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Sobolev and Morrey Estimates
for Non-Smooth Vector Fields of Step Two

A. Montanari and D. Morbidelli

Abstract. We prove Sobolev-type and Morrey-type inequalities for Sobolev spaces
related to a family of non-smooth vector fields which formally satisfy the Hérmander
condition of step 2. The coefficients of the vector fields are not regular enough to
define the Carnot-Carathéodory distance. Thus the result is proved by developing a
real analysis technique which is based on an approximation procedure of Lipschitz
continuous vector fields with a family of left-invariant first order operators on a
nilpotent Lie group.
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1. Introduction

In this paper we are concerned with the Sobolev- and Morrey-type inequalities

([ 1@

) i o/ \Xprdx)% 1<p<@) O

|f<y>—f<z>|§c2( / IXf<:v)Ipdx> o(y.2)" (g2 €D p > QP)

Here 2 C R" is a bounded set, f € C3(2) and X f = (X1 f,..., X, f) is the
degenerate gradient associated with a family of vector fields of the form

0 o, 0 _
=5 ‘() =1,....m;m<
X oz, + k;q a; (x)ﬁxk (j=1,...,m;m<n),

Q = m+2(n—m) denotes the “homogeneous dimension” associated with the
X;, a < 1is a suitable positive number and p is a quasi-distance naturally
associated with the vector fields.
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Historically, the first embedding properties for degenerate Sobolev spaces
are essentially contained in the papers [6, 7, 10, 18] where the “subelliptic
estimate”

Ifllme < e(lfllze + 11X fllz2)  (f € C° () (3)

is proved. Here H® denotes the classical fractional Sobolev space of a suitable
2n

order € € (0,1]. Obviously, the classical embedding H® C L»-2¢ furnishes the

estimate

IFll 2n < c(llfllce + 11X fllee)  (F € C3°(). (4)

I, n—2e

A different class of significant integral inequalities involving vector fields
(see, for example, [10, 19]) are the Poincaré-type inequalities

[lr=tol e [ 1X7] (7€ C'eB) )

where B is a ball of radius r with respect to the Carnot-Carathéodory distance
(see [6] for the definition), coB is the ball with same center of B and radius
cor and fp = |B|7! [ p | denotes the average of f on the ball. In recent years,
many papers have been devoted to the study of the so-called self-improving
properties of Poincaré inequalities (see, e.g., [1, 11, 13, 17, 22]). In these papers
it is proved that the Poincaré inequality, together with the doubling property
of the Lebesgue measure of the Carnot-Carathéodory balls, are sufficient to
construct a satisfactory theory of first order Sobolev spaces.

While this last “axiomatic” aspect of the theory has been developed in
great generality, it seems that the direct proof of inequalities (1) - (3) or (5)
in concrete situations is a very complicate matter. There are essentially two
classes of examples of vector fields in R™ for which the proof of the mentioned
inequalities is available: the vector fields satisfying Hérmander condition (see
[18, 19]) and those of Grushin-Franchi-Lanconelli type (see [8, 10]). In the
first case smooth regularity is required, while in the latter the vector fields
have to be of “diagonal form”.

In the present paper we study embedding properties for Sobolev paces
associated with families of step two which are in general non-smooth and
non-diagonal. Before stating our results we briefly quote some recent papers
in which this problem is addressed.

A first embedding result for non-smooth and non-diagonal vector fields of
step two is contained in [20], where (3) is proved with ¢ = % by means of a
Fourier analysis method. This procedure only requires that the coefficients of
the vector fields have second derivatives in a suitable LP-space. However, since
the Sobolev-type inequality is obtained through (4), the embedding exponent
is in general not sharp.
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For a couple of C! vector fields of step two in R?, inequalities (1) and
(2) are consequences of the Poincaré inequality (5), which has been proved in
[21]. The technique of the paper [21] relies on precise estimates of the Carnot-
Carathéodory distance. In the regularity assumptions of our paper it is not
even clear if the mentioned distance is finite for each pair of points.

In the recent paper [4] the Sobolev inequality (1) is proved for a pair of
Lipschitz continuous vector fields in R3, which arise in the study of regularity
properties of real hypersurfaces in C? with Levi curvature belonging to a
suitable Sobolev space and different from zero at every point. This result
shows that embedding theorems for Sobolev spaces related to vector fields
with non-smooth coefficients are an important tool in the study of regularity
properties of some nonlinear elliptic degenerate equations. The paper [4] has
motivated the present one.

Our main result is the following.

Theorem 1.1. Consider the vector fields in R™
X;=0;+ Y abo, (6)
k=m+1

with a? € Lip(R™). Let Q = m + 2(n — m). Assume that, for almost every
r € R,

0= Y  N@X,X@)  (@G=m+1...,n) (7)
1<i<k<m
where
NF XGNP e L™ (G=m+1,.. ik h=1,...,m). (8)

(here Xp, and [X;, Xi] = X; Xk — Xk X; denote distributional derivatives).
Then, for any bounded open set 2 C R"™, the following statements hold:

(A) (Sobolev inequality). If 1 < p < Q, then

< X
171 4o < il XSl

for all f € C3(Q).
(B) (Trudinger inequality). If p = Q, then

/Qexp ((%) Qil)dm < c3
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for all f € C3(Q).
(C) (Morrey-type estimate). There exists a quasi-distance p in € satis-
fying )
kilz —yl < p(z,y) < kolz —y[>

for all x,y € Q (with | - | the Euclidean norm in R™) and such that, if Q <
p < 0o, then

[f (@) = f(2)] < cal X Fllzop(a, ) (2,2 € Q)

for all f € C3(2) where o = min{1,1 — %}

(D) If 1 < p < Q, then the space Wol’p is compactly embedded into L? for
any q < % where WP (Q) denotes the closure of C5° () with respect to the
norm || X fllze()-

The constants ki1 and ko depend on 2 and on the Lipschitz constants of
the aé? s in (6)w. The constants c1,ca,c3,cq4 depend on p, 2, on the Lipschitz

constants of the coefficients a? and on the L -norm of the functions in (8).

Hypotheses (6) and (7) in the smooth case ensure Hérmander condition
of step 2. Let us remark that hypothesis (6) is not restrictive. Indeed, given a
family Xi,...,X,, of Lipschitz continuous vector fields linearly independent
at a point #, we can find a new family Y; = >°7°, M;x X (j = 1,...,m)
of form (6), where (M, ) k=1, m is a non-singular matrix with Lipschitz
continuous entries in a neighborhood of z.

Our method is inspired to some results of Rothschild and Stein [23] and
to those of Citti, Lanconelli and Montanari [4], where a version of (1) for a
pair of vector fields in R? is proved. The main idea is to approximate the
operators X; at each fixed point with a family of vector fields which are left
invariant on a nilpotent Lie group of step two. However, Rothschild and Stein
in [23] first introduce local coordinates naturally associated with the vector
fields and then, in this new system of canonical coordinates, they approximate
the vector fields. Their procedure requires high regularity on the coefficients.
Since our coefficients are only Lipschitz continuous, we will first approximate
the vector fields with a family of smooth and left invariant first order operators
on a nilpotent Lie group of step two and then we will introduce a change of
variables. Our “freezing method” has been first introduced by Citti in [2]
for C1@ coefficients and then adapted to Lipschitz continuous vector fields in
[3]. A consequence of our different approximation appears for p > 2@Q), since
the exponent o = min(%, 1-— %) in Morrey estimate, for a function f with
degenerate gradient in LP, is worse than the usual exponent 1 — %, which
arises in the smooth case.
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We conclude the introduction by remarking that our results hold in the
class of compactly supported functions. This is a consequence of the fact
that our method relies on several integrations by part. Moreover, the quasi-
distance p in Morrey estimate is not the Carnot-Carathéodory distance. It
would be interesting to study the Carnot-Carathéodory distance and to discuss
the validity of a Poincaré inequality (for non-compactly supported functions)
in the regularity assumptions of the present paper.

The present paper is organized as follows. In Section 2 we introduce at
any point ¥ € R™ some “frozen” vector fields X; z and we show that there
exists an explicit change of variable which transforms them into a nilpotent
family independent on the point z. We then define the quasi-distance p and
get various estimates of derivatives of the fundamental solution I'z of the
operator » 7", X7, in term of p. In Section 3 we prove statements (A) and
(B) of Theorem 1.1 by means of a representation formula for f € C}(Q) in
term of I'z. In Section 4 we prove statements (C) and (D) of Theorem 1.1 by
varying the point Z in our representation formula.

In this paper we will use the following notations:

¢ is a generic constant which may change even in a single string of es-
timates; we write a ~ b to state that there exist two constants ¢; > 0 and
co > 0 such that ¢1b0 < a < e2b; ||f|lp or || f||z» will denote the LP-norm of
a function f on the set €; |A| stands for the Lebesgue measure of the set
A C R™; a vector field X = "7, ax(2)0) will be identified with the vector

function (ai(x),...,an(x)).

2. Freezing method and the quasi-distance p

In this section, starting from a family of m vector fields of form (9), we
introduce at any point £ € R some “frozen” vector fields X; z and we show
that the latter (modulo an explicit change of variable) can be transformed
into a family H; (j =1,...,m) which does not depend on the point z.

Consider in R™ the vector fields

X;=0;+ Y aion,  (j=1,...,m) (9)
k=m+1

where the a;’? = a? (x) are Lipschitz continuous real-valued functions defined

on R™. Assume that the fields are of step 2, in the sense of (7). This ensures

that the total number w of commutators [X;, X;] (1 <i < j) satisfies

m(m—1) > n —m. Fix a family

2

Ac{@,l): 1<i<l<m}



140 A. Montanari and D. Mor

bidelli

with n — m objects and a bijective correspondence

g:{m+1,....n} = A, g(k) = (91(k), g2(F))

h=g': A—={m+1,...,n}.

Forany k=m+1,....nand 4,5 =1,...,m let

k
b

Define for any fixed x € R"

_{1iﬂhﬁ=g%)

0 otherwise.

al o (x) = af(z) + ) b (i — Ti) (x €R™)
=1

Xjz =0+ Z a¥ 2.

k=m+1

In the sequel we will use the following elementary properties:

a5 2(2) — af (@) < clv — 7

k k
Xiaj@(:z:) - Xiaj’g(a:)

where the constant ¢ depends on the Lipschitz constants of the a?’s.

If1<l<j<m,then

X1z, X ] = 8l<

x,z,y € R"
o )

(10)

(11)

(12)

(13)

(14)
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Define, for a fixed x € R™ and for all u € R",

%(u):exp(zujxj,ﬁ > uh(hj)[xl,i,xj,j])(z)
j=1

(Li)eA

::wp(zyw&@+ z:ummﬁwm)@)

Jj=1 (l,j)GA
= exp (Zqujx—i- Z ukak)
k=m++1

The exponential map ¢z(u) can be explicitly written by solving the Cauchy
problem

:iuj{ejJr i ( +wa% _ ))ek}+ i urer

=1 k=m-+1
1(0) ==z
and letting ¢z(u) = v(1) (e; denotes the Euclidean versor). If
i <m, then 7;(s) = &; + u;s

k> m, then (s Zu] a; Z ujb U S + U

1<i<j§m

Thus, integrating over [0, 1],
¢ (u) =7(1) =Y (Tj+uj)ej+ > (Tj+uj+A(2) ut3Bu-u)e; (15)
j=1 j=m+1

where we have introduced the notation
m
A(Z)-u="al(z)u
i=1

m
Jop oy — E T oy — . .
Blu-v= bi,luzvl = Ug, (j)Vgs ()
il=1

(the last equality follows from (11)). Denote by %z the inverse map of ¢z.
Then

u=1vz(x Z

Jj=1
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In order to write now the vector field X; z in the coordinates u recall first that,

ifj=m+1,...,n, then 8%]» = a%j. If 7 < 'm, the derivative 0; transforms as
follows:
0 " Ouy, O
8% 8903 dug,
_ i ou 0§ w0
— Ox; Ouy, it Ox; Ouy,
0 " 0 0
= — — — — Ak (z —Z)— -B¥xz -1z —I)p—
5t k;m;l e, {@ =) - A@) - (2 - 2) (z—2)- (z-5)} S
o) ” . o /1_, 0
g 5 (e (e a))
Ou; + Z { @ (@) Ox; (2 (z=2)-(z—7) ouy,
k=m+1
0 " e\ O 1 & 0 _ _ 0
b~ 2 D05 X g (=D @ =D 5o
k=m+1 k=m+1
where we used the property B¢ - ¢ = g1 (k)Ega(k)- Then the definition of X z
gives
0 - Lo\ O i . 0
ij 9 ; + Z aj (l’)a—xk + ) Z sz(l'z I‘Z>a—%
k=m+1 APl
0 1 &« 0 0 0
= —  — RN bk’ — i
du; k:zm:ﬂ Oz, (= D7 = Pty Oz i km; n =) Ok
— i _ 1 (:L“ _ j) i
© Ou; 2 , 92(k) 5
{k:g1(k)=5}
-1 Z (z — k) a T Z Z (z — i’)ii
2 , Jon 8:1: Ozy,
{k: g2(k)=j} k=m+1 {i: (i,5)=g(k)}
0 1 0 1 0
= - — — R —|— — Z U k
O 2 Z u92(1€)8 2 g1(k) Our
YT kg (=5} YRS e ga(m=3) o
0 1 0 1 0
=3 "3 Z U + 3 Z Uy
Ouj 2 {1: G e A} Qungiry 2 {1: (1.j) €A} Dun(e.j)
= H;.
The vector fields H; (j =1,...,m) are homogeneous of degree 1 with respect

to the family of dilations (D()\)) A>0 defined by
D(A)(gla s 7€n) = ()\517 ) >\£m7 )‘ng—l-lv ) >\26n) (5 € Rn)
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Moreover, the vector fields H; are left invariant on the Lie Group (R",0),
where the law “o” is defined for u,v € R™ by

uov:Z(uj +vj)e; + Z (uj +v; + 2(B'u-v—Bv-u))e;.
j=1 j=m+1
Obviously, ©u~! = —u and
ulov= Z(vj —uj)e; + Z (v; —u; — 2(B'u-v—Bv-u))ej. (17)
j=1 j=m+1

We now use the change of variable ¢z in order to get precise estimates
of the fundamental solution (and of its derivatives) of the operator Lz =

> iy X7 5 in term of a suitable quasi-distance.

Proposition 2.1. Let Q C R" be a bounded set. Let a? € Lip(Q) (j =
1,...,m; k=m+1,...,n). Consider the function

n

play) =Yl —al+ Y [w-2) - 4@ @-2)|" @ye. (1)

j=m+1

Then there exist two constants ¢ > 0 and co > 0 depending on ) and on the

Lipschitz norm of a?, such that

lp(y7 .I’)
Q(p(ib', Z) + p(zv y))

Y)
Y)

p(

} (x,y,z € Q).
p(

z,y) <c
z,y) <c

Moreover, there are constants cg > 0 and cq4 > 0 such that

etz —yl < plx,y) <ecsle—ylz  (v,y€Q) (19)

Hy : p(x,y) <7} = car® (r>0,Q =m+2(n—m)). (20)
Proof. We start by showing (19) and estimate

3

n

=yl <D lay =yl + D {las— vy - @) (v o)+ 14 @) (v - )| |

Jj=1 j=m-+1
m n m
i 1
<Slas—yilte Y Joy -y - A - +ed ly -y
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Here we have used the boundedness of Q and of |A7(z)| (z € Q). Again, by
the boundedness of Q and of |A%(x)| (x € Q) together with the Euclidean
triangle inequality, we get the estimate p(z,y) < ¢|z — y|2.

In order to check that p is a quasi-distance we first prove that p(x,y) <
cp(y,x). Indeed,
p(xy) =Y vy —yl+ Y lyy—z;— Ax) (y— =)
j=1 j=m+1

s =yl + Y lyj—a— A y) - (y— )]

j=m+1

Il
NI =

<
I
—

M

n

+ D (A () = Ay) - (y )

j=m+1

<p(y,x) +clz —y|

Nl

<cply, )
by (19). The “triangle inequality” can be proved as follows:

, 1
pz,y) = lzj—yil+ Y lyj—zj— Alx)- (y— )|
=1 j=m+1

NE

<> (lyg — 2zl + 125 — 4))

1

+ > {lm-u-40) -2

j=m+1

<.
I

N|=

D=

+lz—ay + A (2) - (y —2) = A(@) - (y — o))

=p(zy) + Y |z —ail+ Y |z —ay - A@) (2 - )
j=1 j=m+1
+ ) (W)~ A(2) (2 —y)|
j=m+1

< p(z,y) + pla, z) + clz — 2|3]z — y|2

N

[N

<c(p(zy) +p(z,2)).
Estimate (20) of the measure can be obtained by the change of variable

ye g f9_{yj—QL‘]-—AJ(:zc)-(y—x) ifm+1<j<n.
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The change of variable has Jacobian 1 and thus

}w:Maw<rH=/* dy = it — e

pla,y)<r /ngm &1+, Il E<r

and the proof is finished I

By Proposition 2.1, p is equivalent to the symmetric function p(x,y) =
p(z,y) + p(y,x) which turns out to be a quasi-distance. The set {2, equipped
with the Lebesgue measure and the quasi-distance p is a Homogeneous space,
in the sense of Coifman and Weiss. Then the following result holds.

Corollary 2.2. The “fractional integration” operator defined by

_ [ _fydy N
T = [ LB @em0<u<Q)

satisfies
ITufllpa. < esllfly  (L<p<$felr@)en
supl{a « [Tuf(@)] > ME <ol (f € L1() (22)
T,/ )]y o 2
fyeo (i) = (e Lr ). (25)

Proof. The proof of (21) and (22) is contained in [15], while (23) is proved
in [16] N

Let I'z(z, -) be the fundamental solution of the hypoelliptic operator Z;nzl X JQ z
with pole at x. In the following proposition we give some pointwise estimates
concerning I',(x,y).

Proposition 2.3. Assume that a? € Lip(R™) and define a® , as in (12).

7,
Given an integer k > 0, denote by X¥ any derivative of the form X, + X, X, (ji €f}
{1,...,m}). Denote also

k
(az(y) —a()" =] (" .(v) — a*' ()

=1

(j; € {1,....,m} and k; € {m + 1,...,n}). Then there exists a constant ¢ > 0
such that .

k
| Xo Tz (m, )] < CW

(z,y € Q). (24)
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Moreover, there exists a constant ¢ € (0,1) such that if z,y,z € Q and
p(z,z) < ep(z,y), then

1
pla,y)@th—3

N|=

| XiTo(2,y) — XIT.(2,9)| < cplz,z) (25)

if x,y,2z € Q with p(z,z) < ep(z,y).

Remark 2.4. In the smooth case estimate the right-hand side in (25)

has the better form c p(mfy()z%.

Proof of Proposition 2.3. It is easy to check that the fundamental
solution of Z;n:l X Jzi can be written as

where T'yy denotes the fundamental solution of the sub-Laplacian > H J2 In
particular, if x = x, we have

Loz, y) =T (We(2),¥2(y) =Tu(0,v2(y) = Tu(a(y))
by a slight abuse of notation. Thus

1
[ (y)[| 225

(X3 (@,y)| = [H Th (¢a(y))] < ¢

The last inequality is a standard estimate concerning the fundamental solution
of a sub-Laplacian on a Carnot Group (see [7]). Here we let

n

n

1

lull = > gl + Y fuyl.
j=1

j=m+1

The function u +— ||u|| is homogeneous of degree 1 with respect to the family
of dilations (D(A))x>0. Hence in the sequel we will call it homogeneous norm.

Now, by the explicit form (16) of 1., the proof of (24) can be concluded
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as follows:
e @)l = {| D_(y — )¢
j=1
+ > {2 -0 A@ B -0 - ) e
j=m+1
= Z lyj — ;]
j=1
+ Y -2 -2 A+ By -2 o)
j=m+1
m n 1
ZZLUJ_Q%"F Z ’(y_w)j (y — =) AJ(£)|2
7j=1 j=m+41
= p(z,y)
The last equivalence is a consequence of the estimate
By — ) (y — )| < e lys — )
k=1

In order to prove (25) we first prove the implication

pz,2) <eplz,y) = |[va®) " ov(v)| <cevellva(y)l  (26)

where the constant ¢ > 0 does not depend on x,y € €. The group law (17)
gives

Ve (y) o, (y)

NE

[(y; — 25) — (y; — z;)]e;

<.

+

{-5-0-2 40 -3Bu-2) -2
+1

(y—2)—(w—o) @)~ 1By —2)-(y—a)|e,
[B%y—m~@—w»—3%y—a~w—xﬂ}%

I
3

—

-+ 30 o5 - M) -2+ 4@) -y -2

j=m+1

<
I
_

'PﬂSML

“[By-2) @-29+By-2)- @-2)]}

l\’)l»—t
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The homogeneous norm is

|th2(y) " 01 (v)|]

2= 2+ D fei—z - AR (- 2) + A (@) (y - )

j=m-+1

~3[Bly—o) -2+ Bly-2)-@—2)

n

I

<
I
—

1
2

MS N~

<S -yt Y |-z - AR) (@ —2)?
j=1 j=m-+1
n | | 27
Y W - a@) @ -y 27
j=m+1

[N

—3[Bly—2) -2+ Bly-2)-@@—2)

< p(z,2) +c(|z — 2| |z — y|)

D=

N[

1
2

< cp(z,x) + p(z,y)2p(2, )

< cvep(z,y)

as soon as p(z,z) < ep(z,y). Thus (26) is proved. Then, if p(z, z) < ep(x,y)
and € > 0 is small enough, by (26),(27) and the standard Calderon-Zygmund
type estimate for the derivatives of the fundamental solution of sub-Laplacians
on Carnot groups, we get

| XFT,(2,y) — XFD.(2,y)| = [H* T 1 (¥2 (y)) — H* T (v:(y)))
< M@)o vy
= e (y) @Rt

Deleting the last line in (27) we get the estimate

D=

92 (y) " 0. ()| < cp(z,y)2p(z, )

which ends the proof of (25) i
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3. Sobolev and Trudinger inequalities
In this section we prove part (A) and (B) of Theorem 1.1. The proof will be
a consequence of the following proposition.

Proposition 3.1. Let 2 C R™ be a bounded open set. Denote by p the
function introduced in Proposition 2.1. Then there exists a constant ¢ > 0
such that for any f € C§°(S2) the estimate

(XS W)l
[f(@)] < C/Q Wdy
holds.

Proof. Representing the function f € C§°(2) by means of the funda-
mental solution I';(x,y) of the operator 377" | X7 2 with pole at z we have

/ )X, (9) dy

_ Z /Q XjoTo(z,y)(Xj0 — X; + X;)f(y) dy
j=1

=3 [ Xula(en) Y (@halo) — o) 5, f0) dy

k=m+1

N Z /Q X; oL (2, 9) X, £ (y) dy

=: I(z) + I{(x).

Proposition 2.3 gives the desired estimate of I}

I () SC/MCLU

p(x,y)Q1

Rewrite now (7) in the form

m

Oy, = > N (W) XX, (29)

i,l=1

where we let A" = \y'if i < 1, AY' = AP if i > [ and AL* = 0. The functions

)\Ll also satisfy hypothesis (8). Thus the evaluation of I; will be ensured by
the estimate of the integral

—~ / Xjala(@,y) (a5, (y) — X)) N (W) XiXif(y)dy — (30)
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(i,4,l=1,...,mand k =m+1,...,n). We now integrate by part in (30). In
order to deal correctly with the singular terms we first truncate the domain
of integration. Write for brevity

9(z,y) = XjaTu (@) (ak . (y) — ab () X (). (31)

Since by (24) and (20) the function y — X, .I';(x,y) is integrable in Q2 and
all the remaining functions appearing in integral (30) are bounded we have

J(@)=lm J.(z)  where Jo(x) = / o(e, )X X, (y) dy

€

and
Q. =0\ {y: [u(z,y) > 9.

Recall that the functions S\Z:l are bounded together with their distributional
derivatives XZ-S\Z’Z. Then, by the results of [12, 14], there exists a family
(S\Z’Z)U (o > 0) of smooth functions on  such that (S\ZZ)G — S\ZZ and
Xi()\zl)a — XZ.S\ZJ in L?(K) as ¢ — 0, where K is the support of f. Ap-
proximating the functions S\ZI in the described way, we can apply on the set
Q). the integration by part formula

/Q 9(y) Xv(y) dy
2/8Q 9gy)v(y) X (y) - v(y) dd(y)—/ (Xg(y) + div X (y)g(y))v(y) dy

2

where v and g are Lipschitz-continuous functions, X = 37", a/0; isa Lipschitz—l
continuous vector field, divX(y) = Y 7_, 9;a’(y), v(y) is the outer normal
to Q. at the point y, do denotes the surface measure and X(y) - v(y) =

S a;(y)v;(y). Thus

Js(:r)Z/ g(fvyy)Xzf(y)Xi(y)-V(y)da(y)—/ (X +div X3)g(z,y) X1 f(y) dy
0 Q.

= Jl(2) + ().

We first show that J.(z) — 0 as ¢ — 0. Denote by V the Euclidean gradient.
Then
IVIw(z,9)|  [Va(2,y)

Xi(y) - v(y) = Xi(y)
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Moreover, by also using (14) and (10),

Xilz(w,y) = (Xi — Xio)lo(2,y) + Xi 2o (2, y)

= > (@ —ai,) )0y o(,y) + XioTa(2,y)

= Z (af - aiw)(!/) [Xg1 (k),z>» ng(k),x}rx (l’, y) + XZ,ZCF:E ($7 y)7

hence

< Cp($, y)|Xj,$FI(xa y)|

X (]Xz,xfm(x,y)]—l—p(x,y) Z ‘[Xg1(k),a:7ng(k),m]rm(aj?y”)
k=m+1

< c(p(z,y))> 9.

The function X;f is bounded on {2 and vanishes on 0€2. Thus, for any fixed
x we have

[ Jo(@)| =

/ o(e, )X f () Xo(y) - v(y) do(y)
{Te(z,y)=e2-9}

c 1

S 263 / oy do ().
e297% Jir, (ey)=e2-@} |VIa(z, )]

Define
1

/{1":c (z,y)=r2-Q} |VF1‘ (Q’), y)l

Then, by the coarea formula [5: p. 118] with f(y) = (Fx(x,y))ﬁ and by
the change of variables (16), we get

/06 Flr)dr = (Q — 2) /0 (/{T:ﬂy)} m da(y))dr

=(Q—-2) / dy
{Tz(z,y)>e2-R}

— Q-2 / s
{Tu(§)>e2-R}

= (Q —2)e? de.
@ )e /{FH(€)>1} y

F(r)= o= do(y).



152 A. Montanari and D. Morbidelli

Hence, by differentiating the previous equality with respect to €, we get F'(¢) =
Q-1 d
ce an

c
|Jl(x)] < R F(e) = ce.

The last term tends to zero as ¢ — 0.
In order to rewrite J! = J!(x) we use the explicit form (31) of g:

J! = - / X; [Xj,xl“x(w,y)(aﬁx(y) — af (y))ﬂé’l(y)}Xzf(y) dy
Q.
- /Q div X, (y) [Xj,xfx(:r, y)(a} . (y) — af (y))X?l(y)}Xzf (y) dy
= - / XiX;oTa(z,y) (b, (y) — ab ()N (v) X1 f () dy
/ XL () (Xia () — Xiah () o (9) X0 f () dy
— [ X)) = 050 X5 ) X0 )
= [ i X0 [ X (0 () = o )X )] XS )
=: B.(z) + B1 () + B2..(x) + Bs . (z).
Rewrite the term B, using X; = X; — X; » + X 4

S / ()

h=m-+1
X 0y, X2 T (@, y) (a5 2 (y) — af ()N () X1 f (y) dy

+ /Q Xi X, T, y) (b, (y) — a®(y)) X" () X0 f () dy
=: By .(z) + Bs c(z).

We now show that each of the integrals By o(x) (k = 1,...,5) is well
defined. This guarantees that By o(x) = lim._,o By .(x). More precisely, we
will show that |By o(z)| < T1 (| X f])(z).

Since A7 € L and |X; af .| < ¢, we see that

By o) < ¢ / X, T ()| X0f ()] dy.

Then the term B ¢ can be estimated using the same arguments of 17 (see (28)).
The estimate of the term Bs can be done using the Lipschitz continuity of
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the fields (which, by also (19), gives |a¥ . (y) — af(y)| < clz -yl < cp(z,y))
and the boundedness of Xi;\',i’h. Then

| Ba,o()| < C/Q XL (2, )| pla, )| XA ()] 1 X0 (y)| dy

< cTa(|X f])(2)

< (X f) ().

The term B3 can be evaluated with an argument similar to the one used for
Bso. By (14) and (10) the term By is controlled by an expression of the
form

Bao(a)] < c /Q XL, (2, 9)(as — a)*(9) | X £ (9)| dy < Ty (X 1) (@),

We used here the notations introduced in the statement of Proposition 2.3.
Finally, the estimate of Bs ¢ can be obtained with a similar argument W

Proof of the Sobolev and Trudinger inequalities. The proof of the
Sobolev inequality for 1 < p < @ and the Trudinger inequality follows from the
“representation formula” proved in the Proposition 3.1 and from the continuity
estimates of Corollary 2.2. In the case p = 1 Corollary 2.2 provides the weak
inequality

Q-1
sup A{[f| > A} < c| X[l
A>0

which, by the truncation technique used in [9: p. 564], can be improved to

Q-1

. . _Q
the desired estimate ([, [f|@7) @ <c [, |Xf|N

4. Morrey estimate and compact embedding

In the following proposition we give an estimate of the difference between the
values of a function f at two different points in term of integrals involving the
degenerate gradient of f and suitable kernels. This will enable us to prove
the Morrey estimate (C) in Theorem 1.1 and a fractional-type estimate which
will provide the compact embedding (D) in Theorem 1.1.

Proposition 4.1. Let f € C§°(S2). Then

@) - f(2)] < e / K, 59)|XfW)ldy (5,2 €Q)
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where the kernel K is a sum of a finite number of terms of the form

Ri(z,2;y) = ’Xﬁ“Fm(:c, v)(az(y) — a(y))" = XFT. (2, y) (az(y) — a(y))k‘
(32)
(k=0,1,2) and

R(LL’, zZ5 y) = ‘Xme(xa ?J) (aw(y) - a(y)) - Xze(Zv y) (az(y) - a(y)) ‘ (33)

In (32) and (33) we used the notations of Proposition 2.3. Moreover, if
p(z,2) <ep(z,y), then

D=

p(z,x)
plz,y)° 2
Proof. For z,z € Q and f € C§° write f(z) and f(2) as in (28). Then

K(z,y;2) <c (34)

f(x) = f(2) = (Ii(z) = Li(2)) + (I1(x) - I1(2)).

The second term I{(z) — I1(z) has the appropriate form, since
j=1

and the kernel ‘ijmFx(x,y) - X;.I'.(2, y)} is of type (32) with £ = 0. Now
we will integrate by part the first term I;(z) — I;(z) by using (29):

n

ABETOED DID DI RE NI RI0)

j=1k=m+1

= XD (e, y) (e — ab) () P () X X f () dy

— /S(m,z;y)Xzf(y) dy

where the kernel S is defined by the last equality through an integration
by part. Denote X} = —X,; — div(X;) and write for brevity I', instead of
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['z(z,y). By omitting the summation symbol on the indices j, i,k and [, the
kernel S = S(z, z;y) has the following form (take also (13) into account):

S = X?“{ <Xj,xfm(a?,x — af)(y) — Xj,ze(af,Z — a?)@))}%l(y)}
~{Xpale(Xiaf, - Xia) () - X;2La(Xiaf . — Xaa)) () |15 0)
XiXjaTa(afe = a5)(y) = XiX;T(aj; - UL?)(y)}xZ’l(y)

o) X, ) ) } XA )

/\f—’h\r—’H’_/h\

XjTalafy — af)(y) = X;.Ta(af, — af) ) ) dvXa() Ay (0)

(Xjala = Xj.2T2) (Xiak, — Xia) () A7 ()

= {(XT

—{(Xi = X)Xyl (0, — af)(y) = (X = Xi.2) XL ol

{XZ X o (a, — a?)(y) — X X T (k- a§)(y)} 5 ()

—{ Xl (] a§><y> - X T~ ah) ) } XA )

{Xj,me(a’“ —aF) () — X;Duah, — o)) haivXi(y)

= —Ay — Ay — A3 — Ay — As.

Recall that, by (14) and (10), for any ¢ € R” and s=m+1,...,n

By~ K06 Xaa(o)

Write this last equality with £ = x and £ = z. Thus

n

Az = Z {(af - af,x)(y) [Xgl(s),ma ng(s),m} Xj,me(a?@ - a?)(y)
s=m+1

s s N,
— (0 = a2.)(0) [ Xy (0 Xy 2] X 2T, — ab) () }AE ).

Then each of the terms |A1|, | A2, |A3| can be estimated (using S\;Z € L*>) by
a kernel of the form Ry (z,z;y) in (32) with k£ =0,1,2.

The terms |A4| and |A5| can be estimated (using XjXZ’l,divXj € L) by
the less singular kernel R defined in (33). The estimate of the kernel Ry can
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be obtained by means of (25):
Ry(z,zy) < | XFHTo(z,y) — XEV'TL(2,9)| (az(y) — aly))"|

+ [ XET . (2,9)] (a2 (y) — a(9)* = (a=(y) — a(y))¥|

-waaﬁgﬁwmmw@ﬁ—mm—aww

The estimate of the last line is non-trivial only if £ = 2. By (12) and (13),

k k k k k k k k
(ab: , — afW)(al?, — af2)(w) = (afi . — af)(w)(af? . — ai?)(w)|

k k k k k k
{(ajll,m - ajf)(iy) - (ajll,z - ajf)@)}(%j,z - aj;)(y)

+ |k = afHw){ (el — afw) — (@2, — b))}

and the proof is finished H
Proof of the Morrey estimate. Let f € C§°(2). Write

@@@:meawmwwy

Starting from Proposition 4.1 estimate (C) of Theorem 1.1 will be proved as
soon as we will be able to show that |Ix(z,z2)| < cp®(z,z). Fix e > 0 and
write

@@@:/ RWm@MﬂM@+/ Ru(e, 2 4)| X ()] dy
p(z,z)>ep(z,y)

p(z,z)<ep(z,y)
—: I (2,2) + [ (x,2).

The estimate of I}, is easy. Indeed, by (24) and the Lipschitz continuity of the

a?’s we can estimate I;, by the Holder inequality as

, dy d’y ijl
I <cl| X fllLe — @ T @up >
ple,2)>ep(zy) p(x,y) » 1 plz.2)2ep(@y) p(z,y) 7T

(37)
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Both the integrals herein are well defined (the function piﬂ is integrable near

0 if and only if 3 < @ and p > Q & (Q 1)p < @). By the triangle inequality,

p(z,y) < c(p(z,2) + p(z,y)) < epl(z,x),

on the integration set. Then {p(x,z) > ep(z,y)} is included in {p(z,z) >
cp(z,y)}. Thus the second integral in (37) can be estimated by the first one.
Using polar coordinates we have

dy 5
Illc(xa z) <c|| X fllz» (/ (@—Dp >
P

(zy)<ep(z,2) p(x,y) »—1

ep(z,2) Q-1 g4 et
<clxrlo ([ )
0 tpT

p—1

S1ls)

= c|| X fllpep(z,2)"

By estimate (34) and the Holder inequality we get

1 dy o
I < cl| X fllrp(z, 2)2 (/ <Q%>p) '

p(x,z)<ep(x,y) p(z,y) 7=
Using polar coordinates we have
—1
1 1 M tQ_ldt pT -
I (z,2) < ep(x,2)? | X fllze =Ty < c|| X fllerp(w, 2)
C

p(x,2) t

with o = min{3,1 — %} |

Proof of the compact embedding. We prove that for every 1 < p < Q
and q < % there exists s > 0 such that the inequality

(/QXQ ‘ﬁ;x)_;‘ﬁ?syqd:cdz)% < c(/Q |Xf(x)|pdx) " (38)

holds. This, together with the classical compact embedding W;"9(2) C L1()
will prove the claim.

Let s = 5(p,q) € (0,1) be the solution of
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This choice of § ensures that ||Ti_5f|l; < c||fll, for f € LP (by (21) with
p=1-35). Fix now s < min{$, 1} and estimate the fractional norm of a
function f as follows: by Proposition 4.1, |f(z) — f(2)| is less than a sum of
a finite number of terms of the form [, Ry(z, z;y)|X f(y)| dy, with R; as in
(32), plus a finite number of less singular terms which we will not take into

account in the sequel. Thus it suffices to evaluate the integral

1
I= [
axq [T — 2|t

For any integral of this form we can assume by symmetry that the integration
takes place over the set where

/ Ru(a 2 )| X f(y)| dy| dad. (40)

X To(@,y)(az — a)*(y)| = [XETFTL(2,9)(az — )" (y)]- (41)

The change of variable z = x + h and an application of the Minkowski in-
equality give

1
e i
Q J{h:z+heQ} |h|n+qs

Ry (2,3 + ;)" } 1
SC/Q {/Q|Xf(y)’{/,4xy |h|ntas dh o dy| dx

where we let A, = {h : o+ h € Q and (41) holds}. Now write (for a
suitably small £ > 0)

q
dhdz

/Q Rule,x + hiy) | X f(y)| dy

/ Rk(xax+hay)q dh
A |h|mtas

z,y
Rk:(xa T+ h; y)q
s

|h|n+qs

dh

/{p(:c,m-l—h)ZEP(w»y)}mAw»y

+ / dh
{p(z,x+h)<ep(x,y)}NAz 4

= Il + IQ.

By (41), Ri(w,z + h;y) < S-5o=r and the inequality p(z,z 4+ h) < c|h|2
furnishes

dh c c

¥ Sep(ay) [P p(m,y) Q@10 p(z,y)@—1+25)0 = p(z,y)(Q@=(1-5)q
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because 2s < 5. The estimate of I follows from the estimates of Ry given in
Proposition 4.1. More precisely (recall also that, since s < L, 2 —4qs > 0),

8
1 h)3
I2 S C/ p($,$+ )l dh
P 2

/ C et 1o, i
plaath) <ep(ay) [Pl p(w,y)1(@=3)

cof P plag)tte
— n S -1
Ih|<esp(ay) [P p(a, y)?(@2)

<

dh

/ dh c
=C
|h|<cp(z,y) |h|n—qs p(m7y)(Q—1+4s)q
C
p(m’ y)Q(Q_(l_'?’S))
< C
- p(gj,y)Q(Q_(l_g))

because 3s < s.
Thus, the estimates of I1 and Is, together with (39), give

( [ - f(z)|q>q < | Tuoe(|XFDy < X £l

xq | — z[ntae

and the proof is finished il
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