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Global Existence
for some Integro-Differential Equations
with Delay Subject to Non-Local Conditions

S. Mazouzi and N.-e. Tatar

Abstract. By making use of the Leray-Schauder fixed point theorem we prove the
global existence of solutions to some integro-differential equations with delay subject
to non-local conditions, and this problem is considered in an arbitrary Banach space.

Keywords: Nonlocal conditions, mild solutions, semigroups, Schaefer’s fized point
theorem, integro-differential equations

AMS subject classification: 35A05

1. Introduction

We are concerned in this paper with the study of global existence of solutions
to some semilinear evolution integro-differential equation subject to non-local
conditions. In fact, following the steps of Ntouyas and Tsamatos [6], we shall
prove the global existence of solutions to the initial value problem

x'(t) + Az(t)

:F(t,x(al(t)),/Otg<t,s,x(02(s)),/Osk<s,7',x(03(7)))d7)ds> (1)
z(0) + h(t1, ..., tp, (")) = z0o

for 0 <t < T, where

O<ti<.<t,<T

(X, - ||) is a Banach space

{S(t)}+>0 is a linear semigroup in this space

—A is the infinitesimal generator of this semigroup
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I is the closed interval [0,7] and
F:IxXxX—=X

g: IXIxXxX—-X
k:IxIxX—X
heC(l,X)—X

are given functions. We assume, furthermore, that o; € C(I,I) and al( )<t
forallt € I (i =1,2,3). We point out that the expression h(tl, o tpy (- ))
means that the function x is valued only on the set {t1,...,¢,}.

In fact, several physical problems have motivated specialists to consider
non-local conditions (1)s, which allow measurements at various points of the
initial interval I including 0 rather than at a sole point as in the classical
Cauchy initial value problem. We remember that problems dealing with non-
local conditions were considered by L. Byszewski [1, 2] who proved the ex-
istence and uniqueness of mild, strong and classical solutions to some initial
value problem of the form

2 (t) = Ax(t) + f(t,z(t)) (tel) } |

z(0) + g(tl, oy py x()) = 9

2. Global existence

Let {S(t) }+>0 be a compact semigroup with infinitesimal generator —A satis-
fying the estimate
IS@) < Me*" (£ >0) (2)

for some constants M > 0 and w € R;. We recall that any solution ¢t — x(t)
to the functional equation

z(t) = S(t) (w0 — h(t1, ..., tp, ()

v (- s)F(s,xwl(s)), / Sg(s,e,xwz(e)), / Ok(e,r,xwgm))dT) d@)ds

is called a mild solution of problem (1).
We are now in position to state our result about the global existence of
solutions to problem (1).

Theorem 1. Let the function F' : I x Xx — X satisfy the following
conditions:

(H1) For eacht € I the function F(t,-,-) belongs to C(X x X, X), and for
each (x,y) € X x X the function F(-,x,y) is strongly measurable.
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(H2) There exists continuous functions p,q : I — [0,00) and a number
o > 1 such that

1E(E 2, 9)l] < p@) 2] + @)yl

for all x,y € X and for allt € I.

(H3) g: IXxIXxXxX — Xandk: I xIxX — X are continuous
functions such that

lg(t. 5,2, 9)| < ma(t,s) ||l e ((lz]]) +ma(s) [yl
lk(t, s, 2)[1 < ms(t,5) 2| * =@ (]|2])

for all x,y,z € X and all t,s € I, where ¥ : [0,00) — (0,00) is a
continuous non-decreasing function, my : I xI — [0,00) is continuous
and differentiable with respect to the first variable almost everywhere,
me : I — [0,00) and m3 : I x I — [0,00) are given continuous
functions.

(H4) {S(t)}t>0 is a compact semigroup satisfying (2).

(H5) There is a constant H > 0 such that |h(t1,...,tp, 2(+))|| < H for all
x e X.
Then, if

/OT@(t)dt</aoo \I!(Z)fzza+z

where

Q(t) = max {w,Mp( ), Mq(t), (ml(t f)+/0t m2(t)m3(t’7)+M’d )}I

and where a = M (||xo|| + H), problem (1) has at least one mild solution on I.

In order to prove the above theorem we need the following fixed point
result due to Schaefer [3, 7].

Lemma 2. Let ) be a convex subset of a normed linear space V' contain-
ing its zero element 0. If A: Q — Q is a completely continuous operator,
then either A has a fixed point or the subset

{xGQ: x = MNAx for some \ € (0,1)}

18 unbounded.
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Proof of Theorem 1. Consider the initial value problem

(1) + Ma(t) = )\F(t,a:(al(t)),/otg(t,s7x(02(s)),/05k(s,T,x(Jg(T)))dT) ds)
z(0) + h(t1, ..., tp, x(+)) = xo

for 0 < ¢t < T and some A € (0,1), whose corresponding mild solution x
satisfies the integral equation

z(t) = Sa(t) (zo — h(ty, ..., tp, x(+)))

Sa(t — 8)F( s,2(01(s)), 5,0, 2(02(0)), 6k(9,7,w(03(7)))d7 do ) ds
[ e (sstnton. [ / )

where {S\(t)}+>0 is the semigroup with infinitesimal generator —AA. Again,
we have the estimate

IS\ < Me*t (1> 0).
According to the given assumptions, it is clear that
oo < de"(laol + 1) + bre=* [ ews{p@)nm(al(s))na
+ao) | (m1<s,e>u:c<aa<e>>ua— ¥ (|| (o2(0))])
0
+ma0) [ m3<e,T>Hx<ag<f>>Ha—lwua:(as(r))HdT)de}ds.

Denoting by e“u(t) the right-hand side of the above inequality, we obtain at
once

u(0) = M(|lzol + H)  and  Jz(t)]| < e'u(t) (0<t<T)

and
()= dre={p(o)ltor ()]
rato) [ (mms 0)la(=(0)1* ¥ (=)
+ma(0 / ma(0,7)oa(r)|* W(l(oalr)l)ar ) o .
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From the fact that u is increasing and o;(t) <t for ¢ = 1,2, 3 it follows that

ralt) [ (e 0w 0w (o)
0
+m2(9)/0 m3(67T)e(a_l)wTua_l(T)‘I’(GWTU(T))CZT>d@}
e~ wt eOWt, a ! my e(afl)wGUafl eweu
< ser@fetuco) + [ (me.o) (0)¥(eu(0))

+ ma(0) /0 ’ ms (0, 7)eld~Dwmy a1 (T)\II(GWTU(T))dT> d@}

where Q(t) = max{p(t),q(t)}. Setting

¢ m e(a—l)weua—l ewﬁu
i / ( \(£.6) (0)T (e u(0))

+ ma(6) /0 ’ a(0.7)e @ DT (1B (e (1) dT) d
we obtain
v(0) = u(0) = M(||xo|| + H) and v(t) > e“tu(t) (t€I).
Moreover, differentiating v®(t) we get

av® () (1) = awe™ u® (t) + aetu " (t)u ()
+ my (t, 1)@ Dty L (1) W (e“tu(t))

+ ma(t) /0 mi(t, )@= DTy L (VG (T (7)) dr

t
v/ oMt 7) o torys =t () w(eu(r) dr
o Ot
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< awe®tu®(t) + ae®tu () (1)

+ ma (¢, 1) el D@t ()T (e@tu(t))
+ /t aml(t7 T)
0 ot

< awe™tu® (t) + ae™tu () (t)

ela—Dwry o=l ()W (e“ u(r)) dr

me(t)ms(t, 7) +

"‘ml(t;t) (a— l)wt a— l(t)\lf(ewtu ))
+ (e(a—l)wtua 1 / ‘mg m3 t 7_ aTnl ‘dT

< awv®(t) + aetv 1( YMQ(t)e™“ v (t) + mq (t, t)v* (t)\If(v(t))

ma(£)mis(t, 7) + 8’”1 t7)

@ () (o(1) /

Therefore,

‘ dr.

t
v < wv 4+ MQ(t)v* + é(ml(t, t) +/
0

< Q) (¥(v) + v + ).
Accordingly,

v(t) dz T . [e%¢) dz
< t)dt <
/a \Il(z)+za+z_/0 Q) /a U(z)+ 2942

from which we get v(t) < ¢, for some constant ¢ = c(a,w, T, Cj) > 0. Then
|lx(t)|| < cforall t € I.

Define the operator 7 : V. — V| where V = C(I, X), by
= S(t)(zo — h(t1, ..., tp, x(+))) I

/5 (t—s) (s (o1 (s ))/0 <s,9,x<0—2(9)),/09k(e,T,x(ag(T)))dT)de)ds.

It is worth to note that if y € V' is such that ||y(¢)|| < r for some r > 0, then

HF(t,y(t),/Otg(t,Q,y(Q),/oek(@,T,g(T))dT)d@)

Sp(t)lly(t)HaJrQ(t)/O (ml(tﬁ)lly(G)lla1\I’(I|y(9)||)

ma(£)ms(t, 7) + amg(;, 7) ]dT) xy(v)l

(Tz)

0
+m2(9)/0 ms (0, 7)|ly(7)[* ‘I’(||y(7)||)d7)d9
t 0
Srap(t)+\1/(r)ra1q(t)/0 (ml(t,9)+m2(9)/0 mg(Q,T)dT)dH.
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In what follows we shall denote the last term of the above inequality by F.(t).
It is clear that, for each r > 0, the function F). is summable over I.

In order to prove the continuity of the operator 7 we consider a sequence
{zn}n>1 C V converging in V' to some function £ € V. Thus the sequence
{zn(t)}n>1 and () must be contained in some closed ball B(0,7) C X for
all t € I. Define the mapping ®: I x V — X by

t s
v(t.0) = F(1201(0), [ o(tssaoa(o)). [ Ksraloatr)ar Jas ).
0 0
From hypotheses (H1) and (H3) it follows that
lim ®(t,z,) = ®(t,2).
On the other hand, we have
[B(t, 2n) — (£, 2)]| < 2F0(1)

and so we may conclude, by the dominated convergence theorem, that

/0 S(t—s){®(s,xn) — (s, 2)}ds

|72, —T%| = sup
tel

—5(1) [h(tlw-atpaxn(')) —h(ty,.. ’t’”'@('))} H
— 0

when n — oo. This shows that 7 is continuous.

For every number r» > 0 we set
By ={zeV: |z <r}

To show that the image 7 (B, ) is precompact in V', according to the Arzela-
Ascoli theorem, we have to check only the precompactness in X of the set
T (B, v)(t) for each t € I. Let t be fixed in (0,7 and let n € N be such that

% < t. For every x € B,y we have

(Tz)(t) = S(t)(zo — h(t1, ..., tp, (+)))

+S(%)/O " S(t—s—%)<I>(s,ﬂc)ds+/tl S(t—s)P(s,z)ds.
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and
t

(Thx)(t) = S(t— s)P(s,z)ds.

1
t—

For each € > 0 there exists ng € N such that for every n > ng and x € B, v
we have

[(Thz) ()] g/t IS = 9)|IF(s)ds <€

and thus
Go,t i=Tno(Brv)(t) C Bex :i={z € X : |z <e}.

On the other hand, since the operatorS,, is compact, then the set Hy; =
S (Brv)(t) is precompact in X and thus it can be covered by m balls
B:(y1), -, Be(ym) C X. If we endow the product X x X with the norm
1(@, y)|l2 = max([|[], [[y[|), then

Go,t X Ho,t C U (Be,x x Be(yi)) C U B (0,y:)
i=1 i=1

where
B(0,y:) = { (w,0) € X x X max(|ul, v~ i) < e}

Therefore, the set Go+ x Hp; is precompact in X x X and thus

Got X Hoy = Goe x Hoy

is compact in X x X from which we deduce that G+ + Hp; is compact in X.
Now, since

T(BT,V)(t) = (Sno + Tno)(Br,V)(t> - G_O,t + ma

the set 7 (B, v)(t) is precompact and accordingly the operator 7 is completely
continuous. Gathering all the preceding results, we conclude that 7 has a fixed
point in V' which is exactly the expected mild solution we are seeking B
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