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A Unified Approach to
Nonlinear Integro-Differential Inverse Problems I
of Parabolic Type

F. Colombo and D. Guidetti

Abstract. We give a unified approach to a class of nonlinear parabolic inverse prob-
lems involving kernels of convolution type. Our main tools are optimal regularity
results, in Sobolev and Holder spaces, for parabolic equations and analytic semi-
group theory. We apply the main abstract results (Theorems 2.1 - 2.2) to a model of
population dynamics, to the theory of combustion of a material with memory and,
finally, to a parabolic equation with elliptic part of order 2m, which for m = 1 is the
heat equation with memory and with non-linearity containg derivatives up to order
2m — 1.
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1. Introduction and basic notation

The aim of this paper is to give an abstract unified approach which leads to
generalizations of some results already known and to face new inverse problems
not yet investigated. Our abstract theory allows a wide range of applications to
the study of heat propagation in materials with memory, mathematical models
arising in biology, theory of combustion of a material with memory, parabolic
models in viscoelasticity, and many other fields in science and technology (see,
for some examples, Section 3). We can apply our results also to parabolic
inverse problems concerning spatial differential operators of order 2m.

More precisely, we deal with a direct fully nonlinear problem of parabolic
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type when we consider the problem

u'(t) = G(u(t)) +/0 h(t — s)F(u(t),u(s))ds+ f(t) (t€[0,T))
u(0) = ug

(1.1)

in which the term A is a given function, G and F' are suitable nonlinear func-
tions on the domains D and D x D, respectively, where D is a Banach space
continuously embedded into a reference Banach space X. Their properties and
regularity will be specified in the sequel; the main assumption is that G’ (ug)
(the Fréchet derivative of G in ug € D) is supposed to be the generator of an
analytic semigroup.

Problem (1.1) is well studied in literature (see, for example, [18]). The
convolution kernel h, depending only on ¢, has several meanings, according to
the problem we are considering. For example, h represents the thermal mem-
ory in problems of heat propagation, or the mechanism of spread of infections
in population dynamics models. In practice, h can be seldom considered a
known term, because it is not directly measurable. So we have to face the
problem to reconstruct also h together with w.

In the following we investigate the inverse problem related to a Banach
space X to determine two functions

w:[0,T] - X
h:[0,T] - R

satisfying system (1.1) with the additional condition

O(u(t)) =g(t)  (t€0,T]) (1.2)

where @ is a linear and bounded functional acting on X and g is a given
function. As a rule, in applications ® has an integral representation, and
physically it represents the additional measurements on u to determine the
function h.

The functional setting is referred to Holder and Sobolev spaces of frac-
tional order denoted by W#?(0,T; X) where 8 € (0,1)\ {%} with 1 < p < 00
and X is a Banach space. Recalling that W5>(0,T; X) coincides with the
space of Holder continuous functions C°([0, T]; X), we give a unified approach
to Sobolev (1 < p < oo) and Holder (p = oo) spaces, using as fundamental
tools optimal regularity results for parabolic equations in those spaces, ana-
lytic semigroup theory and fixed point arguments. We recall that maximal reg-
ularity results establish the existence of linear and topological isomorphisms
between suitable spaces of solutions and data (see [17]). The use of Sobolev
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spaces allows to lower the order of regularity required to the data in order
to get a solution. Moreover, concerning optimal regularity, fractional Sobolev
spaces allow a relatively easy theory, if compared with spaces of integer order
(see, for example, [7]).

The plan of the paper is the following:

Section 1 contains basic notations. In Section 2 we have put the main ab-
stract results of the paper, namely Theorems 2.1 and 2.2. Theorem 2.1 estab-
lishes the existence of a local solution of problem (1.1) - (1.2) in W#?(0,7; D)N
W+8:2(0, 7; X) for fixed 8 € (0,1) and p € [1,+0c] and some 7 > 0, under
minimal conditions on the data. We obtain such result employing a certain
optimal regularity result (Theorem 4.1) valid for abstract linear parabolic
problems. Theorem 2.2 is a result of global uniqueness. The following Corol-
lary 2.1 consists in a simple consequence of Theorems 2.1 and 2.2. This is
the result we employ the most in the applications. In Section 3 we have put
three possible applications of the results of the previous section. The two first
applications concern population dynamics and combustion of materials with
memory, respectively. The third application treats fully nonlinear parabolic
problems of higher order in the space variables. Section 4 contains a series of
technical lemmata, which are useful in the sequel. In Section 5 we prove the
results stated in the second section. Finally, the Appendix contains a detailed
proof of a new (in our knowledge) optimal regularity result in the framework
of fractional order Sobolev spaces. An alternative proof can be deduced also
from the results of [6].

In our knowledge the first paper applying maximal regularity techniques
to intergro-differential parabolic inverse problems is [16]. But therein the au-
thors considered only linear problems in spaces of functions which are Holder
continuous in the time variable. A different functional setting for similar
problems was adopted in [15].

Fully nonlinear parabolic problems are considered also in [10]. The in-
tersection between the class of problems that the authors considered and the
class of problems which is the subject of the present paper is given by prob-
lems like (1.1) - (1.2) with F depending only on wu(s). The functional set-
ting is a little different and the authors in [10] find only solutions such that
u € WPP(0,7; X), with 3 suitably small.

Other authors consider different situations and obtain results which are
not comparable with ours. For example, using Laplace transform methods
important results are due to J. Janno and L. von Wolfersdorf (see, for example,
[13, 22, 23] and the bibliography therein). The case of h depending also on
some space variables (linear equations) is treated in [3, 4], the case of a linear
problem with ® possibly nonlinear and depending also on h is treated in [9].

Now we give some basic notation that we shall use in the sequel.
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If X and Y are normed spaces, we indicate with £(X,Y") the normed space
of bounded linear operators from X to Y. If X =Y, we simply write £(X).
The dual space of X is denoted by X’. If A is a linear operator in a Banach
space X, we denote with p(A) the resolvent set of A. If p € [1,+00), we set
p = %. We indicate with N the set of positive integers, i.e. naturals. The
symbol * is used to denote the convolution with respect to time. If 7 € RT,
the set of positive reals, we set

A ={(t,s) eER*: 0<s<t<T1}.

Given a function F' depending on (z,y), we indicate with di F' and doF its
partial derivatives with respect to x and y, respectively. If k € N, we indicate
with C¥(R) the set of real-valued functions on R, which are continuous together
with their derivatives of order less or equal to k. If  is a bounded open
subset of R™, we mention the Besov spaces Bqu(Q). For their definition and
properties see, for example, [2, 21].

2. Main abstract results

Let D and X be Banach spaces with norms ||-||p and ||-||, respectively, D C X
and continuous embedded, and A € £(D, X). We shall mainly think of A as
an unbounded linear operator in X. Assume the following:

(h1) There exist Ry > 0 and M > 0 such that ¥ := {A € C : |\ >
Ro and [Arg)A| < Z} C p(A). Moreover, for every A € %, (A —

A) ey £ ML
It is well known (see, for example, [17: Chapter 2|) that, if condition (hl)

is satisfied, then A is the infinitesimal generator of an analytic semigroup
{S(t) }+>0, possibly not strongly continuous in 0.

Let now a € (0,1) and p € (1, +o0]. We set
Dala,p) = {ac € X :t—u(t)= [t 5 AS(t)z| € LP(0, 1)} (2.1)

and, if x € Da(a,p),

[x]DA(avp) = HU||LP(0,1) (2.2)
12 Datap = 2] + 2] D4 (o)
D(a,p) is a Banach space with the norm || - ||p,(a,p) and coincides up to

equivalent norms with the real interpolation space (X, D), (see [17: Propo-
sition 2.2.2)).
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We introduce now for —oco < a < b < 400, € (0,1) and p € [1,+0o0] the
spaces WPP(a,b; X). Namely, we set

WPP(a,b; X)
[ (MO 40y iy < oo i p < +oo
=< felP(a,b; X 3
( ) sup W < 00 if p =400
a<s<t<b
(2.4)

Observe that the space W5 (a,b; X) coincides with the space C?([a,b]; X)
of Holder-continuous functions. We set also, for £ € N,

WAL (g, b: X)) = {f e W*P(a,b: X): fD € WOP(a,b: X) (1<j< k)}.

(2.5)
Of course, here the derivatives are intended in the sense of vector-valued distri-
butions. If 8 > %, then by the Sobolev embedding theorem (see [2: Theorem

7.57]), every element of W?(a,b; X) can be identified with a continuous func-
tion. Before giving a more precise result, we introduce the following notation:

for 1 <p<+o00,0< B <1and f € WPP(a,b; X) we set
N %ds)dtﬁ if1<p<—+o0o

o (S

flwewr(apx) = B (2.6)
SUPg<s<t<b W if p = +o0.

We want to study the problem

u'(t) = G(u(t)) + /0 h(t — s)F(u(t),u(s))ds+ f(t) (t€]0,7])
w(0) = g (2.7)

P(u(t)) = g(t) (t<€(0,7))
under the following conditions:

(k1) X and D are Banach spaces, D is continuously embedded into X.

(k2) F € C*(D x D;X) and F” are uniformly Lipschitz continuous from
D x D to £L(D x D; £L(D x D; X)) in every bounded subset of D x D.

(k3) G € C?*(D; X) and G” are uniformly Lipschitz continuous from D to
L(D; L(D; X)) in every bounded subset of D.

(k4) ug € D.

(k5) A = G'(up) considered as an unbounded operator in X satisfies as-
sumption (h1).
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(k6) ® € X'
(k7) f € WBP(0,T; X) for some 3 € (0,1) and p € (1, +o0].

We are interested in the existence and uniqueness of a solution (u,h) of
problem (2.7) belonging to

(W2H8:2(0, 7 X) N WHPP(0, 75 D)) x WPP(0,7)

for some 7 > 0, with p € (1,400] and 3 € (0,1) \ {%}
The main abstract results are the followings two theorems.

Theorem 2.1. Assume that conditions (k1) - (k7) are satisfied and let
€ (1,4o00], B€(0,1)\ {%} and T > 0. Assume, moreover, the following:

(i) Gluo) + F(0) € Da(l+ 5~ .p) if B < & and Glug) + £(0) € D if
3> Il)
(ii) g € W2+52(0,T).
(iii) ®(uo) = g(0) and ®(G(uo) + f(0)) = ¢'(0).
(iv) x = ®(F(ug,up)) # 0.

(v) If B> L, then A[G(uo) + f(0)] + f'(0) + HF (ug,ug) € Da(B— L,p)
where 'H is defined as

H = x(0)""{g"(0) = ®[A(G(uo) + [(0)) + F'(0)] }. (2.8)

(vi) F(ug,ug) € D.

Consider the functions vy and hg defined in (5.12) and (5.14), respectively,
and for R >0 and T € (0,T] set

B(1,R) =
max{ ||’U - ,UOHWﬁ’p(O,T;D) } <R
(v,h) € WPP(0,7; D) x WPP(0, 1) 17 = hollws.» 0.7
h(0) =H if B> 5
(2.9)
with the norms || - |lws.»0,7;0) and || - [lwer(o,) defined in (4.21).

Then for every R > 0 there exists T(R) € (0,T] such that for every T €
(0, 7(R)] problem (2.7) has a unique solution

(u,h) € (WQJ“B’p(O,T;X) N WHﬁ’p(O,T;D)) x WPP(0,7)

such that if v := Oyu, then (v,h) € B(T, R).
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Theorem 2.2. Assume that the assumptions of Theorem 2.1 are satisfied.
Let T > 0 and let

(u1,h1) € (WP2(0,T; X) nWP2(0,T; D)) x WP(0,T)

be a solution of problem (2.7) with 7 = T. Set v1 = Oyuy and assume, more-
over, the following:

a) Forallt €[0,T), the operator Ay, p,(t) defined in (2.7) satisfies con-
dition (h1), with Ry and M which can depend on t.

b) For allt € [0,T), ®(F(ui(t),uo)) # 0.
c) Forallt€[0,T), F(uy(t),up) € D.

Then (u1, h1) is the unique solution of problem (2.7) belonging to

(W2+57P(O,T;X) N WHB’?’(O,T;X)) x WPP(0,T).

Corollary 2.1. Assume that the assumptions of Theorem 2.1 are satisfied
and that, moreover, F(u,uo) € D for every uw € D. Then there exists a T > 0
such that problem (2.7) has a unique solution (u,h) € (W?2*PP(0,7;X) N
Wt8p(0,7; D)) x WPP(0, 7).

3. Applications

We are now in the position to solve some problems of particular interest,
applying the abstract results of Section 1. We have decided to give the details,
for sake of simplicity, in three different fields of science even though many other
applications can be mentioned.

Problem P;: Population dynamics. We consider the well known Lotka-
Volterra model with diffusion. For other results concerning systems of this
form, see also [8]. The non-linearity in the integral term appearing in the
first equation in the sequel is analogous to that of the Kermack-McKendrick
system arising in the theory of spread of infections. The semilinear case with
particular diffusion terms has been studied in [9]. Here we consider a more
general case.

Let 2 be an open bounded set in R", lying on one side of 9€), which is a
submanifold of R™ of class C2. The problem is to determine two functions

u:[0,T] x 2 —R
h:[0,T] = R
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satisfying the integro-differential system

\

Owu(t, ) = d(u(t,x))Au(t, x) + bu(t, z) /0 h(t — s)u(s,x)ds
+ flult, ) ((t,2) €[0,T] x Q)

u(0,z) = ug(z) (x € Q)
u(t,z’) =0 ((t,2") € [0,T] x 0Q)
/qb u(t,x) dx = g(t) (t €[0,T) )

where the following conditions are fulfilled:

(h11) d, f € C3(R), d real-valued and positive.
(hi2) be R\ {0}.
(hi3) ¢ € L¥ (Q) for a certain p € (1,+00) with p > 5

(hyy) g € W2H5:2(0,T) for some 3 € (0,1) with 8 ¢ {1, 35 —1, 2 55

We have the following

Theorem 3.1. Consider problem (3.1) under conditions (hy1) - (hiyg).
Assume, moreover, the following:

(hys) wo € W2P(Q) N Wy P (Q).
(hig) If G(ug) := d(ug)Aug + f(ugp), then

By @) o<1
Gluo) € 4 {ue By 7 (@) g =0} if L -1<B< 1
W2P(Q) N W, () if 3> 1.
(hir) [, o(x)uo(z)dx ) Jo &(x) [d(uo(x))Aug(x) + f(uo(x))]dz =

9'(0).
(his) x = fQ ¢(x)uo(x)*dzx # 0.
(hig) d'(ug)G(ug)Aug + d(ug)AG(ug) + f'(uo)G(ug) + Hbud
) BQW‘%)(Q) ifl<p<d
{ EBpp )Q)U|BQ:0} Zf%<ﬂ
with

H=x1P%®—A#@MMAQWY+Wwwwm+fWMwaM$-
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Then for some T € (0,T] problem (3.1) has a unique solution

(u,h) € (W2+5’p(O,T;Lp(Q)) NWITEP (0, 7; W2P())) x WEP(0, 7).

Proof. We introduce a proper functional setting. For this, first put

X =LP(Q) (3.2)
D = W?*P(Q) N W, P(Q).

Observe that, owing to condition (hy3), D C C(2). Further, set
F:DxD— X, F(uq,u2) = bugus (ug,uz € D). (3.4)

It can be easily seen that F' satisfies condition (k2). Finally, set
G:D— X, G(u) = d(u)Au+ f(u) (ue€ D). (3.5)

Then G satisfies condition (k3). Condition (k4) is exactly assumption (hys).
We have also, for every v € D,

G’ (uo)v = d(uo)Av + [d' (ug) Aug + f(uo)]v

so that condition (k5) is satisfied by [20: Section 3.8]. Condition (k6) follows
from assumption (h;3), setting

D (u) :/Q¢(:1:)u(x) dz. (3.6)

Concerning assumptions (i) - (v) in Theorem 2.1 it suffices to say that, if
g€ (0,1)\ {QLP}, we have

B2% (Q) if 6 < 5

_ p,p

(see [11]). Finally, assumption (vi) is obviously satisfied, as D is dense in X §

Problem P,: Combustion of a material with memory. The semilinear
version of the model was studied in [4] in spaces of Holder-continuous func-
tions. In this application we consider the quasilinear version in Sobolev spaces.
We denote by u the temperature, by v the density of the combustible and,



440 F. Colombo and D. Guidetti

as usual, by h the memory kernel. The system governing the evolution of
(u,v,h) is given by

Owu(t,z) = Dy 1(u(t,x), v(t, z))Au(t, z) )

x
Ow(t,z) = Do (u(t,x),v(t, x
( x

+ fa(u(t,z),v(t,z)) ((t,z) € [0,T] x Q) (3.8)
u(0,z) = ug(z) (x € Q)
v(0,z) = vo(x) (x € Q)
u(t,z') =v(t,z’) =0 ((t,2") € [0,T] x 0Q)
/qﬁ u(t,x) dx = g(t) (t €[0,77). )
The problem is to determine three functions

w:[0,T] x Q2 —R
v:[0,T] x Q2 —R
h:[0,T] - R

satisfying the above integro-differential system.

The functions f1 and f5 are given by the Arhenius kinetics (see [4]), while
the term [, ¢(x)u(t,z) dr = g(t) represents the additional measurements on
the temperature to identify the convolution kernel h which is not directly
measurable.

In the following we shall assume the following:
(hgl) D171,D1’2,D271 € CB(RQ,R), D171(u, ’U) > (0 and Dz,l(u,’lj) > 0 for all
(u,v) € R2.

(ha2) fi,f2 € C*(R%,R).
(hgs) € is an open bounded subset in R™, lying on one side of 9f2, which is
a submanifold of R” of class C?.

(h24) p € (5 V1 +00).
(hys) ¢ € L¥' ().
(hag) o, vo € W2P(Q) N Wy P(Q).
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We introduce now a proper functional setting. For this we put first

X = LP(Q) x LP(Q) (3.9)
D = (W2P(Q) N W, P(Q)) x (WP(Q) N W, P(Q)). (3.10)

Further, if U = (u,v) and V = (z,w) are elements of D, we define

G(U) = (D1,1(u,v)Au+ f1(u,v), Doy (u,v)Av + fo(u,v)) (3.11)
F(U, V)= (D12(V)Az,0) (3.12)
Uo = (o, vo) (3.13)

and

A(V) =G (Uo)(V)

oD
= (Dl’l(Uo)AZ + Au () o 1.1 (UO)
6D1 1 6f1 afl
+ AUQ ay (Uo) 8 (U()) a—y(Ug)w, (3.14)
oD
D271(UO)AUJ + AUO 632371 (Uo)Z
oD 0 0
+ Avg 5’;’1 (Up)w + 8—f2(Uo) + %;(UO) )

Now we can give the following

Theorem 3.2. Consider problem (3.8) under assumptions (hay) - (hag).
Further, let X, D, G,F,Uy, A have the meaning declared in (3.9) — (3.14),
respectively, and let also B € (0,1) \ {]lj, 55 2p — 1}. Concerning the data
Uy = (ug,vp), ¢ and g we suppose the following:

() If 3 < L then G(Up) € Boy "™

B> 5 —1
(ii) Ifﬁ > 5, then G(Up) € D.
(iii) g € WQW’P(O T).
(iv) Jo o(@)uo(z) dz = g(0).
(v) Jo o [D1 1(uo (@), vo(x))Aug(2) + fi(uo(z), vo(2))]dz = ¢'(0).
(vi) x = [ o(x)D12(uo(x), vo(x))Aug() dz # 0.
(vii) If g > %, let the set 'H be defined as in (2.8). Then AG(Up) +
HF(gO,UO) € [B;fpﬂ_%)(fl)]z and the expression vanishes in O if
B> 2

)(Q)Q, and G(Uy) vanishes in 0$) if
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Then for some T € (0,T] problem (3.8) has a unique solution

((u,v),h) = (U,h) € (WPP(0,7; X) N WE2(0,7; D)) x WFP(0, 7).

Proof. The proof follows the same arguments as in the proof of Theorem
3.11

Problem P3: A fully nonlinear inverse problem with spatial derivatives
of order 2m (the case m = 1 represents the heat equation with memory). The
problem is to determine two functions

u:[0,7] x Q@ —R
h:[0,T7] = R
satisfying the system

)

Owu(t,z) = d(A(z, 0z )u(t,z)) + /0 h(t — s)e(A(z, Oy )u(s, x)) ds

+ f(t,z) (tel0,7],x € Q)
Bj(x,0;)u(t,x) =0 (j€{1,...m},t€[0,7],z € ON)

u(0,z) = ug(z) (x € Q)
/ u(t, p)p(dz) = gt)

Q

t €[0,7])
Vs
(3.15)
under the following assumptions:
(hs1) d,e € C3(R), d'(u) > 0 for all u € R.

(hs2) © C R™ is an open bounded subset, lying on one side of 92, which is
a submanifold of R™ of class C*™ (m € N).

(hss) A(z,0.) is a strongly elliptic operator of order 2m with coefficients in
).

(h3s) Bj(x,0;) (j = 1,...,m) is a linear differential operator of order
m; < 2m with coefficients in C?™~™3 (99)).

(hss) {B,(x,0;)}1<j<m is a normal system of boundary operators in the
sense of [20: Definition 3.7.1].

(hss) The operator A(z, d,;) with vanishing boundary conditions Bj(z, d,) (1 <Jj
j < m) has Arg)\ = 6 as a ray of minimal growth of the resolvent in
the sense of [20: Definition 3.8.1].

(hs;) p is a Borel measure in ().

We set
X = C’(ﬁ) (3.16)
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and

D:{ue N w2mr ()

1<p<+oco

A(x,0;)u € X and Bj(z,0,)u=0
) ) . (3.17)
indQforall j=1,...m
If v and v are elements of D, we define

G(u) = d(A(z, 0;)u) (3.18)

F(u) = e(A(z, 0y )u). (3.19)
Observe that

G (u)v = d'(A(z, 0z )u)A(z, O, )v.
Now we can give the following

Theorem 3.3. Consider problem (3.15) under assumptions (hsy) - (hsy).
Further, let X, D,G, F be as in (3.16) — (3.19), respectively, and let 3 € (0, 1)
such that 2mpB ¢ N. Concerning the data g, f, 1, g we suppose the following:

(i) uo € D.

(ii) f € C'A(0,T; X).

(iii) G(up) + f(0) € D
(iv) g€ C?*TA(0,T).
) uo ) <dm> ~ 4(0).
(vi) JolG )+ f(0, z)]pu(dx) = g'(0).
(vii) x = fQ o) () u(d) £ 0.
(viii) Put A = G’(uo) and let ‘H be defined as in (2.8). Then A[G(uo) +
f(0)] + £'(0) + HF (ug) € C?*™P(Q). Moreover, for all j € {1,....,m

}
such that mj < 2mf, Bj(x,0,){ [A[G(uo) + f(0)] + f'(0) + HF (uo)] }
vanishes in 0.

(ix) If mini<j<m, m; =0, then F(ug) vanishes in 0.
Then for some T € (0,T] problem (3.15) has a unique solution
(U,h) € (C2+ﬁ(0,T;X) N C’HB(O,T;D)) X Cﬁ(O,T).

Proof. The proof can be obtained from Corollary 2.1 using the following
known facts:

a) The operator A satisfies assumption (h;) (see [19]).

b) If & € (0,1) and 2ma ¢ N, one has (see [1])
B;(x,0,)u=0in 2 Vj € {1,...,m} }

Da(a,00) = {ue C?™(Q
al ) { () such that m; < 2ma

(3.20)
c¢) The set D coincides with X if minj<j<,, m; > 1 and with {f € X :
f|aQ = 0} if ming <;<m, mj =0 [ |
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4. Preliminary lemmata
Here we give some preliminary lemmata and theorems that will be useful in
Section 5.
Lemma 4.1. Let X be a Banach space, and let p > 1, 1 > ~v > ]lo and
—00 < a<b< +oo. Then, for every u € W7P(a,b; X),
1
[l Lo (a,65) < Nlua)l +C(b = )" ? [ulwra,p:x)
where C > 0 is a constant independent of a,b and u.
Proof. We have
[ull oo (a0sx) < ula)]l + [lu = u(a)]| Lo (a,0;%)-
So we are reduced to treat the case u(a) = 0. Let C' > 0 be such that, for
every v € W7P(0,1; X) with v(0) = 0, [|v| L (0,1:x) < C[v]w~r(0,1,x)- Then,
if u e W7P(a,b; X) and u(a) =0,
Hu”L"O(a,b;X) = Hu(a + (b - a/))HLoo(071;X)

< C[u(a + (b — a))} Wp(0,1;X)

= C(b—a)"" ?[ulwrr(a,b:%)-
and the lemma is proved }

To introduce a suitable norm in WP (a,b; X) for 8 < % we shall use the
following known

Proposition 4.1. Let 1 < p < 400 and f € W5P(a,b; X). Then:
a) If0 < < L, then [}(t—a) | f(t)|[Pdt < +oc.

b) If L < B <1, then [(t—a) P f(t) = F(@)|Pdt < C[fFyomasn)
where C' > 0 is independent of a,b and f.
Proof. See [5: Lemma 7]
Next, we put
1 1lwe.o (a,0:%)
_ { (2t = a) PP @PdE) + (flworepx) H0<f<i (A1)
1f (@)l + [fTwe.e(ap:x) if J<p/<1.
Finally, if K € N and § € (0,1) with § # %, we set

k
ILf lwst8.0 (a,p:x) = Z £ w820 (a0 ) - (4.2)
5=0

Our interest in these spaces and norms depends on the following theorem the
proof of which will be given in Section 6.



A Unified Approach to Int.-Diff. Problems 445

Theorem 4.1. Consider the problem

(1) = Au(t) + f(t) (t € [a,b]) } (4.3)

u(a) = ug

under assumption (h1) on A. Then the following conditions are necessary and
sufficient in order that the mild solution

u(t) = S(t — ayup + / S(t— s)f(s) ds (4.4)

of problem (4.3) belongs to WtFP(a,b; X) N WHP(a,b; D) for 1 < p < 400
and 5 € (0,1)\ {1}
(i) f € WPP(a,b; X).
(ii)) If0< B < %, then ug € Da(1+ 3 — %,p).
(iii) If 5 < B <1, then Aug + f(a) € Da(B — 3, p)-
Moreover, if b—a < Ty and B < %, there exists a constant C(Ty) > 0 inde-
pendent of a,b and f,ug such that

||u||W1+5vP(a,b;X) + ||u||W5aP(a,b;D)

(4.5)
< C(To) [Hwas,p(a,b;X) + ||“0||DA<1+B—%@>]'

Finally, ifb—a < Ty and B > %, there exists a constant C(Ty) > 0 independent
of a,b and f,ug such that

lullwi+smapx) + wllwe.r (a0
< CTo) | Iflw sy + oo + [ Auo + F(@) (-1 1)

Referring for the proof of the theorem to Section 6, we go on with a series
of technical lemmata.

(4.6)

Lemma 4.2. LetY be a Banach space, and let p € (1,4+oc],3 € (0,1) \
{%} and h € WPP(a,b;Y). Then
a .
C— )" [hllwes(apy) if B <

Cl(b—a)llh(@)lly + (b —a)**7

12|21 (a,pyy) < { .
¥’ [h]Wf’vP(a,b;Y)} if B>

IS TN AT

(4.7)

where C > 0 is independent of a,b and h.

Proof. Assertion (4.7) follows considering first the case h(a) = 0, using
the homogeneity argument of Lemma 4.1, then being reduced to the previous
case by writing h = (h — h(a)) + h(a) I
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Lemma 4.3. Let Y,W,Z be Banach spaces and let (-,-) : Y x W — Z
be a continuous and bilinear mapping. Further, let k € W5P(a,b,W) and
h € WYP(a,b;Y) for somep > 1 and 0 < 8 < v < 1 with v > %. Then

(h,k) € WPP(a,b; Z). Moreover,

H(h7 k)HWB!P(a,b;Z) S

ClIR@ly + (b= ) F Blwr i || Flworowy  #8<L +
C (@)l Wellwo.s o vy + (b = )77
X Wl oy (I6(0) e+ (b= @) lwaoguany) | 46> &
(4.9)

where C > 0 is a constant independent of a,b and h, k.

Proof. By Lemma 4.1, h is bounded with values in Y. So k — (h,k)
belongs to £(Lp(a, b; W), L?(a, b; Z)) It can also easily seen that the same
operator maps W7P(a,b; W) into WP (a,b; Z). In fact, if k € WYP(a,b; W),
then

[ (/ (RO = COLEDIE oy a
<c[[([ ”}ft mp” a5 ) Ik
/(/ I7s) ) )1333 ds>dt]

< c[nhnm,by)[k]Ww,p(a,b;W) 1B iy Pl vy |-

By interpolation, adapting in a trivial way [14: Proposition 2.4], if k €
WHP(a,b; W), then we have (h, k) € W5P(a,b; 7).

It remains to show estimates (4.9). This follows considering first the case
h(a) = 0, using the homogeneity argument of Lemma 4.1, then being reduced
to the previous case by writing h = (h — h(a)) + h(a) B

Lemma 4.4. LetY and Z be Banach spaces and let H : 'Y — Z of class
Ct. Assume for a certain R > 0, there exists L > 0 such that, for every

Yo, y1 € Y satisfying max{||yolly, |v1lly} < R,
I1H (yo) — H (y1)|lz¢v.z) < Lllyo — v lly- (4.10)

Further, let p > 1,% <y <landT >0, and let u € WYP(a,b;Y) be such
that [|ul| o< (a,p;v) < R. Then H ou € W¥P(a,b; Z) and

[H o ulwpapz) < (1H (0) covz) + RL) [Wlw o (a:v)- (4.11)
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Moreover, if uy,us € WP(a,b;Y) are such that max {||u1 || = (a,p:v) | U2 Lo (a,6:v) }I
< R, then

[Houl—HOUQ]

L
< 5([“1]W77P(a,b;Y) + [u2]w e (apv)) U1 — vzl Lo (a,p3y) (4.12)

+ (IH'(0)ll 2(v, z) + LR) [u1 — ua]wv(a,5v)-

W:p(a,b;2)

Proof. If ||y|ly < R, one has

' W)l eeviz) < 1H'(0)]l2(v,z) + LR

This implies that, if max{||y1||y, [|y2|ly } < R, then

1 (1) = H(y2)llz < (I1H' (0l 2v,2) + LR)ly1 — w2lly

and from this (4.10) follows immediately.

Now we prove (4.11). We restrict ourselves to the case p < +00. We have,
if u, up € W7P(a,b;Y') are such that max{||u1|| o (a,6;v), |2l o0 (a,p:v) } < R,

(/ab(/at HH(ul(t))—H(uz((tt))_;;lfw( )) + H(ua(s ||Z ds) )

— </ab (/:(t - s)_l_wdsdt‘ /01 |:H/('U/2(t) + O(ur (t) — uz(t))) (ur (t) — ua(t))
— H' (us(s) + 0(ur(s) — uz(s))) (u1(s) — uQ(s))] do Z) '

< [ ([ o] o + o - @) - e

— H (us(s) + 0(us (5) — uz(s))) (ur (5) — ua(s H d8>dt)ld9
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by the Minkowski inequality. Now, for every 6 € [0, 1],

(f ([

— H' (un(s) + 0(ur (s) — uz(s))) (ur () — ua(s)) szs) dt) z

([ (for

— H' (un(s) + 0(us (s) — uz(s))) (ur (£) — ua(t)) H’;ds) dt)

([ (fer

x (11 (£) — ua(t) — ur (s) + ua(s)) Hst) dt) >

H' (uz(t) + 0(ui(t) — u2(t))) (ur (t) — ua(t))

[H, (UQ (t) + (9(U1 (t) — U9 (t)))

S l=

H' (ua(s) + 0(ur(s) — ua(s)))

< Luy = sl av) ( / b ( / (= 51— 0)(aun(t) — ua(s)

B =

O (t) - m(s))H’;ds) dt) T (1HO)]l ev.z) + LR) [t — ws)wo oy

Integrating in 6, we get the conclusion B

Lemma 4.5. Let X be a Banach space, p > 1, and let 3,7 € (0,1) both
different from %. Further, let v € WPP(a,b; X). Then

H /a'v(s) ds

WP (a,b; X)
< Cb— a)H—B_rYHUHWBvP(a,b;X) if B < %
S 100 - 5 0@ + (- @ F i) B>

where C > 0 is a constant independent of a,b and v.

Proof. Clearly, [ v(s)ds € WTFP(a,b; X) C WYP(a,b; X). The esti-
mates asserted can be obtained employing again the homogeneity arguments
of Lemma 4.1 }

We shall need the following generalization of [3: Theorem 3.1]:

Lemma 4.6. Let Y,W,Z be Banach spaces and (-,-) : Y xW — Z
a continuous bilinear mapping. Further, for 7 > 0 let h € L'(0,7;Y) and
ke LYAr; W) and set

A(t) = /O (h(t — s), k(t, ))ds (4.13)
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fort € (0,7). Finally, let p > 1 and 0 < f < 1 with § # %, and in the case
B> % assume k € C(A,; W) and k(t,0) = 0 for every t € [0,7]. Then

||Z||Wﬁ’p(0,T;Z) < CHh“Ll(O,T;Y) sup ||k( + o, ')HWﬁvP(O,T—J;W)
0<o<T

where C > 0 is a constant independent of h, k,T.

Proof. We consider here only the case p < 400 and start by proving the
assertion assuming k(¢,0) = 0 in the case § > %. We have

(L (e

/0 (h(U),k(t,t—a))da_/os (h(0),k(s,s — 0))do

< </OT (/Ot(t—s)—l—ﬁp /O (h(0), k(t,t — o) — k(s, s — 0))do
(L ([ o)

=1 1+ I 2.
Using the Holder inequality, I; can be majorized as (the following constant C'
being independent of h, k, )

1 T t
1< O ([ ([ =07

« (/0 1)y ||kt £ — o) — k(s 5 — J)H];Vda) ds) dt)

< CHh’HLl(O,T;Y) Oiup [k( + o, ')]W'va(O,TfU;W)-

o<T

T =

X

p
ds> dt)

Z

P b
ds) dt)

A

/ (h(o), k(t,t — 0))do

=

P

In the same way,

1 T/ ot t L
£ = ol ([ ([6=977 [ ibiolv it = o))y o) as)ar)

o 1
<l ([ ([ Ik + 00yt ) (o)l )

So we have

[Z]Wﬁm(o,r,Z) < CHh’HLl(O,T;Y) oiug ||k(' + o, ')HW@’P(O,T—U;W)
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where C' > 0 is a constant independent of 7. To conclude the proof, we assume
g < zl? and estimate

([ 1epa)”
0
1 T t T
< 0050 ([ ([ Il = s ar

1 T T P
10 ([ ([ = 9l at ) Iolvas)

< HhHLl(O,T;Y) Oiug Hk( + o, ')HWB’I”(O,TfU;W)'

The proof is complete I

Lemma 4.7. Let D and X be Banach spaces, with D continuously em-
bedded into X, and let A € L(D,X) satisfying condition (hl). Further, let
h € WPP(a,b) (p>1,8¢€ (0,1)\ {%}) with h(a) =0 if > 1—1) and yo € D,

and set .
A(t) = / S(t — $)h(s)yods.
Then
zllwe.e(ap;0) < 00— a)llhllwe.eapllyoll
with lim, o n(7) = 0.
Proof. By Theorem 4.1,

zllws.» (0,700 < C()[IAllwe.ro Yol

if, for example, 7 < 1. To get the conclusion, it suffices to consider the case
Yo € D; the general case will follow with a density argument. Therefore,
we assume yo € D. It is well known (and easy to show) that the part of A
in D satisfies again condition (hl). So, applying again Theorem 4.1 with D
replacing X, we obtain, for 7 <1,

12" lwa.5(0,750) < COlIAllws.r(0,m) 150l -

Applying now Lemma 4.5 we get the conclusion il
Given f € WhP(0,7;X) (1 < p < 400 and 0 < 8 < 1 with 3 #
%;T > 0) and 7 € (0,7), we shall write simply || f|lws.rcr r,x) instead of

iy lwss (i x)-
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Lemma 4.8. Let f € W5P(0,T;X) (p € (1,+0o0] and B € (0,1) with
B # %;0 <7 <T <Th< +00) be such that f(t) = 0 fort € (0,7). Then
there exist constants C,Cy > 0 independent of f, 7, T such that
[ fllwerrrxy < Cillfllwero,rx) (4.14)
[ fllwero,rx) < C2ll fllwesrx)- (4.15)
Proof. It follows from the identity

T
hyanair + 6007 [ e mIsolPar

. (4.16)

~ sz + 097 [ (=) s

T

and Proposition 4.1 §

5. Proofs of the main abstract results

We want to study system (2.7) under conditions (k1) - (k7) in Section 2.
Since the proofs are complicated we precede by steps, proving intermediate
lemmata. We are interested in the existence and the uniqueness of a solution
(u, h) of problem (2.7) belonging to

(W2Er(0,7; X) n WP (0,7, D)) x WF?(0,7)
with p € (1,400] and 8 € (0,1) \ {%}, for some 7 > 0.

Assume that, for some 7 > 0,
(u,h) € (WHEP(0,7; X) N WHHPP(0,7; X)) x WHP(0,7)

is a solution of system (2.7), for some p € (1,+o00] and 5 € (0,1). We set, for
t e [0,7],

A(t) = G'(u(t)) + /0 h(t — s)di F (u(t), u(s)) ds. (5.1)
Clearly, A(t) € L(D, X) and A(0) = G'(up) = A. If v := Jyu, we set also
U(v,h)(t) = /0 h(t — s)doF (ug + 1 % v(t),ug + 1+ v(s))v(s)ds (5.2)
\(t) = ®(F (u(t), uo)). (5.3)
Observe that v € WtPr(0,7; X) N WHP(0,7; D) and

V' (t) = A(t)v(t) + h(t)F (u(t),uo) + U(v, h)(t) + f'(t) (t € (0,7)) } (5.4)
v(0) = G(uo) + f(0) o

We start with certain simple necessary conditions concerning the data:
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Lemma 5.1. Under assumptions (k1) - (k7), the following conditions are
necessary in order that problem (2.7) has a solution

(u,h) € (W2HFP(0,7; X) nW'PP(0,7; D)) x WH2(0,7)

for some T >0 and some p > 1 and € (0,1) \ {%}

Da(1+8-12, '
(i) G(uo) + £(0) € {DA( ey Zgi
(i) g € W2H02(0, 7).
(iii) ®(uo) = g(0) and ®(G(uo) + f(0)) = ¢'(0).
Assume further that x(0) # 0 and 3 > %. Then the following further condition
holds:

(iv) A[G(uo) + f(0)] 4+ f'(0) + HEF (ug,up) € Da(f — ]lg,p) with H defined
as in (2.8).

SRS

Proof. Assertion (ii) is obvious. Concerning assertion (i), we have al-
ready observed that, if v := du, then v lies in W50, 7; X)NnW#»(0, 1; D)
and solves (5.4). Therefore, assertion (i) follows from Theorem 4.1. Assertion
(iii) follows immediately from the previous considerations. Finally, if 5 > %,
we have

v'(0) = A[G(ug) + f(0)] + h(0)F (ug,uo) + f(0). (5.5)
It remains to determine h(0). Applying ® to (5.5), we obtain
9"(0) = @[A(G(uo) + £(0)) + f(0)] + x(0)A(0)
which implies
h(0) =H. (5.6)
Then the conclusion follows from Theorem 4.1 il

Remark 5.1. We observe explicitly the fact that, under the assumption
x(0) # 0 depending only on ug, in the case § > %, h(0) is uniquely determined
by (2.8).

Let now v € WPP(0,7;D) (7> 0,p € (1,+00] and 3 € (0,1) with 8 # %)
and h € WAP(0,7), and set for a fixed ug € D

t

Ay n(t) = G/(u0+1*v(t))+/0 h(t—s)di F (uo+1xv(t), ug+1xv(s))ds. (5.7)

The following three lemmata have in common the following assumptions,
which we write once and for all and indicate globally with (H):
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(H) There exists 7 > 0 and R > 0 such that, if § € [0,7), v,v1,v9 €
W#2(0,7; D) and h,hi,hy € WPP(0,7) (1 < p < 400,68 € (0,1)\
{%}), then

||/U||WB’Z7(O,T;D)7 ||Ul||WﬁvP(O,T;D)7 ||U2”W37P(O,T;D)7
max ||U1||Wf6’p(§,7';D)7 ||02||Wﬂ’p(5,T;D)7 ||h||W'B*P(0,T)7 <R.
||h1||Wﬁvp(0,T)a ||h2||Wﬁ7P(O,T)a ||h1||Wﬁ’P(5,T)7 ||h2||Wﬂ7P(5,T)
Further, v1(f) = v2(t) and hy(t) = ho(t) if 0 < ¢ < ¢ (this condition is
dropped if § = 0).
Lemma 5.2. Under condition (H) we have:
(i) [Avn — G (ug)lv € WFP(0,7; X).
(ii) There exist M(R) > 0 and o > 0 independent of T € (0, 7] such that

[ = G o) o 0y < MBI,

H (A, by — Avyny (0) 01 — [Auy hy — AUQ,hQ(5)]02HW&}7(57T;X)

(iii)
< M(R)(T —9)" [||U1 - U2||Wﬂm(5,T;D) + [|h1 — h2||WB’p(5,T)]-

Proof. The mapping ug + 1 * v belongs to W'*+#2(0,7; D). So, owing to
Lemma 4.4, t — G'(ug+ 1% v(t)) — G’'(ug) belongs to WP (0,7; L(D, X)) for
every v € (0,1). Therefore from Lemma 4.3 we have

[G’(uo +1x0(t)) — G’(uo)}v e Wﬁ’p(Om; X).
Fix now v € (6 V %, 1). From Lemma 4.3 we get

1[G (uo + (1)) — G/(UO)}UHWB,;)((),T;X)

< CRT’Y_BVP [G/(U’O + (1 * ’U)) o G/(UO)} W.p(0,7;£(D,X))

with C' > 0 independent of 7 < 79 and R. Further, from Lemmata 4.1, 4.4
and 4.5 we have

[Gl(uo + (1 * U)) - Gl(uo)} WP (0,7;L£(D,X)) < C(R)[]- * U]W’Y’p(O,T;D)

_ 1
< C(R)T 5 [vllw s 0,:)-

Next, we have
/0 h(t — s)di F (ug + Lx v(t), ug + 1 * v(s))v(t) ds
= (L= h)(t)d1F (uo + 1 x v(t), uo)v(t)
+ /0 h(t — s) [d1F(U0 + 1xv(t),uo+ 1% U(S))

— diF (uo + 1% v(t), uo)} ds v(t).
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Considering the first summand, we have for a fixed v > 5V %

| (1 h)dy Fug + 1 % v,uo)vaw(o,r;X)

< O PV [1 % Alwr(0,7) Hle(uo +1xw, uO)UHWﬁ’P(O,T;X)
(with C > 0 independent of 7, by Lemma 4.3)

< C(R)Tlflﬁfﬁ‘ |1 F(uo + 1 % v, ug
(by Lemmata 4.3 and 4.5)

< C(R)Tk'ﬁ*%‘
(by Lemma 4.4).

) || W.r(0,7;£(D,X))

Now we pass to estimate
I:= / h(-—s) [le(uo—f—1*1}('),u0+1*v(s)) —di F(ug+1%v(:),ug)|ds v(-).
0
Using Lemmata 4.2 - 4.6 we get
[ llws.r0,-x) < CR)| Pl L1 0,7) S [le(uo +1xv(-+0),ug+1*v)
—d1F(up+1xv(-+ U),UO)}

w.r(0,7—0;L(D,X))

<CR)™ P sup 15 v(- + 0)wor(o.r—oip)
0<o<T

< C(R)Tl/\(ﬁ-i-#)_

So assertions (i) and (ii) are proved.

To prove assertion (iii), for simplicity we set
Aj (t) = Avj,hj (t)
uj(t) = uo + Lxv;(t)
Bj(t) = [yhj(t — s)dy F(u;(t), u;(s))ds.
Then
[0~ A0~ (30~ 400
< [ () = G weN] o) = [ () - G (u(6)]va)|

|81 = B @]or) = [Ba) — B

WhP(5,m;X)

WP (5,7 X)
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With the previous arguments we get

| [ (na () = & @@or() = [ () = & @@)ea ()|

Whp(8,7;X)
< C(R)(1 = 6)*[lv1 — vallws.n (6,70
for some o > 0. Next,
” [Bl(') — Bl(é)}ful(- — [Bz(-) - Bz((s)}vz<‘)HWﬁ7p(5 X

)
< [B1() = B O] Ol ywan sy
H11B20) = B [1() = 22O ooy

<C(r - 5)7—5% R[Bl(-) — BZ(')}W’%P((S,T;ﬁ(D7X))

+ [Ba() = BoO] s s.mstposey 101 = v2llwonsmm |

for a fixed v € (%, 1) where we have used Lemma 4.3. Then, using Lemma 4.8
and the arguments of the proof of assertion (ii),

[B1(-) — Ba(-)] W (8,7,L(D, X))
< C1[Bi(-) - B2('>}W%P(O,7—;L(D,X))
< Colllvi = vallwswo,r:p) + 1ha = hallwen(o,m]
< Cafllvr = vallworipy + 111 = hallwsgs)
applying again Lemma 4.8. Finally, from the first part of the proof,

[Ba(") = BQ(T)]W%P(&T;L'(D,X)) < C(R)

and assertion (iii) is also proved B

Lemma 5.3. Under condition (H) we have:
(i) h()[F(uo + 1 xv(-),u0) — F(ug,up)] € WHP(0,7; X).
(ii) There exist M(R) > 0 and a > 0 independent of T € (0, 7] such that

Hh() [F(uo + 1% v(-),uo) — F(uy, uo)] HWB»p(o,T;X) < M(R)T“.

th(.) [F(uo + 1% v1(-), u0) — Flug + 1% v1(8), uo)]

(i) { — hy(-)[F o+ 1 % va(-), uo) — Flug + 1% v2(6), uo)] Hwﬁvp(&ﬂx)
< M(R)(1 — 6)*[llvr — v2llwsw(s,7:0) + 1h1 — hallwsw(s.m)]-
Proof. The proof follows the same arguments as in the proof of Lemma
5.2 and will not be worked out H
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Lemma 5.4. Under condition (H) we have:

(i) U(v,h) € WHP(0,1; X).

(ii) There exist M(R) > 0 and o > 0 independent of T € (0, 7] such that

Hu(v7 h)HWB’p(O,T;X) < M(R)Ta'
Hu(vhhl) _U(U%h?)nwﬁm(hx)
(iii) "
< M(R)(1 — )~ [||v1 - U2Hwﬁ,p(5,r;p) + [|h1 — h2|’W5vP(5,T)]'
Proof. We have
U(v,h)(t) = doF (ug + 1% v(t), ug) (h*v)(t)

N /th@_s>[d2F(uO+1*v<t>,uo+1*v<s>>

—diF(ug+ 1% v(t),uo)]v(s) ds.
By Lemmata 4.3 and 4.4,
HdgF(UO + 1% v,ug)(h * /U>HW5’I’(0,T;X) < C(R)||h* vllwe.p(0,7:D)-
If g < %, then owing to Lemma 4.6

1
1A+ vllwero,rp) < CllhlLomnvIwsero,r0) < C(R)7" v

by Lemma 4.2. If contrary g > ]l?, then
5 ollwiso.rpy < 1A% (0 = 00D i o.r:) + 1% Allwssgo.n [0(0) 1
< Ol 0. [Blwos 0.0 + 0O DI hllwso,)
< C’(R)TH%_B
owing to Lemmata 4.2, 4.5 and 4.6.

Next, we consider
I = / h(-—s) [dgF(uo+1*v('),u0+1*v(s)) —dgF(uo—i—l*v(),uo)}v(s) ds.
0

We have, by Lemmata 4.2 - 4.4 and 4.6, for a fixed v € (8,1) with v > %,

||IQ||W5’T’(O,T;X) < CHhHLl(O,T) Oiug |:d2F(uO + 1% U(’ + U)?“’O + 1% U)

Ay F 1xo(- 4 0), } H
9 (uo-i- xv(-+0) uo) v W0 X

< C’(R)TlA(ﬁJr#) sup [dgF(uo +1xv(-+0),ug+ 1x0)
0<o<T

— doF (ug + 1 xv(- + O'),UO)}W%},(O —0:L(D, X))

< O(R)F"P+37),
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Finally we show assertion (iii). For simplicity we set u;(t) = uo+1*v;(t).
We have

Z/{(U1,h1) —U(UQ,hz) = U(Ul,hl - hg) + [U(Ul,hz) —U(Ug,hz)].

With the same method used in the proof of assertion (i) we get, employing
preliminarly Lemma 4.8,
[U(v1, b1 = ho)llwersrx)
< CllU(vi, by — ha)llwe.po,7x)
< C(R)([[h1 = hallprs,7) + 11 % (b1 — h2)|[lwers,r))
< CRY(r = 8) 75 lhy — ol oo .-
Next we have

HU<U1’ h’2) - Z/{(UQ’ h2> HWfG’P(&T;X)

/. ha(- —s) [dgF(ul(-),ul(s)) — doF(ua(-), ug(s))}vl(s) ds

0

<

WE:p(5,7;X)

+ H /O ha(s)doF (ug(-), us(- — )) [o1(- = 5) — va(- — 5)] ds

WhE.r(§,7;X)

In the case 8 < %, the first summand can be majorized, for a fixed v € (%, 1),
with

Cy

/0. ha(- —s) [sz(ul(-),ul(s)) — do F (ua("), U2(8))}vl(s) ds

Whr(0,7;X)

<C(R do} ’ ) ’ ' ’ . HW -

( )Oiug 2 (Ul( +0) ul( )) dy (uz( ) u2( )) 72(0,7—0;L(D,X))
<C(R) sup ||[ui(-+0)—u(-+o 72 (0,7—0;

( )0<cr<7 ” 1( ) 2( )HW ?(0,7—0;D)

< C(R) [5sup lui(o) = u2(o)|[p + [ur — u2]Ww(o,T;D)}-
<o<T

By Lemmata 4.1 and 4.5,

5sup [ur(o) —uz(o)p < C(r - 5)7_%[% — U2lwp (6,7 D)
<o<T

_1
<C(r - 5)1+ﬁ P llor — U2HW5’P(5,T;D)
and, from Lemmata 4.8 and 4.5,

[u1 — uzlw~.r 0,70y < Colur — Ulwp(s,7;0)
< CO(r =8|y — valwe.p(s,7:D)-
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The case § > % can be treated similarly, observing that

/O‘ ha(- = 8) [d2 F(u1 (), ui(s)) — daF(uz(-), ua(s))] v (s) ds

WE.r(0,7;X)
< | [ a9 [daF (.16 - daP ), uato)
— doF(u1(-), u0) + do F(us(-), uo)} vi(s) ds
WE.r(0,7;X)
+ H [daF (u1(-),u0) — doF(u1(-),u)] [ha * (v1 — v1(0))] HWBYP(O’T;X)
+ H [dgF(Ul(), UO) — dgF(ul('), Uo)} (1 X hQ)UI(O)HWB’P(O,T;X)
and choosing v = (.
Finally, from Lemmata 4.8 and 4.6, if § < _,
‘ / ha(s)da F (us(-), us(- — ) [o1 (- — ) — va(- — 5)]ds
0 WE.p(5,1;X)

<

/' ha(s)da F (ua (), ua(- — 5)) [or(- — 5) — va(- — s)]ds

0

WE.p(0,7;X)

< Cller = el ) sup_[[na()dP (ual +0):0a(0) s o

< C(R)(r — 815 ||u, —
< CO(R)(7 = 0)" "7 |lvr — vallws.w(s,7;0)-

The case § > % can be treated with the same techniques, observing that

/0 ho(s)doF (usa(t), us(t — s)) [v1(t — s) — va(t — s)]ds

= /0 ha(s) [daF (ua(t), ua(t — s)) — doF (ua(t), us(t))] [v1(t — s) — va(t — s)]ds
—+ dQF(UQ(t),U/Q(t)) [hg * (Ul — UQ)] (t)

Thus Lemma 5.4 is proved il
We set now
R(v,h)(t) = [Av,h<t) — Avyh(O)}v(t)
+ h(t) [F(uo + Low(t),up) — F(up, uo)] (5.8)
+ U(v, h)(t).
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Lemma 5.5. Let p € (1,400] and 3 € (0,1) \ {%} Assume that condi-
tions (k1) - (k7) and, moreover, conditions (i) - (iii) of Lemma 5.1 together
with condition (iv) in the case 3 > % hold. Indicate with {S(t)}t>0 the semi-
group generated by A = G'(ug). Let 7 > 0 and (u,h) a solution of problem
(2.7) belonging to

(W2HE:2(0, 7, X) N WHPP(0, 75 D)) x WPP(0,7)
for some T > 0 and set v = Opu. Then (v,h) € W5P(0,7; D) x WPP(0,7) and
(v, h) solves the system

o(t) = S(H)[Cluo) + F(0)] + / S(t — 8)f'(s) ds

+ /t S(t — s)h(s)F(ug,up)ds + /t S(t—s)R(v,h)(s)ds
0 0
h(t) = x(0)"*[g"(t) — 2(Av(t) + R(v,h)(t) + f'(1))] J

with R defined in (5.8).

On the other hand, let (v,h) € W5P(0,7; D) x WFP(0,7) be a solution
of system (5.9) such that, if B > %, h(0) = H, and set u = ug + 1 xv. Then
u € W2H82(0,7; X) N WtAP(0,7; D) and (u, h) solves problem (2.7).

Proof. Let (u,h) be a solution of problem (2.7) belonging to
(W2+B’p(0, 7 X) N WE2(0, 7, D)) x WF(0,7)
)

for some 7 > 0. Then v := dyu € WH5P(0,7; X)NWF#»(0,7; D) and we have
already observed that v is a solution of problem (5.4). It follows immediately
from Theorem 4.1 that the first equation in system (5.9) is satisfied. The
second equation can be obtained applying ® to both terms of (5.4) and using
the fact that ®(v'(t)) = ¢”(¢).

On the other hand, let (v,h) € WAP(0,7; D) x WFPP(0,7) be a solution
of system (5.9) and define

g(t) = f(t) + h(t)F(ug,up) + R(v, h)(t). (5.10)

Then g € W#?(0,7; X), owing to Lemmata 5.2 - 5.4. Owing to condition (i)
of Lemma 5.1 and condition (iv) in the case [ > %, applying Theorem 4.1 we
obtain that v belongs to W1*%2(0,7; X) N WAP(0, 7; D) and solves problem
(5.4). Then u € W25:2(0,7; X)NWHP2(0,7; D). The equation in (5.4) can
be written in the form

d

12
t) = —
u(t) = -

(G(u(t)) + /0 h(t — s)F(u(t),u(s)) ds + f(t)). (5.11)
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The condition v/(0) = v(0) = G(ug)+ f(0) implies that the two first conditions
in problem (2.7) are satisfied. It remains to show that ® o u = g. From the
second equation in system (5.9) we have

J't)=o [Av(t) + h(t)F(uo,uo) + R(v, h)(t) + f'(t)}
— B(u/(1)) = B(u"(1)) = (® o u)"(1).

Then we get the conclusion from condition (iii) of Lemma 5.1 }

We are now in position to prove the main result of the paper. We define,
preliminarly,

vo(t) = S(t)[G(uo) + f(0)]

—l—/o S(t—s)f'(s)ds (5.12)
+Hp 8 /0 S(t — s)F(ug,uo)ds
with
0 ifo 2
o=l 1905 -
and
ho(t) = x(0)~*[¢"(t) — @(Avo(t) + f'(t))]. (5.14)

Proof of Theorem 2.1. By Lemma 5.5 we can get solutions of pre-
scribed regularity of problem (2.7) looking for solutions in B(7, R) of system
(5.9). We put

S(v, h)(#) = /O S(t — 5)[R(v, h)(s) + (h(s) — Hyp5)Fluo, uo)]ds,  (5.15)

write system (5.9) in the form

v(t) = vo(t) + S(v, h)(t) }
o (5.16)
h(t) = ho(t) — x(0) "' ®(AS (v, h)(t) + R(v, h)(t))
and define
(v, h) = (UO +8(v, h), ho — x(0) LD (AS (v, h) + R(v, h))). (5.17)

Then, if (v,h) € B(7,R), owing to Lemmata 5.2 - 5.4 and Theorem 4.1,
I'(v,h) € W5P(0,7; D) x WAP(0, 7). Moreover, if 3 > %, then

ho(0) — x(0) '@ (AS(v, h)(0) + R(v, h)(0)) = H.
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Next, using Theorem 4.1, Lemmata 5.2 - 5.4 and 4.7, we have
HS(U7 h)HWﬁ’P(O,T;D) < C(T> [M(R/)Ta + n(T)RI]

with
R'=R+ maX{HUOHW&P(o,T;D)a ||h0HW5vP(O,T)}- (5.18)

In the same way, for some a > 0,
[x(0)~ @ (AS (v, h) + R(v, h)) ”Wa,p(o,r)
< IO @l x [C(T)M(R)T* + n(r)R'].
We deduce that, if 7 is sufficiently small, then
I'(B(r,R)) € B(7, R). (5.19)

With the same arguments one can show that there exists C(R) > 0 such that,
if (v1,h1) and (va, ha) belong to B(7, R), one has

HS(vl’ hl) B S(UZ’ h2) ||Wﬁ’P(O,T;D)

[x(0)"'®(AS(v1, h1) + R(v1, h1) — AS(v2, ha) — R(v2, h2)) Hwﬁ,p(o,T)
< C(R)(* + (1)) max { |1 — v2llwsr (0,70, |1 — h2llwsro.r }- (5.20)

max

The contraction mapping theorem gives the conclusion il
Next, we give the

Proof of Theorem 2.2. Let (ug,h2) be another solution of problem
(2.7) belonging to

(W2+54’(0,T;X) N W1+54’(0,T;X)) x WHP(0,T).

To get the conclusion, we can show that, if 6 € [0,7T) is such that uq(t) = ua(t)
for all t € [0, ] and hq(t) = ha(t) almost everywhere in [0, 6], then there exists
7 € (0,T] such that ui(t) = wua(t) for all t € [0,7] and hi(t) = ha(t) almost
everywhere in [0, 7].

Set v = Orug and A = Ay, 1, (0) = Ay, 1, (9), indicate with {S(t)}+>0 the
semigroup generated by A in X and finally set

R— HUIHW&P(O,T;D)’ HU2HW5!P(O,T;D)7 ||U1HW5»P(6,T;D)7 HUQHW&P((S,T;D)
|hillwereomys [1hellwero,r), |hillwesery, 1h2llwsrer
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We have

(v1 —v2)'(t) = A(v1 — va2)(t)

o { TAu s () = Ay ()] 01 (1)

— [Apy o (t) — sz,h2<5)}v2<t>}

+ [P1(t) = ha()]F (u1(6), uo)

+ { P () [F w1 (8), uo) = F(w1(6), uo)]

— ha(t) [F(ua(t),u0) — F(ux(6),u0)] }

+ U(v1, ha)(t) — U(va, ho)(t) (¢ € (6,T))

(01 = v2)(6) =0

Using Theorem 4.1 and Lemmata 4.7, 5.2/(ii), 5.3/(iii) and 5.4/(iii), we deduce

||1)1 — U2 ||WB7P(5,T;D)

< C(R)n(r —9) [||Ul - U2||Wﬁ»p(5,T;D) + [[h1 — h2||Wﬂap(5,T)}

/

(5.21).

(5.22)

with lim,_qn(r) = 0. This estimate implies that, if 7 — ¢ is sufficiently small,

Jv1 — UQHW@#’(&,T;D) < C(R)n(t —0)||h1 — h2HWM(5,T)-

Observe now that

hl(t) - hQ(t) - @(F(Ul(d),’do))_l{@ A(’Ug(t) _ Ul(t))
+ (sz,’u (t) — Avy ho (5)>Ug(t)
— (A ny (8) = Ay 1y (6)) 01 (1)

implying
171

— ho HWB’I’((S,T)

< C(Hm — vallwe.r(s,r0) + 0(T = 9)||h1 — h2\|ww(5,7))-

(5.23)

(5.24)

(5.25)

Clearly, (5.25) and (5.23) imply together that, if 7 — ¢ is sufficiently small,
hi(t) = ha(t) almost everywhere in [0, 7]. This fact and (5.23) together allow
to get the desired conclusion il
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Proof of Corollary 2.1. By Theorem 2.1 there exists 7 > 0 such that
problem (2.7) has a solution

(u,h) € (WQH}’p(O,T;X) N WHB’p(O,T;D)) x WPP(0, 7).

If 7 is sufficiently small, by continuity, all assumptions a) - ¢) of Theorem 2.2
are satisfied (setting (u1,h1) = (u,h)). So Theorem 2.2 implies the result §

6. Appendix: Proof of Theorem 4.1

In this section will shall give a detailed proof of Theorem 4.1. Another proof
of this maximal regularity result (without estimate (4.6)) was obtained also
applying the extrapolation techniques in [6]. We shall always assume that A
is a linear operator in X satisfying assumption (k1) and we shall indicate with
{S(t)}+>0 the semigroup (possibly not strongly continuous in 0) generated by
A.

We begin with some lemmata.

Lemma 6.1. Let 1 < p < +oo and for x € X set vg(t) = S(t)x. Then:

a) If0< < %, then v € WAP(0,T; X) for every x € X and every T > 0.

b) If% < B<1andT > 0, then vg € WPP(0,T;X) if and only if
x € Dy(B— %,p).

Proof. Statement a) is proved in [5: Section 4/Theorem 7]. In [5: Section
4/Theorem 8] it is shown that, if x € D (8 — %,p) with 3 > % and p < 400,

then vg € WPP(0,T; X). To prove the inverse statement, observe that by
Proposition 4.1, if vg € WP?(0,T; X) for some 3 € (%, 1), then

T
/ PP S(t)x — z|Pdt < +oo.
0

This is another characterization of D4 (5 — %,p) (see [17: Proposition 2.2.4]).

This argument is valid also in the case p = 4-o00. Finally, in the case p = +o0,
if v € Da(B,00), then

o) = (s = | [ Awto) do

t
301/ o do ||z p .y (5,00)

< Ot — 3)ﬁ||1‘||DA(B,oo)

for0<s<t<TI
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Lemma 6.2. Let 1 < p < 400 and set
vo(t) = S(t)x (6.1)

for x € X. Then:

a) If0< B < and T >0, then v € W'F2(0,T; X) n WHP(0,T; D) if
and only if v € Dy(1+ 0 — %,p).

b) [f% <B<1andT >0, then vy € WBP(0,T; X)NWPBP(0,T; D) if
and only if € D and Az € D4(0 — %,p).

Proof. Observe that, as v)(t) = Awy(t), vg € WHPP(0,T; X) if and
only if vg € WPP(0,T; D). Consider first the case 3 > %. Then, if vy €

W#P(0,T; D), vy is continuous with values in D. This implies x € D. More-
over, t — S(t)Ax = AS(t)x belongs to W"(0,T; X). Owing to Lemma 6.1,
this can happen if and only if Ax € D4 (5 — %,p).

Consider next the case 3 < zla‘ If v € Da(1 + 5 — %,p), then vy €

W+P2(0,T; X) owing to [5: Section 4/ Theorem 10]. On the other hand, if
vo € WHP(0,T; D), by Proposition 4.1 one has

T
/ PP AS(H)z|Pdt < +oo
0

which implies € Da(1+ 6~ 1,p) B

Proof of Theorem 4.1. It is clearly not restrictive to consider the case
a=0and b =T with 7" > 0. We start by showing that conditions (i) - (iii)
are necessary and sufficient in order to get a solution u € W'*+5P(0,T; X) N
W#»(0,T; D).

It is clear that (i) is a necessary condition. Set

vi(t) = /0 S(t—s)f(s)ds. (6.2)

Then, owing to [5: Theorem 24] and [17: Theorem 4.3.1(II1)], if f € WA?(0, T; X)|}
and either 8 < % or % < B and f(0) = 0, then v; € W8P0, T; X) N
W#HP(0,T; D). So,if 3 < & and f € W7P(0,T; X), thenu € W72(0, T; X )N
W#HP(0,T; D) if and only if vg € W1TAP(0, T; X) N W#P(0,T; D). Therefore
in this case we get the conclusion from Lemma 6.2.

Consider now the case [ > %. As WP»(0,T; D) C C([0,T); D), it is
necessary that ug € D. We have

u(t) = S(t)ug + /0 S(t — ) £(0) ds + /0 S(t — $)[f(s) — f(0)]ds.  (6.3)
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Owing to the quoted results in [5, 17], if f € W#P(0,T;X), then the last
summand in (6.3) belongs to W!*+#2(0,T; X) N W#»(0,T; D). For t € (0,7T)

we have
A<S(t)u0 —l—/o S(t—s)f(0) ds) = S(t)(Auo + f(())) — f(0)

so that, owing to Lemma 6.1, the sum of the two first summands in (6.3)
belongs to W#2(0,T; D) if and only if Aug+ f(0) € Da(8 — %,p).

It remains only to consider estimates (4.25) - (4.26). Consider the operator
TA with T € (0,Tp]. Then

{/\ €C: |\ > ToRo and |Arg)| < g} C p(TA).
Moreover, if [A| > ToRg and |ArgA| < 7, then

I =TA) o) < MA.

This means that there exists C' > 0 independent of T' € (0, Tp] such that, if v
solves the problem

v'(t) = TAv(t) +g(t) (t€0,1]) (6.4)
v(0) =0 '
with g € W5P(0,1; X) and g(0) = 0 in the case § > 7, then
HU”WB»P(O,l;X) + T||AU||W5vP(O,1;X) < C||9HWM(0,1;X)- (6.5)

Consider first the case ug = 0 and, if 5 > %, f(0) =0. Thenv(s) =u(Ts) (s €
[0, 1]) is the solution of the problem

v'(s) = TAv(s) + Tf(Ts) (s€[0,1]) } ‘ (6.6)

v(0) =0
It follows
1-p
HUHW@P(O,T;D) =Tv HU”W&P(O,LD)
< C(To)T» P~ I|vllwero.1:x) + TIIAV][woro.1:x))]

1_
< CL(TO)T? | F(T)lwor0,1:x)
= C1(To)|| fllwe.0,1:x)-
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Now we consider the general case. We start from the case 3 < %. Recalling
notations (6.1) - (6.2) we have

ullwe.e0,;0) < lvollwe.ro,r;py + llv1llwe.r(o,1;0)
< lvollwe.»0,1;0) + C1(To) || fllws.r0,7:x)
< C(To) [lluo

|DA(/@+17%7p) + ||f||Wﬁ’p(0,T;X)}

applying Lemma 6.2.

Now we pass to the case % < B <1 and set

v (t) = vo(t) + /O S(t — s)£(0) ds.
Then

ullwe.e0,1:0) < v2llwer,1:0) + C1{To)lf — f(O)lwe.r(o,1:x)
< Co(To) [HUOHD + [ £O)[| + [ Auo + f(O)HDA(B—%) + [f]Wf@vP(O,T;X)}

= Co(Ty) [Iluollp + |40 + FO)lp(s-2 + I w00

With this the proof is complete i

References

[1] Acquistapace, P. and B. Terreni: Hoélder classes with boundary conditions as
interpolation spaces. Math. Z. 195 (1987), 451 — 471.

[2] Adams, R.: Sobolev spaces (Pure Appl. Math.: Vol. 65). London: Acad. Press
1975.

[3] Colombo, F. and A. Lorenzi: Identification of time and space dependent relax-

ation kernels for materials with memory related to cylindrical domains, Part 1.
J. Math. Anal. Appl. 213 (1997), 32 — 62.

[4] Colombo, F. and A. Lorenzi: An inverse problem in the theory of combustion
of materials with memory. Adv. Diff. Equ. 3 (1998), 133 — 154.

[5] Di Blasio, G.: Linear parabolic equations in LP spaces. Ann. Mat. Pura Appl.
138 (1984), 55 — 104.

[6] Di Blasio, G.: Sobolev regularity for solutions of parabolic equations by extrap-
olation methods. Adv. Diff. Equ. 6 (2001), 481 — 612.

[7] Dore, G. and A. Venni: On the closedness of the sum of two closed operators.
Math. Z. 196 (1987), 189 — 201.



A Unified Approach to Int.-Diff. Problems 467

[8] Gourley, S. A. and N. F. Britton: On a modified Volterra population equation
with diffusion. Nonlin. Anal.: Theory, Methods and Appl. 21 (1993), 389 —
395.

[9] Grasselli, M.: An identification problem for a linear integrodifferential equation
occurring in heat flow. Math. Meth. in Appl. Sci. 15 (1992), 167 — 186.

[10] Grasselli, M. and A. Lorenzi: An inverse problem for an abstract nonlinear
parabolic integrodifferential equation. Diff. Int. Equ. 6 (1993), 63 — 81.

[11] Guidetti, D.: On interpolation with boundary conditions. Math. Z. 207 (1991),
439 — 460.

[12] Janno, J. and L. Von Woldersdorf: Inverse problems for memory kernels by
Laplace transform methods. Z. Anal. Anw. 19 (2000), 489 — 510.

[13] Janno, J. and L. Von Woldersdorf: An inverse problem for identification of a
time and space-dependent memory kernel of a special kind in heat conduction.
Inv. Problems 15 (1999), 1455 — 1467.

[14] Lions, J. L. and E. Magenes: Problemi ai limiti non omogenei, Part III. Ann.
Sc. Norm. Sup. Pisa 15 (1961), 41 — 103.

[15] Lorenzi, A. and E. Paparoni: Direct and inverse problem in the theory of ma-
terials with memory. Rend. Sem. Mat. Univ. Padova 87 (1992), 105 — 138.

[16] Lorenzi, A. and E. Sinestrari: An inverse problem in the theory of materials
with memory. Nonlin. Anal.: Theory, Methods and Appl. 12 (1988), 1317 —
1335.

[17] Lunardi, A.: Analytic Semigroups and Optimal Regularity in Parabolic Prob-
lems Prog. Nonlin. Diff. Equ. Appl.: Vol. 16). Basel - Boston - Berlin:
Birkh&user Verlag 1995.

[18] Lunardi, A. and E. Sinestrari: Fully nonlinear integro-differential equations in
general Banach spaces. Math. Z. 190 (1985), 225 — 248.

[19] Stewart, H. B.: Generation of analytic semigroups by strongly elliptic operators
under general boundary conditions. Trans. Amer. Math. Soc. 259 (1980), 299
— 310.

[20] Tanabe, H.: Equations of Ewvolution (Mon. & Studies in Math.: Vol. 6).
London - San Francisco - Melbourne: Pitman 1979.

[21] Triebel, H.: Interpolation Theory, Function Spaces, Differential Operators (North-Jj
Holland Math. Library: Vol. 18). Amsterdam: North-Holland 1978.

[22] von Woldersdorf, L.: On identification of memory kernels in linear theory of
heat conduction. Math. Models & Meth. Appl. Sci. 17 (1994), 919 — 932.

[23] von Woldersdorf, L.: Inverse problems for memory kernels in heat flow and
viscoelasticity. J. Inv. Ill-Posed Problems 4 (1996), 341 — 354.

Received 06.08.2001



