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Representation Formulas for the
General Derivatives of the Fundamental Solution to
the Cauchy-Riemann Operator in Clifford Analysis
and Applications

D. Constales and R. S. Krauf3har

Abstract. In this paper, we discuss several essentially different formulas for the general deriva-
tives gn(2) of the fundamental solution of the Cauchy-Riemann operator in Clifford Analysis,
upon which — among other important applications — the theory of monogenic Eisenstein series
is based. Using Fourier and plane wave decomposition methods, we obtain a compact inte-
gral representation formula over a half-space, which also lends itself to establish upper bounds
on the values ||gn(2)||. A second formula that we discuss is a recurrence formula involving
permutational products of hypercomplex variables by which these estimates can be obtained
immediately. We further prove several formulas for gn(z) in terms of explicit, non-recurrent
finite sums, leading themselves to further representations in terms of permutational products
but using different and fewer hypercomplex variables than used in the recurrence relations.
Summing up a fixed gn over a given discrete lattice leads to a variant of the Riemann zeta
function. We apply one of the closed representation formulas for gn(z) to express this variant
of the Riemann zeta function as a finite sum of real-valued Dirichlet series.

Keywords: Cauchy-Riemann operator, fundamental solution, permutational products, hyper-

complex variables, Dirichlet series
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1. Introduction

One possibility to generalize complex function theory to hypercomplex analysis is the
Cauchy-Riemann approach considering real differentiable functions in the kernel of the
generalized Cauchy-Riemann operator
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in A;,1 = R @ R*. Because of the non-commutativity in Clifford algebras one has to
distinguish between functions satisfying D, f = 0 called left monogenic and functions
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satisfying fD, = 0 called right monogenic. However, one can treat these two function
classes in a very similar way.

It is essential to mention that the usual powers of the hypercomplex number z =
zo + 2521 zqeq are neither left nor right monogenic. In Clifford analysis the positive

powers are substituted by the so-called Fueter polynomials (first mentioned by R. Fueter
in [4])

1
v _ ot Zntnn)
1y (2) CTE S > (n1)Zm(nz2) ()
meperm(ny,...,ng)
where perm(nq,...,ny) denotes the set of permutations of the sequence (nq,...,ng),
Zy=zq—20eq for g =1,...,k and V; _ o(z) = 1. The negative powers are substituted
(cf. [2, 4]) by
z
QO,...,O(Z) = HZH—EH
an1—|—...—|—nk

dnq,...,nk (Z) = WQO(Z’) (n1 + ...+ ng 2 1)
1 DY k

In analogy to the planar case, one can represent a real differentiable function f that
is left monogenic in an annular domain centred around a point z* € Ay, 1 by a unique

Laurent series built with the functions V,,, ., and gn, .. n,, i.e.

f(z) = Z Z an,...,nk (Z - Z*)anl,...,nk

n=0n=ni+...+ng

00
+ Z Z dn,,...,ny (Z - Z*)bnl,...,nk

n=0n=ni4+...4+ng

where ay, ... n, and by, . n, are Clifford numbers.

k

The functions gy, ... n, are the building stones for the monogenic generalization of
the classical Eisenstein series in Clifford analysis considered in [8 - 11]. These mono-
genic Eisenstein series provide e.g. monogenic generalizations of the tangent, cotangent,
secant, cosecant and the elliptic functions and also variants of the Riemann zeta func-
tion in Clifford analysis. For the analysis of this function class the structure of the
functions gy, is important. In [1, 3] it has been shown that the functions gy, .. n, can
be expressed in terms of spherical harmonic functions, more precisely, in terms of La-
grange and Gegenbauer polynomials. However, the formulas given there do not provide
a closed and explicit representation of the functions ¢, in terms of a finite explicit sum
of explicitly determined functions.

In Section 2 we introduce the most important notions.

In Subsection 3.1, we use Fourier transform and plane wave decomposition methods
to derive a compact integral representation formula for the derivatives of ¢o .. o(z) in a
half-space, and apply it to provide a useful upper bound on their values. Two important
questions remained open for quite a long time: It is due to H. Malonek [13] that the
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Fueter polynomials can be written explicitly in terms of permutational products of
hypercomplex variables. More precisely,

Vir,...n (2) = mz?l X e X 2t (1)
One first natural question is therefore to ask whether or not there is also an analogue of
this kind of representation for the generalized negative power functions g, . n,(2). In
[10] a positive answer has been given to this question. An explicit recurrence formula for
the functions ¢, in terms of finite permutational products of 2k hypercomplex variables
has been established there.

We recall the basic results in Subsection 3.2 and discuss some basic applications and
consequences. The recurrence relations can be applied to derive directly the estimates
of the ¢y, ... n,-functions playing a crucial role in the analysis of convergence of the
generalized monogenic Eisenstein series discussed in [8 - 11]. Furthermore, we observe
by this recurrence formula that every meromorphic function can be written in terms of
permutational products of a finite number of special hypercomplex variables.

A second question is to ask for explicit closed finite representation formulas for
the ¢n functions. In Subsection 3.3 we derive an explicit and non-recurrent closed
formula for g, ... n, (2). In Subsection 3.4 we apply this formula in combination with the
inversion formula from [3] to obtain closed and non-recurrent representations in terms of
permutational products, but involving different and fewer hypercomplex variables than
used in the recurrence relations discussed in Subsection 3.2.

In Section 4 we apply the closed representation formula of Subsection 3.3 to number
theoretical problems.

Summing up the functions gy, .. ., over a positive half-lattice in Axy; leads to a
generalization of the classical Riemann zeta function. This variant of the Riemann zeta
function has been introduced and discussed in [8, 10]. The new closed formula for the
In,,....n, allows us to deduce a closed representation for these functions in terms of a
finite sum of real-valued Dirichlet series standing in close relationship with Epstein zeta
functions.

2. Preliminaries

We introduce the most important notions. For detailed information about Clifford
algebras and their function theory we refer, for example, to [1, 3, 5].

By {e1,es2,...,e,} we denote the canonical basis of the Euclidean vector space R¥.
The attached real Clifford algebra Clyy, is the free algebra generated by R¥ modulo the
relation

2’ = —|z[*eo

where z € R* and e is the neutral element with respect to multiplication of the Clifford
algebra Clpg. In the Clifford algebra Cly; the multiplication rules

€i€j +€j€i = _25ij60 (Z,j = 1,,]{3)

hold where 6;; is the Kronecker symbol. A basis for the Clifford algebra Clyy, is given by
the set {eA : AC {1,...,k}} with eq = e e, ---e,., where 1 <y <...<l, <k,ep =
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ep = 1. Every a € Cly;, can be written in the form a = ) , ases with ay € R. Two
examples of real Clifford algebras are the complex number field C and the Hamiltonian
skew field H.

The conjugation anti-automorphism in the Clifford algebra Clg; is defined by a@ =
Y A04€a, where €4 =€ €, ,---€, andej = —e; for j=1,...,k, €g = ey = 1.
By
Api1 :=spang{l,e,...,ex} = R®R* C Cly

we denote the space of hypercomplex numbers
2 =29+ 2161 + 22€2 + ...+ Zr€E

often called paravectors. In this paper we denote pure vectors by a boldface letter, and
scalars, paravectors or Clifford numbers by a normal letter. In this notation the hyper-
complex number z is represented in the form z = zp+2z with Sc(z) = z¢ and Vec(z) = z.
A scalar product between two Clifford numbers a,b € Clyy, is defined by (a, b) = Sc(ab)
and the Clifford norm of an arbitrary a = 3" yasea is ||la]| = (3 4 |aal?)Y/2.

Any element z € Ay y1\{0} has an inverse element in Ay given by 27!

_ =z
[T

Further, we recall that the permutational product of arbitrary Clifford numbers
ai, ..., an is defined by

1
alxazx...xan:ﬁ E iy~ Qi = -0 Gy,

) perm(%1,...,4n)
For details we refer to [12]. One further uses the abbreviation

al><...><oz1><...><ozn><...><an:[0L1]’“l x[az]’”x...x[an]k”.
—— —

N—— —/

k1 times kn times

In order to distinguish powers in terms of the permutational product from powers in
the usual sense, one sets round brackets when meaning ordinary powers. One has to
write, for example, [a1]? X as = a1 X a1 X ag, but (a1)? x az = (ay - a1) X as.

In order to present many calculations in a more suggestive way, the following no-
tations will be used, where n = (ny,...,n;) € N§ and j = (j1,...,75x) € NE are
k-dimensional multi-indices:

z" =2z, nl=ngl.ong!, nl=n4 .0 40
n n1 ng . . ) .
=10 ) G<m j<n & j1 <ng,...,J6 < ng).
J J1 Jk
By 7(j) we denote the multi-index n = (nq,...,n) for which n; = §;;, d;; being the

Kronecker symbol. We also write (a), for the product a(a +1)...(a+p—1).

If z is any paravector, we follow e.g. [6] in writing

||

too z
¢ = ; T (COS(HZH) + —SIH(HZII)) - (2)
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3. Formulas for the functions q,,
In this section we discuss several representation formulas for the functions ¢n(2).

3.1 Fourier and plane wave representations. For our purposes we need the fol-
lowing

Lemma 1. The Fourier transform of qo(2z) with respect to the k coordinates z1, . . . , z|}
equals
) A )
/ do(z0 + 2)e= "BV dzy -+ dzgy = SEFL =Vl (1 N ﬁ) 3)
2€RF 2 Il
for zo > 0.

Proof (see also [8, 12, 14]). Rename the integration variable w and rewrite the
integral as

qo(w) e—i(w,v)—i—ivwo dwy - - - dwy, e—ivz().

wE]Rk h\/_/
wQ=zQ monogenic in w
Then split
. 1/ . iy , iy
eszo — §<(esz0 te szo) + (eszo —e szo))
1
= = (GIIVHwo + e—HVHum) + _( Ivilwo _ e—IIVHwo)>
2 Ingl
_ L iviwo (1 L ) 16—”V||w0 (1 _ l)
2 vl vl
so that

p—itwov)tivwo _ L —iwav) Hiviwo (1 N _> le—i<w,v>—\|v||wo (1 _ i) .
2 [v]] [ vl

Each of these two terms is monogenic in w. For the first term, we consider the integral

1 —i(w,v vi|w
/WGRk dolw) Lo IV (HW> dw; - - duwy

wo=z2Q

as a boundary integral for the domain wy < zg; since zy > 0, the pole w = 0 occurs
inside the domain, and in view of the residue of go(w) at w = 0 being 1, we obtain by

the residue theorem for this 1ntegra1 =g (1 + HVII)

For the second term, we consider the integral

1 .
do(w) === IVl (1 _ ﬁ) dw; - dwy
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as a boundary integral for the domain wgy > 2y. Since zy > 0, the pole w = 0 does
not occur inside the domain. In view of the residue theorem, we obtain zero for this
integral. The totality of the Fourier transform is then given by

Ag1 ( A% ) (1 _ v 1 A%
_ 1+ Zelvllzo (1 T ) 4 Zellvilzo [ 2T
2 vl /) \2 vl = 2 vl

= Ak+1 (1 _|_ /LV ) 6_Hvl|ZO‘
2 vl

and the lemma is proved i

Lemma 2. For qg, the integral representation

Akt / i(z.v)—[[v]lzo L ( iv
qo(z) = e\HVvI—ivilzo _ 1 4 dvy - - - duy, (4)
(2m)* Sy ern 2 v

holds for zy > 0.

Proof. This follows at once from (3) by applying the inverse Fourier transform over

RF B
Lemma 3. For qq, the real plane wave integral representation
A1 / ENICRINNMIE
z) = ———— e IV °dvy - - - dv 5
) = 3o focws v ®)

holds for zo > 0 where the exponential of a paravector is the one defined by (2).

Proof. Since i does not occur on the left-hand side of (4), the formula must also
hold with ¢ replaced by —i. Adding this to the original (4) yields an integrand of the
form

L2 V) itev-iviize o L (1 Z WV mitav)—Iiviizo — o= *f ~Ivilzo.
2 v 2 v

and the statement is proved i

Theorem 1. Let w9, ... w® be unit paravectors of R¥*1, and let n be a multi-
index. Then for zg > 0 we have

<w(0),Dz>”° .. <w(k),Dz>”kq0(z)

— Ak+1 / <V<W(0)7V> . ”V”w(o))nO e (V<W(k)7v> . Hvl|w(k)>nk
2(2m)% Sy emrn v 0 Ingl ’

_ v(z,v)

x e VI 7HVHZ°dvl---dvk.

In particular, choosing ng =0 and w; = e;j, we obtain for gn(z) the formula
5 / ( ; )'“' e M
in(2) = — vie "IV °dvy -+ - dug
"’ 2(2m)"% Jyere \ V]|

Proof. This follows directly by applying the derivations (w'), D,) repeatedly in
(5)

for zo > 0.
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Lemma 4. Let w©, ..., w® be unit paravectors of RFt1, and let n be a multi-
index. Then
k(k+1)---(k+|n|—1)
(0) no ... (k) n
(@Dl D (), < MR
Proof. Because qo(—2) = —qo(z) we can consider without loss of generality the

domain zy > 0. Specializing the result of Theorem 1 to the case where z = 2y so that
z=0,

(w®, D) ... <w(k),Dz>"’“QO(Z)} -

Z=Z0
= Ak‘H / <V<W(O)7V> Hva(O)) .. <V<W(k),v> N ”V”w(k))nk
2(2m)* Jyern [v]] v 0
X G_HVHZOdUl dvk
For 7 =0,...,k,
viwd,v) () wl) 2 (Y2
[ = Mo | = 092 + i)
< meu VI + (v (w”)?
= |vII?
so that
A — ||V |2
||<w(0),Dz>n°---<w(k),Dz>”’“q0(z)H _ < k41 / [v|[I"leIVIzody, - . . duy,.
z==0 2(2 ) wERFk

Now consider (5) in the case where z = z:

1 Akt ~lIvlizo
_ _ vilizo gy, ... d 0
25 () 2(2m)* /ve]Rk ‘ . " (20> 0)

and apply the |n|-th derivative with respect to zg to get

k(k+1)---(k+|n|—1) Apiq B
|| — + _1\Inl [n| ,—lIv]l= .
(=1) k+|n| - 2(2m)k /veRk( D™Mv|™e Odvy - - - dvy,

for zy > 0 from which the stated estimate follows lI

Theorem 2. For all (ng,ny,...,ng) € NF+tL

k(k+1)---(k+|n|—1)
B || 2]kl

no+ni+...+ng
H 0

ng 9,N1 nk qo(z)
02,°02" -+ 0z,

Proof. The previous lemma proves this fact for all z in the positive ey direction
by taking w(® = e, ..., w* = ej. For any other direction defined by a unit vector 2,
consider a rotation that maps 2 to ey and take for w) the image of ej to prove the
estimate in that direction H
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3.2 A recurrence formula in terms of permutational products and applica-
tions. In [10] the following recurrence formula has been proved providing a represen-
tation formula of the ¢, functions in terms of permutational products. We quote:

Theorem 3. Let a € {1,...,k} and n € Nk. Then

tniro(2) = 3 (“) 31! g 3(2)

0<j<n \J
. {k:;'l{zlekpk xx [E et - (27 en) (6)
. 1 . .

For the detailed proof we refer to [10].

Consequences and Applications.

1. By Theorem 3 and (1) we further observe that every function being monogenic in
an annular domain can be written in terms of permutational products of a finite number
of the special hypercomplex variables Z, = z, — zo0eq, (; = E_leq and n, = ez~ '. This
is the analogue to the fact that every meromorphic function in the complex plane can
be represented in terms of products of z and z~1.

2. For multi-indices n € N¥ formula (6) can be used (cf. [10]) to deduce immediately
the estimate of Theorem 2 by applying only elementary calculations:

Theorem 4. For all multi-indices n € NE the estimate

ol k(k+1)---(k+|n|]—1)
o) < S "

holds for all z € Aj41.

Proof. At first one considers the special case where n = (n,0,...,0). By a direct
calculation one verifies that (7) is true for n = 0 and n = 1. Now, we assume n > 1 and
apply Theorem 3 for the special case n = (n,0,...,0) which leads to

anJrl
H WQO(Z)
1

2

k “(k=1)+n—j
< Ty
= JaFrna " Z( n—j )

=0

~ (™) k=1 __1 k41,
= Z(j>9’q<n—j>T(1>(Z)[ E ey T+ ()T (e 1)3“]
=0

With the estimates
[(erz™h) - ez - x [egz™ 1J8) || < fleaz™ U
[Z7 el x - x e - (7 ter) || < 7 e U
and the formula 3 5 (") -+ (") = (1) together with Theorem 3 we infer fur-

J1 Jk J
ther with a simple induction argument that [|gn(2)| < ||gjn|,0,...,0(2)]| for all n € N§ W
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Remarks. Formula (7) provides actually a more precise estimate than that given
in [1]. The estimate in (7) is furthermore stronger than the estimate proved in [5] by
R. Fueter for the quaternionic case, i.e.

lan(2)| < (In[ +2)t |z~ (8)

proved in [5] by R. Fueter for the quaternionic case. R. Fueter’s method for his proof is
based on the formula

n|
Q) = O [A{(CY] (2 e HLC € H\{0)) )

where A, denotes the Laplace operator with respect to the variable z.

Estimate (7) plays a crucial role in the analysis of convergence of the monogenic
Eisenstein series. For details see [8 - 11].
3.3 Closed formula as a finite sum. Now we want to deduce a closed formula for
the functions ¢,. To this end we prove

Lemma 5. Let f be a C*™ function of a single real variable x. Then

(A= 5 B e

_ | p!
0<omen (n —2p)!p!

Proof. It is immediate to verify that

() f@ =20 (355 ) 1@

(%)2 fla)=2 (ﬁ) f(w) +42” ( d(i2)>2 f(@)

<%> flz) = iocn,r(x) (%) f(x) (11)

r=0

and, in general,

where only a finite number of terms are non-zero, and the ¢, , are functions of x that
must still be determined. Applying equation (11) to f(z) = e, we obtain

() o = (i) . »

From this equation, the ¢, , could be obtained in terms of Hermite polynomial coeffi-
cients. We complete the proof directly, though. We multiply both sides of equation (12)
by Y and sum over n > 0; on the left-hand side this is a Taylor expansion of ea(z+0)

n!
+oo
2 Tpr 2
ea($+b) — <Z Cn,r(l')a ' )eax ) (13)
n:

at b =0, so we get
n,r=0
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Dividing both sides by e’ gives

b b +o0 a"b"
ea (2z+D) = Z Cnm (CL’) ] (14)
n,r=0 s
and, introducing the series form of the exponential on the left-hand side,
=X a1 2x+b = arb"
DA AU SEPELS 19
q=0 ! n,r=0 )

Expanding (2x + b)9 herein using the binomial formula yields

adbPT4(2g)1—P = a”b"
Z (2) = Z Cnr () o (16)

—p)!p!

n,r=0

Identifying terms with the same powers of a and b on both sides, we find p+ ¢ = n and
q=r,ie. ¢q—p=mn—2p, so that

+oo n—2
2 Ppl
E Cnr(x)a” = E —( 7) i a P

— I pl
r=0 0<2p<n (n 2p).p.

from which equation (10) follows at once through equation (11) B

Theorem 5. Let f(||z]|) be a C* radial function. Then

n—2pp in|—p|
ot = ¥ e () SR

0<2p<n

Proof. Applying Lemma 5 to each of the coordinates z1, ...,z for the ny,...,ng
-th derivative, respectively, we find

__ (2Z)n72p1ﬂ o n1—p1". _J?__ Nk —Pk .
(s = Y 2 () (535)  f0:D:

0<2p<n

Since f(||z]) is radial, f(||z|]) = g(||z]|*) = g(2& + ... + 22), so that all derivatives with

respect to a zZ coincide with the derivative with respect to ||z[|?, and therefore

()" (%)) Flel = (m)nl_'p' F(el)

from which the theorem follows
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Example. When applied to a radial function,

L9\

9
+512(102725 + 321 23 +Z§Z§)ZQZ3< (|21 )>
P 8
+ 256152725 + 302723 + 102525 + 323)2223(8(”2’“2))
+1920(327 + 25 + 223) 202 (LY
IR T FI

2880 a 6

+ 2223(—) :
a([[=11%)

Theorem 6. For k > 1, we have

an(2) o )
X n—2
= —Lﬁz @ M(_l)ln\—\pl k-1 1 (17)
k—1 0<2p<n (n - 2p)' p' 2 In|—|p| Hsz—l-‘r2|n‘—2|p|
n—2
_ 1 > (2z)" “Pn! (_1)|n‘7|p| k—1 1 18)
Bl pcapen (M~ 2P) P! 2 o lzl[Fm A2l
k—1+2n| —2p| P n, -2,
q
z q:1 Zq
Proof. Since
z 1 — 1
= e DZ ,
QO(Z) |Z’k+1 kL—1 Hszil

the first equality follows from application of Theorem 5 to T k = (]lz H ) " 1In the second

equality, the first term originates in the application of D, to the factor m, the

second in its application to the factor (2z)™ 2P i

3.4 A further closed representation formula involving permutational prod-
ucts. According to Theorem 3 the functions g, (z) can be written in terms of permu-
tational products involving the variables (, = E‘leq and 1, = ez~ multiplied with
go from the left side. The question that arises is whether it is possible to reduce the
number of hypercomplex variables used in the permutational products. In this section
we derive a further, essentially different formula for ¢, (z) involving also permutational
products but using fewer hypercomplex variables.

The starting point is the inversion formula of [3] by which we know that there must
be uniquely defined Clifford numbers a, m such that

w02z = Y. Vm(2)anm. (19)
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The functions V4, can be written themselves in terms of permutational products of the
variables Z, = z, — zpeq as Vim(2) = 2] 1><r-r~1~!>< 2™ op %‘1 for short. Then one can
write

_ (1)l _(2) 1 om
0<m,|m|=|n|

where Z™ = [Z1]™ x -+ x [Z]™ with Z, = z, + z0eq for ¢ = 1,... k. With the
closed representation formula one can now determine explicitly the coefficients an m,
which leads to an explicit closed formula for ¢g,(z) in terms of permutational products

with the variables Z, multiplied with IIZTI(QTB“ from the left. In the sequel we set:

k—1(n—2p)!p! 2
“(k=1+2(n| —2p])

1 2mll=2plpl 7k —1
by(k,m, p) = (~1)/"I- 1P ( ) (22)
? k—1(n—2p)!p! 2 ) nl—p|

“(ng—2pg) (¢=1,...,k).

[n|~[p|

Theorem 7. For all multi-indices n € NE and z € Ax11\{0} the representation
formula

z nh—2p+2r r|!
n(z) = ||qz0||(2|r)1|{ Z (a(k:,n,p) Z A |r_1>

0<2p<n |r|=|p|

=n—2p+2r+7(j)—7(q) r|!
—l—Z( (k,n,p) ZZ P ! q%q@)}

J,q=1 [r|=|p|

(23)

holds.

Proof. With abbreviations (21) and (22) we can write the closed representation
formula as

—2p 70 —2p—7(q)

z"
In(2) = Z a(k,n,p)HZHk 14+2|n|—2|p| Z+Zb (k,n, p) [E ||k—1+2|n|—2\p| €

0<2p<n

For a vector z € RF\ {0} we get

to()an(z™") = <—1>“'( S a(kon,p)an 2P|
) <2p<n

+ Y by(k,n,p)z - 2"~ ||Z||2|p|eq)

q=1
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which, after having applied the multinomial formula on the ||z|?/P!, leads to

qo<z>qn<z1>=<—1>'“'{ S alkn,p) 3 el

r!
0<2p<n Ir|=|p|

Z (kn.p) Z Z n—2p+20-47(j) r<q>ﬂ€ . }

Note that the function qo(z)gn(z 1) is a polynomial in R¥| so it has a unique left mono-
genic Cauchy-Kowalewski extension to Ag.1. Since the Cauchy-Kowalewski extension
of z™ is precisely n! V,(z), we get for all z € Agq

10(2)an(z"1) = (-1 athnp)  Vaoapian()(m— 2p + 201

0<2p<n Ir|=|p|

X X X

+  by(k,n,p) Va—2pt2rtr(G)—r(q) (2)
=1 =1 [r|=p|

- n—2p+2r+7(5) —7(q) " ejeq

Multiplying this relation from the left by go(z)~! and then replacing z by 2! leads to
the stated result i

Theorem 8. The coefficients anm of (19), where |n| = |m|, are given explicitly in
the entangled permutational product form

jml
E—1\ [k+1
=0 Y s (), (5)
|m|—=7 2 /3N 2 Jimi—y

Y (%1(1)%2(1) S €01(j)€0s () (€02 (41) €01 (41) " €0 (Inl) €or (jm]))

01,02
where o1 ranges over all mappings from {1,...,|ml|} to Ny that reach my times the
value 1, ..., my times the value k, and oo is similar but for n instead of m.
Proof. In (19) only the constants an m with [n| = |m| occur, so we define ay m = 0

when |n| # |m| and rewrite (19) as

Go(2)qn(z7") = Z Vin(2)an,m-

0<m

Substituting z = u, i.e. a pure vector, non-zero and of sufficiently small norm, leads in
view of Viu(u) = u™ to

) -
QO(U)Qn(u 1) - Z Hu Gn m-

0<m
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Let v also be a pure vector of sufficiently small norm; multiply the last result by "Tr,)
and sum over all n: in view of the Taylor expansion formula, we get

do(w)go(u™" +v) = go(u) ) qn(u‘1>vgr; -y WV

0<n 0<m,n

n!

The left-hand side simplifies to mj&i’%, SO

phal+inl /1 4 uy
nom = (8um8vn <I|1 + uvH‘f“))u:v:o'

To compute this derivative, we note that uv and vu commute. So (for u, v near 0)

1+uv
|1+ uv|F+1

_kt1

=(1+uv) T (1+vu) =

Sk (), 09, S

Jj=0

Considering the p = |m| term then leads to the stated result i

Theorem 9. For gn(2), the alternative representation formula

1 — 1
Qn(2> = _k — 1Dz < ”Z||k71+2|n|

Z 2Inl=2lp[(_1)mI=[PIn] |p|! (k: — 1)

0<2p<n
0<r,|r|=|p|

. (n + 2p — 21‘)' SC(Vn+2p2I‘(Z))>

holds.

Proof. Define h,(z) = —gl:i |z||~ =1, We proved (17) by applying Theorem 5 to
1 . .
ToTE=T lding the result
TzlF—1° yie g

(2z)"~2Pn! nl—jp| (k=1 1
()= D ol U |(T>n||p| 2[R+ 2iml =2l

0<2p<n

hn(z™1)
[Iz[|k—1

harmonic. Similarly, it follows from (%HZH%)Z:Z = 0 that (a%()hn(z))zzz = 0. In the

The function hy(2) is a derivative of the harmonic function HZII%’ hence is also

pure vector case, z = z, we have

hn(z 1) _ (22)" %P0l g (K1 Sl12IP!
A (1) ( . )|n|_|p Iz

0<amen (n—2p)!p!
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or, using the multinomial formula to expand ||z ?P!,

) 2D Pl (1) iz
- VA .
lzl|*= A, (n—2p)!p!r! 2 Jinl-lp

O<r,|r|=|p|

zn+2p—2r

nE2p—20)1 when 2y = 0, and has zero

Since Sc(Va42p—2r(2)) is harmonic, coincides with
derivative with respect to zgy there,

I _ g~ 2R Pt
| 2][F—1 - 2 In|—|p|

0Son (n—2p)!plr!

o<r,|r|=|p|
-(n+2p — 2r)! Sc(Vhtop—2r(2))-
Because hn(2) is homogeneous of degree —(k—14|n|) in z, the left-hand side simplifies to

ha(2)]|2)|*~1*2I0l. Dividing both sides by ||z||*~1*2I?| and relying on ¢, (z) = —Ezhk“T(’i)
then proves the stated result il

Remark. The expression in Theorem 9 is still related closely to permutational
products since

=

m!Se(Vin(2)) = 2 (Vin(2) + V() = %(zm + 7™,

Note that in this formula we use as many variables as in the recurrence relation described
in Section 3.2.

4. Apglications to a variant of the Riemann zeta function
in Clifford Analysis

In the sequel we assume p to be an integer satisfying 1 < p < k+ 1. Let wq,...,wp
denote R-linear independent paravectors in Ay 1. The Z-module

Qp =Zwi + ...+ Zw,

is then a p-dimensional lattice in Ay4q. Like in [8 - 10], we split this lattice into a
positive and a negative part. The positive part of €, is said to be the set

Q;’:Nwl—i—ng—chug—i—...—i—pr
UNw2+Zw3—|—...—|—pr

U Nwy,.
The negative part of the lattice {2, is defined by
Q= (B\{O)\Q;.

We observe that z € QF if and only if —z € @ and that QF UQ U {0} = Q,. In
particular, for £ = 1 and wy = 1 one has

Qf =N, Q7 =-N, O =NU-NU{0}=2.

With this notation we introduce
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Definition 1 (Generalized Riemann zeta function of Clifford analysis in Agy1; cf.
[10]). Let p € Nwith 1 < p < k+1. Let further 1 € N§ be a multi-index and suppose for
p =k that [I| > 1 and for p = k4 1 that [I] > 2. Q} denotes the positive semi-lattice.
Then the generalized Riemann zeta function of Clifford analysis in Ag1 is defined by

QP
G (1) = Z Q1 (w). (24)
wEQ;
The series converge absolutely under the given conditions. Note that in the case
I1| = 1(2) we obtain
QP
2,/ =Y @)
we,\{0}

As in [10] it has been shown, there are actually indices n for which the associated series
does not vanish. To see this it is crucial to observe that these series appear as Laurent
coefficient of the generalized p-fold periodic monogenic cotangent in the case p < k or
of the generalized monogenic Weierstrafl’ p-function which is (k + 1)-fold periodic. For
detailed information about these multiperiodic monogenic functions we refer to [8, 9,
11]. In [10] it has already been shown that this variant of the Riemann zeta function
is closely related to the Epstein zeta function. For convenience we recall (cf. [7, 15])
that the Epstein zeta function associated with a given p x p positive definite symmetric
matrix S is precisely

(s(s)= > (g"5g)™"  (s€C,R(s)>12). (25)

g€Zr\{0}

The Epstein zeta function is nothing else than a special case of the classical multiple
complex valued Dirichlet series associated with a real valued polynomial P(g) which is

5(P(-),8,8):= >  Plg)g )" (26)
gezr\{o0}
This series is convergent if R(s) — deg(P) > £.

We also consider the positive part of the Dirichlet series, which is defined by

D(P(-),5,s)= > P(g)(g"Sg)"* (27)

gEZP+

and provides a canonical generalization of the classical Dirichlet series

D(P(-),s) =Y _ P(n)n*

neN
when setting p = 1 and S = (1). We observe that 6(P(-),S,s) =2D(P(-),S5,s) if P is
an even function and 6(P(-),S,s) =0 if P is odd.
As in [10] has been shown,

In|—1

Iy @)l < T (k+ 1) Gwrw (3(k + nl))

pu=0
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where W is the matrix built with the columns of the coordinates of the generators of
the lattice, i.e. W = (w1,...,wp). For the case n = 7(¢) it has further been shown, by
applying Theorem 3, that

Q. k-1 E+1 we;w
Gr (@) = ——eiGwrw G+ 1)+ ——= > =
weN\{0}

Now we proceed to apply the closed representation formula for the functions ¢y
deduced in Section 3.3 in order to derive an explicit and closed representation of the
generalized Riemann zeta function of Clifford analysis in terms of a finite sum of the
classical Dirichlet series associated with Epstein zeta functions. To this end we observe
that one can write

k k
wh P ng — 2pq wh—2p—7(q)
||W||k_1+2|n|_2|p| ’ z:l wq eq - z:l(nq - 2pq) HwHk._1+2|n|_2|p| eq (28)
q= q=
and also
w2 1 wP—2n+7(0) ko n—2n+7(q)
||w||k 14+2[n|-2|p| |’wHk+1+2|n\ 2|p| Z Hw||’f+1+2|n| 2|p| (29)

Putting this into the representation formula of Subsection 3.3 and using furthermore
abbreviations (21) - (22) we obtain

n—2p+7(0) k n—2p+7(q)
w w
W)= ) {a(’f»n»P)' [H [+ 1+2mnl—2lp| Z ||+ 12Tl —21p ©

0<2p<n

k n—2p—7(q)
w
+qu(k7n7 p) ||w||k—1—|—2|n|—2|p|6q )
=1

We further introduce the real-valued polynomials

Aj(w) = WP —2p+7 ()

Bj (w) = wn—2p—7'(j) .

This leads to the representation

a(k,n,p)Ag(w
Cof (n) = > {Z ||£||k+1f2)|n|0(23|

0<2p<n w€Q+

v bq(k,m, p) By (w) -y a(k,n, p)Ag(w)
8 ||w||k 142|n|—2|p| ||w||k+1—|—2|n| 2|p|
wey weyd

+Z
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Denoting again by W the p x (k + 1) matrix which maps the generators of the lattice
L, = Zey + Zey + ...+ Ze,_1 onto the generators of Q,, i.e. W = (w1 wa ... wp), we
can write

Grm= Y {D(a(k,n,p)Ao(W~),WTW,k+1+2]n\—2|p]>

0<2p<n

k
+ 3 [P(balhm, 0)By(W ), WTW, k= 1+ 2In| - 2]p) )
q=1
_ D(a(k,n, p)A,(W ), WTW,k + 1+ 2|n| — 2]p\>eq} }

where D is the positive part of the real-valued Dirichlet series introduced in (27). In
the case |n| = 1 (mod 2) we get

Jg\z/‘,”(n): Z {5<a(k:,n,p)A0(W-),WTW,k+1+2|n|—2|p|>

+ 3 [6(ba k0, p) By (W ), WTW,k — 1+ 2In] — 2[p])

q=1

— 5<a(k, n,p)A,(W-),WIW,k+ 1+ 2|n| — 2|p|)eq] }
where § is the Dirichlet series defined in (26).
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