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Recovering Degenerate Kernels
in Hyperbolic Integro-Differential Equations

J. Janno and A. Lorenzi

Abstract. The problem of recovering a degenerate operator kernel in a hyperbolic
integro-differential operator equation is studied. Existence, uniqueness and stability
for the solution are proved. A conditional convergence of a sequence of solutions
corresponding to degenerate kernels to a solution corresponding to a non-degenerate
kernel is shown. Such results are applied to determine space- and time-dependent re-
laxation kernels in a multi-dimensional viscoelastic wave equation with given bound-
ary observations of traction type on the assumption that the kernels to be determined
are representable as a finite or infinite sum of products of known space-dependent
and unknown time-dependent functions.
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1. Introduction

The problem of recovering unknown kernels in integro-differential evolution
equations has been intensively studied during the last decade. Such a problem
occurs in applications when describing intrinsic properties of materials with
memory. Up to now a thorough treatment has been obtained concerning the
identification of time-dependent kernels in hyperbolic equations (see [3, 4, 10]
- [18, 26]) both when the data are exactly known and when they are affected
by some (known) error. However, many questions are open in the case the
kernels to be determined are both time- and space-dependent. Partial results
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have been obtained when the kernels depend only on some space variables [20,
21] (for the corresponding parabolic case see [5] - [7]) under the assumption
that the data are exactly known.

The general case, when the kernel depends on time and all the space
variables but the operator under the integral sign is of zero-th order, has been
dealt with in [1, 2] using as an additional information the so-called Dirichlet-to-
Neumann map. Of course, in this case, due to the huge overdetermination of
the identification problem, only the uniqueness and the continuous dependence
of the solution on the data can be derived.

Coming back to problems with exact data, we recall that in [19] a dif-
ferent approach for such problems was proposed, consisting in representing
a space- and time-dependent kernel as a sum of products of known space-
dependent and unknown time-dependent functions. In the mentioned paper a
one-dimensional hyperbolic inverse problem for such kernels admitting a finite
representation was studied.

In the present paper, we will first consider the problem of recovering de-
generate kernels appearing in a hyperbolic integro-differential equation re-
lated to viscoelastic multi-dimensional materials when boundary observations
of traction type are available. The kernels to be recovered are assumed to be
representable as a finite or infinite sum of products of known space-dependent
and unknown time-dependent functions. More explicitly, under suitable as-
sumptions on the data we will prove existence, uniqueness and stability for
the solutions of such problems. Then, assuming that the data are exactly
known, we will establish that a sequence of solutions corresponding to degen-
erate kernels can converge to a solution corresponding to a general kernel, i.e
a non-degenerate one, only under very severe assumptions on the data and
the solution of the non-degenerate problem. This seemingly astonishing oc-
currence actually depends on the fact that we simply assume the existence
of a solution to a non-degenerate problem, but not any uniqueness of it. So,
roughly speaking, the failing of a good approximation of non-degenerate ker-
nels depending on time and all the spatial variables by degenerate ones simply
exhibits the severe ill-posedness of the problem under consideration.

From now on our aim will consist in determining a general kernel m de-
pending on time and all the space variables. In this context it seems rea-
sonable to fix an orthogonal basis {f, }nen in L?(Q) and develop m into the
Fourier series m(t,z) = 3.7 m,(t)un(z), the series converging in L?(f).
Consequently, the problem of recovering m turns out to be equivalent to that
of determining the sequence {m, },en of its Fourier coefficients, i.e. a se-
quence of functions depending on time only. Therefore, from a mathematical
point of view, we are forced to provide a sequence of additional measure-
ments {U, }en, say of traction type. Unfortunately, although this choice is
quite reasonable from a physical point of view, on the contrary it is strongly
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singular (cf. Section 8) from a mathematical point of view so that neither
any reconstruction of the sequence {m,, },en can be obtained nor any stable
approximation of the identification problem with a general kernel m can be
constructed, unless, as we said above, the data and the solution corresponding
to the general case satisfy severe regularity assumptions.

We conclude this section by giving the plan of the paper.

In Section 2 we pose an inverse hyperbolic identification problem occur-
ring in viscoelasticity and in Section 3 we reformulate this problem in an
abstract form. Section 4 collects some information concerning cosine families.
In Section 5 the abstract problem is transformed into a more easy-to-handle
(equivalent) one, which is solved in Section 6. The problem of dealing with a
general operator kernel is dealt with in Section 7. Section 8 contains an appli-
cation of the abstract results of Sections 3 - 7 to the problem in viscoelasticity.
Finally, Section 9 is devoted to the proof of a continuous dependence result.

2. Formulation of a problem related to
non-homoneneous viscoelastic materials

Let © be an [-dimensional bounded open set filled by a non-homogeneous
viscoelastic material of Boltzmann type. In many one- and two-dimensional
cases, but also in some very special three-dimensional configurations, the dis-
placement u and the stress o of a material point x of the body at time ¢ satisfy
the constitutive law

o(t,r) = —Ax)Vu(t,z) + / m(t — 7, 2)Vu(r, x) dr (2.1)

— 00

for x € Q and ¢t € R where ) is the instantaneous stress modulus and m is the
relaxation kernel. In what follows we assume that the kernel m is of the form:

m(t,x) =Y mp(t)ue(z) (N € NU{+o0}) (2.2)
k=1

where pi are given functions, while my are unknown, and N is the set of
positive integers. In some applications the kernel m is degenerate, i.e. it can be
represented by a finite sum (2.2). This is the case, for instance, when the body
Q) consists of a finite number of homogeneous pieces ), (k=1,...,N;N <
+00). Moreover, we can take m of form (2.2) with uj being a suitable smooth
approximation of the characteristic function of {2;. In more general cases we
have to deal with a problem with N = +o00 so that the corresponding problems
with N < +o00 can be considered as natural discretizations of the continuous
one.
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Inserting (2.1) - (2.2) into the balance equation
D?u(t,x) +divo(t,z) = f(t,x)
and assuming u(t,z) = 0 for ¢ < 0, we derive the hyperbolic equation

Diu(t,z) = div(A(z)Vu(t, z))

Nt (2.3)
— Z/ my(t — 7)div (s (z) Vu(r, ))dr + f(t, 2)
k=170
for x € Q and t € (0,7). To this equation we add the initial and boundary
conditions
u(0, ) = o(x
(0,2) = () (x € Q) (2.4)
Dyu(0, ) = 1(x)
and

u(ta x)|w€1“ = ﬂ(t7 x)’xel“; (2.5)

respectively, where I' is the boundary of the body 2. Let us suppose that,
in addition to the function u, the vector of kernels m = (mg)x=1,.. n is also
unknown. In order to recover both u and m we need to complement relations
(2.3) - (2.5) with N additional conditions. For instance, when [ > 2, these
conditions may be given in the form of N measurements of the traction over
the boundary I"

(i, v-o(t, )12 = hi(t) (2.6)
for t € (0,7) and @ = 1,...,N. Here (-,-);/o,r denotes the pairing between
H~'/2(T") and H'Y/?(I), the n;’s belong to H~/2(T") and represent the weights
related to the N measurements, and v stands for the outer normal vector to
I.

Remark 2.1. In practice we can assume that each support suppn; is
contained in an open subset I'; of I, the I';’s being pairwise disjoint.

In the one-dimensional case [ = 1 let us take = (0,1). As additional
conditions we can choose N measurements of the stress in different points z;
of the interval [0,1] as o(t,z;) = ¢;(t) for t € (0,7) and ¢ = 1,...,N. For
technical reasons we will deal with these relations in the slightly different form

fort € (0,7)and i = 1,..., N where n; € R are some properly chosen weights.
Inserting (2.1) into (2.6) - (2.7) and taking (2.2) into account, we get the N
additional conditions

U, [u(t, )] — Z/o mg(t — 1)@k lu(r, )] dr = h(t) (2.8)
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for t € (0,T) and i = 1, ..., N where
1 S M, ADyw)or if 1> 2
il = {UM(%)DIU(@) ifl=1

. _ <77’i7/1'/€D7/v>1/2’1" ifl > 2
Pult] = {”iﬂk(iﬂi)Dmv(wi) if 1 = 1.

403

(2.9)

We now pose our identification problem consisting in determining the pair
(m,u) = ((mk)k=1,...,n,u) from relations (2.3) - (2.5), (2.8). If we introduce

the new unknown

u=u-—1u,

(2.10)

we easily derive the following problem for (m,u) with homogeneous boundary

condition
Diu(t, z) = div(A(z)Va(t, z)) )
N t _
-3 / mu(t — ) (div (@) V(T ) + wi () dr + F(¢,2)
k=170

7(0,2) = §(a), Dyi(0,x) = b(x) >

u(t,z)|zer =0

DY / it — ) (@afa(r, )] + (1)) dr = og(2)
k=1"9

fort € (0,7),z € Qand i=1,..., N where

(2.11)
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3. Formulation of an abstract problem

In this section we reformulate the identification problem (2.11) in an abstract
Banach space setting. For this, let X and Y be real Banach spaces, Y being
densely embedded into X, and let A be a closed linear unbounded operator
in X with D(A) =Y. We equip Y with the graph norm

lylly = llyllx + 1Ayllx  (yeY)

where ||y||x stands for the norm of y in X. Let N € NU {+o0} and assume
that for i,k =1,...,N
B € L(Y, X)
U, O, € Y™

where Y* and L(Y, X) denote the space dual to Y and the Banach space of
all linear bounded operators from Y to X, respectively. In particular, we set
L(X)=L(X,X).

We pose the following

Identification problem. Given T" € (0,4+o0) and, for i,k =1,..., N

%¢EY7 fawk:: (07T)_>X7 hiink: (O,T)HR,

find
mg: (0,7) — R, u: (0,T) =Y

satisfying for ¢t € (0,7) and i = 1,..., N the equations

u (t ka* Bru(t) + wi(t )) + f(t)

u(0) = ¢, v'(0) = ¢ (3.3)
N

U, [u(t)] — Z mi % (Pir[u(t)] + xik(t)) = ha(t)
k=1 /

where * stands for the convolution operator (v *vg)(t) = fot v1(t—T1)va(T) dr.
In the sequel we will use the affine operators ék and @k defined by the
formulae
(Bru)(t) = Bru(t) + wi(t)
) =

(Pirur) (1) = Pire[u(t)] + xir(t)
fort € (0,T7) and i,k =1,...,N.

(3.4)
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4. The cosine family
Due to the simple relation
(Bru)(t) = t  (Byu)" (1) + t(Byu)' (0) + (Byu)(0),

assuming that wy, (k = 1,...,N) are twice differentiable, Cauchy problem
(3.3)1_2 for any w such that uv”(t) € Y for ¢t € (0,7") has the equivalent form

u’(t) =t * Au" (1) )
N
- Z my, * [t * (Bpw)" (t) + t(Bju)'(0) + (Eku)(O)}
p (4.1)
+ f(t) +tAY + Ap (t € (0,T))
u(0) = ¢, u'(0) = . )

Let us now consider the operator convolution equation with the same
principal part as (4.1);

v(t) =t x Av(t) + g(t) (t € (0,7)) (4.2)

where g : (0,7) — X is a given function. A function v € C([0,T];Y") satisfy-
ing this equation is called a strong solution of (4.2).

Next we introduce a resolvent family for equation (4.2), called the cosine
family. Let us assume that for the operator A there exist two constants M > 1
and w € R such that

1) A2 € p(A) for all A > w where p(A) is the resolvent set of A

2) |45 (AA2T — A)7Y) < Mn!(\ — w)~(*D for any A > w and
n € N.

HL(X)

Such an assumption is necessary and sufficient for A to generate a cosine
family, i.e. a family of operators {C(t)}+er C L(X) satisfying the following
conditions (see [9: Chapter 2] and [24: Section 1.1/Theorem 1.3]):

C(t) strongly continuous on R, C(0) = I )
C(t+s)+C(t—s)=2C(t)C(s) (t,s €R)

Ct)Y CY and AC(t)y =C(t)Ay (yeY,t eR) (4.3)
Ctly=y+txAC(t)y (ye€Y,t €R)

A=C"(0) )

The cosine family, if it exists, is unique.
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By means of C(¢) we can also define the interpolation space Y; associated
with X and Y by

Y = {x eX:t—C(t)reC(0,T);X) for any t € R}. (4.4)
The space Y] is equipped with the norm (see [25])

zlly, = llzllx + sup [IC"(t)z] x. (4.5)
0<t<1

Let us prove the following

Lemma 4.1. Let A generate a cosine family in X. Then the following
propositions hold:

(1) C(t) € L(Y), 1xC(t) € L(Y1,Y) and txC(t) € L(X,Y) for anyt € R.

(ii) t = C(t)x € C([0,T];Y) for any x € Y.

(iii) t = 1% C(t)x € C([0,T);Y) for any x € Y;.

(iv) t = txC(t)x € C([0,T];Y) for any x € X.

Proof. The assertions C(t) € L(Y) for t € R and assertion (ii) easily
follow from properties (4.3)s,(4.3)4 and the definition of the norm || - ||y.

The assertions ¢t * C(t) € L(X,Y) for t € R and assertion (iv) are direct
consequences of [24: Proposition 1.1].

In order to prove that 1 % C(t) € L£(Y7,Y) we first note that, due to the
definitions of Y7 and the norm || - ||y,, we immediately have

C'(t) € L(V1, X) (4.6)

for any ¢ € [0,1]. This relation may be extended to arbitrary ¢ € R using the
equalities C'(2t) = 2C(¢t)C'(t) and C'(—t) = —C'(t), implied by (4.3)2, and the
property C(t) € L(X) (t € R).

Next we use the formula

C(s)[l*C(t}]:%/O C(T—I—S)dT—f—%/o C(r —s)dr

following from (4.3),. Computing the second derivative of this relation with
respect to s at s = 0 and observing that C”(0) = A, we obtain

A[L+C()] = LC'(t) + LC'(~1). (4.7)

This relation by virtue of (4.6) and the definition of the norm in D(A) =Y
proves the desired assertion 1%C(t) € £(Y7,Y). Finally, assertion (iii) follows
from (4.7) due to the continuity of C'(¢)z in X with respect to ¢ for any t € R
and = € Y7 (see definition (4.4) of Y7)
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Let us now formulate and prove a lemma concerning the existence and
uniqueness of the solution to equation (4.2).

Lemma 4.2. Let A generate a cosine family in X. Then the following
assertions hold:

(i) If v is a strong solution of (4.2) and g € WH1((0,T); X), then
v(t) =C(t)g(0) +Cx*g'(t)  fora.e. t € (0,T). (4.8)

In particular, strong solutions are unique.

(ii) Conwversely, if g = g1 +1%go +txgz, where g € WHY((0,T);Y), g2 €
W1((0,T);Y1) and g3 € WH((0,T); X), then (4.2) has a strong solution v
of form (4.8).

Proof. Assertions (i) and (ii) in the case g2 = 0 follow from [24: Propo-
sition 1.2]. It remains to prove assertion (ii) in the case g1 = g3 = 0 and
g2 # 0. Then function (4.8) has the form v(t) = 1 % C(t)g2(0) + 1 % C * g5(t).
By virtue of the properties of go, Lemma 4.1/(iii) and the inclusion 1 % C €
L*>((0,T); £(Y1,Y)), implied by assertions (iii) and 1% C(t) € L(Y1,Y) (t €
R) of Lemma 4.1 and the uniform boundedness principle, we deduce that
v e C([0,T];Y). Now we can immediately check that v is a strong solution of
(4.2) inserting it into (4.2) and taking advantage of resolvent equation (4.3),

5. Reduction to a system of equations of the second kind

In this section we formulate and prove a lemma ensuring the equivalence of

identification problem (3.3) with a system of integral equations for ", (m},)x=1,..

In the next section such a system will be rewritten in a fixed-point form to
which the contraction mapping principle will be applied.

Before stating our lemma, let us introduce some further notation. We set

—1,..N w = (Wg)k=1,...N U= (¥)i=1...N

m = (Mg)k=1,..N Q= (Pir)ik=1...N X = (Xik)ik=1..,N
and associate with any Banach space X the product Banach space
1/2
N =z = @)im,n i € X, lofan = (S 2ill3) ' < +oo}.

Observe that R*° coincides with [ in this notation.

Our aim is to seek for the solution (m,u) of (3.3) in the space

SN = H'((0,7);RN) x C*([0,T];Y).

-
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Lemma 5.1. Let N € NU {+oo} and T € (0,+00). Assume that the
operator A generates the cosine family {C(t) }rer in X. Moreover, in addition

to (3.1) — (3.2), let the following assumptions hold:
p,p ey )
fi+Ap e WHY((0,T);Y)

f=/fi+1xfa+tx*fs where {fz + Ay e WHL((0,T); Yr)
f3 € Wl’l((()?T);X) > .

w e C2(0,T); XV), By +w(0) € (Y1)N
x € C*([0,T); L(RYN,RY))
h € H*((0,T);RY), h(0) = ¥[y] /

In the case N = 400 we also assume
Be (L(Y,X))™
Ue (V)=
I ®iklly+)ik=1:00 € LIR™, RT)

(5.1)

(5.2)

Then identification problem (3.3) for the pair (m,u) in SV is equivalent to

the system of equations of the second kind

u'(t) == ) [m(0) + my]

ka(o)@zku)(o) = U;[y] — hi(0)

k=1

forte (0,T) andi=1,...,N where

at) =C(t)(f1(0) + Ap) + Cx fi(t) + 1+ C(t)(f2(0) + Ap)
+ 1 Cx* fo(t) +txC(t) f3(0) + t % C = fi(t).

\
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Proof. First, let us prove the assertion of Lemma 5.1 in the case (5.3);
is replaced by equation (4.1);. At the beginning of Section 3 we showed
that Cauchy problem (3.3);_2 is equivalent to (4.1). Since (4.1); and (5.3)2
coincide, problem (3.3);_2 is equivalent to (4.1)1,(5.3)2. Let us now show
that, under initial conditions (5.3)2 for u, equations (3.3)3 are equivalent to
subsystem (5.3)3_4. This would prove the assertion of Lemma 5.1 in the case
(5.3); is replaced by (4.1);.

We begin by showing implication (3.3)3 = (5.3)3_4. Let m € H'((0,7); RV)J
solve (3.3)3 and assume that u is a function from C2([0, T|; V) satisfying (5.3)2.
Note that, due to our assumptions and the membership m € H((0,T); RM),
we can differentiate equation (3.3)3 twice and bring the derivatives into the
sum. Particularly, in the case N = +o00 the series

% [mk * (P lul(t)] + X@k(t»] (j=1,2)

M—F

>
I
—

converges in L'(0,T). Thus, the first and second derivatives of the sum in
(3.3)3 exist in the distributional sense. Differentiating (3.3)s and using nota-
tion (3.4) we obtain

N
Wil (6)] = D i (0)(Rigu) (8) — Y mj, # (i) (1) = i (2) (5.5)

k=1 k=1

] =

fort € (0,7)and i =1,..., N. Setting ¢t = 0 in this equation and using (5.3)s,
we derive (5.3)4. Differentiating (5.5) once again, we have

my (0) (@)’ (1)

WE

;[ (t)] -

>
I

! (5.6)

mi * (Pagw)' () = hil(t)

|
]
3
=2
=
=X
ol
£
©

|
WE

B
I
-
B
I

1

for t € (0,7) and i = 1,..., N. Substituting here 1 % (®;,u)" (t) + (®su)’(0)
for (®;u)’ (), we derive (5.3)s, too. Thus, we have shown that (3.3)s implies
(5.3)34.

Conversely, if (5.3)3_4 hold, then (3.3)5 does, too. To show this, we per-

form the above operations in the opposite order. We substitute (®;,u)’(t) —
(Piru)'(0) for 1 % (Pipu)”’(t) in (5.3)3 and get (5.6). Thereupon, after inte-
grating both sides in (5.6) over [0,t], from the initial condition u'(0) = %

and relations (5.3)4 we deduce (5.5). Finally, integrating both sides in (5.5)
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again over [0,¢] and using the initial condition u(0) = ¢ and (5.1)¢, we obtain
(3.3)3. Summing up, we have proved the assertion of Lemma 5.1 when (5.3);
is replaced by (4.1);.

It remains to show the equivalence of (4.1); and (5.3); if u” € C([0,T];Y).
Noting that f(t) = fi1(t) + 1 % fo(t) + t * f3(t), we can rewrite (4.1); in the
form

u’(t) =t Au"(t) + g1 (t) + 1 go(t) + t * g3[u”](t) (5.7)

for t € (0,T) where
91(t) = f1(t) + Ap )

N
galt) = Zlmk<t><§k“)<0>+f2(”+ 4y . (58)

>
I

mi(t)(Bru)' (0) + f3(t)
k=1 Y,

E

my, * (Byu)” (t) —

WE

g3[u"](t) = —

el
Il
—_

Owing to the assumptions of Lemma 5.1, notation (3.4) and the differentia-
bility of my, we deduce

g1 € WH((0,T);Y)
g2 € WH((0,T); Y1)
gslu”] € WH((0,T); X)

for each v” € C([0,T];Y). Now Lemma 4.2/(i) - (ii) imply that equation (5.7)
for u” € C(]0,T];Y) is equivalent to

u”(t) = C(t)g1(0) + €+ [g1(t) + (L * g2)'(t) + (t = gs[u”])' ()]

Inserting in this relation ¢, g2, g3 defined by formulae (5.8), we obtain (5.3);
with (5.4). This shows the equivalence of (4.1); and (5.3); I

6. Existence, uniqueness and stability

Let the symbol P*i:+kn (g ... z,) stand for an arbitrary polynomial of n
variables x1,...,x, which has the form

k1 kn
U Ci17“‘7inx1 e xnn
11=0 1, =0

where C, ;. are non-negative coefficients.
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Theorem 6.1. Let the assumptions of Lemma 5.1 be satisfied for some
N € NU{+o0}, T € (0,400) and the set of data d = (p,v, f,w,x,h).
Moreover, let

N
kld)? = geRiJer{{O} [l Mzﬂ (®ir[¢] + xir(0)) ik > 0. (6.1)

Then identification problem (3.3) has a unique solution (m,u) € SN. More-
over, the solutions S* = (m!,u') and S? = (m?,u?), corresponding to two
sets of data

dl = (@17¢17 fl7w17 X17 hl)

d2 = (@27w27 f27w27 X27 h2)

respectively satisfy the stability estimate
18" = %Iy < K (wn, 6ld") 7 Rld) L |d s a2 ) |d = d2ly(62)

where
1SN 5 = [l g1 o,y + Julle2o,m:v) (6.3)

denotes the norm in SV, K is a function of the form K = exp(P%3322)
depending also on T, the seminorm |- |n and wy being given by

ldin = llelly + 19lly + 11+ Apllwr o,y

2+ A wrromiv) + I fsllwrro.myix) (6.4)
+ llw'llororxny + [1Be + w(0) vy

+ XNl er o, 11:2m™ mvyy + 12| b0, 1))

and

wn = |Bllc.xn~ + 1Y n + || ([Piklly+)ip=1..., N||£(RN’RN)' (6.5)

Remark 6.1. If the set of data d = (¢, ¥, f,w, x, h) satisfies assumptions
in Theorem 6.1 for some N € NU {400} and any T € (0, +00), then using
the standard continuation procedure, we can show that identification problem
(3.3), reformulated for ¢ € (0,+00), admits a unique solution (m,u) in the

space H: _((0,400); RN) x Ur=o C?([0,T);Y).

loc
Proof of Theorem 6.1. Note first that, due to inequality (6.1) and
definition (3.4), relations (5.3)4 determine uniquely the initial values of my.
Let us use the abbreviation m? = my(0) for these values. Since u(0) and v’ (0)
are also fixed, in order to prove existence and uniqueness in the statement of
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the theorem, we have to show existence and uniqueness in L2((0,7T); RY) x
C([0,T];Y) of the solution (m’,u") to subsystem (5.3)1, (5.3)3.

We begin by proving some auxiliary estimates for m?. By virtue of (5.3)4,
relation (6.1) and definitions (6.4) - (6.5) we have

Im°d) ey < &ld] = (19 ey [[0lly + 11 (0) v )

S Pl,l,l (WNa /{[d]_l, |d|N> (66)
For the difference m°[d'] — m°[d?] from (5.3)4 we deduce the system
Z w[d'] = mild®]) (Pirle'] + xix (0))
k=1
N
Z ir[0” = @' + Xk (0) = Xk (0)) + Wi — %] + Di(hi — hi)(0).

Reasoning as above, from (6.1) and (6.6) we easily get the estimate
|mO[d'] = mO[d?]|| g < P00 (wn, k[d'] 7Y R[] [P N)|dY — &P (6.7)

Let us now come back to system (5.3)1, (5.3)s. First, we denote the vector
(u”,m') by U, where Uy = v and Uy, =m) (k=1,...,N). Then we rewrite
system (5.3)1, (5.3)3 as a fixed-point operator equation

U=FU, Uecl:=C(0,TY) x L*((0,T);R"M) (6.8)

where, in view of (3.4) the components of F' are given by the formulae

FU m$ + Upx] |t C * (BrUp wy (¢
(FU)ot Z[ + U] [t% €+ (BRUo () + i (1) 0
+ 15 C(t) (Brt + wh(0)) + 1% C(t) (Bre + wk(O))} +a(t)
and v
> (®irle] + xin(0)) (FU)&(t) = (GU)i(1) (6.10)
k=1
fori=1,..., N with
(GUYi(t) = = 3 {Uh 1 (@ualUn(t)] + x4 (1)) + U (Danli] + X} (0))
k=1
+m o+ (ap[Us(0)] + X (8) | + Wil(FU)o(0)]
— hi(t Zm (Pir[10] + i1, (0))

(6.11)
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Our aim is to apply the contraction mapping principle to equation (6.8).
To this end we have to introduce proper norms and derive some estimates for
the components of F'. Therefore, let us equip the space U with the scale of
weighted norms depending on the real parameter v > 0

1/2
1Ty = [Uolloory + (S 1UKI13,) " (6.12)

where

Uolloor = |l U, .
[1Uollooy = |l 0||c<[o,T],Y)}. (6.13)

1Ukll2,y = lle”" Ukl 20,1

Let us now formulate a boundedness lemma, whose proof we postpone to
the last section of the paper.

Lemma 6.1. Under the assumptions tn Theorem 6.1 the estimates

WUy < Ky (wn, wld] ™ ldlv) 1+~ 2U],)

4 Ko(wn, mld U2 (619

and
|FlaUt — Flau?||
< Ky (o, wld!) L Rl [ s 1, [0 02 ) ! = @2y
+ { Kawn, mld") 7 A2 [, 16 )

+ s (o, wld ) (10 + 1021) Jy 20t - 02,
(6.15)
are valid where K1 = P322 Ky = P21 Ky = p6:221.2.12 p¢ — pLLLLL gpg
K5 — P3’1.

In order to prove the existence and uniqueness of the solution of (6.8) we
need the closed balls

Dy(ry={UcU: |U|, <r}.
Then for any U € D, (r) from (6.14) it follows
VFIAU, < K (on wld) ™ ) (14 v 2) + Ko (o /ld] )2y

This estimate shows that for every r > K (wn, s[d] ™!, |d|y) and

2
Y Z 71 (WN’ H[d]717 |d|N’ T) = [\/K2+4I§§iiK1)—K1i| (616)
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the inequality ||F[d]U]||y < r holds. Hence
F[d] : Dy(r) — Dy(r) (6.17)
if )
r > Kl (u)N,/{[d]_ , |d|N)
v Zmn (WN7 K[d]_la |d’N; 7ﬁ)-
Next let us show that F[d] is a contraction mapping for any fixed data.
Suppose that U',U? € D.,(r). Then from (6.15) we obtain the estimate
|FldUt - FldU?|

< {K4 (wn, kld] " k[d) 7Y |d|n, |d|v) + 2Ks (wa, m[d]_l)r}'y_%HUl —U?|,.
Defining

VQ(WNa’{[d]_17|d|N7T>
. . 12 (618)
:4[K4(WN,m[d]*,m[d] dl s |d]y ) + 2K (wy, k[d] )r]

the operator F' turns out to be a contraction mapping with respect to the
norm | - ||, if ¥ > v2(wn, 6[d] 7!, |d|n, 7). This, together with (6.17), proves
that operator equation (6.8) has a unique solution in each ball D, (r) such

that .
r> Ky (wn, k[d] ", |d|n)

v > v3(wn, k[d] ", |d| N, T)

where
3 (WN, K[d]717 |d|N7 7")

= max {71 (wn,kld) 1 |d| N, ), Yo (Wi, &[d) Id\N,r)}. (6.19)

In particular, this proves our existence assertion.

Next let us prove the uniqueness of the solution U. To this end we have
to show that the solution of (6.8) is unique in the whole space Y. Suppose
that (6.8) has two solutions U! and U? in U. Let us fix any

o> maX{HUlHO, U2 ]l0, Ky (wn, [d]) |dyN)}.
Then |U*), < [|Uo < 7r1 (i = 1,2) for each v > 0 because of the mono-

tonicity of the norm || - ||, with respect to . In particular, these inequalities
hold for v > ~3 (wN, k[d)7L |d] v, rl), too. This means that U* belongs to the
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ball D, (r) for v > v3(wn, k[d] 7, |d|n,r1) and i = 1,2. But in these balls
the uniqueness has already been shown. Thus, we obtain U! = U?2.

It remains to prove stability estimate (6.2). Let Ul and U? be the solutions
of (6.8) corresponding to the data sets d' and d?, respectively. By virtue of
(6.15) from equation (6.8) we obtain the estimate

|0t~ 02, = | Fld U - Flau?|
< K (wn, mld' ] 8l 1 v, [0 025 ) 1!~
K (on sl [ v, [ ) (6.20)

+ K (wn, ATy + [0%1) fr 20 = U2,

From the previous proof concerning the existence of the solution to (6.8) we
know that U* € D,(r) if

r> Ki(wy, k[d']7td'|N)
Y > 3 (wNa K’[di]717 |dZ|N7 T’).
Let us now choose the values of r and v according to the formulae
7 = 2max {m (w, £[d] 74 1dY ), Ko (wn, s]d?]) |d2|N)}
7 = max {73 (wNa H[dl]_lﬂ ‘dllNaF)773 (wNv K‘[dz]_la ‘dZ‘NvF)v
2
4[K4(wN,/s[d1]_1,/a[d2]_1,]dlyN,ldle) +2K5(WN,/<[d1]—1)ﬂ }
(6.21)
Hence U’ € Dx(F) (i =1,2), i.e.
Uil <7 (i=1,2). (6.22)
Let us now set v = 7 in (6.20). From (6.21) - (6.22) we deduce that the
coefficient of |U' — U?||, on the right-hand side of (6.20) is less than %. Thus
we have
HUl - U2||7 < 2K3 (WN7 ’i[dl]ilv ’i[d2]717 |d1|N7 |d2|N7T7T> |d1 - d2|N

Using the obvious relation || - |o < e?T|| - ||, we obtain

UL — U2l < 2677 K; (wN,f@[dl]_l, K[d237L, |dY v, |d2 s T F>|d1 ~ |y
(6.23)
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Elementary computations involving the definitions of 7 and 7, which in turn
use the definitions of 71,...,73, and the degrees of the polynomials K7, Ko
and Ky, K5 (cf. Lemma 6.1) show that

~ < P6’3’3’2’2 WN, K dl _1,I€ d2 —17 dl 7 d2
7 (o, A1) R s ) .
T

; P32222 (0 w[d ] k[d?]7Y, |dY |, |02 )
We recall that
U = U2l = D1 = m?) o oizyiem, + 1D3! = v oy (6.25)
Consequently, from (6.25), (6.23), (6.7) and the estimates

[ (0) = w?(0)lly = ll¢" = ¢°lly < |d" —d*|n
1Dt (0) = D (0)ly = [¢" = ¢*|ly < |d' — d*|n
for the initial values of u! — u?, we obtain the desired estimate (6.2). The

assertion K = exp(P%332:2) follows from (6.24) and the order of K3 in Lemma
6.11

7. Approximation results

In this section we study whether the solutions of the identification problem
corresponding to finite N’s, i.e. to degenerate kernels, approximate the solu-
tion corresponding to N = 400, i.e. to a non-degenerate kernel.

Suppose that we are given a sequence of data

w" = (W} )k=1,...n

d" = (‘Pna wna fn,wn7 Xna hn) with Xn = (X@nk)’i,kzl ,,,,, n (n € N)

77777

and a set of data

d> = (Spoo’woo,foo7woo’xoo,hoo) with Xoo = (Xq?]j)i,k:l ..... 0o
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we denote the solutions to identification problem (3.3) corresponding to the
cases N =n,d =d" and N = 400,d = d*°, respectively. In the latter case we
simply assume that a solution S does exist. Let us then define a projector
Q" mapping S°° into a finite-dimensional space according to the rule

Q"S> = (@m™,u™)  where Q{m™ = (mF)kor,

.....

We now ask the following question:

What conditions must satisfy d™,d> and, possibly, S to guarantee the
convergence ||S™ — Q"S*||, — 0 asn — +o0?

In order to answer this question, let us first perform some formal compu-
tations. Let us rewrite relations (3.3);_2 and the first n equations of system
(3.3)3 occurring in the identification problem for S in the form

\

Diu(t) = Au(t) = > mi® = (Bru™(t) + wi(1)) + [ (t)
k=1

u™(0) = >, Dwu®™(0) =™ (7.1)

fort € (0,7) and i = 1,...,n where

\

~ il
PR = £ = Y m (Bt (1) + wit (1))

k=n+1

R = R + Y mp®x (Pa[u ()] + xR (1))

(7.2)

The function Q™S solves identification problem (7.1) or, in other words, is
the solution to identification problem (3.3) with N = n and data d = d" where

d" = (2,9, f2", Prw™, PPx™, h°") with
( ; ) Py = ()it

Applying stability estimate (6.2) in Theorem 6.1, we get the relation

18" = Q8| < K (wn, wld") 1 £ d", A7) ) 0 = A (7.4)
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Here w, is given by (6.5) and x[d"], k[d"] are defined by

Ald']? = _inf €l %::1 (Pir[e"] + x35(0))&iéx > 0

n

Kld"]? = inf ||¢]|g2 Z (Pire™] + x5%(0)) &k > 0

ger™\{0} = )

In order to obtain the desired relation ||S™ — Q"S*||,, — 0 (n — +o0) it
suffices to assume that |d" —d"|, — 0 (n — 400) so fast as to compensate the
(possible) increase of the factor K (wy,, k[d"] ™!, &[d™]71, |d"|,, |d"|n) in (7.4).

Summing up, we can formulate the following

Theorem 7.1. Let the operators B = (Bg)k=1,...00, ¥ = (Vi)i=1,....00
and © = (Pi)ik=1,... 00 Satisfy (3.1) —(3.2) with N = +oo. Assume that each
d” (n € N) fulfills the conditions in Lemma 5.1 with N = n and suppose that
when N = 400, problem (3.3) with data d*° admits a solution S such that

Q"S>*® € 8" for any n € N. Further, assume that the data vector dr (n € N),
which is defined by means of the components of S and d*°, satisfies the
assumptions in Lemma 5.1 with N = n. Moreover, let (7.5) hold. If

K (wn, 6[d")7Y &[d" 7Y [d" |0, 7)) [ A" — d — 0 asn— 400, (7.6)

then ||S™ — Q" S|, — 0 as n — +o0.
Theorem 7.1 yields the following corollary:

Corollary 7.1. If B,V,® and d" satisfy the assumptions in Theorem 7.1,
then problem (3.3) with N = 400 and data d>° admits at most one solution
S such that Q"S> € 8™ for any n € N, whenever the d"’s satisfy the
assumptions in Lemma 5.1 with N =n (n € N) and inequality (7.5)2 as well
as convergence relation (7.6).

Proof. Suppose that problem (3.3) with N = 400 and d = d*> has two
solutions ST° and S5° fulfilling the properties listed in Corollary 7.1. Then
Theorem 7.1 implies that the solution S™ of problem (3.3) with N = n and
d = d", which in turn exists and is unique by Theorem 6.1, satisfies the
convergence relations

15" = Q"S51%[ln

" oo — 0 as n — +oo.
||S _Q 52 Hn
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In particular, |Q™(S5° — S5°)||, — 0 as n — +oo. In other words, we have
proved that

N

400
1, 2, ) )
(3 It = s )+ I = 02 oy
k=1

n 2
. 1,00 2,00 ) )
= lim KE:”mk - My ||%1((0,T);RN)> + [t = o2 0,1y
k=1

n—-+oo

= lim [|Q"(57° = 53%)[In

n—-+oo
= 0.

This implies m, ™ = m?™ (k € N) and ub® = u>> ie. S5 = S5°

We now note that relation (7.6) occurs when the factor
K (wn, 6d"] 71, £[d"] 71, |d" ], |d" )

is bounded as n — +4o00. This is related to the case when d*° and the operator
vectors B, W, ® fulfill the conditions of Theorem 6.1 with N = +o00. In order
to treat this case separately, let us first introduce the projector P,, which maps
d®° into a finite-dimensional space defined by

Pod™® = (¢™°,¢>, [, Pfw™, PP x>, P{h™) (7.7)

where Ph*> = (h$°)i=1,.. . and P;*, P! are defined by (7.3). Then we can
prove the following
Theorem 7.2. Let the operators B, ¥, ® satisfy (3.1) — (3.2) with N =

+oo and (5.2). Assume that d™ and d* fulfill the conditions in Lemma 5.1
with N =n (n € N) and N = +oo, respectively. Moreover, let the condition

n

P=inf inf ll€lee ) (Rikle"] +x05(0)) 6k > 0 7.8
wo=Inf _inf L lEle 2( ko™ + X3 (0)) i (7.8)

hold. If
|d" — P"d*|, — 0 as n — +00, (7.9)
then ||S™ — Q" S|, — 0 as n — +o0.

Remark 7.1. It is easy to check, using convergence assumption (7.9),
that condition (7.8) yields the analogous condition

“+o00

wy = _inf R Dir[p™] + x5% (0)) &y > 0. 7.10
D= et g 6l D (Ble™] +xF )66 (7.10)
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Proof of Theorem 7.2. Theorem 6.1 implies the existence of solutions
S™ = (m™u") € 8" and S*° = (M, u>*) € S to identification problems
(3.3) corresponding to N = n,d = d" and N = 0o, d = d*°, respectively. From
(7.2) - (7.3) and (7.7) we obtain

d" = P"d>® + 6" where 0" = (0,0, f",0,0,h%") (7.11)
and
o)y =— > mix (Beu™(t) + wiS(t))
k=n+1
Wt = (™) izt my BT () = Y m®x (Rar[u ()] + xR (1)
k=n+1

Let us transform the addenda of the series appearing in the formula of foo’”
in the following way:

mpS s (Bru™(t) + wis (1))
= mg * [1 % (B Dyu™ (t) + Dywid (t)) + Brp™ + w,ﬁo(O)}
= (mp2(0) + 1% Dymp?) = 1+ (BpDyu™(t) + Dywi®(t))
+ 1% [mg°(t) (Bre™ + wy®(0))].
We can now rewrite foo’" in the form
j%O”L=:1>kj§wﬂl4—tﬁ<j§om
where R
go’n(t) = - Z:Ofmmio(t) (BICSOOO + wz‘?(o))
57 = =300 2 [mRE(0) (BrDyu™ (1) + Dyw (1))
+ Dymy° * (BpDyu™(t) + Dywi*(t))].
Taking advantage of the assumptions made on d*°, of conditions (5.2) and the
membership (m*>,u>) € §>°, we can immediately check that
f37" € WHH(0,T); Y1)
7" € WHH(0,T); X)
" e H2((0,T); R™)
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and R
16" [ = [LF27" lwrao,m)m)

+ 115" w1y %)

+ 1D

— 0 asn — +o0.

(7.12)

|H1((0,T);R”)

Since P™d> satisfies the assumptions in Theorem 6.1 with N = n, d" satisfies
the same assumptions. Therefore, problem (3.3) with data d”™ can be solved
when N = n, and the solution coincides with @™S5°°. From Theorem 6.1 we
have the stability estimate

15™ = QS| < K (wn, k=Y 575 [d |y |d7]n) |7 = d), (7.13)

where w,, is given by (6.5) and where x and k; are the constants defined in
(7.8) and (7.10), respectively. From (7.9) and (7.11) - (7.12) we deduce

d" — d"), < |d" — P"d®|, + 6", — 0  asn — +oc. (7.14)
Besides, w,, < weo, due to (5.2), and
|d"™|,, < |d" — P"d>®|, + |P"d™>|, < |d" — P"d*|, + |d*°|s < const
as n — +oo, which in turn implies |d"[, < |d" — d"|, + |d"|, < const as

n — 4oo by (7.14). Now from (7.13) we obtain [|S™ — Q"S*||, — 0 as
n — +oo il

8. Application to a viscoelastic problem

We are now going to apply the results of Sections 3 - 7 to viscoelastic iden-
tification problem (2.3) - (2.5), (2.8) posed in Section 2. To this end we first
introduce the functional spaces

X =L*Q)
Y = H*(Q)N Hy ()

and the linear differential operators

Av = div(AVo)
Byv = div(ug Vo) (k=1,...,N).
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Assume that

A€W (Q), AMz) > Ao >0 for ae. z €Q {7“22 ifl=1
. where < r>2 if [ =2
e €WHHQ) (R =1,..., N) r=1 ifl>3.
(8.1)
Then,
Ae L(Y,X)

B,eL(Y,X) (k=1,...,N).
Moreover, A is closed, self-adjoint and bounded from above in X. This implies

that A generates a cosine family in X (see [9: p. 104]). The interpolation
space associated with X and Y is Y1 = H}(Q) [9: p. 106].

We recall that abstract problem (3.3) treated in Sections 3 - 7 is a gener-
alization of problem (2.11) obtained from (2.3) - (2.5), (2.8) by the change of
unknown function (2.10). The assumptions of Lemma 5.1 are satisfied for the

data @, w, f , W, h of problem (2.11) provided the following relations hold true:

3,0 € H*(Q) N Hy () ‘
F=Ff+1lxfattxfs

fi +div(AV@) € WEL((0,T); H2(Q) N HE(Q)
fo 4+ divIAVY) € WHE((0,T); HE(Q)), f3 € WHH((0,T); La()) - (8:2)
w € C*([0,T); (LQ(Q))N)

div(ur V) € Hy(Q) (k=1,...,N)
h e H2((0,T);RY), h(0) = \Ifm

7
Next we mention that in the case [ > 2 from (2.9) assumption (3.2), i.e. the

relations
U, € (H*(Q)* .
(i,k

5 ¢ (H2()" ~1,...,N) (8.3)

follow provided the functions A and gy fulfill the conditions

A\ur €C°(Q) (k=1,...,N) for some o € (%, 1]. (8.4)

l\DII—‘

In the case [ = 1 in (2.9) relations (8.3) follow from conditions (8.1) above.

8.1 Existence, uniqueness and stability. Now we are ready to formulate
an existence, uniqueness and stability theorem for problem (2.3) - (2.5), (2.8)
simply applying Theorem 6.1 to equivalent problem (2.11). We are going to
state this theorem for problem (2.3) - (2.5), (2.8) where ¥; and ®;; are general
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functionals satisfying conditions (8.3) and need not to be of form (2.9). Then,
imposing additional convergence conditions on these functionals, we are able
to incorporate the non-degenerate case N = 400 in the theorem, too.

Although, as we will see later on, in the case N = +oo the theorem does
not apply to the problems with functionals of form (2.9), we think that such
a more general formulation could be useful in further applications.

Theorem 8.1. Let N be a fized integer in NU {+oo} and T € (0, +00).
Assume that conditions (8.1) — (8.3), (5.1)4 as well as (5.2) when N = 400
are satisfied for the operators B,V,® and the set of data d = (v, 9,4, f, h).
Moreover, let & € C%([0,T); H*(Q)) and the condition

N
d? = inf —2 P, & >0 8.5
wldf = _inf - Ellgs %;31 klPl€icn (8.5)

hold. Then identification problem (2.3) - (2.5), (2.8) has a unique solution

(m,u) in the space SN = H'((0,T);RY) x C%([0,T]; H*(Q)). Moreover, the

solutions ST = (m!',u') and S? = (m?,u?) corresponding to two sets of data

d' = (o' gt,at, £, hY)
d2 = (()027,¢27'&'27 f27 h2)
respectively, satisfy the stability estimate
1"~ 87 < K. (won sld' ] 6ld?) 1 i @21 ) 0! — 2% (86)
where
1SII3 = ™l a0,y + ull 2o,y 52 0)) (8.7)
is the norm in SN, wy is given by (6.5) and K, is a function of the form
K = exp(P%33%2) depending also on T. The seminorm |- | is given by
N = 1l m2@)nmi ) T 1V r2@)nmH ) + [@lle2o,7;m2(0))
+ |f1 + divAVO) w012 ()2 ()
+ 1 f2 + diV(/\Vl/J)Hlel((o,T);Hg(Q))
+ I fsllwrom:Lz@) + 1Dswller o2 @)
N : 1/2
+ (Zk:1Hle(MkV90)H§13(Q))

+ 1 Dexller o, 2™ mYy) + HDtﬁHHW(O,T);]RN)

and @, J, f,w,x,ﬁ are given in terms of the data d by formulae (2.12).
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Remark 8.1. If the set of data d = (¢, ¥, 4, f, h) satisfies the assumptions
in Theorem 8.1 with some N € NU {+oo} and every T' € (0, 4+00), then iden-
tification problem (2.3) - (2.5), (2.8), reformulated for ¢ € (0, +00), admits a
unique solution (m, w) in the space H}, . ((0, +00); RY) xUp o C2([0, T); H*(Q)) J]

8.2 Approximation results. In this subsection we study problem (2.3) -
(2.5), (2.8) in the case [ > 2, the functionals ¥; and ®;; being of form (2.9).
First we will show that such functionals ¥; and ®;; do not meet the require-
ments of Theorem 8.1 in the case N = +o0o. However, Theorem 8.1 holds in
the case N < 400 and we can show, using the arguments of Section 7 that
the solution corresponding to finite N converges to a solution corresponding
to N = +o00, assuming a priori the existence and sufficient regularity of the
solution to the latter problem. Concerning the one-dimensional case [ = 1 we
make only a short remark at the end of this subsection.

Let | > 2 and ¥; and ®;; (i,k = 1,...,N) be of form (2.9). If A and
po= (k=1 n satisfy (8.4) and n = (9;)i=1,..v € HV?;RY), then
conditions (8.3) hold. Further, using trace and embedding theorems, for any
o € (3,1] we have

| Bell < c1llprllwrr o)
15| < callmill g-1/2(r) (8.8)
1 Pirell < eallmill -2y (lirllwr ) + ikl oo @)

for all i,k =1,..., N where the constants ¢y, ca, c3 depend on €2 and ¢y on A,
too. Therefore, wy (cf. definition (6.5)) satisfies wy < wy where

TN = C4{||77HH—1/2(1";RN) + lullwrr@ryy + el oo @ma)

(8.9)
+ HnHH*1/2(F;RN)(HMHW“‘(Q;RN) + HMHCG(ﬁ;RN))}’
c4 > 0 being a constant independent of N. If we assume
wy <C (N €N) (8.10)

(this is a sufficient condition for (5.2)), then from (8.8) we immediately have
@il = i, i Dv)1/2r — 0 as 1 — +00
so that (8.5) fails for N = +o00. Therefore, we cannot expect that Theorem

8.1 applies to problem (2.3) - (2.5), (2.8) when N = 400 and the functionals
U, and @, are of form (2.9).
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Remark 8.2. Of course, there exist bases (ur)ken for which boundedness
relation (8.10) holds. For instance, when € is an open bounded set in R! of
class C?'*4, (g )ren can chosen to be an orthogonal complete system in L%(Q)
(cf. [23]) such that

(=) 2, + pu, = propure in Q2 } (811)
J41) '

Dy (A p)r =0 (j=0,1,...

and (i, k € N)

)

/Q [A(HZ)/Z/M(?C) . A(l+2)/2ﬂk(l’) + ,Ui(x)ﬂk(a:)}dx = ;% (é € N)

[ [TAT (0 - VA 0 0) + (el do = b (5 € N)

| m@w@de = pton
(8.12)
(pr)ken and d;x being, respectively, a positive non-decreasing sequence diverg-
ing to +00 and the Kronecker delta.

If (A\x)ren and (vg)ren denote, respectively, the sequences of the eigenval-
ues and eigenfunctions related to the spectral problem

—Av =M in ()
D,/U|1" =0

we see that vy is an eigenfunction of problem (8.11) and py, = 1+ )\i:rZ. Since
M ~ ck?/ as k — 400 (cf. [8: Chapter 6]), we easily deduce the inequalities

0<pp <CE2HD/L (ke N).

Since

" { (Joll AT+ (@)[2 + u(a)|2)dz) >
(fQ[|VA(”+1)/2u(m)|2 + |u($)|2]dl’) 1/2

are norms in H""2(Q) equivalent to the usual one, from (8.12) we derive the

estimates (L42))1
2 < Ogk— U+
HNszL ) = Co } (k: c N).

(8.13)
[l 2 ) < Ch

They imply, via Sobolev embedding theorems, the continuous embedding

H™ Q) — W (Q) N o (Q) for some o € (

N[

1)
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and the inequalities

lellwrr @) + Ikl ce @) < Collbrllgnorr@) (K €N)

where
r=2 ifl=1
{T€(2,+OO) ifl=2
r=1 ifl >3
and ng = [42] with [z] denoting the largest integer not exceeding x.

Using (8.13) and well-known interpolation properties, we derive the esti-
mates
ikl o1y < Cak~ 1m0/t (k € N).

Consequently, since l+1+”0 > 1, we conclude that Z;;'Ol “MKH%I"O“(Q) < +o0.
Finally, from (8.9) we derive the inequalities

wny < 04(1 + H/)/]H(H71/2(F))<x>) (N c N)
guaranteeing the boundedness of (Wx)nen provided the weights of the mea-
surements 7; are chosen so as to satisfy ||1|(g-1/2(ry)= < +00.
Remark 8.3. Assume that (ux)ren is defined as in Remark 8.2. The
sufficient conditions for (8.2)g to hold are:

o€ H3(Q), ¢|p =const, Agp|r=0. (8.14)

Indeed, (8.13) and (8.14) imply div(p V) € H'(Q). Further, due to Ap|p =
0, we have

But the right-hand side in (8.15) equals zero due to the assumptions p|r =
const and D, p|r = 0 (cf. (8.11)).

Now, making use of the arguments preceding Theorem 7.1, we are able

to deduce the convergence of the solutions corresponding to finite N’s to a

solution S = (m®,u>) corresponding to N = +oo if we a priori assume
existence and sufficient regularity of S°°. For, let

d> = (gpoo7woo,aoo,foo,hoo) with h™ = (hfo)ZZI, oo

’

be a given data vector. Let us define the projector P" by

.....
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Assume that [d>°|%, < co and P d™ satisfy the conditions of Theorem 8.1 for
each finite n. This in particular implies

0012 __ : —2 ) ) %)
pn[d™] = _inf 1]l iglgzgkm,uwygo )1 jor >0 (8.16)

for all n € N. Let us denote by S™ = (m™,u™) the solution of problem (2.3)
- (2.5), (2.8) corresponding to N = n and the data P"d>. Further, suppose
that problem (2.3) - (2.5), (2.8) corresponding to N = +oco and the data
d> has a solution S = (m®,u>) such that @nSoo = ((mzo)kzl,,_,m,uoo)
belongs to S? for each finite n. We observe that Q" S satisfies problem (2.3)
- (2.5), (2.8) with N = n and data

d" =P"d>® + 5"
where R R
" = (0,0,0, f™, (hi"™)i=1,....n)
Frtz) = =350 i x div (u(z) Vue (¢, )
R (8) = S gy * (s ik D™ (8, )1 o
We will make use of the decomposition

_ . . e c whl((0,T); HY(Q
fn,oo — 1 % f;,oo +tx fgz,oo with f/l\Z (( ) 0( ))
3 e WHH((0,T); L*())

similar to that used in the proof of Theorem 7.2. Then, from the definition of
the seminorm | - | we have

oo

|67 = Z mzodiv(ungpoo)H (8.17)
k=n+1 W1((0,T);Hg ()
+ Z [mzo(O) div(ur VDyu™) + Dymp° * div(ukVDtuoo)] H
k=n+1 WHL((0,T);L2 (%))
n 00 2 1/2
+ { Z Z [mzo<77¢,HkDu90°o>1/2,r +mg° * (n;, ukDVDtuooh/Q,p] } _
i=1 ! k=n+1 H'(0,T)

Using the relations
wn < Wp
[P [y < |d>® 5
(™[5, = [P+ (871 < 145 + 167
[Prd> —d"|e = 0",
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and Theorem 8.1, we obtain the estimate
15" = Q"S5 II%
) , (8.18)
< K (@ 0] 7 R A7 0%, a5 + 16715 ) 1671

where W,,, k,[d*°] and |0"|}, are given by (8.9), (8.16) and (8.17), respectively.
If we suppose that the first argument w,, of K, is bounded as n — 400, then

(77i>MiDu<POO>1/2,F — 0 as ¢ — 400

and from (8.16) it follows k,[d>°] — 0 as n — +o00. Hence the coefficient
K, increases as n — +o0o. Nevertheless, the relation ||S" — Q" S>®[|* — 0
as n — 400 holds whenever the solution S = (m>,u) is regular enough
to guarantee the convergence [6"|; — 0 with a speed which compensates
the increase of the factor K, in (8.18). As a consequence of this statement,
reasoning as in Corollary 7.1, we can deduce the uniqueness of the solution
S satisfying such a regularity property.

Remark 8.4. In the particular case when 7;, ux and ¢> satisfy the re-

lations
N

Z | (16, 15 Do ™Y1 2,0 | < € (0iy 1Dy ™)1 /2,1 (8.19)
J=1,j#1

with some € € (0,1), we have the lower estimate

Fn[d®]? > (1 —¢) lgliigan‘,Htipooh/z,r (8.20)

for k., [d>]%.

Remark 8.5. The results of this subsection remain valid — with a few
minor modifications — in the one-dimensional case [ = 1,2 = (0, 1) when the
functionals W;, @, are of form (2.9). Then additional assumption (8.4) for A
and pu is useless and the corresponding norms || pk || o ) and ||l oo @pry 28

well as the space C'7(£2) may be removed from formulae (8.8) - (8.9) and the
context of Remark 8.2.

As far as the weights (1;),=1, . n are concerned, we assume 1 € RY instead
of n € H~Y2(I;RN). Moreover, the norm [/l gr-1/2(r;rvy and the pairing
(ni,v)1 /2,0 between n; and v € H'(Q) C H/?(I"), appearing in computations,
have to be replaced by the norm ||n|lgy and the product n; v(z;) for v €
HY0,1) c C[0,1] (x; € [0,1]), respectively. In particular, boundedness
relation (8.10) is satisfied for p chosen as in Remark 8.2 provided the set of
weights 7 = (;);en belongs to the space R = [5.
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8. Proof of Lemma 6.1
Taking advantage of the obvious relation
e (v1 x v2) = (e7 M wy) x (67 w2),
from (6.9) and (6.11) we derive the equalities
e Y(F[d]U)o(t)

N
— Z [mg + (e7"U) * } [(e*’ytt % C) x (e ' BLUy(t) + e Mwl (1))

=1

=

+e "% C(t)(Br + wi(0)) + e 71 % C(t)(Bry + wi(0))| + e " al(t)

(9.1)
and, fori =1,..., N,

e "(Gld]U)i(t)

I
M-

{(e—thk) R [e—vt s (Darle " Us(6)] + e M (1))

B
I

1

e (@aul] + X (0) | + (€T mPld]) + (iple ™ Uo(8)] + X (1)) }
N
+ U [e T (F[dIU)o(t)] — e R (t Z e "'my[d] (Pir[¢] + X1 (0))

(9.2)
In order to estimate the right-hand sides in relations (9.1) and (9.2) we need
the Young inequalities

V1 € Ll(O,T)
Jor s valoqo < lonllsomlelogms {2 €GO, ©3
V1 € C[O,T]
||U1 * U2||C([0,T};Y) < ||Ul||C[0,T]HUQHLl((o,T);Y) {02 c Ll((O,T);Y) (9~4)
V1 € Lt 0, T
|v1 % v2lLeo,r) < llv1llro,m)llv2llLeo,7) {W c LPEO,T; (9.5)

Moreover, from Lemma 4.1 and the uniform boundedness principle we deduce

the estimates \

SUP ICH)|l vy < Ch
0<t<

sup ||[1*C(t <C
S, 1#C(O)llcriy) < Co (9.6)

sup [t C(t)|lz(x,y) < C3
0<t<T
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for some constants C7,Cs and C3 depending on 7.

In addition to the weighted norm || - ||z, defined in L?(0,T) by (6.13)a,
let us introduce similar norms in L?(0,7) (p € [0, 00]) by

[Wllpy = e vlzoor)  (veELP(0,T),720).

We can now estimate F'[d]U and G[d|U. Making use of (9.3) - (9.6), we
obtain

[ CFIAIU olloonr
N
< > { (il + 1030, Co
k=1

< (I1Be[H1Uolloe v + 1" lcorix)) + |

% |Cs (IBell 6 lly + i (0)]1x) + Ca(IBrgllv, + Hwk<0)HY1)]}

mpldl| + 1Ukll2[11]]24]  (9:7)

+ max [la(t)|y
0<t<T

and, fori=1,..., N,

I(GLdU)ill2.

N
< 3 o] 10 (TG0l + Tl et
k=1

+ 1 @alllllly + !Xék(O)\) + R )| T2 (@it || Uol o,y + HXQ%HC[&T])}

+ T2 | [(FIAUollso + 11 112200,y

N
+ ) T2 m [d)| (@i | [¢]ly + [xi(0)])-
k=1

(9.8)
Due to definition (5.4) of o and (6.4) of |d|n, making use of the inequality
—1/r
Ll < (£) (120,17 < +o0) (9.9)

and relations (9.6) we get
maxo<i<7||a(t)]|x < Culd|n (9.10)

for some constant Cy > 0 depending on T
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Taking estimates (6.6) and (9.9) - (9.10) into account, from (9.7) - (9.8)
we obtain

ICE[AU)oll 0. (9.11)
< p21.2 (WN, m[d]_l, |d|N) (1 + 7_1/2||UH7) + Pl(WN)V_IHUH’Qy

N 1/2
(Zn(GdU )
=1

< P22 (wy, wld] 7 Jdlv) (1+97HU],)
+ PHwn )y U +on [(FldU)ollsc

< P02 (wy, wld) 7Y [dw) (L+ 22U L) + PRwn)y HIUT.
(9.12)
Estimating (6.10) by means of (9.12) and taking (6.1) into account, we obtain

( Z I(F Hz,v)m

. ) 1
< P22 (o, wld] 7 Jdlw) (1497 2T + P2 o sl 7 ST
(9.13)

and

Combining (9.11) and (9.13), we obtain estimate (6.14) for F.
Proceeding likewise, we can derive a Lipschitz-type estimate for F'. Let

d'= (o', fl= fi+ s fi4tx fi 0 (i=1,2)

be two data sets. Fori = 1,2 we define o’ by means of (5.4) and ?, ¥, fi, fi, fi |}
From (6.9) - (6.11) we obtain the relations

(F[d'|U" = F[d*]U?)o(t)
- —z{[mz[dw (] + (U} — UD) +]
X t «Cx (BRUy (t) + Diwi(t)) +t  C(t) (Bry' + Dywy(0))

+ 1% C(t) (Bre" +wi(0 )}+[mg[d2]+zf,g*] (9.14)

X :t x C % (Bk Uo ) (w,}: - wi)(t))
+t%C(t) (Be(e' — )+Dt(w — w})(0))

L (Bul! = )+ (uk = uB)(0)] |+ ') - %),
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further

and at last
(Gld"U* = Gld*|U?), (1)
_ —Z{ —UP) # 1 (@ [U4 (8)] + D2x4 (1))

+UR * 1 (Pu[(Ug — UF) ()] + D7 (xXik — X32) (1))

+ (Up = UR) * (®ir[t'] + Dixii,(0))

+ Ul? * (‘I)z'k [1/11 — ¢2] + Dt(Xilk — X?k)(o))

T (mfd") — mQ[d?]) * (B[UL (O] + D2x (1) (9.16)
Q)= (Sul(U — U2+ D20 — x?k><t>>}

£ [P0 — FI@U)0(0)] — DA — R2)(2)
= 3 { (] = m]) (0] + Dy (0)
k=1
+ mg[dQ] (‘I)ik[wl - ¢2] + Dt(lek - Xsz)(O))} (i=1,...,N).

We can estimate the right-hand sides in relations (9.14) and (9.16) similarly
to relations (6.9) and (6.11). Performing long but simple computations, by
means of inequalities (9.3) - (9.6), (9.10) as well as of (6.6) - (6.7), from (9.14)
and (9.16) we derive the estimates

[(FlaUt = FIa0®), |,
< PRALILL (o gl k(2] R s U s 10215 )Y =

+ { P2 o, K2 [ s 12 ) + PHww) (10 + 11025) }
xy V2t - U, (9.17)
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and

(

[

(3

, \ /2
(Gl - clav?) | 2,7)

(2

IN

PRI (e wfd] 7, R[], |2 [0 02 )l —

+{ PR (o, Bl v, ) + PH o) (101 + 1075) }

Xy U = Uy +wn |[(FIETUT - FlE)0?) (9.18)

00,y"

Inserting (9.17) into (9.18), we derive an estimate similar to (9.18), but with-
out the term ||(F [ Ut — F [dQ]U2) . Further, applying this estimate,

0||oo,’y
(6.1) and (9.13) in (9.15), we obtain

<Z [(FldU? - F[cf]zﬂ)illi,v)l/z

< PO (e sld! | Al v (P, 0, 02 1! = 2]
i {P4’1’1’1’1(wN, /{[dl]—17 /{[dQ]_l, |d1|N, |d2|N)

+ P (oo, £ld ) (102 + 1102)5) fr 20 = U2, (9.19)

Finally, (9.17) and (9.19) yield (6.15)
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