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A General Inverse Problem
for a Memory Kernel
in One-Dimensional Viscoelasticity

J. Janno and L. von Wolfersdorf

Abstract. A general inverse problem for the identification of a memory kernel in
viscoelasticity in one space dimension is dealt with, where the kernel is represented
by a finite sum of products of known spatially dependent functions and unknown
time-dependent functions. Using the Laplace transform method an existence and
uniqueness theorem for the memory kernel is proved.
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1. Introduction

Time-dependent memory kernels in viscoelasticity can be identified by solving
related inverse problems as had been done, for instance, in the papers [4 - 5]
by Grasselli and in our papers [7 - 9] (see also [12]).

In our recent paper [10] such an inverse problem has been treated for
a viscoelastic material in one space dimension with memory kernel which
can be represented by a finite sum of N products of known space-dependent
functions with unknown time-dependent functions. These kernels are looked
on as mathematical approximations of a general kernel depending on both
the space and the time variable. The known space-dependent functions model
the spatial inhomogenities of the medium whereas the time structure of the
kernel is not prescribed a priori. The unknown time-dependent functions
are recovered by additional measurements of the stress in fixed points. A
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corresponding problem in higher space dimension has been discussed recently
in the paper [6] by Janno and Lorenzi.

In this paper a general inverse problem for such memory kernels in one
space dimension with observations of the displacement in inner points for
different initial and boundary values and different source terms is treated. This
corresponds to additional measurements for the displacement obtained from
several experiments with the same material as usually occurs in engineering
practice.

As in [10] we use the Laplace transform method which requires now some
additional techniques and stronger assumptions on the data because of the
higher degree of ill-posedness of the problem. The existence and uniqueness
of the memory kernel is then proved by a contraction argument again. In
contrast to [10] we give here full proofs of the corresponding theorem and the
related lemma.

We remark that identification problems in several space dimensions for
other classes of memory kernels in diffusion and viscoelasticity depending on
time and some local coordinates are dealt with in the papers [1 - 2, 11] by
Lorenzi and co-authors.

In Section 2 we formulate the direct and inverse viscoelasticity problem
and in Section 3 we transform these problems by the Laplace transform. After
preparations in Sections 4 and 5 on the properties of the Green function in the
Laplace transform domain and on an estimation of the Laplace transform of
the solution of the direct problem, respectively, the existence and uniqueness
theorem for the solution to the inverse problem is derived in Section 6.

2. Statement of problem

In the linear theory of wave propagation in a non-homogeneous viscoelastic
bar the Boltzmann stress-strain relation

t

o(z,t) = B(x)e(x,t) — / m(x,t — 7)e(x, T)dr (2.1)

— 00

in 0 <x < 1andt > 0 between the strain ¢ and the stress ¢ is supposed
as a constitutive relation, where m is the relaxation memory kernel. Further,
there hold the relation € = u, with the displacement u and the momentum
equation

p(x)uy = oy +1(z, 1) (z €(0,1),¢t>0) (2.2)

with the mass density p and the outer force density r. The given positive
functions # and p are supposed as sufficiently smooth in [0,1]. The force
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density r is taken as a bounded continuous function. Further, we assume
u(z,t) =0 for t < 0.

In the following we consider the viscoelastic system characterized by 3, m
and p in (2.1) - (2.2) for force terms r =r; (j =1,...,1). Then for the corre-
sponding displacements v = u; (j =1,...,1) the generalized wave equations

p(@)u 00 = (B(@)u.) ( / (@t — 7)., T)dT) fri(at)  (23)

xT

n (0,1) x (0,00) hold. Moreover, the functions u; satisfy the initial and
boundary conditions

1'0‘7(37;0) = p;(z) } (v € (0,1)) (2.4)

and

u] Eo’t) B f”j (t; } (t > 0) (2.5)

with given smooth functions ¢;,v; (j =1,...,1) on [0,1] and bounded con-
tinuous functions f;,g9, (j =1,...,1) on [0,00). Without loss of generality we
have taken the same starting point t =0 for j =1, ..., [.

In what follows, we take the kernel m in the form

t) =Y pr(z)m(t) (2.6)
k=1

where p, are given continuous functions on [0, 1] and my, are unknown memory
kernels depending on t € (0, 00).

Our aim is to determine the unknown mj by additional measurements of
the displacements u; in inner points z;; (i = 1,...,N;) where Z;.:l N; =
N (N; > 1). So, in the inverse problem we have the additional conditions

Uj(l‘ij,ﬂ = hji(t> (’L = 1, ...,Nj; ] = 1, ,l) (27)

where 0 < z;; < 1 are the observation points and hj; are given ounded
continuous functions on [0, c0).
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3. Application of the Laplace transformation
As in [10] (see also [9]) we apply the Laplace transformation to equations

(2.3) with (2.6) and initial conditions (2.4). Then, for the Laplace transform
ofu; (j=1,..,1),

o0
Uj (5137])) = ,Ct*,p’u,j = / efptuj (Llf,t) dt (Rep > 77)
0
with some real number 7, the equation

p(z) [p*Uj(w,p) — pp;(x) — ()]
(3.1)

WE

= (B(=)Uje(2,p)), — ¥ M) (ur(z)Uj (2, p))  + Rj(x,p)

k=1
holds for x € (0,1), where My, = Li_,my and R; = L;_,,r; (cf. [3]).

The boundary conditions (2.5) are transformed to

U;(0,p) = Fj(p)

U;(1,p) = Gy(p) } (fep =) 32

where F; = L4, f; and G; = L;,,9; (j = 1,...,1). Further, the additional
conditions (2.7) transform to

Uj(zij,p) = Hji(p) (Rep>m;i=1,..,N;,j=1,..,1) (3.3)

where Hji = Et—>phji~

Writing equations (3.1) in the form

(LU;)(2,p) = iMk (P) (1 (@)U (2, 1)), — p(2) [P0 () + 1;(2)] (3.4)
— Rj(z,p)
for j = 1,...,1 with the differential operator
(LU)(z,p) = (B(x)Us(2,p)), — p(x)p°U(z,p)  (0<z<1), (3.5)

the solution U; of equation (3.4) with (3.5) can be represented by

N 1
Uj(x,p) =Y Mk(p)/o G(@,y:p) (1 (W)U (4. p)) dy — X3 (2, p)  (3.6)
k=1
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where G(z,y; p) denotes the Green function of L with boundary conditions of
the first kind and

X; (%, p) =/0 G(z,y;p) [p(y) (pe; (v) +¥5(y)) + R;(y, p)]dy
+ Gy(z,0;p)B(0)Fy(p) — Gy(z,1;p)B(1)G; (p)

(3.7)

for0 <ax <1.

We differentiate (3.6) with respect to z and integrate by parts taking the
well-known jump relation for G,

1
Go(z,2 — 0;p) — Gu(2, 2+ 0;p) = 30 (0<z<1) (3.8)
into account. Then we obtain the integral equation for U; , (j =1,...,1)
N
M (

N . (3.9)

=) My(p / Gay(@, y; p)e (W) Uy (y, p) dy — Xj,2(%, D)

k=1

in 0 < x < 1. The direct problem (2.3) - (2.5) is reduced to integral equation
(3.9) for Uj, (j =1,...,1). From U, , one can get Uj itself by integration in
view of one of the boundary relations (3.2) or by means of formula (3.6). In
dealing with the inverse problem we choose the second way in the following.

By (3.6) the additional conditions of the inverse problem take the form of
the integral conditions

Mp) [ Gty ) (Ui 00) = Hs) + 3 (w35.0) - (3:10)

E

k=1

fori=1,..,N; and j = 1,...,[. We multiply these equations for My(p) (k=
1,...,N) by p? and write them as

1
Mp) [ 92 i) [p )V 0.2)), = (el)¢59) Jay

HE

N

Y M) /0 PRG i,y 0) (1 (), () dy = 7° [H(p) + x5 (w5, ).
k=1
(3.11)
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We define the coeflicients

g = s @ @), (3.12)

(t=1,..,N;,j=1,...,1,k=1,..,N) and integrate by parts the first integral

in (3.11). This yields the system of N equations for the functions My (p) (k =
1,..,N)

M (p) [/o P*G(zij, y; p) (uk(y)gog-(y))/dy + Yijik

HE

N
> i Mi(p) —
k=1

N

1
+ > Mi(p) / P*Gy(xiz, y; p) ik () [PUy (v, 0) — ©5(y)] dy = ¥i(p)
k=1 0
(3.13)
where i =1,...,N;, j=1,...,l and

Uji(p) = —p° [Hji(p) + x5 (i, p)]- (3.14)

In equations (3.13) the first sum is the main part of the left-hand side for
Rep — +o00 since

/0 P*G(s5,y:0) (1 (1) (1)) dy =~ (3.15)

and
pUj (2, p) — @)(z) 0<z<1) (3.16)
for Rep — +oc.

Asymptotic relation (3.15) is a consequence of the second part of Lemma
2 below. Limit (3.16) follows from the first initial condition (2.4) by a well-
known relation from the Laplace transform theory where the functions ¢; (j =
1,...,1) are assumed as being continuously differentiable (cf. [3: Theorem
24.5]).

Hence inverse problem (2.3) - (2.7) is reduced to the system of equations
(3.13) for the functions My (k = 1,..,N) where U;, = U;,[M] (M =
(Mi,...Mn),j =1,...,1) are the solutions of integral equations (3.9).

In the following sometimes we also use the new running index n defined

by
7j—1
n=Y No+i (je{l..l}i=1..,N;) (3.17)
a=1

and going from 1 to N instead of the two indices i,j. In this case we put
Vnk = Yij:k- We assume the regularity condition

detT # 0 (3.18)

for the coefficient matrix I' = ((’Ynk))r]:[,k:r
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4. Properties of the Green function

The Green function G is defined by the expression (cf. [10])
m¢2(y)¢l(l‘) for0<z<y<l1
ﬁ(o)wl(y)iﬂg(m) for0<y<z<l1

where ¢, (x) = 1, (z,p) (v = 1,2) are the solutions of Ly = 0 which satisfy
the initial conditions

¥1(0) =0 } nd P2(1) =0 }

G(z,y;p) = { (4.1)

Y (0) = X2 Yh(1) = 242
where .
X:/ £dx and b(z) = p(z)78(z) 1 4.2
8 (z) = pla) ¥ B(x) (4.2)
and the Wronski determinant at zero
AVIEWAY (p) = —1?/1(0)1/12(0)- (4~3)

The Green function G has the asymptotic representation (cf. [10] again)

1 1 1 (sinhsz-sinhs(w—1)+0; forx <y
G, yip) = 7757 .. . (4.4)
Co a(z)a(y) s? | sinhsw-sinhs(z — 1)+ Oy fory <z
where s = Xp,
Co = 5 sinhs+ 0(2—2) (Rep — +00) (4.5)
a(z) = (p(x)B(x))* (4.6)

_ 1 ’ p(&) _ 1 p(n
z—X/O s v / Eok

Oy = O(es(l—w+z) )

S

Oy = O(e“w“ﬁ))

S

and the O-terms
(Rep — +00)

holding uniformly in = and y. For the derivatives G, and G, we have the
representations

1 b(z)1 [coshsz-sinhs(w—1)+03 forx<y

Gx(xa y;p) = N (47)
CoX a(y) s | sinhsw-coshs(l—2)+ 04 fory<ux

G (o yip) = 1 by 1 {sinh sz-coshs(w—1)+ 05 forzx<y (4.8)
CoX a(x) s | coshsw -sinhs(z — 1)+ Og fory <=z

where the terms O3z, O5 behave like O; and the terms Oy, Og like Os, respec-
tively, for Rep — 4o0.

At first we have
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Lemma 1. If 3,p € C?[0,1] and 3,p > 0 in [0,1], then the estimations

1

Cy == sup Rep/ \Gy(-r,y;p)ldy) < +00 (4.9)
Re ps0 0
R 1

Cy := sup (ﬂ/ |ny(x,y;p)!dy) < +00 (4.10)
izzzy \ Pl o

hold.

Proof. The second estimation (4.10) has already been proved in [10]. In
analogous way we prove the first estimation (4.9). Observing the relations

le?| = eR°¥% | coshsz| < cosh(Res-z), |sinhs|>sinh(Res) (4.11)

from (4.8) we obtain

! 1 1
; < h . inh (1 =
/0 |Gy(x,y;p)| dy < CRessinh(Res){COS (Res - z)sinh(Res - [1 — z])

+ sinh(Re s - z) cosh(Re s - [1 — z])}
_o
Rep
with some constant C' > 0. This implies (4.9) B
Further, the following lemma is valid.

Lemma 2. Let be 3,p € C?[0,1] and 3,p > 0 in [0,1]. Then the following
assertions hold:

(i) For any v € C3[0,1] such that v'(0) = v'(1) = 0 the estimate

1
v\
sup |p* (/ Gay(z,y;p)v(y) dy — ﬂ((xg)‘ < O3l oo (4.12)
Re 250 0

1s valid, where Cs > 0 is a constant.
(ii) For any v € C?[0,1] such that v(0) = v(1) = 0 the estimate

([ PGy p)y) dy + U < Cullonoy (1)

sup
0<z<1
Rep>0

18 valid where Cy > 0 is a constant.
Here the norm in C! is defined by

— /
lwllerpa = max w(@)+ max |u'(z)].
The first part (i) of Lemma 2 is analogous to the corresponding one in [10:
Lemma 1] where the right-hand side could be given in the norm ||v'[|¢1(0,13,
too.
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Proof of Lemma 2. First we prove assertion (i). For this aim we split
the integral fo 2y (%, y; p)v(y) dy into the integrals from 0 to x and from z
to 1. Integrating both integrals by parts, in view of the jump relation for G,
(3.8) and the equalities G, (x,0;p) = G.(x,1;p) =0 (0 < x < 1) following
from the boundary conditions G(z,0;p) = G(z,1;p) =0 (0 <z <1) for G
itself, we at first obtain the relation

I

/nyfcyp v(y) dy — /G z,y;p)v' (y) dy. (4.14)

.T

Before integrating by parts a second and a third time, we introduce the
functions

K(z,y;p) = /y G.(x,n;p)dn+ b()b(z) cosh sz - cosh s(z — 1) (4.15)

0082
where
- < _3 1
b(z) = \/ B8 L = p(x) ¥ B(a)3 (4.16)
and
. fl x,m;p)dn forx <y
K(z,y;p) = { (4.17)
Iy K p)dn fory <z
with K(z,0;p) = K(z,1;p) = 0 (0 < z < 1). Then, in view of v'(0) =
v'(1) =0, from (4.14) we further have
1
v(z)
Gay(x,y;p)v(y) dy —
1
- / K (o, :p)0" () dy (1.15)
0
= [K(x, — K(z,2 + 0;p)]v /Kwyp " (y) dy.

In obtaining the asymptotic relation for K we first derive the one for K.
For x < y, by (4.7) from (4.15) we have

1 b(z)

K(z,y;p) = .

[cosh sz /y (177) sinh s(w — 1) dn

es=w+2)\ b(z)b(x)
d ——— cosh sz - cosh —1
( )a(n) 77} + Cos? cosh sz - cosh s(z — 1)

T Q
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where @ = + [/ 20 dr and diw = + Jd 20) gn and hence

B(T) B(n)
K(z,y;p) = bC'(_:s) [cosh sz(/ b(n) sinh s(w — 1) div + bix) cosh s(z — 1)>

S
+ /Zw B(n)og(—es(ljm )dw] .

Integrating by parts, we then obtain

b s(l—w+2)
K(z,y;p) = % {Coshsz -coshs(w — 1) + 0(%)}

For y < x in an analogous way we get a corresponding expression, so that
finally we obtain

(4.19)

b(z)b coshsz-coshs(w—1)4+ 07 forx <y
K(a,yip) = 20U {

Cos? | coshsw-coshs(l—2)+0g fory<uz

where the term O7 behaves like O and the term Og like O3 again. In a similar
way from (4.17) and (4.19) we derive the asymptotic representation for K

— Xb(z)b(y) [ coshsz-sinhs(w—1)+0g forz <y
K(z,y;p) = Lg() { . (4.20)
Cos sinh sw - cosh s(1 —2) + Oq¢ fory <z
where
b(x) = /55 b(x) = p(x) " B(x) (4.21)
and Og and Oy behave like O and O-, respectively.
In view of (4.5) relation (4.20) yields the estimate
— C
|K(z,y;p)| < ol O<z,y<1) (4.22)

with some constant C' > 0. Hence representation (4.18) implies assertion
(4.12) in (i).

Next let us prove assertion (ii). To this end we define the related functions

fl (z,m;p)dn + & a(x 723) sinh sz forz <y
H(z,y;p) = " ) 50 (4.23)
Iy G(z,m;p) dn + Coat@) 5= sinhs(z—1) fory <z
and
_ x,n;p)dn for x <
H(z,y;p) = Jid ! Y (4.24)
Jy H(z,m;p)dn for y < .
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In view of v(0) = v(1) = 0 we have

/0 G(z,y;p)v(y) dy = A(x; p)v(x) — /0 H(z,y; p)v'(y) dy

= A(z; p)v(x) — [H(x,z — 0;p) — H(z, x4 0;p)] (x)
/meyp”)@
(4.25)
where
A(z;p) = H(x,z — 0;p) — H(x,z + 0;p). (4.26)

In a similar way as above we derive the asymptotic relations

H( - Xb(y) 1 { sinhsz - coshs(w —1)+ 011 forzxz <y (4.27)

Z,Y; . .
y:p Coa(x) s3 | coshsw -sinhs(z — 1)+ 015 fory <a

— X2b X*b(y) 1 [sinhsz-sinhs(w—1)4+ O3 forz <y

H(z,y;p) = COG(I) sinh sw - sinh s(z — 1)+ 014 fory <z (4.28)

where the O-terms O11, O13 behave like O; and O15, O14 like Oo, respectively.
From (4.27) for the function A defined by (4.26) we obtain

A= é('oi(( )) ! [—Slnhs+0< S)] = 1%[— 1 —|—O(p*1)] uniformly in z
(4.29)

taking into account relations (4.5) - (4.6), (4.16) and s = Xp. Observing (4.5)
again, from (4.28) we get the estimate

c

H(z,y;p)| <
|H( )| PE

O<zy<1) (4.30)

with some constant C' > 0. Finally, using (4.29) and (4.30), representation
(4.25) yields us assertion (4.13) in (i) with the norm of v in C?[0,1] or,
equivalently, with the norm of v in C1[0, 1] due to condition v(0) = v(1) = 0.
Lemma 2 is completely proved I
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5. Estimation of the solution to the direct problem

In equations (3.13) the functions
By = B[M| = pUsa(ap) — () (M= (M, My))  (5.1)

occur where U; (j =1, ...,1) are the solutions of the direct problem. By (3.9)
the functions B; satisfy the integral equations

N
B;(x,p) = ﬁ ™ Mi(p)us(x) - B (x,p)
N k=1 1
- ZMk(p)/ Gay (@, y: p)pr(y) B;(y, p) dy (5.2)
k=1 0
N
+ > My(p)®si(w,p) — Ay, p)
k=1
where
Djp(z,p) = l;k(—%)w} (z) - /0 Gy (z,y;0)1x () (y) dy (5.3)
Aj(z,p) = pXj(2,p) + ¢)(2) (5.4)

with x; (j =1,...,1) given by (3.7).
The following spaces for complex-valued scalar and vector functions are
used as in [10]:

Ay o= {V : V(p) holomorphic on Rep > ¢ and ||V ||,,, < oo} (7,0 >0)

With norm ||V||’Ya0 - SupRep>a |p|’Y|V<p)| and
(A )Y ={V = Vi, Vi) Vip) € Ay (k=1,.,N)

with norm ||V, = Zi\;l 1Villy,o-

Let ¢ = (c1,...,cn) € RY and a be a real number satisfying
l<a<2 (5.5)
Further, we introduce the space for vector functions M = (M, ..., My )(p)

Mo ={M: M(p) = ,% +Z(p) with Z € (Aa0)} (0> 0)
and the space for scalar functions B = B(z,p)
By, = {B : B(z,p) € A, , for x € [0,1], B(-,p) € C[0,1] for Rep > U}

with norm |[|Bl|y,, = maX,e[o,1] SUPRe p>o [PI7|B(z,p)[. Then we have the
following lemma which is a sharpened version of [10: Lemma 2.
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Lemma 3. Besides (5.5) let the following assumptions be fulfilled:

B,p € C?0,1] and 3,p > 0 in [0,1] (5.6)
pr € C30,1] (k=1,..,N) and p; € C*0,1] (j=1,...,1)  (5.7)
(1e})'(0) = (ue}) (1) =0 (k=1,..,N;j=1,..1) (5.8)
A; € Bitao, (J=1,...,1) with some o9 > 0. (5.9)
Then for every o > ooy and M € M. o, such that
_ (1 | |, [[Z]la0
n(,0) = (5 + o)l (5 + 757 ) <1 (5.10)

where Cy is the constant in Lemma 1, = (i1, ..., un) and

N

=2 lexl, o= min B@) >0l = e lklleton

equation (5.2) for j = 1,...,1 has a unique solution B; = B;[M] in Bita,o-
This solution B; satisfies the estimate

Cs || 1 Z || .o
Billi1a.e < (1 : ) 5.11
1Bill+a.0 < 1—n(M,o) + o2-«a + o (5.11)

with some constant Cs > 0.

Moreover, for every o > oo, M = 127 +7Z € Moo withn(M,o) <1 and
M = o+ Z € Mq oo with n(ﬂ, o) < 1 the difference B;[M] — B; [M] fulfils
the estimate

1B, [M] — B;[M]||14a,0
C 11 Z) o
<— |+ = {1+ |20_|Q+H e, H (5.12)
1—n(M,o) Lo o*1—n(M,o) o o

x ||Z - Z|

with some constant Cg > 0.

Proof. Integral equation (5.2) for B; = B;[M] (j = 1,...,1) can be
written in the operator form

B;j =b; — AyB; (5.13)

in Bitq,s where

bj = bj(x,p) = 6(z,p) My(p)®;k(z,p) — Aj(z, p) (5.14)

-
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and the linear operator Ay : Bita,c — Bita,o is defined by

N 1
(AoB)(z,p) = d(z,p Z / Gay(@, y:p)pw(y)B(y,p)dy  (5.15)

with the factor )

() ' 5.16
(#.p) = - 5 onet Mi(p) () o

Since |p| > o, |p|* > 0 for Rep >0 > 09 > 0 and M € M., ., for § from
(5.16) we have the estimation

1
6(z,p)| < — T e S T
1= B(x) Zk:l k()| (W + T) 1- %Xo(oz,a)
(5.17)
for Rep > o where
Xo(a,0) = |U£|—|— | Ja—’ < 00 (o > 0p) (5.18)

so that by assumption (5.10) the factor d(x,p) in (5.14) and (5.15) is a con-
tinuous function holomorphic in p for Rep > o.

To show that b; € Bitq,0,, We estimate b; from (5.14). By (5.17) and
M e M o we have

|p|1+“|bj(w p)|

> (jexl + 20 '|a’“(1 WD o o)+ |p|1+a|Aj<w,p>'] |

<
=1_ Hqu (@, 0) [

Because of (5.5) the inequalities [p|*~! > ¢®~ 1 and |p|?=® > 02~ for Rep > o
hold. Therefore, we further have

| 1b; (2, p)]

_1 o [Z (|Ck|+ Ipljfffp)l>lp2¢:§_(z,p)l +|p|1+a|Aj(x7p)|]_

Applying inequality (4.12) from Lemma 2 to the functions ®;; defined by
(5.3), which is allowed by assumptions (5.6) - (5.8), we obtain

P* @i (2, )| < Csl (k)" ey (Rep > oq)
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and hence

¢ 1Z]la0y 1
B340 < — T {(|c\ + 58 ) s+ lliras | (5:19)
o Y

follows for ¢ > o0g, with some constant C' > 0. By the holomorphy of Z
and Aj, b; is a holomorphic function of p for Rep > o, too. Hence by (5.9)
bj € Bita,o for o > og follows.

For estimating the norm of the operator Ay given by (5.15) in the space
Bita,o for M € M. o, we apply (5.17) and (4.10). We obtain

N

1 Ip|“| Zk (p)|
P+ 1(40B) (. p)] < > (jenl+ )
1— I8l xo(a, 0) ; o1
1 ' Rep 1
X —— [ —|Gay(z, y;p)| (W) [p| T By, p dy]
Rep J, |p|| y( MW ue ()] o] ™| By, p)|
for Rep > o and
C 1 Zla,o
0Bl san < — 2l 10y 12 aay gy
5 a_l + )
1— MXo(oz,a) o o
Bo (O’ > 0.0)
_ Gof[pl| Xo(e, 0) 1B]l1s
1— %Xo(a,a) ’
(5.20)

by (5.18), where Cs is the constant in (4.10).

Further, AgB is a holomorphic function of p in Rep > o for B € Bitq.0-
Thus, Ao is a linear bounded operator in Bi4,,,, and by (5.20) its norm
satisfies the estimate

Col|pul| Xo(ev, o)

4ol = T
1- WXO<047U)

(5.21)

so that by (5.18) and assumption (5.10) we have ||Ap|| < 1. Hence equation
(5.13) has a unique solution B; = B;[M] in Biiq,, for any M € M, 4
satisfying (5.10). Moreover, observing (5.21) with (5.18) and (5.10), we obtain

[l sllios [p ol
T= Aol = T=n(,0) L o

||Bj||1+oz,a < (a,0)

and by (5.19) we have the first estimate (5.11).
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It remains to prove assertion (5.12). By equation (5.2),

(B[M] - B;[M]) (. p)

‘ -

3 Mi(p (B;j[M] — B;[M))(z,p)

=
&

[y

1 —
M (p) /0 G,y )1k (v) (B3 [M] — B;[M]) (3, p) dy

+

ERINGE

(M = o)) [050(2,2) + 22 B, 1)z )

— =

|
S~ T

Gy (2, y;0) i (y) B [M](y, p) dy}

Estimating this expression analogously as above, in view of inequalities (4.10)
of Lemma 1 and (4.12) of Lemma 2 we obtain

|B;[M] - B;[M]||,.,

— —~ —r1 1 5
< (M, 0)|| B, (M) = B;[M]|,,,, + C|> + = I1B;[M)llsas|1Z = Zlas

Hl—l—a,a

(o > 0p) with a constant C' > 0. Observing estimation (5.11) for || B;[M]||1+a.0l]

and the assumptions (M, o) < 1 and n(M,0) < 1, we get assertion (5.12).
Lemma 3 is proved B

6. Existence theorem

Our main result is the following existence and uniqueness theorem.

Theorem. Let assumptions (5.5) — (5.9) and regularity condition (3.18)
for the matriz T’ = ((ynk)) of the coefficients vy, in (3.13) with relation (3.17)
be fulfilled. Moreover, suppose that the vector function ¥ = (V¥q,...,¥x) of
the right-hand sides ¥, = V;; (n=1,...,N) of (3.13) defined by (3.14) with
n given by (3.17) and N = 22:1 N; has the representation

d
\1/ - E "‘ Y S Md}a,o-o (61)

where d = (dy,...,dy) €ERN and Y = (Y1, ..., YN) € (Aaoo)V.
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Then there exists a real number o1 > oo such that the system of equations

(3.13) has a unique solution M = (M, ..., My) of the form

M= ; +Z € Moo (6.2)

where ¢ = I'~'d with T=! being the inverse of the matriz T.

Proof. The system of equations (3.13) is equivalent to the operator equa-
tion
Z=AZ in(Aao)V (6.3)
with operator A =T71A4; : (An0)Y — (Aao)Y and operator A; : (An )Y —f
(Aao) defined by

(A1 Z)n( +§:( + Zi(p )‘P k(P)

k=1

N 1
Z( + Zk(p )/0 P*Gy(@n, y; p)ir(y) B; [g +Z] (y,p) dy

k=1
(6.4)
for n = 1,...,N. Here the function B; (j = 1,...,1) given by (5.1) is the
solution of equation (5.2) and

1
p(Ty)
forn,k=1,..,N, withz, =2;; (i=1,..,N;; j=1,...,1) and n related to ¢
and j by (3.17).

For the proof of existence of a unique solution to equation (6.3) we intro-
duce the balls

1
B,(p) = / PGy 0) (1 ()25 (0)) dy + — (@) () () (6.5)

Da,a(r) = {Z € (Aa,U)N : ||ZH04,U < T} (r>0)
for o > 0 and show that A is a contraction in such a ball. From (6.4) we have

PI*[(A12)n(p)| < |p|*[Yn (D)

+Z( | |p’a|Zk(p)‘>lpi>nk(p)|

p|>~ p|
Z
+Z< !pl !|ak(1 )!)

@ C
x / Go s ) s )] 111 BS £+ Z) )]
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Now due to assumptions (5.6) - (5.8), from assertion (4.13) of Lemma 2 for
the functions ®,,;(p) defined by (6.5) the estimate

p®ur(p)| < Call(r) oty (kn=1,...,N) (6.6)

for Rep > 0 and a constant C4 > 0 holds. By (6.6) and (4.9) of Lemma 1 we
further have

« |Cl€| ||ZkHacr
@HMM)UVWYMW+C§:( + M) o,

k=1
N
N Zkllae
e[+ 2w, 3 (e )
(n=1,...,N) for Rep > o and 0 > 0. Moreover, in view of A = I'"1A;

and estimate (5.11) we obtain

_ C
14Zll00 < 07 (I Nl + Cr )

+C{Q-”ifﬂl_mg+zwﬁ+aif+wyﬂn

for o > oo and Z satisfying (3 + Z,0) = n(M,o) < 1 where n(M,0) is
defined by (5.10), C' > 0 is some constant,

-1 _ -1 _ I\
T = | nax (T )nkls Cr = Cy 12}2(1\7; | (e 2y)” lonpo,ng

and j is related to n by (3.17) again.
Let now Z € Dy (7). Then from (6.7) we have

- g
142llaq < 071 (1Y oo + Cr 577 )

+C{(§+;_a>1—ni(T,U) [1"'_021—@ +£]}

if 0 > 0g and no(r,o) := (% + CQ)HHH(% + %) < 1. From estimation (6.8)
in view of the assumption 1 < o < 2 we see that, for every r > ry where

(6.8)

_ { |F_1| 1Y ]|, 00 for 1 <o <2
IT=Y(|Y la.oy + Crle|)  for = 2b
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there exists oo = oo(r) such that ng(r,o) < 1 and
|AZ||a,e <7 (o0 > oa(r),r > 10). (6.9)
Further, by Lemma 3 we have B; = B; [g + Z] € Bita,0,(r) Which implies that
the functions B; = B;(y, p) are holomorphic with respect to p on Rep > o5(r)
for y € [0, 1]. This together with the holomorphy of Z € D,, ,(r) and the other
terms in (6.4) shows the holomorphy of AZ(p) = I'"1A;Z(p) on Rep > oo(r).

Hence by (6.9)

A: Dy o(r) — Dy o(r) (0 > o9(r),r > 19) (6.10)

follows.

Next we estimate the difference of AZ! and AZ? for Z',Z% € (An )V .
From (6.4) we have

(A1 Z' — A1 Z%)n(p)

XAuﬁ%@%ymMAwBﬂg+qumﬁ@
Y (5 +27iw)

k=1
Azﬂ%@mMMM@KB{§+Zq—BJ§+Zﬂﬂ%m¢L

Now let be Z',Z% € D, (r). Then on account of inequalities (4.9), (4.13)
and (5.11) - (5.12), analogously as above we obtain

|AZ' — AZ?|| a0
—[1 1 1 1 T
STl (14 5+ 1]
- {a+aa1—n0(r,0) +a2_a+a
1 1 (6.11)
SRR
o o0%)1—mny(r,o)

1 1 1 1 T
oY ENE N S U ) VPP
o o*1—mny(r,o) o2~ g
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(0 > 0p) with some constant C > 0. From this estimation, in view of
1 < a < 2, again we see that there exists o3 = o3(r) such that the op-
erator A is a contraction for ¢ > o3(r). This together with (6.10) im-
plies that equation (6.3) has a unique solution in every ball D, ,(r) when
o > o4(r) = max{oa(r),o3(r)} and r > ro. Therefore, the existence assertion
of the theorem is proved for o1 = o4(r1) with some r; > 7.

Since any two solutions Z*!, Z? of equation (6.3) from (Aq.», )Y are lying in

some common ball Dy, , () with o > 4(r) where r > max{||Z{|a.01, | 2%/l 001> 71 }}
the uniqueness of the solution Z in the space (A o, )" follows from the proven
uniqueness in these balls B

Corollary. Under the assumptions of Theorem the inverse problem (2.3)—|}
(2.7) has the unique solution m of form (2.6) where

1 E+ioco
my(t) = ek + — e'? Zi(p) dp (&> 01) (6.12)

27'('2 £—ioco
for k =1,..,N with c = (cx)_, € RN and Z = (Z;)}_, € (Auo,)™. The
functions my, are continuous for t > 0 and my(0) = ck.

Proof. Since a > 1 by assumption, this follows from a known inversion
formula for the Laplace transformation (cf. [3: Theorem 21.3]) i

Remark. The inverse problem with additional conditions

/1)\Z]<$)UJ(.’L',t)dt:hﬂ<t) (221,,Nj,j:1,,l) (613)

with prescribed non-negative summable functions );; instead of (2.7) can be
handled in an analogous way as above. If the functions A;; have their sup-
ports in a neighbourhood of the points z;; and fol Aij(x) dz = 1, conditions
(6.13) above correspond to the measurement of certain mean values of the
displacements u; around x;;.
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