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Level Sets of Holder Functions
and Hausdorff Measures

E. D’Aniello

Abstract. In this paper we investigate some connections between Hausdorff measures,
Holder functions and analytic sets in terms of images of zero-derivative sets and level sets.
We characterize in terms of Hausdorff measures and descriptive complexity subsets M C R
which are

(1) the image under some C™* function f of the set of points where the derivatives of
first n orders are zero
(2) the set of points where the level sets of some C™ function are perfect

(3) the set of points where the level sets of some C™® function are uncountable.
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1. Introduction

Several authors have studied level sets of continuous functions and smooth functions
and, critical sets. For example, Bruckner and Garg [3] and Darji and Morayne [7]
have proved results concerning how big is the set of points where the level sets of
a “typical” continuous function (in the category sense) and of a typical C" (n > 1)
function, respectively, are large. The present author and Darji [5, 6], in terms of
Hausdorff measures and descriptive complexity, have characterized subsets M C R
which are

1) the image under some C" function f of the set of points where the derivatives
of first n orders are zero

2) the set of points where the level sets of some C™ function are perfect, and
3) the set of points where the level sets of some C™ function are uncountable.

In this paper we consider the case of Holder functions. In Section 2 we “parametrize”
the Hausdorff dimension of certain closed subsets of [0, 1] with Holder functions. In
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Section 3 we characterize the set of points where the level sets of a C"™* function
(1 <n<o00,0<a<1)are perfect.

It is a very old result of Mazurkiewicz and Sierpinski [12] that a set M C [0,1] is
analytic if and only if it is equal to the set {y : f~*({y}) is uncountable} for some
continuous function f. In Section 4 we characterize such sets M for C™ functions.
At last, in Section 5 we characterize the set of points where the level sets of a Lipschitz
function are perfect.

2. Images of zero-derivative sets

In this section we characterize images of zero-derivative sets of Holder functions. We
first need few definitions and some terminology.

Definition 2.1. Let f be a C™ (1 < n < oo) function on a closed interval I C R,
fO = f f® (1 <i < n) the i—th derivative of f and

Zigmy =4z el: fOx)=0forall<i<n}

the so-called zero-derivative set. We use || f||,, to denote the n-norm of f,i.e. ||f|, =
S o 1 £@| where || - || denotes the supremum norm.

Definition 2.2. If 0 < a < 1, we denote by C%*(I) the space of Hélder functions
on a closed interval I C R, i.e. the space of functions f such that

[f]O,a = sup ’f(.fl?) — f(y)‘ < 0.
everfz—y|®
Y
More generally, we denote by C™“(I) the space of C™(I) functions with Holder n-th
derivatives and denote [f],.o = [f™]o.a. Clearly, C%(I) is the space of Lipschitz

functions on I. In C™*(I) we consider the norm || f|ln,a = || flln + >reolf1k.0-
Lemma 2.3. Suppose I = [a,b] C [0,1[,1<n<o0,0<a<1,and f:I—R
is a C™ function with f'(a) = ... = f"(a) = 0. Then

[f (@) = f(a)| < [fln.a

T — a|n+a

for every x € [a,b].
Proof. The proof of this easy lemma is left to the reader il
Throughout we use A to denote the Lebesgue measure on R.

Lemma 2.4. Suppose I = [a,b)] e R,11 <n<o0,0<a<1,and f,g: I - R
are C™% functions with f@(a) = ¢ (a) (0 <i < n), |f™(z) — g™ (2)| < & for all
x €l and [f — gln.a <e. Then

If = gllna < a(z A + Z/\(I)Ha)
k=0
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In particular, if I C [0,1], then ||f — glln.a < 2e(n+1).

Proof. By [6: Lemma 2.2],

If = glln <Y AN
k=0

We shall prove that also

n

S gl <2 3 ADM
k=0

k=0

Indeed, for every z,y € I,
[(f =) V(@) = (f —9)" Dy
- [t-awa
SRR
=| [t =00 - ¢ - @] ar

y
< / elt — a|°‘dt‘

< €|£L‘ _ y|a+1'

Arguing in this way we obtain that, for every z,y € I and every 0 < k < n,

((f = 9" (@) = (f = 9" )| < el —y[*.
Therefore, [f — gln—k.o < eAI)ET and the result follows B

Our goal in this section is to characterize the following class A,, 4.

Definition 2.5. We define A,, , (1 <n < 00,0 < a <1) to be the collection of
all sets P C [0,1] such that P = f(Z ) for some C™* function f: [0,1] — [0, 1].

We provide a characterization of A, , in terms of Hausdorff measures and a
condition 3 defined below.

Definition 2.6. If M C R and s > 0, then H*(M) is the s-dimensional Haus-
dorff measure of M.

Definition 2.7. Suppose I C R is a closed interval and P C R is a closed set.
Then

Bua(P 1) = ZA )y

where S; are components of I\ P.

We first have the following
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Lemma 2.8. Let P € A,, . Then:
1. Bn.a(P,0,1]) < oco.
2. P is a closed set with HH%(P) =0.

Proof. Let us first show that Condition 1 holds. For this, let S1,.S55,... be the
components of [0,1] \ P. Without loss of generality we may assume that {0,1} C P.
Fix N € N, let S; = (¢4, d;) and aj,b; € Z(f ) be such that f(a;) = ¢; and f(b;) = d;

1771

for 1 < i < N. Applying [6: Lemma 2.6] to the sequence formed by ordering the
set {a},b, : 1 <i < N} from the left to the right, we may choose non-overlapping

intervals I; = [a;,b;] (i = 1,...,N) such that their end-points are in {a},b; : 1 <
i < N} C Zifn and A(S;) = |d; — ¢;| < |f(bi) — f(as)|. Then, using the fact that
D (a;) = fP(a;) = ... = f™(a;) = 0 and Lemma 2.3 we obtain

A(Si) < I f(ai) = £(b0)] < [flnalbi —ai "™
Since {I;}}¥, is a sequence of non-overlapping intervals contained in [0, 1], we get

N N
1 1 1
Z A(Si) e < ([fln,a) e Z bi — ail < ([fln,a)™F=.
i=1 i=1
Hence Condition 1 follows.
Since Condition 1 holds and since by [8: Theorem 3.4.3] H# (P) = 0 and hence
A(P) =0, by [1: Lemma 2] Condition 2 follows il

For the convenience of the reader, throughout the paper we recall some definitions
and necessary terminology from [6]. Afterwards, the rest of this section is devoted to
proving the converse of the above result.

We now recall the definition of chain and introduce new notions. Throughout,
w1 and 7wy denote coordinate projections.

Definition 2.9. A bozis a set of the form B = I x J where I,J C R are compact

intervals. For 1 <n <ooand 0 < a <1, sl, o(B) = /\(’}g—ila is its (n, o)-slope.

Definition 2.10 [6: Definition 2.9]. A basic building block function is a C*°
function ¢ : [0,1] — [0, 1] with

1. $(0) =0 and ¢(1) =1

2. W(z)>0forall 0 <z <1

3. ¢(0) = ¢ (1) =0 for all i > 1.
If B=1xJis a box, then ¢g = 11 o ¢ o ) where 1 and 1o are the linear

increasing homeomorphisms from [0, 1] onto J and from I onto [0, 1], respectively.
Note that ¢p is simply a congruent copy of ¢ in B. Moreover, for i > 1 there exists

a map = — p, from m(B) onto [0, 1] such that ¢%)(x) = ¢ (p,) sl;(B). From this,
651 = 116 s1:(B).

For the remainder of this section we shall use ¢ to denote some fixed basic building
block function.
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Definition 2.11 [6: Defintion 2.11]. Suppose B =1 x J C [0,1] x [0, 1] is a box.
A collection G = {G1,Ga,...,G}} is a chainin B if there are partitions {Iy, I2, ..., I;}
of I and {Jy, Ja,...,Ji} of J (both sequences ordered from the left to the right) such
that, for all 7, G; = I, x J;. The intervals I and J are the domain and the range of G
and we denote them by dom (G) and ran (G), respectively. To say that G is a chain
means that G is a chain in some box.

Definition 2.12 [6: Definition 2.12]. A function f is ¢-like in the chain G if
dom (f) = dom (G), ran (f) = ran (G) and, for each box B=1 x J in G, f|I = ¢p.

Definition 2.13 [6: Definition 2.14]. Suppose G; and Go are chains. We say
that Gy refines G1, denoted by Gy < Gy, if every element of G, is contained in some
element of Gy, dom (G;) = dom (G) and ran (G;) = ran (Gs).

Definition 2.14. Suppose B; and By are boxes with By C By, 1 <n < oo and
0<a<1. We define

B 0 if Bl - B2
Ama(Bla BZ) - { Sln,a(Bl) + Sln,a(BQ) else.

If G; and G5 are chains with Gy < Gy, then we define
Ama(gl,gg) = maX{Ama(Bl,Bg) : Bz S Q, (Z = 1,2) and B2 C Bl}

For sake of symmetry, we let A, o(B2,B1) = A, o(B1,B2) and A, o(92,61)
Apa(G1,G2). When a = 0, as in [6: Definition 2.15] we denote A, (G2,G1)
Ay o(G2,G1). Clearly, if all boxes are contained in [0,1] x [0,1], then A, (G1,G2)
An,a(g17g2)~

From now on we shall consider only chains contained [0, 1] x [0, 1].

IA I

Proposition 2.15. Supposel <n < oo and0 < o < 1. Then there is a constant
K, o such that, whenever Go < Gi and f; is ¢-like in G;, then

Hfl - f2| n,x < Kn,a An,a(gly g2)
Proof. By [6: Proposition 2.16] there exists a constant K, such that

”fl - fZHn S KnAn(QbQZ) S Kn An,a(gl7g2)-

We shall prove that there exists a constant 7}, , such that

Z[fl - f2]k,o¢ S Tn,a An,a(Gl; g2)
k=0

Let B; € QZ (Z = 1,2) with By C By, let I = 7T1(BQ) and T,y € I.If By = B, then
f1’I:f2‘I and

|(fr = f2)"™ (2) — (f1 = f2) " (v)]

|z — y|*

=0= A, (B1,B2).
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Let us now consider the case By # Bs. Then
|(F1 = )™ (@) = (1 = )M W)] = |(s5 5 (@) = () (v) — 5. ()|
because f; = ¢p, on m(B;) (i =1,2). So

|(f1 = f2)™ () = (f1 — f2)™ (y)]

|z —y[*
LB @ -0 w| | 195) @) - o5 W)
- M—yP |z =yl

IA

[¢]n,a (Sln,a(Bl) + Sln,a(B2))
S [¢]n,a An,a (gla g2)

What we have just shown is that, whenever z and y belong to the first projection of
the same box in Gs, then the inequality

|(f1 = f2)™(2) = (fr = f2)™ (y)]
|z — y|*

S [¢]n,o¢ An,a(gla gZ)

holds. Now let us consider the case when x € m1(B) and y € 7 (Bj) with B and
BY in Gy and B3 # BY. Let B and BY be two boxes in G; such that B C By and
BY C BY. Then two cases are to consider.

Case 1: Bf = BY. In this case, setting B = Bf = B}, we have

|(f1 = f2)™M () = (f1 = f2)™ (y)]

|z — y|*
105 @) - 95 @) - (¢5) ) - 65 )]
|z — y|*
\(qﬁ(”)( )= 5, (1)) — (9535 (2) — 650 )|
|z — y|*
_ 195 @) — 05 w) s @) e (v)
+
Ix—ma |z — y|* If—ma
o (@) e (v)

< In.o(B .
= [¢]n,a8n,a( 1)+ |$_y|a |x—y|0‘
Without loss of generality we can assume x < y. Then, let be

p3 the right end-point of 1 (B%)
py the left end-point of 7 (BY).

Since, by construction,
5 (p3) = 055 () = 0
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and
max {|z — p5|, |y — py|} < |z —y|
we get
o (@) 6 (v)
|z — yl|~ !x—yP
5@ — el ws)| 195y W) — 65 )]
|z — yl® |z — yl*
_ 1952 ) — ol v9) 6450 () — 05 ()|
N |z — pg|® - ]y—p2]“
< [Bln,a (sln,a(B3) + sln,a(BY)).
Hence,

|(fr = f2)"™ (2) — (f1 = f2) " (v)]

|z — y|*
[D]n,a Sln,a(B1) + [@ln.a (8ln,a(B3) + sln.o(BY))

= [(b]n,a (Sln,a(Bl) + Sln,a(Bzx)) + [(b]n,a (Sln,a(Bl) + Sln,a(Bg))

2[¢]n,o¢ An,a (gla 92)

VAN VAN

IN

Case 2: BY # BY. Then

(fr = f2)™ (@) — (f1 — f2) " (v)]

|z — y|*
(65 @) — 6557 (@) — (652 (1) — 93 ()|
B |z — y|o
B @)|  [ewl@)] e ) 165 W)l
< + :
|z —yl® |z —yl> Iw—yP |x—ma

Without loss of generality we can assume x < y. Then let be

p% the right end-point of m(B3)
p7 the right end-point of m (BY)
py the left end-point of 7 (BY)

py the left end-point of w1 (BY).

Since, by construction,

B 05) = 63l (07) = o) (8) = S5 (W) = 0

and
max {|z — p3|, |z — p{|, ly — P3|, ly — pY|} < |z —y|
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we get

BW@)|  [ew @) e 165 W)l

jz—yl* e —yl* \w—yP !x—ma
\gb(") (n) | \gb(”) (n)( :20)}
m—ma [z —yl|*
+\¢<”> — o WD| 9% (W) — oy (v8)]
|z —yl|* |z — y[
_ 9B @) - oR D] | 165 @) - o5 w5)]
|z — pi[® |z — p3|®
+\¢<“> — 65 (p >»+\¢<”><> 959 (03]
Iy—mP ly — p3|®

< [¢]n,a (Sln,a(Bf) + Sln,a(Bg)) + [Qs]n,a (Sln,a(B?f) + Sln,a<B?2J))
S 2[¢]n,a An,a(gh gZ)

Hence we can conclude that, for each x,y € dom (G;),

|(f1 = f2)™ () = (fr — f2)™ (v)]

|z — y|~

S 2[¢]n,o¢ An,a(gb g2)

and so

[fl - f2]n,a S 2[¢]n,o¢ An,a(glv g2)
<

Since fl(k)(a) = fék)(a) =0 for all 1 < k < n and fi(a) = fa(a) where a =
inf dom (G;), by Lemma 2.4 it follows that

Z[fl f2 k,a < 22(” + 1)[¢]n « n a(g1>g2) - Tn,a An,a(g17g2)

where T}, o = 22(n + 1)[¢]n.o. Hence,

||f1 - f2||n,oz < Kn,a An,a(glaQZ)
where Ky, o = K, + T, o 1

Definition 2.16. Suppose 1 <n < 00,0 < a < 1 and {Gy} a sequence of chains
with Gr+1 < Gy for all k. We say that {Gr} is a (n, a)-Cauchy sequence if for all
e > 0 there is a M € N such that if M < my,me € N, then Ay, (Gmy, Gm,) <ce. A
sequence {fx} of C™® functions to be a (n,«)-Cauchy sequence means that it is a
Cauchy sequence in the norm || - ||n.a-

Definition 2.17. Suppose 1 < n < oo and 0 < a < 1. For sake of notational
convenience, the triple ({Gx}, {fx}, @) is called (n,a)-proper if ¢ is a basic building
block function, {Gi} is a (n, a)-Cauchy sequence and fj is ¢-like in Gy, for all k.
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Proposition 2.18. Suppose 1 <n < 00,0 < a <1 and ({Gr},{fx},®) is (n,a)-
proper. Then {fr} is a (n,«a)-Cauchy sequence and hence converges to some C™¢
function f.

Proof. This follows from the definition of a (n, a)-Cauchy sequence and Propo-
sition 2.15 B

Definition 2.19 [6: Definition 2.20]. Let G be a chain and I x J some box in G.
Then &£y (G) is the set of all endpoints y of J and £x(G)) is the set of all endpoints
x of I.

Definition 2.20 [6: Definition 2.21]. Let {Gx} be a sequence of chains with
Gr+1 < G for all k. Then Cy ({Gxr}) and Cx({Gr})) are the sets of all y and =,
respectively, such that there are an increasing sequence of integers {k;} and two

sequences of boxes {B;} and {B.} such that, for all i,
1. y € mao(B;) Nme(Bl) and = € m1(B;) N1 (B)), respectively
2. B; € Gy, and B € Gk, 11
3. B/ is a proper subset of B;
4. By, C B! C B;.

Definition 2.21 [6: Definition 2.22]. Let {Gx} be a sequence of chains with
Gr11 < Gy, for all k. Then

Fr({Ge}) = &y ({Gih) U (U, &9 (G)

Fx({Gi}) = Cx({G) U (U1 €x(G)-

Proposition 2.22. Let ({Gk}, {fx}, @) be (n,a)-proper, 1 < n < oo and 0 <
a < 1. Then Fy({Gr}) = f(Z(tn)) and Fx({Gr}) = Z(fn) where f is the limit of
{/fi}-

Proof. This follows from the fact that the convergence in C™® is stronger than
that in C™ and from [6: Propositions 2.23 and 2.24]

Lemma 2.23. Let J C R be a closed interval and P C R a closed set such that
Brn,a(P,J) < co. Then for every € > 0 there exists h > 0 such that if Ji,...,J¢ is a
finite collection of non-overlapping intervals contained in J and covering P N J with
Je NP #0 and MN(Jy) < h for all 1 <k <t, then 31_; Bn.a(P,Ji) <.

Proof. The proof of this lemma is analogous to that of [6: Lemma 2.25] I

Lemma 2.24. Suppose B =1 xJ is a boxr, P C R a closed set with Hﬁ(P) =
0, and the end-points of J are in P. Moreover, suppose M > L > 0 are such that
Lﬁﬁma(P, J) < A(I). Then there ezists a chain G in B such that:

1. &(G) C P.

2. slyta(B') < + forall B €G.

3. If B € G, then A(ma(B)) < &, M#3 5, o(P,m(B')) < A(mi(B)) and
> preg AMm(B')) < <. where G’ is the set of all bozes B' in G such that the interior

of mo(B') contains a point of P.
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Proof. The proof of this lemma is a simple modification of the proof of [6:
Lemma 2.26] and can be carried out by applying Lemma 2.23

Lemma 2.25. Let 1 < n < 0o and 0 < o < 1, and suppose P C [0,1] is a

closed set with Hﬁ(P) =0 and Bn,o(P,[0,1]) < co. Then there exists a sequence
of chains {Gr} so that

(i) {gk} 15 a (n,a)-Cauchy sequence
(ii) P =Fyv({Gr})
(iii) M(Fx({Gk})) = 0.

Proof. We construct the sequence {Gy } using induction and Lemma 2.24. With-
out loss of generality we can assume {0,1} C P. We first construct Gy. Let L > 0 be
such that Lﬁﬂma(P, [0,1]) <1 and M > 2. Applying Lemma 2.24 to [0, 1] x [0, 1],
L and M, we obtain a chain Gy which satisfies the conclusions of Lemma 2.24. Now
suppose k > 1 and Gq,...,G, have been already constructed so that, for 1 <[ < k
denoting

T, = {B € G; : the interior of my(B) contains a point of P},

the following conditions are satisfied:

1. G < Gp—1.

2. & (Gy) C P.

3.If BeG,and BC B’ € Gy_1\ 7Tp_1, then B = B'.

4. If Be€ Gy and B C B’ € Gi_1 N Tj_1, then sl, o(B) < 2%

5. If B € Ty, then (2M1)75% 3, (P, m2(B)) < A(m1(B)) and A(ma(B)) < o
6. Y per AN(mi(B)) < %.

Let us now construct Gi+1. Let B € Gx. If B ¢ Tj, then we let g,fH = {B}. If

gk+2

B € Ty, then we apply Lemma 2.24 to B, L = 2! and M = max{2+*2 L

Let g,f;l be the resulting chain and Gpy1 = uBegkggl. By construction, Gii1
satisfies the induction hypotheses.

Let us now show that {Gy} is a (n, a)-Cauchy sequence. For this let B’ € G
and B € G, with B C B’. If B’ ¢ T;,_1, then by induction hypothesis 3 B = B’ and
hence A,, o(B,B’) =0. If B’ € Tj;_1, then by induction hypothesis 4 s, o(B) < 2%
Let B” € Gr_2 be such that B’ C B”. Since B’ € T,_1, B” € Tp_> and by
hypothesis 4 at stage k — 1 we have sl o(B') < 57— . Therefore we have just shown
that A, o(B,B’) < 2% + 2,%1 Hence, A, o (Gr—1,Gk) < 2% + 2%1 Therefore, Gy,
is a (n, a)-Cauchy sequence. The rest of the proof is the same as in the proof of [6:
Lemma 2.27|

Theorem 2.26. Let P C [0,1], 1 <n < o0 and 0 < a < 1. Then the following
assertions are equivalent:

1. Pe A, ,.
2. P is a closed set with Hn%l(P) =0 and By,o(P,[0,1]) < oco.
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Moreover, if P C [0,1] satisfies Condition 2, then there is a C™% homeomorphism f
from [0,1] onto [0,1] such that P = f(Z4,)) and X(Zf)) = 0.

Proof. Assertion (1) = (2) is simply Lemma 2.8.

Assertion (2) = (1): By Lemma 2.25 we may choose a sequence of chains {Gj}
such that {Gr} is a (n,a)-Cauchy sequence, P = Fy ({Gx}) and N(Fx({Gr})) = 0.
By [6: Proposition 2.13] there is a unique function f; which is ¢-like in Gi. Then
({Gr}, {fr}, ®) is (n,a)-proper. Let f be the limit of {fx}. Then f € C™% and, by
Proposition 2.22, 7y ({Gx}) = f(Z(f,n)). Hence P = f(Z4,)). By Proposition 2.22,
MZ(fn)) = MFx({Gr})) = 0. Since f is a non-decreasing function and A(Zy,)) = 0,
f is a homeomorphism H

Theorem 2.27. Let 1 <n < co. The collection A, o forms an ideal of compact
sets.

Proof. The proof is a simple modification of the proof of [6: Theorem 2.30] i

Example 2.28. Denote by dimy the Hausdorff dimension and let C, be the
“Cantor sets” obtained by removing the middle 7-th percentage every time. Then

dimy (C,) = —2282_ Clearly, if v > 1 — 77—, then H#(Cv) = 0. Moreover,

log -5

for such v, 8,,4(C5,[0,1]) < co. Hence C, € A,  for v > 1 — 27&%

Remark 2.29. In [6], by A,, (1 <n < o0) there is denoted the collection of all
sets P C [0, 1] such that P = f(Z ;) for some C™ function f : [0,1] — [0,1], and by
Ao there is denoted the collection of all sets P C [0, 1] such that P = f(Z(y,)) for
some C* function f : [0,1] — [0,1] where Z(; o) = {z € R: fD(z) =0 for all 1 <
i}. From [6: Theorems 2.28 and 2.33] it follows that N,.A4,, = As. On the other
hand, it is also clear that N,A;, o = As.

Theorem 2.30. Let P C [0,1] and 1 < n < co. Then A, 1 = Apt1 and the

following assertions are equivalent:
1. There is a C™ function f: [0,1] — [0,1] such that P = f(Z})).

2. P is a closed set with H%H(P) =0 and B,,1(P,0,1]) < oo.
3. There is a C™ function f : [0,1] — [0,1] such that P = f(Z(tn+1))-
Proof. Assertion (1) < (2) is a consequence of Theorem 2.26. Assertion (2) <

(3) follows from the fact that, by definition, (3, 1(P, [0, 1]) = Bn+1 (P, [0,1]) and from
[6: Theorem 2.28] B

3. Perfect level sets

In this section we characterize the set of points where level sets of a given C™¢
function are perfect. We first recall some basic definitions and results.

Definition 3.1 [6: Definition 3.1]. Let f: I — R be a continuous function and
G the union of all open (relative to I) intervals S such that f is monotone on S. We
call p € I'\ G a turning point of f and denote by T the union of the set of all turning
points of f and all end-points of I.
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Definition 3.2. Let f : I — R be a continuous function. For v > 1 we define
the v-variation of f by

k
Vv(f) = sup {Z |f(wi41) — f(ﬂcz)!%}

where the supremum is taken over points x; € Ty such that 1 <z < ... < Zpy1.

Theorem 3.3 [10, 11]. Suppose 1 <n < oo and 0 < a <1, and let f: [0,1] —
R be a continuous function of bounded variation with Vi, +q(f) < co. Then there is a
homeomorphism h : [0,1] — [0, 1] such that f o h is a C™* function.

Definition 3.4 [6: Definition 3.13]. Suppose P and @ are closed sets. We say
that P is strongly contained in @, denoted by P < @, if P C @, @ \ P is countable
and every point of P is a bilateral limit point of Q).

Lemma 3.5. Suppose 1 <n < oo and P € A, . Then there is Q € A, o such
that P < Q.

Proof. The proof is the same as that of [6: Lemma 3.14] I
We now proceed towards the goal of this section.

Theorem 3.6. Let M — [0,1], 1 <n < oo and 0 < o < 1. Then the following
assertions are equivalent:

1. M is the union of a Gs set and a countable set and there is P € A, o such
that M C P.

2. There is a C™% function f : [0,1] — [0,1] such that f~1({y}) is perfect for
every y € M and finite otherwise.

Proof. Assertion (2) = (1): By [6: Lemma 3.7], M is the union of a G5 set and
a countable set. From the fact that f~1({y}) is perfect for all y € M it follows that
M C f(Z(f,n)> € An,a-

Assertion (1) = (2): Let M and P be as described in Assertion 1. By Lemma
3.5 there exists a set P’ € A, o such that P < P’. By Theorem 2.26, there is
a C™% increasing homeomorphism h such that h(Z,,)) = P’ and A(Z(,,)) = 0.
Let Q@ = h=1(P"), Q = h™(P) and N = h™!'(M). The sets Q',Q and N clearly
satisfy the hypotheses of [6: Proposition 3.16]. Now applying this proposition we can
obtain a continuous function of bounded variation g such that ¢g=1({y}) is perfect
for all y € N, finite otherwise and ¢(T,;) € @’. Now we consider the function
hog. First, (hog)~t({y}) clearly is perfect for all y € M and finite otherwise.
Next we want to observe that h o g satisfies the hypotheses of Theorem 3.3. As h is
Lipschitz and g is a continous function of bounded variation, hog is also a continuous
function of bounded variation. Now we want to show that V4 ,(hog) < oo. Let
1 < 22 < ... < 2 < Zp41 be elements of T}jo4. Since h is a homeomorphism,
x; € Ty for all i as well. Let 1 <7 < k. As g(z;) € Q" = Z(p ),

W (g(zi)) = h® (g(zi) = ... = B (g(x7)) = 0.
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Then, by Lemma 2.3,

|[(hog)(xis1) — (hog)(xi)| < [hoglnalgl@iv) — gla:)|"+e.

Hence,
k

Z |(h 0 g)(@it1) — (hog)(g;i)‘ﬁ

=1

1

< Z ((h o glnalg(@iv1) — g(xi)|n+a)m

(hOg n+ Z‘g xz—l—l 7,)|

k
< ([hoglna)™ ¥ V(g).

As g is a function of bounded variation, V,,1(h o g) < co. Now, applying Theorem
3.3 to h o g, we obtain a homeomorphism hy of [0, 1] such that ho go h; is a C™*
function and f = h o g o hy is the desired function N

Theorem 3.7. Let M C [0,1] and 1 < n < co. Then the following assertions
are equivalent:

1. There is a C™' function f : [0,1] — [0,1] such that f~1({y}) is perfect for
every y € M and finite otherwise.

2. M is the union of a G5 set and a countable set and there is P € A, 1 such
that M C P.

3. There is a C"™ function f : [0,1] — [0,1] such that f~*({y}) is perfect for
every y € M and finite otherwise.

Proof. Assertion (1) < (2) is a consequence of Theorem 3.6 and Assertion
(2) < (3) follows from the fact that A, 1 = A,41 and from [6: Theorem 3.17] i

4. Uncountable level sets

In this section we characterize the set of points where level sets of a given C™¢
function are uncountable.

Theorem 4.1. Let M C [0,1],1 < n < oo and 0 < a < 1. Then the following
assertions are equivalent:

(1) M is an analytic set and there is P € A,, o such that M C P.

(2) There is a C™ function f: [0,1] — [0, 1] such that f~*({y}) is uncountable
for every y € M and countable otherwise.

Proof. Assertion (2) = (1): By [9: p. 498/Theorem 2|, M is analytic. Since
f7'({y}) contains a perfect set for each y € M, y € f(Z(s,n)). Hence M C f(Z(f.n))-
The proof of assertion (1) = (2) is analogous to that Theorem 3.6 and can be carried
out by applying [6: Proposition 4.2] i
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Theorem 4.2. Let M C [0,1] and 1 < n < co. Then the following assertions
are equivalent:

1. There is a C™! function f : [0,1] — [0, 1] such that f=1({y}) is uncountable
for every y € M and countable otherwise.

2. M is an analytic set and there is P € A,, 1 such that M C P.
3. There is a C" function f : [0,1] — [0,1] such that f~1({y}) is uncountable
for every y € M and countable otherwise.

Proof. Assertion (1) < (2) is a consequence of Theorem 4.1 and Assertion
(2) « (3) follows from the fact that A,, 1 = A,,+1 and from [6: Theorem 4.3] i

5. The Lipschitz case

In this section we characterize the set of points where level sets of a given Lipschitz
function are perfect. We first have the following definitions and propositions.

Definition 5.1. For a Lipschitz function f on a closed interval I C R we set

Pr = {y ceR: f~'({y}) is perfect }
Dy = {ac € R: f is differentiable at x}
Z(f,l) = {l‘ € Df : f(l)(l') = 0}
Clearly, if f € Cl(I), then Z(f,l) = Z(f,l)-
Theorem 5.2 [4: Lemma 1]. If f is a continuous function of bounded variation

on [0,1], there exists a homeomorphism h of [0,1] onto itself such that f o h is a
Lipschitz function.

Definition 5.3. Let B = I x J be a box. We use Iy, I, Ir to denote the
left third, middle third and right third intervals of I, respectively, and define By, =
I, xJ, By = Iy xJ, Br = Ir x J — the so-called vertical splitting of B. A continuous
function f is

- diagonal to B if the restriction of f to B is a linear function which passes through

the diagonal corners of B

- jagged inside B if it is diagonal to each of By, By, Bg.
Definition 5.4. Let f: [0,1] — [0,1] be a continuous function and J a closed

interval in [0, 1]. Then we define a¢(J) to be the extended positive integer equal to
the number of components of f~1(.J).

Proposition 5.5. Suppose G is a G5 set with A(G) = 0. Then there is a con-
tinuous function of bounded variation f : [0,1] — [0, 1] such that

1. f~1({y}) is perfect for ally € G
2. f~Y({y}) is finite for ally ¢ G.
Proof. Since G is a G5 set with A(G) = 0, there exists a decreasing sequence of

open sets {Ag} with A(Ag) < 537 and G = N2 Ay, We will construct our desired
function f as the uniform limit of an appropriately chosen sequence {fx}.
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Let fo : [0,1] — [0,1] be the identity map. Considering A; we may obtain
a countable collection {J;}$2; of non-overlapping, closed intervals contained in A;
such that G C U2, J;. Let f; be the modification of fy which is linearly jagged inside
fo 1 (Jp) x Jy for all t, and let Gy = {fy *(J;) x J; : t > 1}. Then, at the end of stage
1, the following properties are satisfied:

(i) f1 is a continuous function linearly jagged inside each B € G; with f1(0) =0
and f1(1) = 1.
(ii) The graph of f; coincides with the graph of fy outside UG;.
(i) /i ' ({y})| < 3" for ally € [0,1].
(iv) f1 is a continuous function of bounded variation and V(f1) < V(fo) +
33y gy (J)A(Tn) = V(fo) + 32021 A(Jn) < V(fo) +3A(A1).
(v) m(UGy) C A;.
(vi) A(m1(B)) < A(m2(B)) < A(A;) for every B € G.
(vii) [[f1 = follo < A(A1).

Now let us assume that we are at stage k > 1, f; and G have been constructed
already so that the following properties are satisfied:

(i) fx is a continuous function linearly jagged inside each B € Gy with f;(0) =0
and fk(l) =1.
(ii) The graph of fi coincides with the graph of fi_; outside UGy.
(iii) |f; ' ({y})] < 3" for every y € [0,1].
(iv) fr is a continuous function of bounded variation and V(fx) < V(fr—1) +
3FA(AR).
(V) 7T2(ng) C Ag.
(vi) A(m1(B)) < A(m2(B)) < A(Ag) for every B € Gy.
(vii) [[fx — fr—1llo < A(Ax).
(viii) If y € G and B € Gi_1 are such that y € my(B), then there exist disjoint
boxes By and Bj in G contained in B such that y € mo(By) N ma(Bs).
(ix) If (z, fr(z)) is such that fi(z) € G, then (z, fr(x)) € UGk.
Let us now construct fy4i. For this let B’ € G and fix B to be one of B}, B}, or
Bj,. Note that f is diagonal to B. Let us define fiy; inside B first and construct a
collection G, | of boxes inside B. As before, we obtain a countable collection of non-
overlapping closed intervals {J;} contained in mo(B) N Ag41 such that mo(B) NG C
U2 Ji. Let fry1|x, (m) be the modification of fi|~, () which is linearly jagged inside
each of (frlx (5)) ' (J¢) X Jy and set

ity = {(flmym) 7 (Je) x Je ot > 1}

We do the above process for each such B and let fr11 be the resulting function. We
also set Gr41 = UQ,?H. In order to prove assertion (iv) we notice that

V(fir1) S V(i) +3 ) ap (Ta)An) < V(fi) + 3" A (Agra).

n=1
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It is easy to verify that fi 1 satisfies all other induction hypotheses of stage k+1. By
assertion (vii), the sequence {fi} converges uniformly to some continuous function
f. By assertion (iv),

V(fr) <V (fo) +Z39)\ ) < V(fo) +Z3J3Tj<v(f0)+—

Hence f is of bounded variation. By assertion (viii), f~1({y}) is perfect for all y € G.
By assertions (v), (ii) and (iii), f~1({y}) is finite for all y ¢ G B

Proposition 5.6. Let M C [0,1] be the union of a G5 set and a countable set
with A\(M) = 0. Then there exists a Lipschitz function f : [0,1] — [0,1] such that
f~Y({y}) is perfect for every y € M and finite otherwise.

Proof. Let M = G U N, where G is a G5 set and N is countable, with G N
N = (). By Proposition 5.6 there exists a continuous function of bounded variation
h : [0,1] — [0,1] such that h=!({y}) is perfect for all y € G and finite otherwise.
Since GN'N = (), Ny = h=}(N) is countable. By [6: Proposition 3.8], there is a
continuous non-decreasing function g : [0,1] — [0,1] such that g~ ({y}) is a closed
non-degenerate interval for all y € Ny and g~ *({y}) is a singleton for all y ¢ Nj.
Clearly, (h o g)~'({y}) is perfect for every y € M and finite otherwise and ho g is a
continuous function of bounded variation. Now, applying Theorem 5.2 we obtain a
homeomorphism h; such that h o g o h; is a Lipschitz function and f = hogo hq is
the desired function il

Proposition 5.7. Suppose I is a closed interval contained in [0,1] and f is a
Lipschitz function defined on I. Then the set of points where level sets are perfect is
the union of a Gy set and a countable set, and it has Lebesque measure zero.

Proof. By [7: Lemma 3.7], Py is the union of a G5 and a countable set. Without
loss of generality, since countable sets obviously have Lebesgue measure zero, we may
assume that Py is a G5 set. Let

P} ={y € Ps: f(z,) =y for some z, € Dy}.

Since f is Lipschitz it follows that A(P; \ P;') = 0. Tt is clear that x, € Z(f’l) for
every y € P;'. By a standard result (e.g. [2: Lemma 7.10]) the set f(Z(fil)) has
Lebesgue measure zero. So, since Pfl is a subset of f (Z( 1)), it also has Lebesgue
measure zero. Therefore A\(Py) =0

The following theorem is the goal of this section.

Theorem 5.8. Let M C [0,1]. Then the following assertions are equivalent:

1. There is a Lipschitz function f : [0,1] — [0,1] such that f~'({y}) is perfect
for every y € M and finite otherwise.

2. M is the union of a Gs set and a countable set and \(M) = 0.

Proof. Assertion (1) = (2) is Proposition 5.7 while Assertion (2) = (1) is
Proposition 5.6 B
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