as an application of the Schur
parametrization of upper triangular contractions in [5]. Let T' € S(H, &, E2)
and, for each j > 0, Tp; is the row matrix [co]|s|=;. We use [5: Theorem
2.2.1] in order to associate to T" a family " of Schur parameters. The Schur
parameters of the contraction

cpg c1 ... N
0O ¢ 0 ... O
[Too Tm}_ .
0 Ty|
Cp 0
0 Cop

are given by T'ogg = vy = ¢g, I'11 = I‘SBON and 'y € ﬁ(D%N,D,m).

For the next step we associate Schur parameters to the contraction

Too Tor Too2
0 T Tio
0 0 Ty

We notice that
Tn T _ [TV TEY
0 T | 0 TEN|”

By [5: Formula (2.2.3)], the entries of [} %z} are polynomials in the Schur

parameters, their adjoints and their defect operators. Consequently, the con-

traction associated to the Schur parameters FSBON , FSBIN , I‘%N is precisely

TSN TSN
0 TN
From the uniqueness of the Schur parameters, we deduce that the Schur pa-

rameters of [Tél %z} are precisely TEN TON TEN | By induction, we deduce

that we can associate to 7' the family of Schur parameters I' = {I';; };<; such
that each I';; satisfies (2.1). We notice that I'; : Dl@oji_l — ng i for y > 1.
Also, each Tg; is a row contraction, Uo; = [y2]|s|=;. By [5: Proposition 1.4.2],

Lo1 = [71 Dyrva oo Dy ---Dys AN

where v, € L(D4,, Dyx ) (k=1,...,N). Also, there exist unitary operators
uy : Dp,, — 6927:17)% and v : DF& — D%*V. Next, we have that I'go :
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DI@OJY — Dr: and we can define the row contraction To2 = V) |5|=2 from

(@évzll?%)@]v into D+ by the formula Loz = v1 002 (uieN)*. As above,

oo = [711 Dyrmz oo Dy “‘D'y;,’N_l’YNN]

where i € L(D4,,Dyx ) (k=1,...,N; |7[ =1). We proceed by induction

in order to construct the whole family of Schur parameters {7} cp+ Wwith
N

o € L(&1,&2) and obeying (3.6) B

The parameters {I'g;};>0 are the Schur parameters associated to 7" in
[16]. The above proof explains that they are just a particular case of more
general constructions as those in [5]. The new parameters v, are more like
“true” Schur parameters in the sense that they are contractions subject to the
only restrictions given by compatibility relations (3.6). Still, the parameters
{T'0j}j>0 are useful since they preserve the natural filtration of Uz (H).

A similar parametrization can be obtained for the set of positive multi-
Toeplitz kernels. Denote by IIo (€1, &) the set of families {vo }, e+ in II(&1, 52)'
N

with vy = 0.

Theorem 3.3. There exists a one-to-one correspondence between the set
of €-valued positive multi- Toeplitz kernels with K(0,0) = 1 and IIy(E).

Proof. This is a consequence of Theorem 3.2 and Corollary 2.5. A direct
proof can be obtained as an application of [5: Theorem 1.5.3]

This shows that the main result of [17] is just a particular case of [5: Theo-
rem 1.5.3], consequently all the other results in [17] follow from corresponding
results in [5]. An application of the Schur type parametrization gives another
representation of the class S(H, &1, ). Motivated by the proof of Theorem
3.1 we consider the class BSy (&1, &2, F) of systems

where &1, £ and F are Hilbert spaces, A(0) € L(F, F®N), B(0) € L(&, FoN) |}
C(0) € L(F,&), D € L(E,&1), and A(n) = A(n—1)®N, B(n) = B(n—1)®V,
C(n) =C(n—1)%V D(n) = D(n — 1)®¥ (these relations are all of the type
of (2.1)). Also, we assume that for each n > 0 the operator [égzg ggz;} is
a coisometry. The evolution of the system ¥ can be encoded by the transfer
map T% that shows how the infinite input sequence (u(0),u(1),...) is trans-

formed by the system into an output sequence (y(()), y(1),.. ) provided that
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z(0) = 0. It is easy to see that the transfer map 7Ty is a lower triangular
contraction with the matrix coefficients

Ts:(n,n) = D(n)
Tx(n+1,n) =C(n+1)B(n)

Ts(n+j,n)=Cn+j)An+j—1)---An+1)B(n) (j >1).

Theorem 3.4. T belongs to S(H, &1, &) if and only if T* is the transfer
map of a system in BSn(E1,E2, F) for some Hilbert space F.

Proof. We use the construction from the proof of [5: Theorem 2.3.3].
Thus, let {I';;}i<; be the Schur parameters associated to 7" in the proof of
Theorem 3.2. For each 7 > 0 we consider the row contraction

. [r Dr:Tyit1 DrsDrs,, Tiiga ... ] .

Let V; be the isometry associated to L; by [5: Formula 1.6.3], that is,

[ Tii  Drylisyn DreDr:, Tiigo i
Dr,, =I5 F DFZ 1+1Fi,i+2 .
Vi = 0 DFi,i+1 Fz,z—l—lFl 1+2 F” B(Z)* :|
0 0 Dr, .., c@)r A@)

(3.7)
In particular, the operator V; is defined on the space & @ @ZOZODE‘?OZZ with
values in £ @& Dr,,. We set F = &2 Dr,, and let ¢ : (£ ,Dr,, )®V —
@ziODI@OJZ be the unitary operator defined by the formula ¢(®7Y, B up) =
DBrro @f\il uy;. Then we define

ERR I B
(PN ) C* (i) (p%N ) AT (1) PN
By [5: Theorem 2.3.3], T}, =

= C(i+1)B(i) = C(i + 1)B(i) and for j > i

T =CUAG - 1) Ali+ 1)B(i) = C()JAG —1) - A(i + 1)B(i). (3.8)
Since the elements of the family I' satisfy (2.1) and the matrix coefficients of
Vi are monomials in I';;, their adjoints and defect operators, it follows that the
system associated to the families { A(n)},>0, {B(n) }n>0, {C(n) }nz0, {D(n) }n>oll

belongs to BSy (£1,&2, F) and T* is the transfer map of this system B
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4. Recursive constructions

As noticed in the proof of Theorem 3.4, the Schur parameters introduced in
Theorem 3.2 are basically given by the parametrization of the unitary group.
A convenient way to encode the dependence of the matrix coefficients of T on
the Schur paramaters is given by a continued fraction algorithm introduced
for N =1 by Schur in [18]. Here we describe such an algorithm for N > 1.
Of course, the main dificulty consists in keeping all the constructions within
the tensor algebra. Due to the fact that there is a standard filtration on the
tensor algebra, the constructions do not go through as in the one-dimensional
case, still we can obtain a sort of graded Schur-type algorithm. For the al-
gebra of upper triangular matrices, a Schur-type algorithm was known (as a
consequence of a similar algorithm for the spectral factorization of a family of
matrices with displacement structure (see [14] or [5] for a detailed discussion).
If we use it directly to our situation, it will produce the paramaters {75} eFt
of Theorem 3.2, but the objects produced at each step are no longer in the
tensor algebra. In this section we show how to remedy this situation.

We first notice another useful representation of a transfer map (we will
assume in this section that & = & = C). It is convenient to extend the
symbol map (2.2). Thus, for T' € L(BF &1k, BrooE2,k) an upper triangular
operator satisfying (2.1), we write

O([Tosl52,) =T

Now, if Ty, is the transfer map of a system ¥ in BSy (F) = BSy(C,C, F),

then
Ty = ®(D(0)*,0,...) + @(0,B(0)*,0,...)

x (I —®(0,A(0)%,0,...)) "' ®(C(0)*,0,...)

provided that ||®(0, A(0)*,0,...)|]] < 1. We notice that this is the case if and
only if |A(0)|| < 1. Let A(0)* = [4;(0)*]L; and B(0)* = [B;(0)*];Z,. Then

N
©(0,A4(0)%,0,...) = > @(A4;(0)*,0,...)C;

so that
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provided that ||A(0)|| < 1.

Next, we prove a refinement of (4.1) which is the key step of a Schur-type
algorithm. We introduce the operator given by the matrix

S O =
o = O

Theorem 4.1. If T' belongs to S(H), then there exists a unique 11 €
S(H,D%]:, Dr: ) such that

* —1
T = &(Too,0, .. )+®(Drs , 0,.. )L S (I-B(~T5,0,.. )T1S) (D, 0,...) ]

Proof. Let {I';;}i<; be the Schur parameters associated to 7" as in the
proof of Theorem 3.2. Then [I'gg| < 1. If [I'gg| = 1, then we must have I';; = 0
for j > i, so that T'= ®(I'g,0,...) and 73 = 0. Assume |I'go| < 1. Then T
is the transfer map of the system associated to the operators V; defined by
(3.7). Thus, we have

o= o

[ Too  Drz ot Dry Dr; Loz
Dry,  —T'gol'or _FSODFSIFM
— O DF01 _FEk)]_FOZ
0 0 Dr,,
Dr,, -T¢ 0 0 Tor Drgloo
= 0 0 I 0 Dr,, —TI§Tlo2
[ Too Dr:y O [I 0 0
= |Dp,, —Ig O 0 I'm B'(0)*
L0 0 1|0 o A0
[ Too  Dr;Tor Dr: B'(0)*
= | Droe —Toolor —T50B'(0)"
0 Cr A
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We assume first that ||A(0)|| < 1. Then formula (4.1) gives

T = ®(To0,0,...) + ®(0, B0)*,0,...) (I — ®(0, A(0)*,0,...)) " ®(C(0)*,0,. ..

= (I)(Foo,(),. . ) + [@(O,DFSOF()l,O,. . ) @(O,DFSOB’(O)*,O,. . )

| E—

0

V-@(o,—rggrm,o,...) ~®(0, ~L30B'(0)%,0,...)] " [®(Dryy,0, . ..
)

—®(0,C’(0)*,0,...) I—®(0,A(0)%,0,

Since ||A(0)|| < 1, we also have [|A’(0)]| < 1 so that we can use a well-known
formula for the inversion of a 2 X 2 matrix in order to deduce that

T = &(To0,0,...) + @(Dpao,o,...)(q>(o,r00,o, LA
+®(0, B'(0)%,0,...) (I — ®(0,4'(0)*,0,...)) "
X ®(0,C(0)",0,... ) A ) O(Dryy, 0, ..

where
A=1-®(0,-Tglo01,0,...) —®(0,-TEB' (0)*,0,...)
x (I—(0,4'(0)%,0,...)) " ®(0,C"(0)*,0,...)
= 1= ®(0,~T50,0,...) (®(0, ~T0o, 0, ..

+0(0,B'(0)",0,...) (I = (0, 4(0)",0,...)) " @(0,C"(0)",0,....) ).

Since || (0, —Iy,0,...)]| < 1, A is invertible and the previous calculation
makes sense. Also, we define

=®(0,T01,0,...) + ®(0,B(0)*,0,...)
x (I —®(0,4(0),0,...)) " ®(0,C"(0)*,0,...).

Since [ CF(‘S)* ﬁ,ggg } is a contraction (in fact, it is an isometry), we can easily

check that R € & (H) Actually, we can notice that R is obtained from the

Schur parameters {Fzg}p;, where T';; = 0 and Fm =TI, for j > i. We obtain
that

T = &(To0,0,...) + ®(Drs ,0,...)R(I — D(~T0,0,..)R) " ®(Dry,,0,...).

(4.2)
Since ||®(—I(y,0,...)|| < 1, the previous formula makes sense without our
assumption that ||A(0)|| < 1. In fact, an approximation argument shows that
(4.2) holds without that assumption. Thus, let p € (0,1) and consider T}, —
the transfer map of the system {pA(n), B(n),C(n), D(n)} (not necessarely in
BSn(H)). All the previous calculations go through and we obtain a contrac-
tion R, such that (4.2) holds for T,. Letting p — 1 we obtain (4.2) in any
case il
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This result leads to the following Schur-type algorithm for a T' € S(H):

(To =T, ¥ =Tnoo (n>0)

T),+1 = the unique solution of the equation
Ty = B(1n,0,...) + B(Dys 0, )T 1 8% 2o N
(I—®(—~,0,.. ) 1 ST k= V) ' 0(D,,, 0, ).

\

The algorithm generates a sequence of elements 7;, € S (H, Djeon ,Drs )
n—1,00

n—1,00

and it is easily seen that v,, = I'g,, (n > 0). Therefore {7, }»>0 uniquely deter-
mine T and the algorithm encodes the dependence of T" on these parameters.
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