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On the Optimality for Cascade Connection
of Passive Scattering Systems and the
Best Minorant Outer Function

N. M. Hang

Abstract. In this paper we study passive scattering systems in the framework
introduced by Arov. The main purpose is to find conditions for conserving the
optimality of a cascade connection of passive scattering systems in terms of the
best minorant outer function and to characterize optimal passive scattering systems
which have the same transfer function.
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1. Introduction

In linear dynamic system theory the transfer function 6(z) is an important
characteristic. For any analytic contractive operator function 0(z) there is a
unique outer function called the best minorant outer function corresponding
to it [11]. Some important properties such as observability, controllability,
minimality and optimality are not always conserved through the cascade con-
nection of two systems. In Section 2 we list some notations and results that
will be used in the following. In Section 3 we study conditions for the conser-
vation of the optimality of a cascade connection of passive scattering systems
in terms of the best minorant outer functions corresponding to their transfer
functions. This study has developed the trend of research of D. Z. Arov and
D. C.Khanh which was started since 1988 [1 - 3, 6]. We obtain a necessary
and sufficient condition for a cascade connection of optimal (resp. optimal
minimal) passive scattering system to be an optimal (resp. optimal minimal)
passive scattering system. In Section 4 we will show that, although an optimal
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passive scattering system is not uniquely determined by a given transfer func-
tion, two optimal passive scattering systems having the same transfer function
will be partially equivalent.
2. Notations and some results
2.1 In this paper, we study a linear dynamic system

a=(X,UV,A B,C,D)

modeled by the equations

Tpt1 = Az, + Buy,
v, = Cx,, + Du,

where z.,, u,, v, belong to separable Hilbert spaces X, U, V', respectively, and

A: X - X
B:U—-X
C: X—-V
D:U—-YV

are linear bounded operators. The operator function of a complex variable
0(z) =D+ 2C(I —2zA)"'B
is called the transfer function of the system a. The subspaces

X¢ =vyrAkBU
X0 = v Atkory

are called controllable and observable subspaces of a, respectively. The system
« is said to be

controllable, if X = X¢
observable, if X = X0
simple, if X = X¢ v X2
minimal, if X = X$ = X0.

By Arov [2] the linear system « is called a passive scattering system, if the
operator

A B
T_<C D).X@U%X@V
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is contractive. If this operator is unitary, then the system is called unitary
[4]. The transfer function of a passive scattering system belongs to the class
B(U,V) of all analytic functions in the unit disk D = {z € C: |z| < 1}, where
values are contractive operators from U to V [2].

In [2], for a passive scattering system « there exist operators

M: X —->W
N:U—-W
Q:W,—-X
R:W,—=V
such that
I-A"A—-C*"C=M"M)
—A*B—-C*D=M"N
I-B*B—D*D=N*N
I - AA* — BB* = QQ*
—AC* — BD* = QR”
I-CC*—-DD*=RR"
For

Y(z) =N+ 2zM(I —zA)"'B K(z)=I—-zA)""
Vu(2) = R4+ 2C(I — 2zA)71Q H(z)=C(I —zA)"!
we have the equalities
I—0(2)"0(z") = P(2)"Y(2") + (1 - 22") K (2)" K (%) (2.1)
I—0(2)0(2")" = ¥u(2)hu ()" + (1 — 22" ) H(2) H(2')"

where z, 2’ belong to the unit disk D.

2.2. It is well known that a simple unitary system is determined on the basis
of the transfer function up to unitary similarity, and for any 6(z) € B(U,V)
there exists a simple unitary system having 6(z) as the transfer function [5].

In this paper, we shall use the following functional model type of Sz.Nagy
and Foias for a simple unitary system « [5], constructed by the given transfer
function 0(z) € B(U,V):

X =[H*(V)® ALy (U)| & {9w ®Aw: we H*(U)}
it

A(f(t),9(t) = ( (f(f») £(0)),e™"g(t))
= (e O™ —0(0)u, e TA(e")u )

—1
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where A(e') = (I — 6(e")*0(e))? and H?(U) stands for the Hardy space
with values in U. For this model, the controllable subspace has the form

xe - (2 =0, 2 )

« et — 2 et — 2

zeDandueU}. (2.3)

2.3 Let
O = (XkﬂUk7Vk7Ak7Bk;Ck;Dk) (k:1,2)

be two linear systems satisfying V; = U,. Then the system
o = (X1©Xa, U1, Vo, AvPr+ Az Po+ BaCr Py, By+ By Dy, DaCi P+ CaPo, D s )|

where Py is the orthoprojection from X = X; @ X, onto X (k = 1,2) is
called a cascade connection of vy and as and is written as o« = ascr;. We have
the following result [5]: if & = apay, then 64 (2) = 0,4,(2)04, (2), and if oy and
Qo are passive or unitary, then o = aoq is passive or unitary, respectively.

If a; and ay are simple unitary systems constructed by the model of
Sz.Nagy and Foias and o = asaq, then

XC _y { <91(6”) - 91(2)% Al(eit)u>

@ et — 2 et — »

@ (92(6“) =020y A?(eit)el(z)u>

et — » et — 2

zEDanduEU}.
(2.4)

2.4 Let 0(z) : U — V be a contractive operator function analytic on the unit
disk D. According to [11], there exists an outer function ¢(z) on D, whose
values are operators from U to an auxiliary space F' such that

() p(e!) < T— (") 0(")  ac.,

and if ¢(z) is an analytic contractive operator function such that ¢(e®)*¢(e®) <Jj
I—0(e')*0(e') a.e., then ¢(e)*¢(e't) < p(e)*p(e') a.e. The function ¢(z)
is unique up to a constant unitary factor on the left and is called the best
minorant outer function of I — 0(z)*0(z).
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3. Optimality and *-optimality for a cascade connection
A passive scattering system o = (X,U,V, A, B,C, D) is said to be optimal

[3] if for any passive scattering system o' = (X', U,V, A’, B',C’, D’) with the
same transfer function we have

zn:AkBuk

k=0

n

Z A/kB/uk

k=0

< (HGN,UI{GU).

Further, a passive scattering system « is said to be *-optimal if for any passive
scattering system o with 0,/ (z) = 6,(z) we have

n n
k
E A*k(]*vk E A/* C/*Uk

Obviously, if a system a = (X,U,V, A, B,C, D) is optimal, then the dual
system o, = (X, V,U, A*,C*, B*, D*) is *-optimal.

In [2, 3] it is proved that an optimal minimal passive scattering system
is determined on the basis of the transfer function up to unitary similarity,
and for any 0(z) € B(U, V) there exists an optimal minimal passive scattering

system having 6(z) as transfer function.

Let 0(z) = (Z(é))) : U — V& F, where ¢(z) is the best minorant outer
function of I — 0(2)*A(z). Of course, 0(z) is contractive since ¢(z)*p(z) <
I —0(2)*0(z). Let

< (ne Ny, e V).

a=(X,UVaeFAB,C,D)

be the simple unitary system having 6(z) as transfer function and denote
A=A, B=B, C=P,C, D=PyD (3.1)

where Py is the orthoprojection from V & F onto V. It is proved [1] that the
system
a=(X,U,V,A B,C,D)

is an optimal passive scattering system with transfer function 04 (z) = 6(z2)
and

N =PpD, M=PpC, tpa(z)=N+2MI—zA)"'B=q¢(z). (3.2)

Theorem 3.1. Let oy = (Xg, Uk, Vi, Ak, Bi, Ck, Dy) be an optimal pas-
sive scattering systems having pr(z) : Uy — Fy as best minorant outer
functions corresponding to transfer functions 0x(z) (k = 1,2) and satisfy-
g Us = Vi. Then the passive scattering system o = agoy is optimal if
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and only if (‘pz(z)(el)(z)) is the best minorant outer function corresponding to

02(2)01(2).

Proof. Let &; and &s be optimal passive scattering systems having 0 (z2)
and 6, (z) as transfer functions, respectively, constructed as in (3.1). Putting
0(z) = 02(2)01(z) we have that 0(z) is the transfer function of a = aga;.

Since a = asap, we have for every z € D and u € U
(1 - zA)*lBuH2 = ||(I — zAl)*lBluHQ + H(I — 2A5) 1 Bob (2 uH

Let & be an optimal passive scattering system having 0(z) as transfer function
and let ¢(z) be the best minorant outer function corresponding to 6(z). Since
a and aq, ay are optimal, from (2.1) and (3.2) we deduce the equalities

(= 2A) " Bul|* = ||(—2A) " Byu|]® + ||(I — 2A2) " Byby (2
(I —01(2)"01(2) — p1(2) @1 (2) ) u, u)+
(

I —02(2)"02(2) — p2(2)"p2(2)) 01 (2)u, 01 (2)u)

(
(

= ((1-0(:)0() = 12" 1(2)
— 01(2)"p2(=)" p2()01(2) Ju, ).

This implies

(p(2)70(2) = 21(2)"01(2) — 01(2) 02(2) 2(2)01 (2w, ) = 0.

Therefore

o= (P (SO). o

Besides, as was proved [8], there exists an operator function p such that

(“02;21)(021)(2)) @® p(z) is the best minorant outer function of I — 0(2)*6(z). Then

from (3.3) it follows that u(z) = 0 and thus (WE; )f;)(z)) is the best minorant
outer function of I — 0(z)*0(z).

Conversely, let (‘ngl)(ezl)(z)) be the best minorant outer function of I —

0(2)*0(z). Put ¢(z) = (Wz)(ezl)(z)) and let & be the optimal passive scatter-

ing system constructed by (3.1), corresponding to the best minorant outer

(2)ull
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function p(z). We have for alln € N, 2z, € D and u, € U

n 2

> (I - 2 A)~' Buy

k=1

_ZZ<K 2j) Ka(zi)ui, uj)

= Z Z (1= z2) " (I — 0(2)"0(2:) — p(25) " p(2:) ) wis uj)
=3 (=20 (1= 00)760(z0) — 01(2) 1 (24)
i=1 j=1

- el<zj>*sog<zj>*soz<zi>91<zz->)ui, ;)

—ZZ — Zjz;) < (I —01(2) 01 () —901(Zj)*901(2i))uia“3'>

=1 j=1
+> > (- zjzi)*1<91(zj)*(l — 02(2;)"02(2i) — p2(25)"p2(2:) ) 01 (2 )us, Uj>
i=1 j—l
— ZZ<Ka1 2;) " Kay (2i)ui, uj)
=1 j=1
+ZZ<91 %) Kasy (7)) Kay (2:)01 (20) i, uj)
1=1 j=1
= Z(I— Zk/cil)_léluk + Z(I — z/{fig)_léﬁl(zk)uk
k=1 k=1
= Z(I— ZkAl)_lBluk + Z(I — ZkAz)_legl(Zk)uk
k=1 k=1
n 2
= |1 (I — z,A)" ' Buy
k=1

From the last equality we have that a is optimal and the proof is complete B

By duality, we introduced an analogue notion for the *-best minorant
outer function corresponding to 6(z) : U — V. The *-outer function p.(z) €
B(F',V) is called *-best minorant outer function of I — 0(2)0(z)* if

0. (€M), () < T —0(e™)f(e™)* a.e.
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and if ¢.(z) is an analytic contractive operator function such that a.e. the
implication

Bu(EB () ST —OEE) = Bu(e)u(e)” < u(pu(e)
holds. It is easy to see that the function @.(z) is *-outer if the function
Ox(z) € B(V,F’) is outer. Obviously, ¢.(z) is the *-best minorant outer
function of I—6(2)0(2)" if and only if @ (2) is the best minorant outer function
of I —6(2)*0(z) where ¢.(2) = p«(2)* and 0(z) = 0(2)*.

Let
0.(2) = (0(2),p:(2): U F —V

where @, (z) is the *-best minorant outer function of I —0(z)6(z)* and &, is the
optimal passive scattering system with the corresponding operator function

0(2)

):V—>U€BF’.

By applying the proof of Theorem 3.1 to the dual systems

a, = (X, V,U, A*,C*, B*, D*)
Qs = (Xk,Vk,Uk, Z?C.z?BZaDZ) (k == 1,2)

and by using the model optimal passive scattering v, &1+, Qo constructed as
in (3.1) corresponding to systems a., a1, a2, and equality (2.2), we obtain
the following duality of Theorem 3.1:

Theorem 3.2. Let oy, = (Xy, Uy, Vi, A, Ck, Bk, D) be *-optimal passive
scattering systems having p.x(z) as *-best minorant outer functions of I —
0r(2)0k(2)*, where O(2) = O0ar(2) (k=1,2) and Uy = Vi. Then the passive
scattering system a = agaq 18 “-optimal if and only if (928;(@(2)) 1S the
*-best minorant outer function of I — 6(2)0(z)* (0(z) = 04(2)).

From the optimal passive scattering system defined by (3.1) one constructs
the optimal minimal passive scattering system «g = (Xo, U, V, Ao, Bo, Co, Do)
as follows [1]:

o

XO = X(g<Xcg)7 AO = 121|X07 BO = é’ C(0 = é|X0, D() =D. (34)

According to the functional model of Sz.Nagy and Foias for a simple unitary

system with transfer function 6(z) = (Z(é ))) and (2.3) and by some simple
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computations we have the following explicit description of the system «yg:

—— (e<e“> (), o) —p(z) Al) )

et — 2 ’ et — » Tett — »

zGD,uEU}

g
=
@
S
,'2

= (1= 0(e™) (™)) ? = (I - 0(e™)*0(e™) — () p(ei)) 2
Yf(E) = £(0)), e (g(t) — g(0)), e~ A(E)) (3.5)
Bow = (e (0(e™) — 0(0))u, e~ (p(e™) — (0))u, e~ A(e™Yu)

Lemma 3.1. Let
aio = (X0, U1, V1, Aio, Bio, Cio, D1o)
ag = (X20, Uz, Va, Asg, Bag, Ca0, Do)

with Uy = Vi be optimal minimal passive scattering systems modeled as (3.5),

having respectively 01(z) and 05(z) as transfer functions, and let o = agpag.-
Then

XS =
{(el(eit)—el() p1(e”) - pil2) Aﬂeit)u,)@

et — 2 s elt — 2 T et — »

et — 2 et — 2

vV
<92(eit_)—92(z) ooy, PE) =02y AQ(eit)Hl(z)u)

ze€D,uelU } .
Proof. By the definition of the controllable subspace, we have

—\/{ —zA)"'Bulz € Dandu e U}.
Put

i _ hi) e X
I — 2A)'Bu — h h tn { o N
( zA) u = (f1,91,h1) ® (f2, 92, ho) Wi {(f2,927h2) € Xop.

It follows that
Bu = (I —2A)((f1,91, ) ® (f2, 92, h2))
= (I — 2(A10 Py + Ao P2 + B2oCroP1)) ((f1, 91, h1) @ (f2, 92, h2))
_ ((eit B Z)fl(elt) L 10 (et _2)91(67’t) 91(0) ha(e™)

it
ett ett ’ eit +z eit ,(6 Z) eit )

o ((eit ) f2(e”) | f2(0)  02(e”) — 65(0)

st TA i oit

fl (O), (eit N Z) 92(eit)

+z 9265?) — ngg(ﬁlt)e; 902(0) fl (0)’ (eit . Z) hQB(Zzt) . ZAQQ(;Zt) fl (0>> )
3
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On the other hand we have

Bu = Biou + By Diou
= (7 (Or(e") = 0w, e (1 (") — @1 () e Ay () (37)

(7" (Ba(e™) — 02(0))81 (0, (2 (e") — £2(0))81 (O, ™ Ao(e)61 (0)u ).
From (3.6) and (3.7) we have
(e = 2)f1(e") + 2f1(0) = (61(e") — 61(0))u. (3.8)
This equality may be rewritten as
(€= D[ +2A0) = (1) ~01(0)u (€ €D).

By choosing £ = z, we obtain zf1(0) = (61(2) — 61(0))u. Substituting this
expression of zf1(0) into (3.8) we get

01 (e”) — 91 (Z) w

et — 2

fl ( eit) —
Similarly, by simple computations we also obtain

p1(e”) — ¢1(2)

gi(e") = ——F———u
hi(e't) = ii(i)u

plet) = 2=, ),
piet) = P00y (o),
ha(e't) = ff(f;) 01 (2)u.

Thus X¢ has the desired form and the proof is complete B

In the rest of this section we will study conditions for conserving the
optimal minimal property of a cascade connection of optimal minimal passive
scattering systems. It is easy to see that if an optimal passive scattering system
is controllable, then it is minimal. So we first consider the conditions for the
connection of optimal controllable passive scattering system to be controllable.
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In [6] the notion of (-)regular factorization was introduced. Let 6x(z) €
B(Ug, Vi) (k= 1,2) with Uy = V;. The factorization 0(z) = 62(2)01(z) is
said to be (-)regular if the operator

I~ Ayh— ALOR D Ao,k (h € Ly (Va))

can be continuously extended to a unitary operator from

A*LQ_ (Vg) onto Al*LQ_a/l) D AQ*LE(%)

where

Ak*(eit) — (I . gk(ezt)ek(ezt)*>%

It was proved that if a; and «; are controllable simple unitary systems having
respectively 61 (z) and 02(z) as transfer functions, then the system a = asay
is controllable if and only if the factorization 6(z) = 62(2)01(2) is (-)regular
(see [6]).

Let
Gk(z) : Uk — Vk and @k(z) : Uk — Fk

be best minorant outer functions of

Gk(z)

I —0,(2)"04(2),  Ou(2) = (mz))  Up — Vi @ Fy

and axo be the optimal minimal passive scattering system constructed as (3.4)
(k =1,2) with Uy = V3. Denote

7}1(2)29_1(2): U, —-Vio R
0 0
772(2):<2éz) 1>3V1€BF1—>V2@F2€9F1-

Obviously, n2(z) is contractive. Let (1 and 2 be the functional model of
Sz.Nagy and Foias for the simple unitary systems having respectively n;(z)
and 73(z) as transfer functions. Putting
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we have the following results:
X5 =Xx§ =X

i it * 7 AQ eit 0
Vi) = I - ma(eymae) = (B2 DY,

Xp, = [H2(V2 O F) @ H*(Fy) @ VaLo(Vy @ Fl)}

) {<n2<}iZ/> @Vz([j,))’h € H2(V1) and b’ € HZ(Fl)}
52V & Fy) @ H(Fy) © BaLa(Vh) @ {0)]

o {ézh@ B @ Aok & o‘ he HX(V) and I € H2(F1)}

H2(Vy ® Fy) @ {0} © BaLa(V) @ {0}]
o {égh 0D Aoh @ 0( he HQ(Vl)}.

So we can identify Xg, with X5, and hence Ag, = As.
Besides, for every (vy,71) € Vi @ F} we have

B, (vi,71) = (€7 (n2(e") = 12(0))(v1,71)) ® e~ Va(e™) (v1,71)
(e (By(e™) — 03(0))vy e~ Ay (ett)y
=( 0 Je (" 50
Therefore B, = Bs. From the fact that Ag, = Ay and Bg, = By we have
the identity X5 = X§ = Xq,,.
Let 8 = (203;. From (2.4) we have
ity _ it
X¢ :v{(m(e )—m(z)  Vile )u>

et — 2 T eit — »

ity it
o LG ) 2 (2) m(2)u, V,Q(e >n1(z)u zeDandueU,.
et — 2z et —z
Note that
m(e’) —m(z) 01(e") —01(2)  pi(e") —p1(2)
Gt —, T et —, et —»
it A, (et
o=
et — 2 et — 2
n2(e") — n2(2) s (i) — B (=
2 eit_zQ 771(2)“: <%91(z)u O)
ity ity _
_ 92(6 ) 92 (Z> 01 (z)u, %) (6 ) 902('2) 91 (z)u, 0
et — 2 et — 2

et — 2z

vz(e“)m(z)u _ (%01(2)%0) :
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Let a9 and asg be two optimal minimal passive scattering systems with
transfer functions 61 (z) and 05(z), respectively, and let & = aagar1g. From the
results above and Lemma 3.1 we have the identity Xg = X¢. Denote

Apa(e™) = (I = Or(e™)Br(e™))? }
V. (eh) = (I = n(eyn(e))
where 7(z) = n2(2)n1(2). We have the following result.

Theorem 3.3. Let oy = (X, Uk, Vi, Ak, Bk, Ck, Dy) be optimal control-
lable passive scattering systems having pr(z) : Up — Fj as best minorant
outer functions corresponding to transfer functions 0x(z) (k= 1,2) and sat-
1sfying Us = V1. Then the system o = asay is controllable if and only if the
operator

(3.9)

IVl (Vo @ R @ F) — ALy (Vi @ Fy) @ Ao Ly (Vo @ F)
V.(h, W) — AL.(05h, h) © Agh
(h - LQ_(‘/Q o, F2)7h/ - LQ_(Fl))

can be continuously extended to a unitary operator.

Proof. Since an optimal controllable passive scattering system is mini-
mal, so we can assume that a; = a9 and as = asg, where a9 and agg are

modeled as (3.4). Then we have

Xo=Xo @ X

@10 @20

= XS @ XS,

The system « is controllable if and only if X, = X = X gl o X O%. This
condition is equivalent to Xg = Xgl EBng. Since 31 and (35 are simple unitary
systems, this equality occurs if and only if the factorization n(z) = na(2)n1(2)
is (-)regular, i.e. the operator

™ VLo (Va@ Fo ® Fy) = VieLy (Vi @ F1) ® Vo, Ly (Vo @ Fo @ Fy)
V*(h, h/) — Vl*n§ (h, h/) & VQ*(h, h/)
(h S L;(VQ D FQ), h c L;(F1)>

can be continuously extended to a unitary operator. Note that

Vily (Vi ® Fy) = A1 Ly (Vi @ Fy).

By simple computations we have

VauLy (Vo @ Fy @ F1) = Ay, Ly (Vo & Fy) ® {0}

From these equalities the theorem is proved i
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Now we can state a criterion for conserving the optimal minimal property
of a cascade connection.

Theorem 3.4. Let oy, be optimal minimal passive scattering systems hav-
ing or(z) : Uy — F) as best minorant outer functions corresponding to its
transfer functions 0y (z) : Uy — Vi (k = 1,2) and satisfying Us = V1. In
order that o = asay is an optimal minimal passive scattering system, it is
necessary and sufficient that the following two conditions hold:

a) (<p2(z)91(z)) is the best minorant outer function corresponding to 0(z) =
0a(2) = 0az )91(2)-
b) The operator

TLAL, (Vo @R B F) — AL Ly (Vi @ F) @ Ao Ly (Vo @ Fy)

A*(h, h’) — A1 (050, 1) @ Douh (he Ly (Va® Fp),h' € Ly (Fy))
(I = Bu(e)Bi (e )%
= (- (€)= or(e®)pr(e™)")
(I- ety — Sp(eit)go(eit)*)%

where p(z) is the best minorant outer function corresponding to 0(z) can be
continuously extended to a unitary operator.

6

N[

Proof. Necessary condition. We can suppose that a; = a9 and as =
Qg0. Since a = aipap is optimal, then by Theorem 3.1 it is necessary that

(‘”fpzl)f;)(z)) is the best minorant outer function of I — #(z)*#(z). In this case

we have V, = A, with V., defined by (3.9). Indeed, we have

Vi=1—-mny'
B Oy 0\ ; 4. (05 0
_I_<o 1)‘9191(0 1>
I — 00" —007 5 —0¢7
= | —2010" I — 2010705 —pabip]
—10* —p10795 I — 197
9
=1—| w261 | (07 0795 ¥7)
©Y1
= A2

Since « is controllable, then by Theorem 3.3 and the equality V, = A, con-
dition b) holds.
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Sufficient condition. Condition a) leads to @ = sy is optimal. Since

(“"Q;zl)(ozl)(z)) is the best minorant outer function of I — 0(z)*(z), we have

Vily (Vo Fo ® Fy) = ALy (Vo ® Fy @ FY).

Then by condition b) and Theorem 3.3 it follows that « is controllable. Since
the passive scattering system « is optimal and controllable it is also minimal
and the proof is completed H

Corollary 3.1. Let oy be optimal minimal passive scattering systems
having @i (z) = 0 as best minorant outer functions corresponding to transfer
functions Ox(z) : Uy — Vi (k = 1,2) and let Uy = V4. Then the system
a = asaq 18 optimal minimal iof and only if the following two conditions hold:

a) ¢(z) =0 is the best minorant outer function corresponding to 0(z) (=

0a(2))
b) The factorization 0(z) = 05(2)01(z) is (—)regular.

Proof. This result is evident since from ¢y (z) = 0 there follows that F}, =
{0}, Ags = (I—O;.CH}:)% = Ap, and A, = (I —06%)z = A,. Then condition b)
coincides with the (-)regular notion of the factorization 6(z) = 62(2)61(2) I

By duality, the notion of (+)regular factorization [6] was also introduced.
The factorization 0(z) = 03(2)01(z) is said to be (4)regular if the operator

It : Ah — Ath @ Axfih (b€ H*(U))

can be continuously extended to a unitary operator from AHZ2(U) onto A H2(U7 )&l
AsH?(Uy). Tt is easy to see that the factorization 6(z) = 62(2)01(2) is (-
Jregular if and only if the factorization 0(z) = 0;(z)f2(2) is (+)regular where

0(z) = 0(2)* and 0 (2) = 0,(2)* (k =1,2). Applying this result and Theorem

3.4 to the dual systems a4, as, and a,, we have the following result.

Theorem 3.5. Let ay be *-optimal minimal passive scattering systems
having .« (z) : F, — Vi as *-best minorant outer functions corresponding
to transfer functions 0i(z) : Uy — Vi (k = 1,2) and let Uy = Vi. Then
the system a = asaq s *-optimal minimal if and only if the following two
conditions hold:

a) (92(“2 ;fp(jl)(z)) is the *-best minorant outer function corresponding to

0(z) = 0.(2) = 02(2)01(2).
b) The operator

F+ : ]\HQ(Ul D Fll () le) — f\le(Ul @Fll) D /7\2H2(U2 D FQ/)
A(h, W) AMh @ As(0ah, W) (h€e H*(Uy @ FY),h' € H*(F}))
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can be continuously extended to a unitary operator where

1
2

/—\(eit) — <I _ 0(61‘1:)*9(61‘75) . (p*(eit)*(p*(eit)>
/—\k(eit) — <I o ek(eit)*gk(eit) . Sp*k(eit)*@*k(eit))
o2 = (4, £289 ) 84(2) = (12) aa(2),

Corollary 3.2. Let ap be *-optimal minimal passive scattering systems
having v« (z) = 0 as *-best minorant outer functions corresponding to transfer
functions Ox(z) : Uy — Vi (kK = 1,2) and let Uy = V4. Then the system
a = agay 1S *-optimal minimal if and only if the following conditions hold:

[N

a) v« (z) = 0 is the *-best minorant outer function corresponding to 6(z) =
O (2).
b) The factorization 0(z) = 02(2)01(2) is (+)regular.

4. Relations between optimal and *-optimal systems

In this section we will call a linear system o = (X,U,V, A, B,C, D) a left
dilation of the linear system o' = (X' U,V, A’, B’,C", D) if there exists a
subspace G, such that

X=G,oX

and
A*G* CG*, B*G*:{O}, A/:A|X/, B/:B, C/:C|X/, D' = D.

Similarly, a linear system a = (X,U,V, A, B,C, D) is a right dilation of the
system o = (X', U, V, A", B’,C", D') if there exists a subspace G such that

X=X'8G
and
AGcC G, CcG={0}, A" =A%y, B"=B'x, C*=C* D*=D"]
It is not difficult to verify that if « is a left or right dilation of o/, then
the transfer functions of a and o’ are equal in a certain neighbourhood of 0.

Besides, if « is a left dilation of o', then the dual system « is a right dilation
of .
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Theorem 4.1. In order that two optimal or *-optimal passive scattering
systems ay and ag have the same transfer function 0,,(z) = 04,(2), it is
necessary and sufficient that there exists an optimal or *-optimal minimal
passive scattering system o' such that ay and oo are left or right dilations of
o', respectively.

Proof. Let a7 and as be optimal passive scattering systems having the
same transfer function 6(z). Put X{ = X¢ and X} = X . Consider the

systems
ay, = (X3, U, V, Ay, By, Cy, Dy,)

where

Then ay is a left dilation of o}, and A?By = A/} B;. (k=1,2). Let
T: X] — X,

A''Blu— ASBbu (n € Nyu € U)

n
2 : k j : k

k=0 k=0

From the fact that a; and as are optimal and have the same transfer function
it is easy to verify that T is well defined and also a unitary operator. From
the definition of 7" we have

TA (A Biu) = A5 Biu = A,T(A Blu).
Thus
TA" = A)T. (4.1)

Moreover,
TB; = Bj. (4.2)

Since «q and as have the same transfer function,
9(2) =D+ 2’01([ — ZA1)_1B1 =Dy + ZCQ(I — ZAQ)_lBQ.
It follows that
0(0) = Dy = Do (4.3)

and hence
o

f: ZTLClA?Bl = Z ZnCQAgBQ.

n=0 n=0
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Therefore C1ATB; = Cy ALY By. From the definition of o) and of we may
deduce that C] A’} B} = C4 A’ BS. Thus

Cl =CiT. (4.4)

The operator T' is unitary and satisfies (4.1) - (4.4). Thus o} and of are
unitarily equivalent. Moreover, since A} By, = A, B}, and X, = X, gk, o), is an
optimal minimal passive scattering system.

We recall that systems

a1 = (X17U7 V7A17B17017D1)
Qo = (X27U7 V7 A27327027D2)

are said to be unitarily equivalent if there exixts a unitary oprator T': X; —
X, satisfying TA; = AsT, TBy = By, Cy = CoT and Dy = D». It is obvious
that if a; and a9 are unitarily equivalent, then they have the same transfer
function.

Conversely, suppose that there exists an optimal minimal passive scatter-
ing system o’ such that «; and ag are left dilations of o’. Then 6,,(z) =
0o (2) = 04, (z). Besides, we have for k = 1,2

X :G*k@X/

ApGar C Gar, BiG., ={0}, A'=Ai|x, B’ = B.

Therefore it follows that A?By = A’"B’. Since o’ is optimal, so are a; and
9.

By applying this proof to the dual systems a1, and as,, we have the result
for the case concerning the *-optimality il

Now we introduce the new notions of partially unitary equivalence and
*-partially unitary equivalence which will be used in our next theorem.

Definition 4.1.
a) The systems

a1 = (X17U7 V7 AI,BDCDDI)
ay = (X2,U,V, Ay, By, Cs, Dy)

are said to be partially unitarily equivalent if there exist subspaces X| C X3
and X} C X, and a unitary operator T': X] — X/ such that

ALX, Cc X;, ByU C X|, (k=1,2) (4.5)
TAl‘X{ = AQT, TB == Bg, 01|X{ - CQT, D1 == DQ. (46)
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b) If the operator T': X| — X/ satisfies

A X, C X, CRV c X, (k=1,2)

then o and aq are said to be *-partially unitarily equivalent.

In the proof of the next theorem we will see that if linear systems a; and
o are partially or *-partially unitarily equivalent, then they have the same
transfer function in a certain neighbourhood of 0.

Theorem 4.2. Let a; and as be optimal or *-optimal passive scattering
systems. Then aq and as have the same transfer function if and only if a;
and oo are partially or *-partially unitarily equivalent, respectively.

Proof. Suppose that oy and as are optimal passive scattering systems
having the same transfer function. Put X| = X¢ and X} = X . Then the
operator T : X| — X/ in the proof of Theorem 4.1 will satisfy the conditions
for a; and as to be partially unitarily equivalent.

Conversely, suppose that «; and as are partially unitarily equivalent.
Then there exist subspaces X{ C X; and X, C X5 and a unitary operator
T: X — X/ satisfying (4.5) - (4.6). For k = 1,2 put

A;c:Ak|Xw B,;:Bk, C];:Clel/c7 D;:Dk. (47)

By (4.5) and (4.7) we see that ay is a left dilation of ), and hence aj and
aj, have the same transfer function. Moreover, by (4.6) we may deduce that
oy and o) are unitarily equivalent. Therefore they have the same transfer
function and so do a;; and a3. The case of *-optimal passive scattering systems
can be proved in a similar way il
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