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Tensor Algebras and Displacement Structure
II: Non-Commutative Szego Polynomials

T. Constantinescu and J. L. Johnson

Abstract. In this paper we continue to explore the connection between tensor algebras and
displacement structure. We focus on recursive orthonormalization and we develop an analogue
of the Szego-type theory of orthogonal polynomials in the unit circle for several non-commuting
variables. Thus we obtain recurrence equations and Christoffel-Darboux formulas for Szego
polynomials in several non-commuting variables, as well as a Favard type result. Also, we
continue to study a Szego-type kernel for the N-dimensional unit ball of an infinite-dimensional
Hilbert space.
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1. Introduction

In the first part of this paper [5] we explored the connection between tensor algebras
and displacement structure. The displacement structure theory was initiated in [13] as
a recursive factorization theory for matrices whose implicit structure is encoded by a
so-called displacement equation. This has been useful in several directions including
constrained and unconstrained rational interpolation, maximum entropy, inverse scat-
tering, H°°-control, signal detection, digital filter design, nonlinear Riccati equations,
certain Fredholm and Wiener-Hopf equations, etc. (see [14]). Aspects of the Szegd
theory can be also revealed within the displacement structure theory. Our main goal is
to develop an analogue for polynomials in several non-commuting variables of the Szego
theory of orthogonal polynomials on the unit circle. An analogue of the Szego6 theory of
orthogonal polynomials on the real line is being developed in the companion paper [6].

The paper is organized as follows. In Section 2 we review notation and several
results from [5]. In this way, this paper can be read independently of [5]. In Section
3 we introduce orthogonal polynomials in several non-commuting variables associated
to certain representations of the free semigroup and discuss their algebraic properties,
mostly related to the recursions that they satisfy. In Section 4 we consider several
positive definite kernels on the N-dimensional unit ball of an infinite-dimensional Hilbert
space. In particular, we prove a basic property of the Szego-type kernel studied in [4] by
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characterizing its Kolmogorov decomposition. In Section 5 we discuss the problem of
recovering the representation from orthogonal polynomials and we prove a Favard-type
result.

We plan a more detailed study of applications to multiscale systems in a sequel of
this paper.

2. Preliminaries

We briefly review several constructions of the tensor algebra and introduce necessary no-
tation. We also review the connection with displacement structure theory as established
in [7].

2.1 Tensor algebras. The tensor algebra over CV is defined by the algebraic direct
sum

TN = Bpzo(CN)®*

where (CV)®* denotes the k-fold tensor product of CV with itself. The addition is
taken componentwise and the multiplication is defined by juxtaposition as

@Y= Y THu.
k+l=n

If {e1,...,en} is the standard basis of C, then {€i1 Q- ®e 1 <idg,..., 0 < N}
is a basis of 7y. Let Fj\', be the unital free semigroup on N generators 1,..., N with
lexicographic order <. The empty word is the identity element, the length of the word
o is denoted by |o|, and the length of the empty word is 0. If o = iy --- iy, then we
write e, instead of e;; ® --- ® e;,, so that any element of 7y can be uniquely written
in the form = = ZaeF} Co€s, Where only finitely many of the complex numbers ¢, are
different from 0.

Another construction of 7 can be obtained as follows. Let .S be a unital semigroup
and denote by Fy(S) the set of functions ¢ : S — C with the property that ¢(s) # 0
for only finitely many values of s. This set has a natural vector space structure and
Bs = {ds : s € S} is a vector basis for Fy(S), where 05 is the Kronecker symbol
associated to s € S. Also, Fy(S) is a unital associative algebra with respect to the

product o (Z¢(s)6s) . (Z¢<t)5t> = 3" o(s)v(t)ds

ses tesS s,tes
It is readily seen that Fy(F}) is isomorphic to 7y. Since each element ¢ in Fy(F};) can
be uniquely written as a (finite) sum ¢ = > __p+ ¢;0,, the isomorphism is the linear
N
extension ®; of the mapping 6, — e, (0 € FL).

Another copy of the tensor algebra is given by the algebra P% of polynomials in

N non-commuting indeterminates Xy, ..., Xy with complex coefficients. Each element

P € PY; can be uniquely written in the form P = > wert CoXo With ¢, # 0 for finitely
N

many o’s and X, = X;, --- X;, where 0 =1i;---17 € FE The linear extension ®o of
the mapping 6, — X, (o € F}) gives an isomorphism of 7y with PS.
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Yet another copy of 7y inside the algebra of lower triangular operators allowed for
the connection with displacement structure established in [7]. Thus let £ be a Hilbert
space and define & = £ and, for k > 1,

Er=E1® - ®E1 =ENN. (2.1)

~

N terms

For £ = C we have that Cj, can be identified with (C¥)®* and 7y is isomorphic to the
algebra L, of lower triangular operators T = [T};] € L(®x>0Cy) with the property

Tij=Ti1j1® - ®OTi—1j-1= TEY .y (2.2)

~
N terms

for 4,7 > 1 with ¢ < j and T;o = 0 for all sufficiently large j's. The isomorphism is
given by the map ®3 defined as follows: Let z = (xq,21,...) € Ty (z, € (CV)®P is the
pth homogeneous component of ). Then z, = szp co€s and, for j > 0, Tjo denotes
the column matrix [ca]&:j, where 7T denotes the matrix transpose. Then T}o = 0 for

all sufficiently large j’s and we can define T € L($x>0Cy) by using (2.2). Finally, set

2.2 Displacement structure. We can now describe the displacement structure of the
tensor algebra. We write this connection for £3;. Then it can be easily translated into
any other realization of the tensor algebra. Let Fy, = [T}] € L(®r>0Ck) (k=1,...,N)
be isometries defined by the formulae T;; = 0 for ¢ # j + 1 and T4 ; is a block-column
matrix consisting of N blocks of dimension dim C;, all of them zero except for the kth
block which is the identity on Ci. We have the following result noticed in [7].

Theorem 2.1. Let T € LY and define A=1—TT*. Then

N
A=Y RAF} =GInG” (2.3)
k=1
where
1 Ty Lo
G = 0 T?l and J11:|:0 _1:|.

The model £%; of the tensor algebra is also useful in order to extend this algebra to
some topological tensor algebras (see [12]). Here we consider only the norm topology
and denote by Ly the algebra of all lower triangular operators T' = [T;,] € L(@r>0Ck)
satisfying (2.2).

2.3 Multiscale processes. Multiscale processes are stochastic processes indexed by
nodes on a tree. They became quite popular lately (see [1, 2]) and have potential to
model the self-similarity of fractional Brownian motion leading to iterative algorithms
in computer vision, remote sensing, etc. Here we restrict our attention to the case of
the Cayley tree, in which each node has N branches. The vertices of the Cayley tree
are indexed by F}
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Let (X,F,P) be a probability space and let {vs}, e+ C L*(P) be a family of
N
random variables. Its covariance kernel is

K(J,T):/ VgV, dP
X

and assume that the process is stationary in the sense (considered earlier, e.g. [10]) that

K(ro,70") = K(0,0") (r,0,0" €F})

K(o,7) =0 if there is no a € F{, such that ¢ = a7 or 7 = ao.

Conversely, by the invariant Kolmogorov decomposition theorem (see, e.g., [15: Chapter
I1]) there exists an isometric representation u of IF]; on a Hilbert space K and a mapping
v : FL — K such that

- K(o,7) = (v(7),v(0))x and u(r)v(c) = v(ro) for all 0,7 € FY

- the set {v(0) : 0 € F}} is total in K

- u(1),...,u(N) are isometries with orthogonal ranges.
This class of multiscale processes would be suitable to model branching processes with-
out "past”. If a "past” should be attached to a process as above, we could try to
consider processes indexed by the nodes of the tree associated to the free group on N
generators 1,..., N. As mentioned in Introduction, we plan to look at this matter in a
sequel of this paper. Here we focus on processes with covariance kernel satisfying (2.4)
- (2.5). It was shown in [5] that such a kernel has displacement structure. Also, it is
clear that for all j, k > 1

[K(U, 7—)]|a|=j,|~r|:lc = (K(Ulv T/)]\o’Izjfl,h’\:kfl)@N (2'6)

so that the kernel is determined by the elements s, = K(0),0) (o € F}).

By [3: Theorem 1.5.3] each positive definite kernel K on Fy; is uniquely determined
by a family of contractions {7, , : 0,7 € Fi,o < 7} such that v,, =0 (o € F}) and
otherwise vor € L(D,,,,Dy: ) (for a contraction T' between two Hilbert spaces
Dy = (I — T*T)"? denotes the defect operator of T' and Dy is the defect space of T
defined as the closure of the range of Dy — note that in our case v, » are just complex
numbers and the condition v, , € L(D,,,, .,Dx ) for o < 7 encodes the fact that
Yot1,7] = 1 or |V r—1| = 1 implies v, = 0; alsé, 7 — 1 denotes the predecessor of
with respect to the lexicographic order < on F}, while ¢ + 1 denotes the successor of
o). In addition, the positive definite kernel K satisfies (2.4) - (2.5) if and only if

— / +
Yro,ro’ = Yo,0! (7—7 0,0 € ]FN)

Yo,r = 0 if there is no a € ]FJ](, such that o0 = a7 or 7 = 0.

We define v, = vy, (0 € F) and we notice that {v,, : 0,7 € F{, 0 < 7} is uniquely
determined by {7s},cpt+ by the formula
N

DN .
Worliol=iiri=k = (Yo" 7] jo"|1=j 1.7 |=k—1) (Js k> 1). (2.9)
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3. Szego polynomials

We introduce polynomials in several non-commuting variables orthogonal with respect
to a positive definite kernel K satisfying (2.4) - (2.5). We extend some elements of the
Szego theory to this setting.

The kernel K being given, we can introduce an inner product on Fy(F}) in the
usual manner by

()= D K(o,m)g()(0). (3.1)

O’,TGFXT

By factoring out the subspace Nx = {¢ € Fo(F}) : (¢, ¢)x = 0} and completing with

respect to the norm induced by (3.1) we obtain a Hilbert space denoted Hy. A similar

structure can be introduced on PY. Let P = Y owert CoXo and Q = > pr dy X, be
N N

elements in PY. Then define

(P,Q)x = Y K(o,7)crds. (3.2)

O',TEF-}\_]

By factoring out the subspace Mg = {P € P% : (P, P)x = 0} and completing with
respect to the norm induced by (3.2) we obtain a Hilbert space denoted L?(K). One
can check that the map ®5 defined by 6, — X, (0 € F E) extends to a unitary operator
from Hy onto L?(K).

From now on we assume that for any a € F}; the matrix [K (0, 7)), r<q is invertible.
This implies that Mg = 0 and PY can be viewed as a subspace of L?(K). Also, for any
a € F}, {X,}o<a is a linearly independent family in L?(K). Then the Gram-Schmidt
procedure gives a family {@U}ae]Fjg of elements in P, such that

Po = Z aa,TXT (aa,a > 0) (33)
70
(o, pr)k =0 (0 20 <7). (3.4)

An explicit formula for the orthogonal polynomials ¢, can be obtained in the same
manner as in the classical (one variable) case. Define for o € F};

Dy =det [K(o', 7)o 7/ <0 (3.5)

and let {’ya}aeF} be the parameters associated to K as described in Subsection 2.3.
Note that since all the matrices [K (0, 7)]s.r<a (a € F}) are assumed to be invertible,
it follows that |y,| < 1 for all o € FJ.

Theorem 3.1.

(1) wp =1 and, for B < o,

[K(Ula 7—/)]0’<J;T’ja

o = ——det 3.6
¥ \/Do_1D, © 1 X, - X, (3.6)
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(2) For0 <o =iy i,
_ 1
A ngjgk(l - |%'j...ik|2)1/2
Proof. The proof is similar to the classical one. Thus we deduce from orthog-

onality condition (3.4) that (¢,, X; )k = 0 for § < 7/ < o, which implies that
> <o G0 K(7',7) = 0 for ) < 7" < 0. Using the Cramer rules for the system

Z ao K(t',7)=0 (0 < 7" < 0)

70
§ aO',TXT = Qo

70

(XU + lower order terms).

with unknowns a, -, we deduce

a _ SOUDU—I
77 K /a ! o' <o;17' 0 .
R o=
1 Xl XU

Therefore,

/ /
N ]

1X: ... Xo

We now compute a,, and Dy in terms of the parameters {v,} g+ of K. First we
N

K LT o' <Lo;1' <0
det [ (0.77—)] <oiT'2 3 Xo‘ :DO'
1 Xl e Xa K

o—1

notice that

and since X, = ﬁgpa + >~ ¢+ X, we deduce

Dg_l 1 Da—l
-DO': e2) e TXT =
(o oy oot Do)

2
aUJ g, <0 K CLU,U

so that a?id = %‘:1 which gives (3.6).

In order to compute Dy in terms of {75}, cp+ We use [3: Theorem 1.5.10] and the
N
special structure of D,. Thus

Do= ] (-hwr)
D<o’ 7' <0

and for ) < o =4, ...%; we deduce

1 D,
= = H (1 - |’713%k’2)

ag,a DU—l

1<i<k
Then
Yo = aU,UXU + Z aO’,O'CTXT
T<0
1

(X, + lower order terms)

e (U= ey )12
which gives (3.7) I
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We illustrate this result for N = 2. From now on it is convenient to use the notation
do = (1= |7.|2)Y? (o € FY — {0}).

Example. Let N = 2 and assume the positive kernel K satisfies the conditions in
Theorem 3.1. We have Dy = 1 and the next three determinants are

D; = det {_1 811 = &

S1 1
I 1 S1  S2
Dy=det |3, 1 0| =did;
5 0 1
r1 S1 SS9  S11
Diy=det | 50 10 s gz
11 52 0 1 0 1%2%11
LS11 51 O 1

Using Theorem 3.1 we can easily calculate the first four orthogonal polynomials of K.
Thus, ¢y = 1 and then

1 1
o1 = —det {1 81} =By ox

dl 1 Xl dl dl
1 S1 S92 —
1
pr=odet |51 1 0 | =—-E 4 T2y 4,
142 1 Xl X2 142 142 2

where we used the fact that sy = dyy2. Then, after some calculations,

1 51 s2 s11

1 S1 1 0 S1
det | _
T BBd, s 0 10
1 X, X» X2
_ 71 ( N 7171 ) 71172 L oo
= = + X1+ Xo + X2,
didadiy dydy | didedyy /T dpdyy 0 diady

We establish now that the orthogonal polynomials introduced above satisfy equa-
tions similar to the classical Szeg6 difference equations.

Theorem 3.2. The orthogonal polynomials satisfy the recurrences gy = gp% =1
and, for k € {1,...,N} and o € FY,
1 b
Pko = W(ngpa - ’Vkagpkgfl) (38)
b L !
Pho = a( — Tho XkPo + S"kg—l)' (3.9)

Proof. We deduce this result from similar formulae obtained for an arbitrary
positive definite kernel. In this way we can show the meaning of the polynomials
ti

(0 € FL). Let [t;;]ij>1 be a positive definite kernel on N and assume that each
matrix A7) = [trili<i<k,i<j is invertible. Also, assume t;; = 1 for all £ > 1. Let

g
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F; ; be the upper Cholesky factor of A(%9) so that F;; is an upper triangular matrix
with positive diagonal and A(+7) = F}F; ;. A dual, lower Cholesky factor is obtained
as follows: define the symmetry of appropriate dimension

0O 0 ... 0 I

0 O I 0
J=: '

0 I 0

I 0 0 0

and then let £ ; denote the upper Cholesky factor of B4 = JAGD T If G;; =
jFi’jj, then
AI) — 7p@I) 7 = JF;Fi ;T = GGy

and G, ; is a lower triangular matrix with positive diagonal, called the lower Cholesky
factor of A7) Let P; ; be the last column of FZ_J1 and let Pf’ j be the first column of G}

i
that is P;; = F;'E and P}, = G;}JE where E = [0 --- 0 I]T. Let {r; ;}1<i<; be the
parameters associated to [t; ;)i j>1 by [3: Theorem 1.5.3] and let p; ; = (1 — |r; ;|?)*/2.
We have

— 1 0 "Ln Plﬁ n—1
Py p = din [PM} " { 7 (3.10)
g _ _Flm' 0 1 Plﬁ,n—l
Fin = di,n {%,J * din [ 0o | (3.11)

These formulae are presumable known to the experts. For the sake of completeness we
give a proof here based on results and notation from [3]. First we introduce for i < j
the elements

Lz('j) = L({Ti,k}{c:iﬂ) - [ri,¢+1 Piit1Tiit1l " " Piitl "0 Pig—1Tij (3.12)

Tj—1,j
(1) _
;7 =
L TijPit1,5 Pi=1,j
[ Tii+1Pii4+2 " " Pij
A . (G—1)
KUY — : - [Ki Pi,j] .
7 _ . .
Tij—1Pij T
- F/Lv]

Also, we define inductively DZ(HI) = pii+1 and

Dy~ —Kfj_l)ri,j}

3.13
0 o (3.13)

DY = D({rn_,,) = [
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We also need to review the factorization of unitary matrices. This is an extension of
Euler’s description of SO(3). First we define

Tik  Pik
R:_;(r; =1 1_; D b _ Sl _1_
j=iri) S {pi,k _Ti,kl i=k-1
where I _1_; is the identity matrix of size k — 1 —i. Then
Rij=Rj_i(riit1) - Rj—i(rij)
Uij = Rij(Uit1,; @ 1).

It turns out that any unitary matrix can be written as a matrix of the form of U; ;. The
main idea for the proof of (3.10) is to use the identity

UijJGij = Fij (3.14)

which follows from [3: Relations (1.6.10), (6.3.8) and (6.3.9)]. Thus, we notice that
(3.14) implies Pin’ ; = Fi;U; jE which is more tractable than the original definition of

Pﬁ ;- This is seen from the following calculations. Using [3: Formula (1.5.7)], the above
definition of Dﬁ”) and the notation Dl_(n) = (D%"))*l we obtain

(1 —"p; ™
Pl n — —1—(n)
_O FZ,nDl
LD, "M E
Fy Dy ™E
- —(n—1) r1,n y—(Mn—1) p-(n—1)
—rim [Dl D1 E
1 0 1
— Pl,n
- —(n—=1)  r1i,n n—(n—1) z-(n—1)
p-l D, piﬁDl Ky E
2,n 0 1
- r —(n—1) (n—lp)lm
_Lg”) [ le K ]
1
= (215 o (n=1)
~ T1,n Dl_ n— Kln—
F2771 Pl,n 1
L Pl,n

Pl,n 1
1

Pl,n

—Lgn)

T1,n D—(n—l)KYL_l) ]

_rpoo,
 Pin LF3,E

N

—1
F2,n

T1n y—(n—1 -1 n—1
ra (D g )]
0

_Lgn_l)Dl—(n_l)Kl(n_l) —pP1,2° " Pln-1

1 0 T1n
- = L —(n—1) z-(n—1)
Pl,n |:P2,n:| Pl,n FQT% [Dl OKl :|
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The proof of [3: Formula (1.6.15)] gives
1

Lgn_l)Dl_(n_l)Kl(n_l) + pL2Plp-1=——"
P12 Pln-1

and using [3: Formula (1.5.6)] we deduce

F—l Dl—(n—l)Kfn—l) _ F2_7T1L71D1—(n—1)K£n—1)
2,n 0 0

Therefore 1

1 0 T1in P12 P1,n—1
P n=— N Lo — —(n—1 n—1

L P1n |:P2’n:| Pln _F2,$—1D1 ( )Kf )
0

It remains to show that

Plﬁ,nfl =

1
P1,2°"P1,n—1
A |
To that end we notice that using [3: Formula (1.5.8)], the definition of Uy ,,—1, the fact
that Ry ,—1 is a unitary matrix, and the notation L’{("_l) = (L&"‘”)* we obtain

T 0 — 1
pt _ P1,2°P1n—1 X R Uyn—1 O 5
1n—1— F_1 1 F_1 L*(n_l) 1,n—141,n-1 0 1
L*2n—1 " pyoprp1 2m—11

P1,2°°P1,n—1

1
- 1 —1 *(n—1) ]
p172...p1’n_1F2,n71L1 )

It follows that all we have to show is the equality
1

Fyaa Dy VR = o

1 *(n—1)
Fy 1Ly S
Now this is a simple consequence of the formula T* Dy« = DpT* for the contraction
T = Lgnil). Formula (3.11) can be proved in a similar manner.

We rewrite (3.10) - (3.11) for a positive definite kernel K satisfying (2.4) - (2.5).
We notice that Plﬁ,nf1 is replaced by gpia_l and then we have to show that P, , can be
expressed in terms of ¢,. This follows by taking into account relations (2.7) - (2.8) and
using systematically (3.10). We can omit the details i

The previous recurrence equations look quite similar to the classical Szego recur-
sions. This type of recurrence equations was also found in [4] in connection with some
derivations on Lp. It turns out that these derivations are related to those considered
in [11] and later studied in [9].

We also notice a graded form of the recurences (3.8) - (3.9). It is convenient to
introduce, using (3.12), for n > 1 the notation

gn = L({’YU}lUIzn)'
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It was explained in [5] that g, are the parameters associated to the kernel K in [16].
We also use (3.13) in order to introduce the notation

H, = D({70}|0|:n) (n > 1)‘
Let o(n) be the largest word (with respect to the lexicographic order) of lenght n, that
iso(n)=N---N.
—_——
N terms

Corollary 3.3. The Szego polynomials satisfy the recurrences

[Poljol=r = ([X1 XN e O —wiw)_lgk) Ho! (3.15)
Sy = 1] & (—[Xl .o XN] [soa]f'f,ﬁvzk_lg}iﬂoﬁ(k)_l). (3.16)
|T|=k

for k> 1.

Proof. Both statements follow by direct calculations from Theorem 3.2 B

4. Christoffel-Darboux formula

A first consequence of the Szegd formula in the classical case is the Christoffel-Darboux
formula. Here we find a similar formula in several non-commuting variables. To that
end we introduce additional notation.

Let £ be a Hilbert space. In this paper £ will always be infinite-dimensional. The
N-dimensional unit ball of £ is defined by

Bu(&) ={Z2=(21 -+ Zx): (212) < It }

where for two elements Z = (Z; --- Zy)and W = (W --- Wy) in L(E)N we define
N

(ZIW) =) Z,Wy. (4.1)
k=1

We also need a sort of Szegd kernel for By (€). One suggestion was given in [4] to
consider the following construction. For Z € By (&) define

E(Z) = Zs]j5)=0 € L(®rk=0Ek, E). (4.2)

Also, we use the notation diag(S) to denote the diagonal operator in £(®>0&;) with
diagonal S. A Szegd-type kernel on By (&) is given by the formula

Ks(Z,W)=E(Z)E(W)* (Z,W € Bn(E)).

The next result explains two important properties of K.
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Lemma 4.1.
(a) For T € L) and Z,W € Bx(E), E(Z)diag(T — YN, ZyTW;)E(W)* =T.
(b) The set {E(W)*E: W € By (E)} is total in ®p>0E.

Proof. Statement (a): Using directly the definitions,

E(Z)diag (T - i ZkTW,:) E(W)*

=T+ > Z,TW; - ZE )diag(Z, TW;)E(W)*

lo|>1
N
=T+ Y Z,TIW; =Y Y ZoZTWiW;
lo|>1 k=1o|>0
=T+ > Z,TW; = Y Z,IW;
lo|>1 lo|>1

=T.

Statement (b): Let e = {eg}ge]m be an element of @y>¢E orthogonal to the linear
span of {E(W)*E : W € By(€)}. Taking W = 0, we deduce ey = 0. Next, we claim
that for each o € F}; — {0} there exist W, = (Wi,...,W%) € By(€) (I=1,...,2|0])
such that range[W>! ... W,:z'a'] = & and W! = 0 for all 7 # o with |7| > |o|. Once this
claim is proved, a simple inductive argument gives e = 0, so {E(W)*E : W € By(€)}
is total in ®;>0&k. Therefore we focus on the proof of the claim.

Let {ef;}7;_; be the matrix units of the algebra M,, of n x n matrices. Each e} is

ann xn matrlx consisting of 1 in the (4, 7)th entry and zeros elsewhere. For a Hllbert
space &1 we define E” =€ ® I¢, and we notice that

ELE} =06;,Ey  and  E = EP. (4.3)

Let £ be infinite-dimensional and o = 4 -- -4y, so that £ = 51@2|0| for some Hilbert
space &1. For s =1,..., N we define

Js = {le{l,...,k:}: Tht1—1 :5}
* 20’
WP =25 B, =1, ),

We show that for each p € {1,...,|o|}

* 1 2|o|
wir = Ll (4.4)

WP =0 for t # o with |7]| > |o|. (4.5)
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Using (4.3) we deduce

2] gl
p oy Z—
ZW W Z D B oo Bty

s=1reJdg
1 2/o|
9 Z Z Ertprip
s=1reds
k
1 5~ g2l
D) Z r+p,r+p
<1,
hence WP € By(€) for each p = 1,...,|o|. For each word 7 = ji -+ j, € F}; — {0} we
deduce by induction that
/RS a e S N O (4.6)
Jk Jj1 T 2k r4+p—1,r+p+k—1 .

rcA,
where A, k o, —p)C{l,...,N}and J;,  —p={l—-p:l€J; }.

We show that A, = {1} and A, = 0 for 7 # 0. Let ¢ € A,. Therefore, for any
pe€{0,...,k -1} we must have ¢ +p € J;,_ oI ig41-g—p = jr—p. For p=4k —1 we
deduce j; = 42—, and since 2 — ¢ > 1, it follows that ¢ < 1. Also, ¢ > 1, therefore
the only element that can be in A, is ¢ = 1, in which case we must have 7 = o.

Since [ € J; for each I = 1,...,k — 1, we deduce that A, = {1} and A, = () for

Tk4+1—1
T # o. Formula (4.6) implies (4.4). In a similar manner we can construct a family

Wr (p=lo|+1,...,2|0|) such that WP = TEZQ)L:ILP and WP = 0 for 7 # o with
|7| > |o|. Thus for s =1,..., N we define
Ko={le{l,....k}: i, =s}
* 20
Wi = L5 e B (p=lol+ 1, 2]0)).

Now

1 %201 _ 1 2|o| 2|o| 2|o]| 2|o]|
[Wg e W) ]— @[E17k+1 o Bpog Brgin EQk,k}

whose range is £. This concludes the proof il

We note that the result given by Lemma 4.1/(b) is not true in the case & finite-
dimensional. The meaning of the result is that in the case £ infinite-dimensional E is
precisely the Kolmogorov decomposition of the kernel Kg.

We now let a polynomial P = > _p+ ¢, X, € PR take values on By (&) by the
N

formula
P(Z)= Y c,Z, (Z€By(€)). (4.7)
UEFE
Define the Cristoffel-Darboux kernel by the formula
Kep(Z, W) =
. « 4.8
B(2)ing (6 (216 (V) = 3 602 W)" ) ECW) (48)
|T|=n

for Z,W € By (E).
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Theorem 4.2. For any Z,W € Byn(&),
Kep(Z,W) = Z or(Z)pr (W)™
o<|T|<n

Proof. From (3.8) - (3.9) we deduce

O (2)h (W) — 1o (Z)pra (W)*
— o (D) (W) = Zeoro(Z) ore (W) W}

for any k € {1,...,N}, 0 € F}; and Z,W € Byn(€). Adding all these relations for
ke{l,...,N}and 0 < |o| <n — 1, we deduce

N
& o (D) () = 3 0a(DpaW) =3 S Zipa(2)pa (W)W

0<|o|<n k=10<|o|<n—1

This relation and Lemma 4.1 give

Kep(2,W) = B(2)ding( Y ol D)galiV)

0<|ol<n

—ézk( > %(Z)soa(W)*)W,:)E(W)*

0<|o|<n
= Z or(2)p-(W)*
0<|7|<n
and the statement is proven i

We can show one more application of Lemma 4.1. For a formal power series

f — ZO’GF; CO'XO'

in N non-commuting variables X, ..., X we denote by Ty the lower triangular infinite
matrix associated to f as described in Subsection 2.1. We denote by Sy the Schur class
of those formal power series f with the property that T is a contraction in £(®x>0Cr).
If £ is an infinite-dimensional Hilbert space, then we can define f(Z) for Z € By () as
in [4] by the formula

[(2) = E(Z)(T; @ L) /€. (4.9)

We notice that this definition is consistent with (4.7). We extend a familiar characteri-
zation of the Schur class to the setting of this paper.

Theorem 4.3. The formal power series f belongs to Sy if and only if
Cy(Z,W) = E(Z)diag(I — f(Z)f(W)")E(W)* (Z,W € Bn(E))

is a positive definite kernel on By (E).
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Proof. Using [4: Lemma 3.1] we deduce that for Z,W € By (&)

E(Z)(I = (Ty @ Ie)(Ty ® Ie)") E(W)"

E(Z)EW)" = E(Z)(Ty @ Ie)(Ty © Ie)" E(W)"
E(Z)EW)" — E(Z)diag(f(2))diag(f(W)")E(W)*
E(Z)diag(I — f(2)f(W)")E(W)"

Ce(Z,W).

This relation implies that if f € Sy, then Cy is a positive definite kernel on By (). For
the converse implication we have to use in addition Lemma 4.1 i

5. Inverse problems

In this brief section we prove a Favard type result for orthogonal polynomials in several
non-commuting variables.

Theorem 5.1. Let {V,},cpt be a family of complex numbers with vy = 0 and
N
Vo| < 1 for o € Ffy — {0}. Then there exists a unique positive definite kernel K
satisfying (2.4) — (2.5) such that the polynomials p, (o € F) defined by the recursions
gowzgo%zl and for k € {1,...,N} and o € Ff; by

1
Pko = Cl_ (Xk(PU - ’kaQOShCLTpkU_l)
ko

g 1 ~
Pro = a( — Vo XkPo + Qpﬁkafl)

are orthogonal with respect to K.

Proof. Once again we rely on some results that are known for arbitrary positive
definite kernels on the set of integers. In this way, the proof is quite straightforward.
Let {Y,, : 0,7 € Ff with 0 < 7} be the family of complex numbers associated to
{VU}UGFX by (2.9). Let K be the positive definite kernel associated to {y,, : 0,7 €

F) with o < 7} by [3: Theorem 1.5.3]. By Theorem 3.2, the polynomials ¢, (o € F)
defined by the recurrences @y = cpg) =1land for k€ {1,...,N} and o € F{, by

1

o = (Xio — VhoPhy 1)
1

bhe = o (= Tao i+ 6l

must be the orthogonal polynomials of K B
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