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Abstract. An integral equation and a related integral-differential equation of first
order over R with a quadratic integral term representing the so-called autocorrela-
tion of the unknown function is dealt with. For both equations the general solution
is constructed and estimated in the L?-norm. Further, the asymptotic behaviour
and the stability of the solution are investigated.
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1. Introduction

In stochastics and related applications quadratic integral equations occur
which contain the so-called autocorrelation

(Ap) (1) = / T pspls 4 t)ds (1> 0) (1.1)

of the unknown function p (which is often a probability density) (cf. [5]). In
our recent paper [6] (see also [7]) a procedure for solving the corresponding
integral equation of the second kind and a related integral-differential equation
is developed and special solution classes for the equations are treated in some
detail.
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In the present paper the (properly defined) general solutions of these equa-
tions are dealt with and investigated in a more complete manner. Under dif-
ferent assumptions on the right-hand side and its Fourier cosine transform
the asymptotic behaviour of the solutions at infinity is determined and the
L?- and L-norm of the Fourier cosine transform of the solution (and hence
the L?-norm and the supremum norm of the solution itself) are estimated.
Further, the stability of the solutions in the L?-norm is shown.

Solutions of the considered integral equation of the second kind can be
used for a regularization of the autocorrelation equation Ap = r [5].

2. Integral equation

We deal with the integral equation

p(t) + /000 p(s)p(s+1t)ds = % (t>0) (2.1)

under the assumption g € L(R,) N L?(R,) looking for solutions p € L?(R,)
with Ap € L?(R, ). In the following, g and p are always real-valued functions.

We introduce the Fourier cosine and sine transform of p [4]

P(x) = /00 p(t)cosztdt = Fep
0

Qx) = /OO p(t)sinzt dt = Fyp.
0

By p € L?(R,) we have P,@Q € L*(R). Further, we extend P as an even and
Q as an odd function to the real axis R so that P,Q € L?*(R). Applying the
Fourier cosine transformation to (2.1) we obtain the condition

F@)f=Cz) (z€R) (2.2)

(cf. [5, 6]) where F'(z) = 1 + P(x) + i Q(x) are the boundary values of the
holomorphic function in the upper half-plane Im z > 0

A

F(z)=1+ /OOO p(t)e dt (z = x +iy) (2.3)
G(z) =1+ G(@), G(z) = (Feg)(x). (2.4)

Problem (2.2) with solutions F of form (2.3) where p € L2(R,.) is equivalent
to integral equation (2.1).
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By the assumption g € L(Ry) the function G is continuous on R and
G(x) — 0 for z — 400 so that @(m) — 1 for ¢ — 4oo. From (2.2) the
necessary solvability condition (Ai(ac) > 0 on R follows. Somewhat stronger,
we assume that G(z) > 0 on R.

We are looking for solutions p of equation (2.1) for which the function F
is continuous in Im z > 0, has the limit 1 for z — oo uniformly in Imz > 0

and F(z) # 0 on R. Then F has at most finitely many zeros in Imz > 0
which for real-valued function p are of the form

2y = x5y, 25 =—xj+iy; (j=1,..,L; xj,y; >0).

Here every zero is counted corresponding to its multiplicity. These zeros can
be chosen arbitrarily in the following.
By taking the logarithm in (2.2) and applying the theory of Cauchy inte-

grals [1 - 3] the following solution of boundary value problem (2.2) for F is
obtained (cf. [6]):

F(2) = qo(2)q(2) exp @(2) (2.5)
where
qo<z>:ﬁz‘zk z):ﬁ<z—_ ) (2.6)
Z+ 2 j=1 (Z—Z;)(Z—ZJQ)
_ / 52 d{f, H(z) = LnG(x). (2.7)

In view of the Plemelj-Sochozky formula from (2.5) the solution p = 2F,P of
equation (2.1) with

P(x) = ~1+ G(a)2 [Relqo()a(x)) cos I(x) + Tm(go(@)ax))sin ()] (25)

follows where

I(x) == OOO ?; Cj(ig de. (2.9)

We define this solution as the general solution of equation (2.1). The corre-
sponding expression to (2.8) for @ is given by

Q) = Ga) /2 [m(qo(w)g(x)) cos I(w) — Re(qo(x)g(x)) sin I(x)].  (2.10)
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3. Asymptotic behaviour of the solution

Let us first have a look to the behaviour of the solution (2.8) for + — oc.

In addition to G(z) > 0 on R, we assume that G is a Holder continuous
function on Ry with G(z) = O(z°) (§ > 1) as ¥ — co. Then also H is
Holder continuous with

H(z) =1l + G(z)] = O(z™) (3.1)
Gx)'/? =1+ Gx)=1+0(@=z"?). (3.2)
Further,
o [T _HE) . > EH(S)
P| mmmema [ mow s [T G0

EHE) oy [(TIm)
52—$2d§_20’l]yd_()( )

where y = x2,17 = 52 and f(n) = \/ﬁH(\/ﬁ) = O(n~7) with v = % > 0.
Therefore,

I(z) = —Hoz ' +o(z™h), Hy = %/000 H(¢) d¢. (3.3)
Finally,
K y0)2 L N9
() — w—Zyk - —Zya) (z + 25 —1y;)
qo(7)q(z) kl;[l 23‘1:[1 [(z — ;) +yj][(x+xj)2+y32-]
implying
Re(qo(z)q(z)) =1 —Z2 2+ 0(z™*) =1+ Oz ?) .
Im(go(x)g(x)) = Y2~ + O(a™) (3.5)
where
K L
V=22 ka2 v
k=1 =1
K K L
Z =2 ()’ +82yJ 821/22% +4 Z Z vyl + 162 Z YsYm-
j=1

>
I
—

k=1 l=k+1 j=1 m=j5+1
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In view of (3.2) - (3.5), from (2.8) with (2.9) we obtain
P(z)=—14[1+0( ")][1+0(z?)] =0(z?) (3.6)

with A = min{d,2} > 1. Hence P € L(R,) N L?(R,).
We remark that from (2.10) in analogous manner the asymptotic be-
haviour of @

Qz) ~ (Hy~Y)z™"  (z— o0) (3.7)
follows so that Q € L?(R,) but Q ¢ L(R,) if Hy # Y. Further, the function
F is bounded on Im z > 0 with |F(z) — 1| = |P(z) +iQ(z)| € L2(R) implying
representation (2.3) for F by a well-known theorem of Paley and Wiener.
Finally, for the more specific asymptotic behaviour

G(z) ~ gox > (z — o0) (3.8)
we get

P(z) ~ poz 2 (x — o0) (3.9)
Wlthpo_go— —H—g—{—H()Y

Theorem 3.1. For any g € L(Ry) N L*(R,) with Hélder-continuous
Fourier cosine transform G = F.g € L*(R,) satisfying G(z) +1 > 0 on Ry
and G(x) = O(x™%) (§ > 1) for x — oo equation (2.1) has the solution
p= 2F.P with P € L(Ry)NL*(Ry) given by (2.8) and satisfying (3.6). If G
fulfills (3.8), then P satisfies (3.9).

From P € L(R)NL?*(R,) it follows that p € L?(R. ) and p is a continuous
function on R with limit p(co) = 0.

4. Estimation of the solution

We estimate the solution (2.8) under the additional assumption G(z) > 0 on
Ry . By [4: Theorem 124] there holds G € L(R) with G(z) > 0 on R, if g is
bounded, convex downwards and steadily decreasing to zero as x — oco. The
solution is decomposed in the form

P(x):J1+J2+J3—|—J4

where

S~

—[1 —cos I(x)]

()2 = 1) cos I ()
"2[Re(qo(w)q(x)) — 1] cos I (x)
Y2Im(qo(x)q(x)) sin I(z).

||
B>

Q) Q)

()"
()

T
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As in [5], J; and Jy can be estimated using the Riesz theorem and the in-
equalities In(1 +u) <wu and 1 +4+u —1< 5 for u > 0. We have

||J1||2Lz=/0 [l—cosf(x)]zdxg/o I*(2) de
=;Alfu+awmmsié GP(x)de = LG  (4.2)

Il :/0 1 — cos I(a)]dz < %/O P(x)de < 1[G (4.3)
and
0 2 o0
|J2]|% 2 :/O [(G(z) +1)V* = 1]7dx < i/o G*(z)dz = 1||G|)72 (4.4)

|2l = /Ooo [(G(x) + 1)1/2 _ 1}dm < %/000 G(x)dx = %||G||L (4.5)

For estimating J3 and J; we use the inequalities

Re(ao(x)a(s) 1] < 1o
o (4.6)
[Im(qo(z)q(z))| < 1+ 22

where
C1 = sup,eg, [1+ 2°] |Re(go(2)g(x)) — 1]

P (o (@) g(a))|

Cy = Sup,epr, .

are finite by (3.4) - (3.5) and Im (go(x)g(z)) = O(x) for z — 0. Further,

G)'/? < M = seuRp (Gz) +1)Y? < 0 (4.7)
rERY

due to the continuity of G on R4 and the limit G(oco) = 0. Hence we obtain
the estimates

o dx -
1l < MPCE [ i = FarcE (48)

< dx -
HM&SMQA =g, (4.9)
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and
Wil <063 | - do = 20 (410
< oz
||J4||L§MCQ/O 1+m2|[(m)|dm

oo 72 1 o 1
< I 2
svar( [ i) ([ rwwe)
gMCQVT*(i/ GQ(:p)dm) = VT |Gl (4.11)
0

From (4.1) and (4.2), (4.4), (4.8), (4.10), resp. (4.3), (4.5), (4.9), (4.11)
the estimations

1P|y < |Gllz2 + M (Cy + Ca) (4.12)
I1P|lr < LG22 + 3Gl + M(2Cy + Y2Co||Glr2)  (4.13)

follow. Also the Paley-Wiener conditions for representation (2.3) of F are
fulfilled.

Theorem 4.1. For any g € L(Ry) N L?(Ry) with non-negative G =
Feg € L*(Ry) equation (2.1) has the solution p = 2F.P € L*(R;) with
P e L*(R,) given by (2.8) satisfying estimation (4.12).

If, in addition, G € L(R,), then also P € L(R,) satisfying estimation
(4.13), and p is continuous on Ry with limit p(co) = 0.

Theorem 4.1 generalizes [6: Theorem 1].

In avoiding the assumption G(x) > 0 on Ry we further consider functions
G obeying an inequality of the form

C’0< C

- < < - R 4.14
a2 + 2 — (x)_a2+x2 o B ( )

where a,ag > 0 and C,Cy > 0 with Cy < a3 ensuring that G(z) +1 > 0 on
R, . Then

/OO In*(1 + G(z)) dx < A?

where

> C + a?) + 22 < 5 (ad — Cp) + 2*
AZ — 1 2 ( d / 1 2 0 d
max { /0 n P T, ; n a% e T
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implying the estimations for J;

[1]|72 < $42, 1]l < £A% (4.15)
Further,
(G(z) + 1)% — 1] < N(2)
where
N(z) :max{\/(0+a2)+x2 —Va2+22 /a2 + 22— \/(a} —C’o)—i—xQ}

with N(z) = O(x=2) for  — +o00. Hence for J; the estimates
12172 < B*,  |allL <D (4.16)

with the integrals B2 = [~ N?(z)dxz and D = [;° N(z)dx hold.

The estimates for J3 and J4 are independent of the assumption G(z) > 0.
Hence, for functions G fulfilling (4.14) we obtain the estimations

IPllz2 < $A+ B+ %TM(Cy + Cy) (4.17)
1P|, < 1A% + D + M(ZCy + Y Co|G12) (4.18)

with the constants M, Cy,Cy from above and A, B, D from (4.15) - (4.16).

Theorem 4.2. For any g € L(Ry) N L*(Ry) with G = F.g obeying
inequality (4.14) equation (2.1) has the solution p = 2F.P with P € L(R4) N
L?(R.) given by (2.8) satisfying estimations (4.17) — (4.18). The solution p
is continuous on Ry with limit p(co) = 0.

Co
@amyo =

We remark that analogously to (4.14) functions G satisfying —
G(x) < m where v, vp > % can be dealt with, too.

5. Stability theorem

We investigate the stability of the solution p in L2(R..) for fixed zeros of F.
Let g; € L(R)NLA*(Ry) (5 = 1,2) with G; = F.g; satisfying the assumptions

Gi(x) =1+G(x) >02>0  onRy. (5.1)

The difference of the corresponding Fourier cosine transforms P; = F.p; of
the solutions p; (j =1,2) of (2.8) is given by
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where
Ky(x) = [G1(2)V/2 = Ga(x)'/?]
x [Re(go(x)a(x)) cos I (x) + Tm(go(x)g()) sin I (x) |
Ka(2) = Ga(2)/*{ Re(go(2)a(w)) [ cos Iy (2) — cos ()]
+ Tm(qo ()g()) [ sin Iy () — sin ()] |
with

L [ InG(¢ ,
nw=s [T 5 -1

There holds

@1(55)1/2 — az(:ﬂ)l/z - Gi(z) - gQ(x)
G1(2)1/2 4+ Go(x)1/?

implying

~

|G1(@)/? = Ga(2)/?] < |Gi(2) — Ga()|
with 6 = §; + do > 0. Further,

|Re(goq) cos It + Im(qoq) sin I1| = |Re[exp(—il1)qog]| < [qo(z)q(x)] = 1.

Therefore, | K1 (z)| < §|G1(x) — G2(z)| on Ry and

IK1llz2 < 51G1 — Gal| 2 (5.3)
From
IRe(qogq)[cos I — cos I5] + Im(qog)[sin I — sin I]|
—2’Im exp(——[[1+12 | ‘Sm%’
< 2|qoq| } sin L1212 12 ‘
< |Li(z) — I(x )\
we obtain
|Ka(z)| < Ma|li(z) — Iz(x)] (5.4)

1/2

where My = sup,cp, Ga(z)'/2. Further, by the Riesz theorem

|11 — Loz = |1n (5.5)

2l &2l -
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and

’1 le ‘<1 (1+|G1($)_

Ga(z)| 1 z) — .
) s 3la@ -G 66)

where 9 = 02 = min{d%, 05} > 0. In view of (5.4) - (5.6) we get
1Kol e < 2=252 (G — Go| 2. (5.7)
From (5.2) and (5.3), (5.7) the inequality

1Pr = Pollr2 < E|G1 = Gallze,  E=5+3532

follows which is equivalent to the stability estimation for the solution p; (j =
1,2) of equation (2.1)

Ip1 — p2llr2 < Ellg1 — 9212 (5.8)

Theorem 5.1. Let g; € L(Ry)NL*(Ry) (5 =1,2) with G; = F.g; sal-
isfying assumptions (5.1). Then for the corresponding solutions p; € L*(R..)
of equation (2.1) stability estimation (5.8) holds.

Theorem 5.1 generalizes [5: Theorem 3] (see there also for a relaxation of
the assumptions g; € L(R)).

6. Integral-differential equation

In the following we deal with the integral-differential equation of first order
YOm0+ [ pepsrnds=1 (¢>0 @)
0

where 11 € R and we again assume g € L(R) N L*(Ry) looking for solutions
p € L?(R) which are continuous on R with p(co) = 0 having the derivative
p' € L*(Ry).

Applying the Fourier cosine transformation to equation (6.1) we obtain
the condition

|F(2)?=G(z)+2a  (z€R) (6.2)
(cf. [6]) where

~

F(z)=p+izx+ P(x) +iQ(x)
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are the boundary values of the holomorphic function in the upper half-plane
Imz>0

~

F(z)=p+iz+ /000 p(t)et=dt (z=xz+1iy) (6.3)

and a = p(0), R
G(z) = p* + 2% + G(x) (x € R). (6.4)

Again P = F.p,Q = Fsp and G = F.g. Assuming P € L(R,), we have
o= %/ P(z)dx. (6.5)
0

Problem (6.2) with (6.5) and solutions F of form (6.3) where p/ € L2(R,) is
equivalent to integral-differential equation (6.1). Further, stronger than the
necessary solvability condition @(az) + 2a > 0 on R for condition (6.2) we
assume @(m) +2a > 0on R.

We are looking for solutions p of equation (6.1) for which the function
F(z) — iz is continuous in Imz > 0 with the limit p for z — oo uniformly
inImz >0 and F () # 0 on R. Then F has at most finitely many zeros in
Im z > 0 of the form as above:

2 =iy (k=1,...K)
5f =dxj+iy; (j=1,...L)
where y9, z;,y; > 0. Again these zeros of F can be chosen in arbitrary manner.
From (6.2) the following solution for F is obtained (cf. [6] again):
F(2) = (iz=b)go(2)a(z)F(2),  F(2) = expd(z) (6.6)

where b > 0 is an arbitrarily chosen number (for instance, b = 1), go and ¢
are given by (2.6) again and

P(z) = 2 /O b gffg; d¢,  H(z)=L1nG(z) (6.7)
with R
Glz) = (iif)—ﬁfo‘ 1 (2 — +00).

Therefore, the general solution of equation (6.1) is given by p = %]—"CP with
P(x) = —p + G(a)"/?

X [Re((i.r — b)go(z)q(z)) cos I(z) + Im((iz — b)go(x)g(x)) sin I(.I’)]
(6.8)
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where now _
= InG(¢)
I(x)=2% —= d€. 6.9
W=z Goop (6.9
The parameter « has to fulfill equation (6.5). The integral in (6.5) can be
calculated by

/000 P(z)dr =1 lim [ — F(2)] dz

2 R—o0 Kr

where K denotes the upper semi-circle with centre 0 and radius R. There
hold the asymptotic relations

H(z) ~hiz~? (z — +00) hy = a+ L(u? - b?)

B(z) ~ i Hiz ' 4 hyo? Hy =2 [ H(¢)de

for z — oo, Imz > 0 (cf. [6]) implying
F(2) ~ 14 ®(2) + 0%(2)

6.10
~1+iHyz" "+ [hy — $H7 )22 (6.10)
for z — oo, Im z > 0. Further, for z — oo
K K K-1 K
ORTEE) U TERE O NUIETD BD D V) B
k=1 k=1 k=1 l=k+1
L L L—
q(z)~1—4i2yj-z_l—<82yj2+16 Z yjym)z 2
j=1 j=1 j=1 m=j+1
yielding
p—F(z)~—iz+ A+ Biz"! (6.11)

for z — oo, Im z > 0 where
K L
A=p+b+H -Y, v=2340+43y,
k=1 j=1

and some longer expression for B. From (6.11) it follows that relation (6.5)
holds if and only if A =0 and B = —a.

Some algebra shows that B = —« is a consequence of A = 0. Hence
relation (6.5) is equivalent to the condition A = 0, i.e. H; =Y — u — b or,
explicitely,

0 2 2
l/ I e G 1O PR (6.12)
0

7'r 1'2 + b2
This condition for « is independent of b(> 0) as it must be. Its left-hand side
is a strictly increasing, concave function of a tending to +o0o0 as a — +00. So

there exists at most one root ayq of this equation for which G () +2ap > 0 on
R.
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7. Asymptotic behaviour of the solution

We again make the stronger assumption that G is a Holder continuous function
on R, with G(z) = O(z~?) (6§ > 1) as x — oo. Then also G and H are Hélder

continuous with _
Gz)?2 =14+ hz7 24+ 0z 277

H(z) = a2+ 0z >
where hy = o+ 3 (p? — b?) as above and A = min{4, 2} > 1. Further (cf. [6]),

I(x) = —Hiz~' +0(z7?), Hy = %/OOO H () d¢

implying
F(z)=14iHz '+ [h — 10272 +i0(x %) + O(x—27?) (7.1)

with real O-terms. Relation (7.1) is analogous to (6.10) above and a similar
algebra as there leads from (7.1) to

Fx)=iz+[p— A —iBz '+ 0@ ) +iO0(x 1) (7.2)
with real O-terms which is analogous to (6.11) with the same constants A and

B. Assuming the solvability condition A = 0 with B = —a, we obtain the
asymptotic relations

P(z) = O(z™?)
T — 00 7.3
rQ(z) —a=0(z") (A>1) } ( ) (7:3)

which yield P,zQ —a € L(R;)NL?*(Ry). Therefore, the solution p = 2F.P €
L?(Ry) and its derivative p’ = 2F,(zQ — a) € L?(Ry) are continuous func-
tions on R4 with limits p(o0) = p'(c0) = 0.

Finally, the function F — u — 1z fulfills the Paley-Wiener condition on
Imz > 0 with |F(z) — pu —iz| = |P(z) + i Q(z)| € L2(R) implying represen-
tation (6.3) for F.

Theorem 7.1. For any g € L(Ry) N L*(R,) with Hélder continuous
Fourier cosine transform G = F.g € L?*(Ry) satisfying G(x) = O(z~°) with
d > 1 for x — oo and a real parameter « satisfying relation (6.12) for b > 0
where G(z)+p*+z%+2a > 0 on Ry, equation (6.1) has the solution p = 2F.P
with P = F.p € L(R.) N L?(Ry) given by (6.8) and satisfying together with
Q = Fsp the asymptotic relations (7.3) for x — oo. The solution p and its
derivative p' are in L*(R.) and are continuous functions on Ry with limits
p(oo) = p'(00) = 0.

Theorem 7.1 generalizes [6: Theorem 2].



394 L. von Wolfersdorf

8. Estimation of the solution

In the following we estimate the L?-norm of the solution under the assump-
tions g € L(Ry) N L*(R,) and

G(z) + p?* +2a > 62> 0 on Ry (8.1)

with some § > 0 where « satisfies equation (6.12). Further, without loss of
generality, we choose b with 0 < b < § so that

Go(z) = G(z) + p* + 20— b* >0 on R. (8.2)

In this and the next section we write || - || instead of || - || .2, for simplicity.
Substituting 4 = Y — b — H; from (6.12) into (6.8), the function P can be
decomposed in the form

7
P(z) =Y Jk (8.3)
k=1

where

Ji=b-=Y)[1—cosl(z)]

Jo={b—Y + Re[(iz — b)go(z)q(z)] } cos I(x)
J3 = [G(2)Y? — 1] Re[(iz — b)go(x)q(x)] cos I (x)
Jy = Hy +zl(z)

Js = x[sinI(x) — I(z)]

Jo = {Im[(iz — b)qo(x)q(x)] — '} sinI(z)

Jr = [G(2)Y? = 1] Im[(iz — b)go(x)q(z)] sin I (z)

and I is given by (6.9) with

(8.4)
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At first we estimate the expressions Jq, J; and J5. We have

FA / Thda
/1—COSI )2dx

S
= O=Y)" Y)/ lnG

(b=Y)~ Y)2

| /\

:c2+b2

(b=Y)* Y [(M + 200 — / a:2+b2 /Ooo(flgi—(igﬁdm}
|

O e (2 4 20— 8)2 o G

| /\

| /\

and hence by
12| < B [3(5) 216 + 20 — 02| + 1G]] (8.5)

Further, we use the integral inequality of Hardy and Littlewood (cf. [2:

Chapter 11/§ 3])
ole [ S [
™ /O 52 — 2 df

Igp = /
0

holding for -p—1< B8 <p—1 (p>1) with Cg,, = %Mg,p where Mg ), is the
norm of the Hilbert transformation in the corresponding weighted Lebesgue
space. So, for the integral
&InG(E) 21In G
-]

dzx < C’g’p/ 2P| f(x)|Pda
0

there holds

||J4||2<A2/ x 11126( ) da

2 2G2
<A 2 ac2+b2
272 2
<2 i x2+b2 (4 +2a —b*)° + G*(z)]da
<2433 (1° +2a — )% + &[G1?]
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where Ay = C_5 > and
[ all € V2Ao[ L] + 20— B2 + L[], (8.6)
Moreover,
| J5]1% = /000 z? [I(z) — sinI(x)]zd.r
< %/000 221%(z) dx

< A3 2?1In® G(z) dz

36 )
50 2 oo 2G6(.I)
< 1642|1219 —b26/ g / CRT
< X 3|:|'u, + 2« ’ ) (w2+b2)6 T+ 0 (m2—|—b2)6 x
b dx >
16 2l o2 216 1 6
st:a[m + 20— 1| /0 m”ﬁ/o G(x)dx}
< PA3 (12 +20 = P75 i + g MT( G

where As = C3 5 and M; = SUDgeR, G?(z), yielding
15l < § 55 As[(F2)'/210® + 200 = ** + Ma |G ). (8.7)
Secondly, we estimate Jy and Jg. We get

|Jo| < |b— Y+Re[(ix — b)qo(a:)q(x)ﬂ
Jol < [Im[ (12 — D)o @)ale)] — 2.

The asymptotic relation
qo(2)g(r) =1—iYz '+ O(x72) +iO0(x™?) (x — £00)
with real O-terms (cp. (3.4) - (3.5)) implies

b—Y + Re[(iz — b)go(x)q(x)]
Im[(iz — b)go(z)g(x)] — :r:O(ac 1).

I
<o
2~3

Therefore the inequalities

D
| Jo| < !

1+ 22

Doz (z €Ry)
=

1+ 22
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hold where
Dy = sup,ep, [1 + 2’ |b—Y + Re[(iz — b)go(x)q(z)]| < o0
Dy = sup,ep, [1+ 2®]2|Im[(i z — b)go(x)q(z)]| < o0

(cp. (4.6)). This gives the estimates

[5]l < Bvm ©.8)
1 6]l < 52 /7.
Finally, we have to estimate J3 and J;. It is
|J5| < A(x)|Re[(iw = b)go()q(x)]|
| J7| < A(z)[Tm [(i = — b)go(2)q(z)]|
where A(z) = G/2(z) — 1. Now by (8.4)
G()(I) M()
A< mip<mrp M= s G@
and, in view of |go(x)q(x)| =1,
Rel(ixz —b
[Rel(Ge —bao@a@]| | _ g
‘Im[(zx — b)qo(x)q(x)] |
Therefore,
o0 +b)? * dx MZrn
J2J2<M2/ (x—d<2M2/ = 20
|| 3” 7” 7” = 0 0 (ZB2+62>2 T = 0 0 22 1+ b2 b
and
11l 11771l < (5)'/* Mo, (8.9)

From (8.3) and (8.2) - (8.9) we obtain the estimation ||P|| < Ey + E1||G||
where Ey and E; are determined by the coefficients in estimates (8.2) - (8.9).
This yields the estimation for the L?-norm of the solution p

Ipll < 2Eo + Erllg]- (8.10)

Theorem 8.1. For any g € L(R.)NL?(R,) satisfying (8.1) and choosing
0 < b < § the norm of the solution p € L*(R,.) fulfills estimation (8.10).

Remark. For obtaining an analogous estimation for the norm of p’ one
can use equation (6.1) where in estimating the Fourier cosine transform of the
integral term the norm of P? can be dealt with in a similar way as the norm
of P and it should be observed that @) is the Hilbert transform of P.
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9. Stability theorem

Let g; € L(R4)NL*(Ry) (j = 1,2) with G; = F.g; satisfying the inequalities
Gi(z)+p*+2a;>67>0 onR, (9.1)

with some 6; > 0 where a; obeys the corresponding equation (6.12) with some
joint b > 0. By (6.8) the difference P; — P» of the corresponding solutions
with the same fixed zeros of F}; can be decomposed in the form

4
=Y Kn (9.2)

where

K, = [G*(x) — G3*(2)] Re[(iz — b)go(x)q(x)] cos I ()

Ky = [Gl/Q(x) - é;ﬂ(x)} Im|[(iz — b)qo(z)q(z)] sin I (z)

K3 = Gy *(2) Re[(i & — b)go(z)q(x)] (cos I (z) — cos Ir(x))

Ky = Gl/g(:v) Im (i z — b)qo(x)q(x)] (sin [y (z) — sin I5(x))
with
Gya) = PG, G = a4 oo, 1) =2 [ 5 e

At first we estimate K7 and K>. We have

|K1| < Ao(z)|Re (i@ — b)go(x)q(z)]|
| K| < Ao(z)|Im[(i z — b)go(z)q(x)] |

where Ag(x |G1/2 Gé/Q (z)|. Now

($2 + b2)—1/2

Ao(z) < @500 1 (22 1 )1 [|G1(2) — Ga(2)| + 2[en — asl]
and again
Re|(iz — b)qo(z)q(z
“Im% x—b; Exq ”}<x+b on e
implying

B0 K| < Zaagmys (G (@) — Ga(@)] + 2lar — as]
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where 09 = min{dy,d2} > 0. Therefore
> |Gi(z) — Ga(2)? 2/00 dx
d 2 — —_——
/0 2% + 02 S S A N -
< 552llG1 = Gal” + F (a1 — @2)”

12, [ <

N[ =

and
\1/2
1K) B2 < 551G = Gall + (F5) " loa — aal. (9.3)

It remains to estimate K3 and K4. As above we have
| K3, |K4| < Do(z + )| (z) — ()|
where D3 = sup, g Ga(z) < co. Further, by the Riesz theorem,
00 é 2
/ 1(2) ~ Io()da = 3| m 2L
0 Go

< l/oo 2 <1+ G1(z) — Ga(2)] + 2[an —042|>dx
0

4 2+ 62
& G (.’L‘)—GQ(ZC)|—|—2|041—042| 2
<1 G
- 4/0 < x2 + 03 ) de

< %[%HCH — Go|* + %(041 — 042)2}-

Finally, in view of relation (6.12), [;° In g}—Ex; dz = 0 and therefore

21, G1(6)
. oof ln~1

hie) = hie) = = [ 5 ae

Applying the Hardy-Littlewood inequality from above, we obtain

/00 2|1, (x) — Iry(x)|*dx
0

<A§/Oox21n2%dx
N 0 Gg(x)

~ xQ 00 $2
<243 {/0 mml(ﬂ?) = Ga(2)*dz + 4(1 — a2)2/0 (22 4 02)2 dx}

<245 [5Gy = Ga|* + 5 (01 — a2)”]
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where Ay = C_5 5. Hence

VEI12, 12 < D3 (5% + 5 A3)11Gh — Gall® + (3 + £ 43) (a1 — a2)? )

and
[ K] 172 2 42¢1 27\ 3 2 4242

< Do{ & (6 +45343)H|Gh - Ga + ()7 (1 + 46343) o — e }.
[ K4 0 °

(9.4)
From (9.2) - (9.4) the estimation

|P1 — P2|| < Bolaw — as| + B1||G1 — G|

follows where By and B are determined by the coefficients in estimates (9.3)
- (9.4). Then for the solutions p; and ps we get

p1 — poll < 2Bolar — as| + Billg1 — g2||. (9.5)

= 1,2) satisfying (9.1)

Theorem 9.1. For any g; € LR4)NL*(Ry) (=1
*(Ry) (5 = 1,2) fulfills

the norm of the difference of the solutions p; € L
estimation (9.5).
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