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Potential-Type Operators in LP™ Spaces

D. E. Edmunds and A. Meskhi

Abstract. In this paper we derive weight inequalities for one-sided and Riesz potentials in
LP@®) spaces under the condition that p satisfies a weak Lipschitz condition. Compactness
of these operators in LP(®) spaces is also established.
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0. Introduction

Our aim is to establish some weight inequalities for one-sided and Riesz potentials
in Lebesgue spaces LP(*) with variable exponent. Diening (see [1]) proved that if p
satisfies a weak Lipschitz condition, then the Hardy-Littlewood maximal operator is
bounded in LP(®)(Q), where Q is a bounded domain in R™. Sobolev-type theorems
for Riesz potentials were derived by Samko (see [10 - 11]). For further properties of
Lebesgue and Sobolev spaces with variable exponent see the papers [2- 3, 6]. Finally,
we mention that necessary and sufficient integral conditions on the weight function v
governing the boundedness/compactness of the Riemann—Liouville operator R,, from
the classical Lebesgue space LP(R,) to the weighted space LE(Ry) (1 < p < oo, % <

a < 1) were derived in [7] (for p = 2 see [8]).
The paper is organized as follows:

In Section 1 we establish some properties of LP(*) spaces. In Section 2 we derive
weight inequalities for one-sided and Riesz potentials in these spaces. Section 3 is
devoted to the compactness problems of the operators mentioned above in Lebesgue
spaces with variable exponent. Constants (often different constants in the same series
of inequalities) will generally be denoted by c.
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1. Preliminaries

Let Q be a domain in R™ and let p : 2 — (1, 00) be a measurable function. Through-
out the paper we shall assume that

P =esssupp(z) < oo and po = essinf p(z) > 1.
€N z€eQ

Definition 1.1. By LP(*) we denote the set of all measurable functions f defined

on 2 such that
1) = / (@) P dz < .
0

It is known (see, e.g., [6, 9, 12]) that the functional

£ llpy == inf {A>0: I,(£) <1}

is a norm on LP(®)(Q).

Proposition 1.1 (see, e.g., [6, 10]).
(i) The inequalities

IAIE S <L) < IAR,  [flle <1
1FIZ2) < L(F) < ANy [ flpy > 1
hold.

(ii) If E is a measurable set in Q2 and x, 1is its characteristic function, then
EN 1
Bl < lixpllo) < BT, |E[21
EN 1
BP0 > lIxpllpe) = BT, [E]<1.

(iii) The generalization of Holder’s inequality

o

holds, where p'(z) = 2@ ond the constant k > 0 depends only on p.

< kIl el

p(z)-1
Furthermore, if we introduce another norm || - ||;(_) by
£l = swp_ | [ el
lellpry<11J/Q
then this norm is equivalent to || - ||,.).

Definition 1.2. A function ¢ is said to belong to W-Lip (Q2) (or to satisfy a
weak Lipschitz condition) if g € C'(2) and there exists a constant A > 0 such that

for all z,y € Q with 0 < |z — y| < 5 the inequality |g(z) — g(y)| < m holds.

The next lemma follows immediately:
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Lemma 1.1. The function p: (0,1) — R belongs to W-Lip (0, 1) if and only if
)
—1

P € W-Lip(0, 1), where p'(z) = ;2

Lemma 1.2. Let the function o : (0,1) — (0,1] belong to W-Lip (0,1). Then
there exists a constant ¢ > 0 such that for all x,y € (0,1) the inequality (ac—y)o‘(m)_l <
c(z —y)*W=1 holds.

Proof. Let a(z,y) = (z — 3)*® =W Then

< clog -log™
r—=y =Yy r—=y

[loga(z,y)| = |a(z) — a(y)|log

Consequently, 0 < ¢o < a(z,y) < ¢1 < co. Finally,
(z — y)a(r)—l = (z— y)a(m)—a(y)Jra(y)—l <ec(x— y)a(y)—l

and the lemma is proved i
The following result is a special case of one proved recently by Diening (see [1]).

Theorem A. Let p: (0,1) — (1,00) be uniformly continuous and let p € W -
Lip (0,1). Then the maximal operator M defined by

1
(M f)(x) =sup o |f(y)| dy (1.1)
h>0 20 Jiz—h z4h)n[0,1]

is bounded in LP(*)(0,1).

2. Boundedness

In this section we establish some weight inequalities for the Riemann—Liouville oper-
ator R, defined by

(Rof)(x) = / S@- )@ ydy  (0<al@) < la>0)

in the spaces LP(*)(0,1) and LP(*)(R;). The appropriate problems for the Weyl
operators W, and W, defined by

oo

(W f)() = / (y— 2@ fy)dy  (0<alx) <1,z >0)

T
1

Wal)(z) = / (y— 2@ fy)dy  (0<al@)<1,ze(0,1)

xT

respectively are studied.

To prove the promised inequalities we shall need some auxiliary results.
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Lemma 2.1. Let a: (0,1) — (0, 1] be measurable. Then there exists a constant
¢ > 0 such that for all x € (0,1) and 0 < f € L(a,b) (0 <a <b< 1) the inequality
p(a)a= " Ry f(a) < eM_ f(x)
holds, where

1 xX
Mofa)= s g [ il
and
o(x) = 2% 1, (2.1)

Proof. We have
[ )
(Raf)(2) —/0 mdy

I 2;511
= Z / — )@y
_|_

<3 (2,%)&(”_1 / __ £() dy

k=0 2k
400

S () [ rwa

k=0 2k

<cx*@ M flx 22 a(z)k

= c90“(35)1\4—1"’(96)(</)(fv))_1
and the lemma is proved i

Now we can derive a Hardy-type theorem in the spaces LP()(0, 1) (for the classical
Lebesgue case see, e.g., [4: Section 329]).

Theorem 2.1. Let p be a uniformly continuous function on (0,1) which belongs
to W-Lip (0,1). Then there exists a constant ¢ > 0 such that for all f € Lp(gﬂ)(O, 1)
the inequality

o=@ @) (B d) @] 0y < € 1@ o0
holds, where ¢ is defined by (2.1).

Proof. The proof follows from Lemma 2.1, Theorem A and inequality M_ f(x) <
Mf(x) B

Corollary 2.1. Let p satisfy the conditions of Theorem 2.1. Then the operator
Rq is bounded in LP®)(0,1).

Now we are able to investigate the boundedness of the Riesz potential I, defined
by

- / T —yf @ f ) dy (0 <alz) < 1)

in LP(#)(0, 1) spaces.
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Theorem 2.2. Let p satisfy the conditions of Theorem 2.1 and assume that
o € W-Lip (0,1). Then the operator I, is bounded in LP®)(0,1).

Proof. Taking into account the simple equality

1
Inf = Ruf +Waf,  where (Waf)(z) = / (y— 2)°@ 1 f(y) dy

it is sufficient to establish the boundedness of W,, in LP(*)(0,1). For this we observe
that W, acts boundedly in LP(*)(0,1) if and only if R, is bounded in L¥ (®)(0, 1),

where p/(z) = -2 (‘T) . Indeed, let ||g <1and | f < 1. Using the equivalence
p(z)— p'(+) p(-)

of the norms || - ||p(,) and || - |[p(.), Tonelli’s theorem and Lemma 1.2, we find that

1
IWa()fllyy < ¢ sup / 9(2) Waf)(@) da
llgllprzy<11J0

<e o ( / 9(0) Wl 1)(0) i
<e / |f(y)|( [ =gl ds )ay

<c sup | fllpell(BalgDllp

<ec

Analogously, it follows that if W, is bounded in LP()(0,1), then ||(Raf)(-)|ly¢) < ¢
for all ||f(-)||p/(.) <1 [

Theorem 2.3. Let o : Ry — (0,1] be a non-decreasing function and let p :
Ry — (1,00) be a measurable function. Assume also that p(x) = p(7%;) belongs to
W-Lip(0,1), where x € (0,1). Then there exists a constant ¢ > 0 such that for all

f e LPO)(RY) the inequality

[v(@)(Ra(f - w)(@)|] () < €l (@)llpea)

holds, where

and ¢ is defined by (2.1).

Proof. Let ||g[l,/) < 1 and ||f[/,.) < 1. Then using the change of variable

z =14 (t €(0,1)) and the notation ¥(t) = 1(;L7) for measurable ¢ : (0,1) — R,
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we obtain

/ v(z)

/ w(x— 0O f () dy'g@:) s

@I

m - y)a(t)_lf(y)w(y) dy‘?(t)

i —r)EO-t dr  \_,. dt
( / T ) s )0
O [ =70 = O T a1 - 70 g0

w0 [ (6= 1 =) O () ar )1 - )0 g0 a

GO 1) 70| et ORa YD)

[\
:Ncﬁh\
@l

@I

IA

<

~ 2
where f(z) = |f(x)|(1 —2) 7@ . Further, by Theorem 2.1 and Proposition 1.1 we
have

o(t £t (Ra f)(t Hp(t) = CHf Hp(t)

o P
<o [ F0POa-n-2a)
0
1
P
—o( [ 1rwpoa)
Ry
P?o
< CHf(t)Hp(t)
<ec
Analogously, using the change of variable ¢t = , we find H g(t t)fp’%t) (1) <1
Taking into account the inequalities derived above we conclude that
lo) (Ra(F)) O]y < e 1Oy <1
and the statement is proved i
Taking into account duality arguments and the equivalence of the norms || - |,

and || - [[7 ), we easily obtain the following

Theorem 2.4. Let p: Ry — (1,00) be such that p(z) = p(1=;) belongs to W -
Lip(0,1) (xz € (0,1)). Assume also that o is a non-decreasing functwn defined on
[0,1] and that o € W-Lip(0,1). Then there exists a constant ¢ > 0 such that for all
f e LP®)(RY) the inequality

0@ (Walf - w)) @), 0y < e 7@,



Potential-Type Operators in LP(*) Spaces 687

holds, where
———a(z)-1

o(@) = (1 +2)7®

1+ 2)77 W)

£
=
I

and ¢ is defined by (2.1).

3. Compactness

In this section we study the compactness properties of the operators R, W, and
I, in the spaces LP(®)(0,1).

Lemma 3.1. Let 1 < py < p(x) < P < oco. Then
supp Lp(x)(Q) = { Usuppf: f € Lp(')(Q)} =Q,

where supp f :={x € Q: f(z) # 0}.

Proof. Let us represent Q@ = > (,, where Q, are subsets of {2 with finite
measure. By Proposition 1.1 we conclude that the functions f,, = xq, belong to

LPO)(Q) for every n il
The next lemma is taken from [6].

Lemma 3.2. Let1 < py < p(x) < P < oo. Then the norm |- ||,.) is monotonic,
i.e. if |f(@)] < lg(@)| a.e. and f,g € LV, then || f(-)llpe) < l9()llpc)-

Lemma 3.3 (see, e.g., [6]). Let the function p satisfy the conditions of Lemma
3.2. Then LP") is a Banach space.

Lemma 3.4. Let the function p satisfy the conditions of Lemma 3.2. Then the
space LPC)(Q) has the property that if (g,) is a sequence of functions such that g, | 0

a.e., then ||gn(*)|lpcy 1 0.

Proof. If g, | 0 a.e., then g,(z)?®) | 0 a.e. Hence using the Lebesgue mono-
tone convergence theorem, we conclude that I,(g,) | 0 as n — oco. Consequently,

g (Hlpcy LOE

From this lemma we easily obtain

Lemma 3.5. Let p satisfy the conditions of Lemma 3.2. Then from the fact
0 < gn(x) T g(x) a.e., where g € LPY), it follows that 9n () llpcy = g lpe)-

In the sequel we shall denote by LPC)(Q)[L4()(Q)] the space of all measurable
functions k(s,t) on Q x Q satisfying the following conditions:

(i) The function s — k(s,t) belongs to L4 (Q) for a.a. t € Q.

(ii) The function ||k(-,t)|/4.) belongs to LP®) ().

From Lemmas 3.1 - 3.5 we can obtain the following lemma (see [5: Chapter XI/
Section 4, Lemma 2]).
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Lemma 3.6. Let p and q be given measurable functions on ) such that

1<po<plx) <P<x

1<qo<q(z) <Q <00 = f)

where po = essinf co p(x), P = esssup,cq p(x), qo = essinfeq q(z), Q = esssup,cq
q(z). Then the space L) (Q)[LIO)(Q)] contains an everywhere dense subset Hy con-

sisting of all functions of the form 22021 XB,; (8)xi(t) (s,t € Q) where the sets B; are
point-wise disjoint, xp, € L9 (Q) and z; € LPO)(Q) N L>® ().

Now we are ready to prove

Theorem 3.1. Let p and q satisfy the condition of Lemma 3.6. Then from the
condition M = H Hk(w,y)Hp/(y)H < 0o the compactness of the operator K defined

by

q(z)

(K f)(x) = / Mo fdy (@)

Q
from LPO)(Q) to LIO)(Q) follows.

Proof. By Lemma 3.6 we know that the set of all functions
k(s ) =Y ni(s)Xi(t)  (s,t € Q)
i=1

is dense in LIC)[LP ()], where n; = xp, (B; are point-wise disjoint sets) belongs to
LiO(Q) and A; € LPO(Q) N L>®(Q). First we show the boundedness of K. By
Holder’s inequality we have

(K £)(@)] < RO p) 1B 9)]p -

Hence

1D Oty < ELFOloeo | 15 3]y <RIl
Moreover, ||K|| < kM.

Now we prove the compactness of K. Let

(Kop)() = / (e, y) () dy.

9
Note that

(Kop)la) = Somto) [ o)y =D nlab

where b; = [, Xi(y)¢(y) dy. This means that I, is a finite rank operator, and so it
is compact. We have

”K - Kn“ = sup ”(K - Kn)f”q(-)
Ifllpy<1
<c s s | (K- K f@)]g()da|
IO pcy<a N9 llgry<a 1 /82
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Further, we find that

[ 10 = Ko)p@)oe) da

< Elg()llg (I = Kn) F( ) llgc)
< B NgC)llgr ) 1, 9) = En (@, )l ) |y o 1 Ol -

Let € > 0. Then we can choose n € N such that ||K — K,,|| < e. Thus the operator
K is compact as it is the limit of finite rank operators }

Theorem 3.2. Let 1 < pg < p(z) < P<ooand 1l < qg < gq(x) < Q < 0.
Assume that 0 < a(x) <1 for x € (0,1) and that p € W-Lip (0,1). Assume also that

a(z)p(z) > 1 for all z € (0,1) and S = ||[(a(z) — 1)p/(z) + 1] < 00. Then
the operator Ry, is compact from LP)(0,1) to L10)(0,1).
Proof. By Theorem 3.1 it is sufficient to show that

1
”q(w)

M = ([l =) X020 Dl )]y < 00
By Lemma 1.1 we have that p’ € W-Lip (0,1). Hence

/ (2 — )@@= W) gy < C/ (2 — ) (@@=DP' (@) gy
0 0
(@) =1y (@) +1

" @) — (@) +1

<

~ (afz) - 1)p'(2) +1
for every x € (0,1). Consequently, by the condition S < oo and Proposition 1.1 we
finally see that M < oo B

From this statement we obtain

Theorem 3.3. Let 1 < pp < p(x) < P < oo and 1l < ¢ < ¢q(z) < Q < 0.
Assume that p € W-Lip (0,1) and inf(a(z)p(z)) > 1. Then the operator R, is
compact from LP)(0,1) to LI(-)(0,1).

Proof. By Theorem 3.2 it suffices to show that that there exist a constant o > 0
such that for all z € (0,1) the inequality [(a(z) — 1)p/(z) + 1] ~! < & holds. Indeed,
let A = inf(a(z)p(z)) and let us choose o such that a(x)p(x) > o(P — 1) + 1. Hence
(a(z)p(x) — 1)p' () + 1> 0 for all x € (0,1) B

Theorem 3.4. Let p,q and « satisfy the conditions of Theorem 3.2. Then the
operator I, is compact from LP()(0,1) to L14)(0,1).

Proof. It is obvious that I, f = Ry f + Wsf. By Theorem 3.2 R, is compact.
To show that W, is also compact we observe that, by the condition p’ € W-Lip (0, 1),

1 1
/ (y — )@@= W gy < ¢ / (y — 2)(@@=DP @) gy

T

(1 — z)(@@)=Dp'(x)+1
= @) - )@+ 1
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Hence

and

11y =) Xy )l ) [l 0y <

the statement is proved i

Now from this statement we have

Theorem 3.5. Let a,p and q satisfy the conditions of Theorem 3.3. Then the

operator I, is compact from LP()(0,1) to L90)(0,1).
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