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Problem of Functional Extension
and Space-Like Surfaces in Minkowski Space

E.G. Grigoryeva, A.A. Klyachin and V.M. Miklyukov

Abstract. Let Z(z) be the distribution of convex sets over a domain D C R™ and let
¢ : 0D — R be a function. We consider the existence problem of locally Lipschitz functions
f defined in the domain D so that flsp = ¢ and Vf(x) € Z(x) almost everywhere in
D. These questions are related to the existence problem for space-like surfaces of arbitrary
codimension with prescribed boundary in Minkowski space.

Keywords: Lipschitz function, pseudometric, Finsler space, Minkowski space, space-like
surface
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1. Introduction

Let R7™! be an (n + 1)-dimensional Minkowski space, that is an (n + 1)-dimensional
pseudo-Euclidean space with a metric of signature (1,n). Let z = (z1,z2,...,2,)
and y = (t,z) € R7™!. For an arbitrary pair of vectors x’ = (#,2') and x” = (¢, z")
in R7™! we will set the inner product to be

n
(X X"y = —t't" Y wial
=1

and the scalar square of a vector y € R’f“ to be

IXI? = (x; x)-

We say that a non-zero vector y € R?H is space-like, time-like or light-like depending
on the realization of the conditions |x|?> > 0, |x|? < 0 or |x|? = 0. The set of light-
like vectors x € ]R?H from the origin forms a light cone. The space-like vectors lie
outside that cone, but the time-like ones lie inside it.

Let t = f(x) be a C'-function defined in a domain D C R”, and let F be its
graph. The surface F' is called space-like if any tangent vector to it is space-like. It
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is not difficult to see that F' is space-like if and only if |V f(z)| < 1 everywhere in D.
The area of the space-like graph can be calculated by the integral

/ 1 —|Vf|?dz. (1)
D

The problem of describing the sets of admissible functions in the variational problem
for the area functional (1) with Dirichlet boundary condition flsp = ¢ is trans-
formed into the following problem of extension for functions under restrictions on
the gradient:

Let ¢ : 0D — R be a function. We are required to give conditions for the existence
of a function f : D — R such that f € C°(D)NCY(D), flop = ¢ and |V f(x)| <1

everywhere in D.

From the point of view of these variational problems for sets of admissible func-
tions for the functional (1) it is enough to study locally Lipschitz functions.

Let Lip D be the set of functions f : D — R satisfying the Lipschitz condition
on any compact subset of D. According to the Rademacher theorem, any function
f € Lip D has a total differential almost everywhere in D. So, in the case of functions
belonging to the class Lip D we may extend the conception of space-like graph ¢t =

f(x) by supposing

esssup |V f(z)| <1 for any compact K C D, (2)
reK

and on the extension problem formulated above we may consider functions having
property (2) instead of functions f € C°(D)NCY(D). In the case of convex domains
D C R" the solution of the problem follows immediately from the classical Kirsbraun
theorem about extension of Lipschitz functions (see [3 : Theorem 2.10.43] and new
results [6, 7]).

In the present paper we study the following general problem of extension for
functions under restrictions on the gradient.

Let D C R” be a domain. Suppose that for every point x = (t,z) € R} with
x € D the set Z(x,t) C R™ is defined. We will say that the distribution of sets =(z, t)
is locally uniformly bounded over the domain D, if for every point x¢y € D there is a
neighborhood U(zg) of that point and a number R > 0 such that for all z € U(x)
the sets =(x,t) contain inside an n-dimensional ball B(0, R) C R™.

Let us fix an arbitrary distribution of sets Z(x, t) over the domain D C R™. Then
¢ : 0D — R is a boundary function. We require to find conditions for the existence
of a function f € Lip D with the property f|sp = ¢ and such that

Vfz) = (aa—;l(x), . %(m)) is in Z(z, f(z)) a.e. in D. (3)

The case in which the sets = = Z(z) are uniformly bounded, convex and symmetric
was studied in [4]. In that paper, the authors build some Finsler metric p by a
prescribed continuous distribution of Z(z), and they show a criterion for the existence
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of the extension for functions ¢ : dD — R to a locally Lipschitz function f: D — R,
defined on the domain D and having property (3).

In the present paper we give a criterion for the solvability of problem (3) in
the general case of locally bounded convex sets = = Z(x), not necessarily open and
symmetric. We also replace the condition of continuity of the distribution Z(x) by

the weaker integral condition.

The problem is the key problem for the description of admissible functions for
the area functional of space-like and time-like surfaces in Minkowski space and in
warped Lorentz products. A partial solution of the problem in [4] led to very general
theorems of existence and uniqueness for solutions of the Dirichlet problem with
singularities for the maximal surface equation in Minkowski space [5].

Below we apply our results to the general existence problem for k-dimensional
space-like surfaces with prescribed boundary in the Minkowski space R (2 < k <
n) and in warped Lorentz products M X R with a warping function of the general
form § = §(m, t).

The basis of our approach to the extension problem with restrictions on the
gradient is the reduction of this problem to some problem about Lipschitz extension in
Finsler spaces [9] associated with the distribution of convex sets Z(x) over the domain
D. Moreover, abandoning conditions of symmetry and uniform boundedness of sets
=(x) substantially complicate the problem, because the Finsler pseudometrics which
arise do not satisfy the traditional axioms of a metric space. So, asymmetry of the
sets Z(x) implies the omission of the symmetry axiom for the Finsler pseudometric.
Giving up of the local uniform boundedness condition for the distribution of the
sets Z(x) implies giving up the identity axiom. Besides, in the general case, the
(pseudo)metric can take values on the extended line R = R U {—oco} U {+00}.

Acknowledgments. The third author wishes to thank Department of Mathe-
matics of Brigham Young University for the hospitality while the English version of
this manuscript was written, and Dr. Tyler J. Jarvis who corrected the initial En-
glish text. The authors wish to thank V. G. Tkachev and V. A. Klyachin for checking
mathematical text.

2. Pseudometric spaces

The general extension problem of functions with restrictions on the gradient can be
reduced to the problem of Lipschitz extension for functions in some special pseudo-
metric spaces. Below we research this problem.

Let X be an arbitrary non-empty set and let p : X x X — R be a function, having
the following properties:

a) p(z,z) =0 and p(z,y) >0 forall z,y € X.

B) p(x,y) < p(z,2) +p(z,y)  forallz,y,z € X.

The pair (X,p) is called a pseudometric space, and the function p is called a pseu-
dometric. We observe that here we do not suppose symmetry of the pseudometric
p, that is, p(z,y) # p(y,x) in the general case. On the set X we may introduce
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a topology associated with the pseudometric p as the topology determined by the
system of neighborhoods

Ud(w) ={y € X :plzx,y) <e}.
Thus, the concept of limit for the function f : X — R at a point and the concepts of
continuity and uniform continuity can be introduced by standard way.

Let S be a subset of X. A function ¢ : S — R is called p-Lipschitz if there is a
constant L < 400 such that

—Lp(y,z) < é(x) — o(y) < Lp(z,y)  (z,y €S).
The smallest of the constants L we shall call a Lipschitz constant and denote it by
Lip (¢,S). Further, we restrict the study to functions ¢ for which Lip (¢,S) < 1.
We define some additional notions. For an arbitrary triple of points z,y,z € X
we set

B p(z,y)
My = e ey

Since p is a pseudometric, then A(z,y,z) < 1. The condition A(z,y,z) = 1 implies
that the points z, y, z are situated on a 'geodesic line’ with respect to the pseudometric
p. We will call by a pseudodistance from set P to set S the quantity

p(P,S) =inf {p(z,y) : x € P and y € S}.
We will call by a distance between sets P, S C X the quantity
dist (P, S) = max {p(P,S),p(S,P)}.

A set U € X is said to be p-compact, if a subsequence convergent to some point
xo € U may be chosen from every sequence {z,,} of points of the given set U.

Lemma 1. Let S C X be an arbitrary set and let ¢ : S — R be a function with
—p(y,z) < @(z) — o(y) <plz,y)  (z,y€S).
Then there is a function f: X — R with f|s = ¢ such that
—p(y,x) < f(z) = fly) <pla,y) (2,9 € X).
Proof. We set
= inf .
f(@) = inf {$(y) + p(z,y)}
Then for an arbitrary ¢ > 0 and any 2/, 2" € X there are points y’,y” € S such that
f@) > o) +pa’y) -
f(l_//) > ¢(y//) +p(£c//7y//) —c.
Hence

f@) = f(@") > o(y) +pa',y) —e — d(y') —p(a",y)
=p(@'y) —pa”y) -«
> —p(z”,2') —e.
Similarly, we obtain
f@) = f") <p(',2") +e.
Since € > 0 was arbitrary, the lemma is proved i
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Remark 1. In the case when X’ is a metric space, this expression is formulated
in Federer’s monograph [3: Section 2.10.44].

Our main problem in the present section is the extension problem of functions
from the boundary into a domain with Lipschitz constant strictly separated from 1
on every compact subset of the domain. The lemma formulated below is a key one
in the construction algorithm for this p-Lipschitz extension.

Fix a set S C X. Let ¢ be a p-Lipschitz function with Lip(¢,S) < 1. For
arbitrary 6 > 0 and g with 0 < p < 1 we set

= A5 (¢, 5)
= {(w,y) €S xS :p(r,y) >0 and ¢p(z) — Pp(y) > (1 - u)p(w,y)}-

Note that, for Lip (¢,S) < 1, A5 (¢, S) = 0 for p sufficiently close to 0.

Lemma 2. Let P,Q,S C X be mutually disjoint sets and p(P,S) > 0. Let
¢: S — R be a p-Lipschitz function having the property

V6>03pe(0,1): sup{A@yQ):(r.y) € AL(6,S) and (ePH <1 (4)

Let g : Q — R be a function such that for some L < 1

—~
m
S~—
I
)
—
=
IN

Lp(&,n) (§;me Q) (5)
() —o(x) < Lp&z) (£€Q,xeS). (6)

Then there is a function f : P — R and a constant Ly < 1 such that

—Lop(n,&) < f(§) = f(n) < Lop(&;m)  (§,mEP) (7)
—Lop(C,€) < f(§) —9(Q) < Lop(§,¢)  (€P,(€Q) (8)
—Lop(z,&) < f(§) —¢(z) < Lop(,z)  (E€P,z€9). (9)
Proof. We put A = p(P,S). By condition (4), for § = A there is p € (0,1),

for which
sup{ z,y,(): my)GAgandCGP}=L1<1. (10)

We set
Lo = maX{Ll,L,l — I, %}

and consider the function

f(&) = inf {¥(z)+ Lop(§ 2)}

reSUQ

where
_ Jo(x) forxeS
(w) = {g(az) for z € Q.
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We fix arbitrary £,n € P. For given € > 0 points z.,y. € QU S are found such that

> 77Z}(37s) + Lop(f,l‘e) — €&
f(n) = Y(ye) + Lop(n, y=) — ¢

Hence,
F(&) = f(n) < Lo(p(& ve) — p(n,ye)) +& < Lop(§,m) + €

f(f) - f(n) > LO (p(é.awa) _p(nama)) —€2> —Lop(naff) —¢€

and by virtue of the arbitrary choice of £ > 0, we obtain (7).
We shall prove inequalities (8) - (9) simultaneously. Let £ € P and x € SU Q.
Then
f(&) —b(x) < Lop(&, x)

which implies the validity of inequalities in the right parts of (8) - (9). Let us show
that

f(&) —(x) = —Lop(x, §).
We have
Ve>03z. e SUQ:  f(§) > (xe) + Lop(&,zc) — €.

We carry out the following arguments separately depending on the placement of the
points x, z. on the sets Q@ and S.

a) Let z,z. € Q. Then by (5)

f) Let z € S and z. € Q, or x € Q and x. € S. Then, as above, by virtue of (6)
we have

f(&) —(x) > —Lop(z,§) —e.
<9

v) Let z,z. € S and p(x, ) = 1A. Then

f(&) — (@) = ¢(z:) — d(x) + Lop(§, 2e) — €
> —p(z,ze) + Lop(§,ac) — €
> —% + LoA — ¢
> —€
> —Lop(w,f) — E.

) Let (z,z.) € A. It follows from (10) that

p(x7$8)
L L .
20 tpGan St ste (CEP)
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Moreover,
f(&) = (@) = ¢(xe) — d(x) + Lop(§,2c) — €
> —p(x,z:) + Lop(§,7:) — €
> —Lo(p(x, &) + p(&,2e)) + Lop(&, ) — €
—Lop(z,§) — ¢
e) Now, if the point (z,z.) does not belong to the set A{ but p(x,z.) > 9, then
by definition of the set Af

¢(xe) = o(x) > =(1 = p) p(a, ).

From here we obtain

f(&) = () = ¢(xc) — d(x) + Lop(§, zc) — €
Z (l—u)p(x I€)+L0p(€7xs) -
>

—Lop(z,§) — €.

Combining the cases ) — ¢) and passing to the limit as ¢ — 0, we get

f() —v(z) > —Lop(x,§) (€P,zeSUQ)

that implies the validity of the left inequalities in relations (8) - (9) and the lemma
is proved B

Suppose that the pseudometric space (X, p) is a so-called arcwise connected one
and that the pseudometric p coincides with the so-called pseudointrinsic distance.

Let us explain the terminology. By a arcwise connected spaces (X, p) we designate
spaces with the property that for all x,y € X there is a continuous mapping = :
[0,1] — (&, p) such that v(0) = x and (1) = y. We also say that p coincides with
the pseudointrinsic distance in X" if p(x,y) = inf, |v|,, where the infimum is taken
over all curves v joining the points z and y. Moreover,

7l = sup Zp Y(tit1))

where the supremum is calculated over all partitions of the segment [0, 1] by points
0=t <ty <...<tp41 =1. We note that the length |v|, of a curve depends on
how one traces the curve 7.

The following statement provides the main result of this section.

Lemma 3. Let (X,p) be a pseudometric space with the described properties. Let
S C X be an arbitrary subset and let ¢ : § — R be a p-Lipschitz function. In order
that the function ¢ be a trace of some function f: X — R satisfying the conditions

VU C X with dist (U,S) >0 3 constant Ly < 1:

: f(@) = f(y)
llmSE}ZWSLUVmEU (11)
lim inf 20 =TS0 S (12)
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it 1is sufficient that

Y p-compact U C X with dist (U,S) >0 andV § >0

13
3 1 € (0,1) such that sup {A(z,y,2): (z,y) € Af,ze U} <1. (13)

In the case when either the function ¢ or the set S is bounded, condition (13) is also
necessary.

Proof. First we prove sufficiency. For an arbitrary k € N we set

Qk—{xEX dist (z,S) k}

Sp={z e X: dist(z,8) = +}

ﬁk =5, UQy.
Note that S; NS; = 0 and dist (S;, S;) > 0 for an arbitrary ¢ # j. It is not hard to
see that the sets Qj, are closures of the sets € in the topology determined by the

pseudometric p. Using property (13) and Lemma 2 for P = Q; and Q = (), we find
a constant L7 < 1 and a function uy : 21 — R such that

—Lip(n, &) < ur(€) —u1(n) < Lip(§,n) (&ne)
—Lip(z,§) <ui(§) — ¢(z) < Lip(§, ) (e,zed).

Now, using (13) and Lemma 2 for P = Q, \ Q; and Q = €, we find a constant
Ly < 1 and a function us : Qs \ ©; — R such that

<
<

—Lap(n,§) < ua(§) —uz(n) < Lap(§,n) (&ne\ M)
—Lop(C1,€) <ua(€) —ur(Cr) < Lop(€,G1) (£ €D\ 1, ¢ € D)
—Lap(z,§) < uz(§) — o(x) < Lap(€, x) (E€eW\Q,zeS8).

Continuing this process for an arbitrary £ > 1 we find a constant Ly < 1 and a
function ug : Q \ Qx—1 — R for which

—Lp(n,§) < uk(§) —ux(n) < Lip(€,n) (&ne U\ )

€ O \ Qi1

—Ly p(z,§) < u(§) — d(z) < Lip(§, @) (5 € Qk \ Qk_l,x €S).

Thus, the function f is equal uy, on Q and is defined on the set Upe 1. It is clear
that f has properties (11) - (12) by construction.

We put &' = {zx € X' : dist (z,S) = 0}. It is obvious that U2, US" = X. Let
x € §'. There exists a sequence of points {yx}72, C S for which p(x,y;) — 0 for
k — oco. We set fo(z) = limg_, ¢(yx). Let us show that the limit exists and does
not depend on the choice of the sequence. As

o(yr) — d(yrt1) < Pk, Yrt1) < 2(Yk, ) + p(2, Yrt1) — 0
(k) — d(Wktt) = =Wkt k) = — (P(Yrtt, ©) + p(z,yx)) — 0,
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the sequence ¢(yx) is fundamental in R and has a limit. The independence of this
limit from the sequence {yi} can be established similarly.

It remains to show that the function

[ f@) forxe U, Q
f(x)_{fo(x) foerSiC o

coincides with ¢ on S. Let x € S and y € X. If y € UFZ (), then

fy) = o(x) = fy) — ¢(x) < p(y,z)
fy) = o(x) = f(y) — o(x) > —p(,y).
If y € §’\'S, then there is a sequence y;, € S for which f(y) = fo(y) = limg_— o ¢(yk)-

Hence,
f(y) — ¢(x)

kh_{go ¢(yr) — ¢(x)
< lim p(yy, )
< lim (p(ys,y) +p(y, 7))
= p(y7 'T)
Similarly,
fly) = é(z) = foly) — é(z) > —p(z,y).

From here we conclude that f|s = ¢.

Finally, we turn to the proof of necessity. Assume that the function ¢ : § — R
is a trace of some function f : X — R satisfying condition (11) on the set S C X.
Then for all p-compact U with dist (U, S) > 0 there is € > 0 and constant L < 1 such
that for any £ € U under every n € {z € X : p(§,z) = e} = C. we have

—Lp(n,§) < f(&) — f(n) < Lp(&n).

a) First we consider the case when the set S is bounded, that is

sup p(z,y) = M < 4o0.
z,yeS

Let v be a path leading from x to § and such that p(§,z) > |y[, —d (6 > 0) and
n € yNC.. Then

f(&) —o(x) = f(&) — f(n) + f(n) — é(z)
< Lp(&,n) +p(n, z)

= (p(&,m) + p(n, z)) (é 7)7)++p1(97(777,))
S(p(«f,x)-i—) (( 7)7) Dt ))

p(n,
= (p(ﬁ,cc) + )L—(n’x))
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and by arbitrarity in the choice of § > 0 we obtain

M
7€) - 6(0) < T pl6, o) (19)

Suppose that property (13) does not hold. There is a sequence of points Z,, ym € S
and z,, such that inf,, dist (z,,,,S) =€ > 0. And there is a §; > 0 such that, for all

1
m €N, (Tm,ym) € A§" and

p($m7 y'm)
P(Tm, 2m) + P(Zms Ym)

—1 (m — 00).

1
From the condition (z,,,ym) € A" we have

$(@m) = ¢(ym) = (1= ) P(Tm, Ym)- (15)
On the other hand, it follows from (14) that

O(Tm) — A(Ym) = o(¥m) — f(2m) + f(2m) — ¢(yYm)

p(.rm, Zm) +p(zm7ym) L+
= P(Tms Ym) i P& Ym)-

This contradicts (15) for large m.

b) Suppose that the function ¢ is bounded. Under realization of this condition
the function f is bounded. Let

Mo = sup |¢(x)| = sup | f(z)].
€S reX

If x € S, then let v be a path joining the points £ and x such that p(§,z) >
[¥]p —0 (6 >0). Assume that p(&,x) > 4M,. We have

J(€) = o(w) < 2Mo < 5p(& ).
If p(&,z) < 4My, then

FO) - 9(0) < (plesn) + ) LPEDL02)

p(&,a)+6—(1— L)

< (p(& x) +9)

p(§, )
Setting 6 — 0 we obtain
p(fax) B (1 B L)é?
4My — (1 — L
< pl& @) — 4;40 3

Hence, we can find a constant L; < 1 such that for all z € §

f(&) = ¢(z) < Lap(, x).

Repeating arguments of section a), we come to (13). The lemma is completely
proved B
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We need the following construction. Let p: X x X — R be a function having
properties o) — ) of a pseudometric described above. We introduce the space X
as union U,e 4 X, of subsets X, C X such that for all a € A and for all x,y € X,
the values p(x,y) and p(y,x) are finite. On each of the sets &, the function p
induces a pseudometric. We shall say that the space (X,D) is arcwise connected if
any pseudometric space (X,,p) is arcwise connected. In the case when for every
a € A the pseudometric p is an intrinsic distance in the space (X,,p) we say that the
function p is an intrinsic distance in X.

The next lemma follows immediately from Lemma 3.
Lemma 4. Let (X,p) be arcwise connected and P be an intrinsic distance on

X. Let § C X be an arbitrary set and let ¢ : S — R be a function satisfying the
condition

—p(y,x) < () — ¢(y) <Db(z,y)  (z,y €S).

In order that the function ¢ be the trace of a function f : X — R satisfying conditions
(11) — (12) it is sufficient for ¢ to have property (13) on every subset S N X, with
a € A. In the case when on every X, either the function ¢ or the set S N X, is
bounded, condition (13) is also necessary.

In the case when the pseudometric p is a metric, i.e. it satisfies the axioms of
identity and symmetry, the existence criterion of p-Lipschitz extensions of a function
can be formulated in a clearer manner.

For an arbitrary pair of points x1, 25 € X we put
D(xy,22) = {x € X : p(x1,22) = p(a1,x) + p(z, x2) }.

Note that the set I'(x1, z2) is non-empty because at least 1,29 € I'(z1, x2).

Theorem 1. Let K C X be a p-compact set. A function ¢ : K — R is the trace
on K of a function f: X — R satisfying the condition

s @ =@
Yy—x p(xa y)
if and only if ¢ has the properties
|p(x1) — ¢(22)| < p(z1,72) (21,72 € K) (16)

|p(z1) — d(x2)| < p(x1,22) if p(x1,22) > 0,F(x1,22) N (X \K) #0.  (17)

Proof. Condition (16) means that ¢ is a Lipschitz function on K. Therefore, to
prove the theorem we establish that conditions (17) and (13) are equivalent. In fact,
suppose that (17) holds. We shall show that for any set U with U C X \ K and for
any d > 0 there is number mg for which

sup {L(w,y,z) s (x,y) € A(;"_O and z € U} <1.
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We suppose the opposite, i.e. there are § > 0, points z,,,y,, € K and z,, € U such
that p(z.,,ym) > d and

(s Ym,)

(T 2m) + P(Zims Ym) —1 (m — 400). (18)

From the assumptions for the sets K and U, there are points xg,yo € K and zy € U

for which
p(ajm; ':CO) +p($07$m) — O

P(¥m, o) + (Yo, ym) — 0 (m — +00).

P(zm, 20) + p(20, 2m) — 0
From this and (18) we get p(xo,y0) = p(wo, 20) +p(20, o) which means 2o € T'(zq, o).
On the other hand, since (z,,,ym) € A(?, then

¢(xm) - ¢(ym) > (1 - %)p(xmaym)'

Passing to the limit as m — oo we obtain ¢(xg) —d(yo) > p(zo,yo) > . Therefore, as
¢ is Lipschitz, we have the equality ¢(zo) — @(yo) = p(z0,yo) for zo € I'(xo,y0) N X)
what contradicts to (17). Hence condition (13) holds.

Inversely, let us suppose that condition (13) holds. Then we shall show that
condition (17) holds too. Again we suppose the opposite. Then there are points
x0,y0 € K and zg € T'(zg,y0) N X, for which ¢(zo) — ¢(yo) = p(xo,y0) > 0. We
put U = {zp}. From (13) for § = p(zo,y0) we have L(zo,yo,20) < 1. Therefore
z0 € I'(xp, yo) and we obtain a contradiction. The theorem is proved B

3. Finsler metric

The extension problem of functions with restrictions on the gradient can be reduced
to the problem about Lipschitz extensions in Finsler spaces. Using results from the
previous section, we obtain very general theorems answering the formulated problem.

Let 2 C R" be a domain and let ® be a function, determined in {2 x R"™, which
takes values in R and such that the following conditions are fulfilled:

a) ¢(x,&) > 0.
b) ®(x, AE) = A®(z,€) for all A >0, £ € R” and z € Q.
¢) E(z) = {{ € R": &(x,&) < 1} are convex for every x € (.

Determine the dual function H by

H(z,n)= sup (n,§)
P(z,8)=1

(see [8: Section 15]) and then set

h(z) = sup sup (n,§).
In|=1 ®(z,§)=1



Problem of Functional Extension 731
It is clear that the function H has properties a) - ¢). We define the set
C(z)={neR": H(z,n) <1}.

We also note the formula

(€, m)
P = .
(x, f) H(il,lnlz));éo H(Iv 77)

In the general case the function H takes on £ x R™ values in R. Infinite values of H
arise in the cases when the convex set Z(x) is unbounded. On the other hand, it is
not difficult to see that the set Z(x) is bounded if and only if h(z) < 4o00.

It is useful to consider the following example.

Example 1. Let (e, ea,...,e,) be an orthonormal basis in R} and let ®(x,§) =
|{e1,&)|. Then

Ex) ={&: [(e1,§)| <1} ={£ € R": |[&] < 1}.
Here the dual function H has the form

_Jm| ifm=0;i=2,3,...,n
H(:C,n)_{+oo if n; # 0 for some ¢ > 2

and takes infinite values. The set C'(x) is the open interval (—1,1) situated on the
axis Ony. Here h(x) = 4o0.

For arbitrary points x,y € 2 we set

1
pla) =inf [ HOE.A0) @

where the infimum is taken over all locally Lipschitz curves v : [0,1] — Q such that
~v(0) = x and (1) = y. It is clear that in the general case the quantities p(x,y) and
p(y, x) do not coincide.

Lemma 5. The function p has properties o) and 3) of a pseudometric.

Proof. The realization of condition «) is obvious. We show the validity of con-
dition (3). Let z,y, 2z €  and suppose p(z, ), p(z,y) < oco. For every € > 0 there are
curves ; : [0,1] — Q (i = 1,2) such that

w0 =a n =z [ HEOAO)M <)+

n(0) =2 )=y, éfﬂmwwmmemw+a

We put
[ m(2t) fort €[0,3)
7s(t) = {72(215—1) for t € [3,1].
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Then .
Az, y) < / H (75 (t), 45(1))dt

_ / H (2 (), 4 (1)) dt + / H (a(t), Aa()) dt
0 0

< P(x,2) + (2 y) +<.

By virtue of the arbitrary choice of € > 0, the triangle axiom is realized. In the case
of conversion in +oo for even one of the quantities p(x, z) or p(z,y) inequality «) is
obvious i

Later we shall call a pseudometric which has properties «) and (3) by Finsler
pseudometric.

Let us consider the case when the distribution Z(x) of convex sets is locally
uniformly bounded. Let €2 be a domain in R and let p be a Finsler pseudometric. We
shall assume that the function A is locally bounded in €2, fix a subdomain Q' CC Q
and set h' = sup,cq h(x). For an arbitrary pair of points z1,z2 € €' such that for
the connecting segment T1Z3 we have T1T3 C £/, we get

1
P($1,$2)§/ H(xi +te,e)dt < h'|zy — a1
0

where e = ﬁ Therefore, any p-Lipschitz in €2 function f is locally Lipschitz

in the Euclidean metric. By the Rademacher theorem, the function f has a total
differential almost everywhere in 2. In particular, the vector (fu,, fos,-- - fo,) =
Vf(x) is defined almost everywhere in €.

Let €2, be the completion of the domain €2 by the pseudometric p and let 992, =
Q,\ Q. Assume that the completion 2, is non-empty.

The following theorem is the main result of the present paper.
Theorem 2. In order that the function ¢ : 09, — R be the trace on 052, for a
function f: Q — R satisfying the condition

esssup ®(z, Vf(x)) <1 (U C Q compact) (19)
U

it 1s sufficient that ¢ is p-Lipschitz and has the property

Vé>03pe(0,1):

sup {L(a:,y, z): (z,y) € AL (¢,09,) and z € U} <1 (20)

on every subset U CC ). In the case when the boundary 0, or the boundary
function ¢ is bounded, condition (20) is also necessary.

Proof. By Lemma 3, it is necessary to establish the equivalence of restrictions
(19) and (20). Suppose that (19) is held. We fix a set U with U C 2 and a subdomain
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Q D U with Q1 C Q. Let 1,25 € 1 be arbitrary and choose a locally Lipschitz
path v : [0,1] — € such that y(0) = 27 and y(1) = x2. We have

flan) = far) = [ (160)50)

Suppose that the points x1,xo € €y are sufficiently near in the following sense: for
every € > 0 there is a path v : [0,1] — 7 with v(0) = 27 and (1) = x5 for which

| H6@40)i < plaan) +

If Vf(y(t)) exists almost everywhere on ~y, then

1
Fla) = flan) = [ (VG0).50) d

< [ (0. VI ) HO 0. 0)dt
; 1)

< esssup &(z, V f(2)) / H(y(),4(1)) dt

931

< esssup ®(z, Vf(2))(p(x2, 1) + ).

951

Suppose that v does not have the described property. Without loss of generality
we may assume that the path ~ is piecewise linear. We choose a unit vector 6 such
that for sufficiently small § > 0 the parallel translation ~;s of the path v on a vector 66
does not have intersections with each other. Using the Rademacher theorem about
differentiability of Lipschitz functions almost everywhere, it is not hard to see that
the function f has a total differential at almost every point x € 75 on almost all ~s.
Let s, with 6, — 0 be a sequence of curves with this property, and let x3 ,, and
Z1,m be their end points. Arguing as for the proof of (21), we find

f<x2,m) - f(xl,m) < esstupCI)(x, Vf(x)) (p(xZ,ma xl,m) + 5)-

Going over to the limit for m — oo and € — 0, we obtain

F(@2) = fl@1) < esssup (2, Vf(x)) plwa, 21). (22)

Similarly we get the inequality

f(@2) = f(z1) > —esstup Oz, Vf(z)) p(z1, 22). (23)

Relations (22) and (23) imply (20).
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Suppose that (20) holds. Let U C €; CC € and let h < 1 be a constant for

which
(GO R L)
y—z P2, Y)
lim inf M > —h
v p(y, )
for all x € Q. Let | C Q1 be an arbitrary segment and let 6§ be a unit directing
vector of the segment [ such that

<h

l:{y:y:x—i—te (Oétﬁl)}.
Since the function f is p-Lipschitz, the derivative % exists almost everywhere on [.

In each point ¢y, where g—g(:c + tpf) > 0, we have

of . flz+10) — f(z+1to0)
tob 1
00 g (& T 100) = L0 t —to
< Timsup f(x+t0) — f(x+ toh) lim fp(x—f—te x + toh)
t—to+0 (ZL‘ + t0 xr + tog) tﬁt0+0 t—1op
<h lim ;— /Ha:+899d
t—to+0

If at a point ¢y for the derivative we have 8—{;(:5 + tof) < 0, then the given inequality
is obvious. So, for almost all ¢ € [0, 1],

of

a0(&:—1—1%9)<hhm1nf—/ H(x+s0,0)ds < h H(x+t0,0).

t—to+0 !
Since the choice of segment | C §; was arbitrary, we have 8—5( ) < hH(x,0) for 0
almost everywhere in ;. As gg () = (Vf(x),0) almost everywhere, we have

O(x,Vf(x)) = zi%% <h

and the theorem is proved B

We say that a set K is p-compact in the pseudometric space (Q,, p) if for any
sequence of points {z,,},-°° C K there is subsequence {z,, };>; such that for some
point x € K

p(@m,,, ) + p(&, 2m,) = 0 (k— +00).

For an arbitrary pair of points zq,z2 € £, we set

[(xy,29) = {x €Q,: p(x1,x2) = p(x1,2) + p(x,xg)}.

Note that the set I'(x1,x2) is non-empty, since the points z1,z9 lie in I'(zq,z2) at
least. But, in contrast to a metric, the equality I'(z,z) = = can be broken for the
pseudometric p.

In the case when the extension of a function ¢ takes place from a compact set,
the extension conditions may be essentially simplified.
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Theorem 3. Let K C 090, be a p-compact set. The function ¢ : K — R is the
trace on K of a function f: Q0 — R satisfying the conditions

esssup @(z, Vf(x)) <1
for any set U CC Q if and only if ¢ satisfies the conditions

— p(w2,71) < d(x1) — d(22) < p(21,72) (21,72 € K) (24)
— p(x2,21) < @(21) — P(22) < p(21,22) if p(21,22) > 0, (201, 22) N Q2 # 0.(25)
Proof. Condition (24) implies that ¢ satisfies the p-Lipschitz condition on K.
Therefore, for the proof of the theorem it is sufficient to establish the equivalence

of (25) and (20). Suppose that (25) holds out. We show that for an arbitrary set
U cc Q and for every § > 0 there is a number mq for which

sup {L(m,y,z) D (z,y) € AJ and z € U} < 1.

Assume the opposite. Then there are o > 0, points x,,, ¥ € K and z,, € U such
that p(zm,ym) > d and

(Lo Ym,)
(T, 2m) + p(Zm, Ym)

—1 (m — +00). (26)

By virtue of the assumptions on the sets K and U, there are points xzq,yo € K and
zg € U for which

P(Tm, o) + p(T0, Trm) — 0
P(YmsYo) + (Y0, Ym) — 0 (m — +00).
p(2m; 20) + p(20, 2m) — 0

From this by (26) we obtain p(xg,y0) = p(xo,20) + p(z0,y0) which implies zg €
I'(z0, Yo)-

1
On the other hand, as (T, ¥ym) € AF", then

¢(Tm) — ¢(Ym) = (1 — %)p(x'rmym)-

Taking the limit, we establish that ¢(xg) — &(yo) > p(z0,y0) > J. Thus, as ¢ is a p-
Lipschitz function, ¢(zo) — ¢(yo) = p(zo,y0) and zo € I'(zo,yo) N2 what contradicts
to (25). Hence, condition (20) holds.

Conversely, suppose that (20) is true. Let us show that this implies (25). Suppose
the opposite. Then there are points zo,yg € K and zg € I'(zg,y0) N Q2 for which
d(xo) — d(yo) = p(xo,y0) > 0. We set U = {20}. For § = p(xg,yo) it follows from
(20) that L(xo,y0,20) < 1. Since zy & I'(xo,yo), we have a contradiction. The
theorem is proved B
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Let M be a Riemannian manifold and let g be a metric on M. Let 6(x) > 0 be a
function of class C*(M). Let L be Minkowski space with metric I. According to [2:
Section 2.6] we shall call the manifold with Lorentzian metric g defined by the rule

g(u,v) = g(mu, 7o) + 6(w(p))l(nu, nv) (u,v € Tp(M x5 L))

where p € M x5 L, m and n are natural projections on M and L, respectively, by
Lorentzian warped product M xs L. Tt is clear that the tangent spaces T,y M and
T, (p) L are orthogonal.

A vector u € T,(M x4 L) is called space-like if g(u,u) > 0. We shall consider
Lorentzian warped spaces of the form M x5 R, where R is the real line provided by
a negative definite metric. Suppose that the hypersurface F' in M xs R is defined as
the graph of a function f over a domain 2 C M. We give the condition under which
it is space-like.

We put

r(my,mg) = inf/é_%(m)

Y

where the infimum is taken over all arcs v C  joining points mq, ms € €.
Lemma 6. The surface F' is space-like if and only if

g ) = £m)

<1
m—m r(m’,m)

for all m € ).

The proof can be found in [4: Section 3.4].

Assuming that the completion €2, of the domain €2 by the metric r is compact,
we obtain the following statement proved in [4].

Theorem 4. A function ¢ : 952, — R is the trace of a locally Lipschitz function
f: Q — R with space-like graph if and only if ¢ satisfies conditions (16) — (17) in
the metric r on 0f),.

4. Comparison with Euclidean boundary

The boundary data ¢ : 9§, — R of a function f defined in a domain @ C R"
were understood above as limits of f(z) with respect to the pseudometric p. In the
general case there are no relations between limited data f|sq and flaq,. So, a very
important problem is to find conditions on the distribution of convex sets Z(x), under
realization of which the boundaries 92 and 9€2, can be compared. In this section we
obtain some results in this direction.

We consider the intrinsic metric on 2

do(z,y) = inf / 4(8)] dt
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where the infimum is taken over all rectifiable curves v : [0,1] —  with v(0) =
and (1) = y. Let Q4 be the completion of Q by the metric dg and let 924 = Q4 \ Q.
Our purpose is to give the description of correlations between the boundaries 02,
and 0€,.

Further we shall say that the pseudometric p(z,y) is uniformly continuous with
respect to dqo(x,y) if for any € > 0 there is a 6 > 0 such that, for any z,y €
with do(z,y) < 9§, p(x,y) + p(y,z) < €. The intrinsic metric dg(x,y) is uniformly
continuous with respect to the pseudometric p if the uniform smallness of p(x,y) +
p(y, ) implies the uniform smallness of dq(z,y).

We construct a mapping j : 0€2q — 02, by the following way. Let x € 0§}y be
an arbitrary point and let {x,,}>°, be a d-fundamental sequence of points z,, € €,
convergent to . Then

do(Tm, xn) — 0 (m,n — 400)

and by the supposition on uniform continuity that sequence is p-fundamental. There-
fore, the sequence defines some point T € 9,. Set j(Z) = T. It is clear that the
mapping j : 004 — 0€1, is one-valued. Similarly we may define a single-valued map-
ping j : 081, — 0€q which puts T € 9§, into correspondence to a point T € 9.

Note the following simple statement.

Lemma 7. Let f: Q, — R be a p-Lipschitz function and let ¢ : 02, — R be
such that floq, = ¢ in the sense of the pseudometric p. Then floa, = ¢ o j in the
sense of the intrinsic metric d. Inversely, if f: Q — R s a d-Lipschitz function and
for the function ¢ : 0Qq — R it holds flaq, = ¢, then floq, = ¢ o j in the sense of
the pseudometric p.

Proof. It is enough to restrict oneself to the following explanations. Suppose
that the point & € 0904 and the sequence {z,,} with property do(z,,,Z) — 0 (m —
+00) are given. The uniform continuity of p implies that the sequence {z,,} is p-
fundamental. So j(Z) = Z and p(z,,Z) — 0 under m — +o0. On the other hand,
since the function f is p-Lipschitz, then

flem) — o(5(2))
flem) — o5 (2))

p(@m,T) — 0

IV IA

—p(f, xm) - Ov

that is f|an = gboj.
Conversely, if the point = € 0Q, and the sequence {z,,} for which p(mm, )
|

p(Z, x,,) — 0 are given, then the sequence {x,,} is d-fundamental. Therefore j( )
and d(z,,,Z) — 0. As the function f is d-Lipschitz, then |f(zn,) — ¢(j(Z))
d(Zm,T) — 0 which is required B

+
T
<

Clearly, a similar statement is true for a pseudometric p, uniformly continuous
in the Euclidean metric B
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We give now a simple criterion of uniform continuity for the pseudometric p in
the metric dg. For that we define the quantity

(z) = min ®(z,§).

Lemma 8. If there is a constant ¢ > 0 such that
S(x)=zc  (ze9), (27)
then
p(x,y) +ply,2) < Zda(z,y) (2, €Q). (28)

Conversely, if there is a constant ¢ > 0 such that

max 8(z,§) = 2(z) <¢,

then
do(z,y) < §(p(x,y) +p(y,x)) (2,5 € Q).

Proof. First of all, we observe that condition (27) implies

H = sp 22O Bl _1

o(z,6)£0 [P, E)] T w@exo clé] ¢

In].

Fix points z,y € © and a locally Lipschitz path v : [0,1] — Q with (0) = z and
(1) = y. We have

plavy)+ o) <2 [ IHGO 50 a0 < 2 [ F0)]de= Ztengih

Taking the infimum over all paths v, we get (28).

Conversely, for any vector n € R” we have

Hizn = sip 18 > i S

o(z,e)20 (@, §) T max =1 P(z,m)  D(x) ¢

For fixed points x,y € €2, by the definition of the intrinsic distance dgq,

@mw:M/Mﬁs/th
WW Yo

. C
<c H(VO?WO)dtS §(p(a;,y)—|—p(y,x)—8)
Yo

for all € > 0 where 79 : [0,1] — Q with 79(0) = z and ~y(1) = y is the locally
Lipschitz path, for which

[ Howso < { o8

Because of the arbitrary choice of € we have what was needed H



Problem of Functional Extension 739

For an effective description of correlations between the boundary of the domain
2 in the p-metric 92, and the Euclidean boundary 02 we need the concept of p-
modulus for the family of curves (see, for example, [11: Section 5]). Let {y} be a
family of locally rectifiable arcs v situated in the domain 2 C R™ and let p > 1 be
a certain number. p-modulus of the family {7} (in Euclidean metric) is called the
quantity

Jq oPdx
(inf, [, oldx])”
where the infimum is taken over all non-negative Borel functions ¢. For an arbitrary
pair of points z,y € ) we define the family G(z,y) = {7} as the family of the
rectifiable arcs v C ) joining the points x and y. If p > n and y — =z, then
mod,G(z,y) — +o0o0. However, for z,y — z € 0N the p-modulus of the family of arcs
G(z,y) may be both bounded and unbounded. This is connected with the structure
of the boundary 0f2 near the point z € 0f2, namely with the presence of arbitrarily
"narrow” places of the domain 2 at a neighborhood of z.

mod, {7y} = inf (29)

Let p > n. We shall say that the domain € is p-uniform if a § > 0 can be
found for every sufficiently large ¢ > 0 so that, for all z,y € Q with dg(x,y) < 9,
mod,G(x,y) > .

The statement formulated later establishes a criterion of uniform continuity for
the pseudometric p(z,y) and as corollary it sets the existence and continuity of the
boundary mapping j : 0Qq — 0€,.

Theorem 5. If the domain §) is p-uniform and the function ® satisfies the con-
dition
/d—x dz = da1dzs - - dzy,) (30)

Q(I)p<gj)<oo (dx = dridzs Tn),

then the pseudometric p is uniform continuous with respect to the intrinsic metric
do.

Proof. We choose the function ®~! in (29) as metric p. For any x,y € Q we
have
fQ 7" (z) dx
(inf, f7 @ (2)|dz|)"
Since =2 5 = H(z,n) for any n € R™, thus

mod,G(z,y) <

P # “P(x)dx
pP(,y) + PPy, 2) < mOdPG(%y)/ﬂi (z) dx.

It follows from condition (30) that

const
r
(p($7y)+p<y7x>) —_ mOdpG(x,y)

and we can make the necessary conclusion because of the requirement about p-
uniformity of the domain €2 B
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Now we give the concept of p-modulus for the family of curves {7} in Finsler
space (also see [10]). Let {7} be a family of locally rectifiable arcs v C Q and p > 1
be a number. We call the quantity

— : Jo PPda
d = inf
mod, {7} p20 (inf, prH(:C,dx))p

by p-modulus of this family, where p is a measurable function.

Denote by G(z,y) = {7} the family of arcs v C 2 joining the points z and y. We
say that the domain €2 is p-uniform with respect to the pseudometric p if for all € > 0
there is a 6 > 0 such that for all z,y € Q under the condition p(z,y) + p(y,x) < 4§ it

follows that 1;1\()/dpG(x, y) > €.

The following theorem is true.

Theorem 6. If the domain ) is p-uniform with respect to the pseudometric p
and the function H(x) = miny, = H(z,n) has the property fQ H‘,f—:fm) < 00, then the
metric dq is uniformly continuous with respect to the pseudometric p.

Proof. For any pair of points z,y €  let us consider the curve v C €2 joining
these points. Take the function H~! as admissible function p. Then

Jo HP(z)dx |
(inf, J,H ' (2)H (z, dr))”

mod,G(z,y) <

Since for any vector nn € R™ it is true that ﬁ > %, we obtain

Jo H7P(x)dx - Jo HP(x)dx

mod,G(z,y) < = <
pG(2,9) (mf7 fv |daj])p doy(x,y)

Hence,

1
a (z, SN—/H_pa:dx
o) < = | )

implies uniform continuity of the metric dn with respect to the pseudometric p, by
virtue of the supposition about p-uniformity of the domain €2 B

We shall say that a domain 2 C R" satisfies the h-ball condition if we can touch
every boundary point by a ball of radius h completely lying into the domain.

Proposition 1. If the domain €2 C R™ satisfies the h-ball condition, then it is
p-uniform for every p > n.

Proof. We suppose the contrary. There is ¢y > 0 so that for any natural number
m under the condition d(zp,,yn) < = it follows that mod,{y} < eo. As Q is
compact, we may assume that sequences of points {z,,} and {y,,} converge and
iMoo Y = liMy, o0 Tm = a € . For the point a there are two possibilities of
location: either a €  or a € 0.
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First let us consider the case when a is a boundary point of the domain 2. We
construct h-balls B and Bi,,, B2, tangent to the boundary such that

BnoQ={a}, BimNIV#0D, x, € Bipm, Bom NIN#D, ypm € Bop,.

Clearly, beginning with a certain number mg we have BN By, # () and BN Ba,,, # 0.
Denote by b,, and a,, points nearest to a and lying in B N By, and B N Ba,,,
respectively. It is clear that b,, — a and a,, — a for m — +oc.

Further, let v,, be a family of curves joining the points x,, and y,, in the domain
Q, and J,,, be a family of broken lines passing through the points ., @, by, Ym. By
properties of the modulus,

mod, {7y} > mod,{d,,}.

We estimate mod,{d,,}. Define in R™ cylindrical coordinates (¢, z,#) where the axis
z is directed along a line passing through the points ., and b,,. Let II(6y) be a plane
corresponding to the point 6y € S™~2. Next we define polar coordinates (r, ) with
the center at the point z,, in @ NII(fy). For an admissible function p, by Holder’s
inequality we have

P i p—1
(/ pdr) < (/ ppr”_ldr) (/ r‘ﬁdr)
() () ()

— 1\p—1
< (p ) rP=" / PPr"ldr
r(@) Jr(e)

p—n
< / pPrtdr <p_1>p_1dp_”(:v b).
~ g p—n ’

Here r(¢p) is the intersection of the ray corresponding angle ¢ with the set

aQn B(mm, (T, bm)).

By the mean value theorem, there is an ¢ € (0, ;) so that

/O%Sinw(/r(w)pdrydso: (/r(;)pdr)p@— ?)

Integrating by the variable § € S"~2 we obtain

ora(1=F) ([ o)

< CdP™"(x,b) /4/ pPr™"~Lsin o drdedf
Sn=2J0  Jr(p)
< Ca b [ o) o
Q
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where C = [2=L]P=1 and w,,_ is the area of the unit (n — 2)-dimensional sphere.
p—n

Similarly, for the point b,, we find the angle 1:5 such that

(o)
Wp—oll—— _ pdr
=)/
< CdP"(z,b) / / e sing dypdrdd
sn-2Jo  Jr()

SC’dp_"(xm,bm)/ PP (x) dx.
Q

Joining these two inequalities, we find the broken line §(z,y,, b,,) for which

(/ ¢ ) R @ba) [
pdr | < "Xy, b / Z.
(Lo ,bm) wn—2(1 — ﬁ) Q

2

Making similar arguments for the pairs of points (b,,, a,,) and (am, Ym ), we find the
respective broken lines 6(by,, a,,) and d(am,, Ym ), for which the inequalities

PeopC dP"(a,,, by,
(/ pdr) < C (a ; )/ppdl'
S(amsbm) wn—2(1 — ﬁ) 0

2

P 90C AP (g, Y
([ oa) <20 i) [y,
3(@m,ym) Wn72(1 — —> Q

2

are true. Joining these broken lines in one line
Om = 5m(xma bm) U 5(bm7 am) U 5(am; ym)

and summarizing the obtained inequalities, we get for any admissible function p > 0

p
([
Om
p
= (/ pds+/ pds+/ pds)
Om (T bm) Om (bm,am) Om (Gm s Ym)
p p p
§3p_1{(/ pds) + (/ pds) + (/ pds) }
6m(mmabm) 6m(bmvam) 6m(a7nvym)

—1 —-n -n -n
< 2 - 6P C(dp (mma bm) +dP (am’ bm) +dF (am7 yM)) / pPdz.
Q

a1 )

Note that
dp_n(xmv bm) + dp_n(amv bm) + dp_n(arm ym)

< (d(fL’rm bm) + d(apm, bp) + d(am, ym))p

—n
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and going over to the infimum by all functions p in the preceding inequality, we find

Ch

IIlOdp{(sm} > p—3"
[ (@, bon) + A(@ms bin) + Ans Yim)]

Passing to the limit in this inequality for m — oo we obtain
lim mod,{d,,} = +oo
m—0Q0

which contradicts to assumption mod,{é,,} < €¢. In the case in which a is an intrinsic
point of the domain 2 we do the same thing, but choose the balls not necessarily
tangent to the boundary 02 i

5. Arbitrary codimension

In this section we give applications of our results obtained above to existence problems
for space-like surfaces of codim > 1 with the prescribed boundary in the Minkowski
space R},

Let R?H be a Minkowski space-time. Let  C R* (k < n) be a domain and let
F(u) = (xl(u),xg(u),...,xn(u),t(u)) L Q- R

be a Lipschitz mapping, which gives a k-dimensional Lipschitz surface M with bound-
ary L. The problem is to find conditions (necessary and sufficient) on the boundary
L for the existence of a space-like surfrace with the same boundary. We shall find
the solution of the problem in the form

R(u) = (ml(u), ,xn(u),f(u)) (31)

where z; are coordinate functions for the surface F' and the function f coincides with
the function ¢ on the boundary of the domain 0€2. The last condition means that the
surfaces R and F' have the similar boundary L.

We put necessary notations for the partial derivatives of the vector function
F:RF— R’f“, which exist almost everywhere because the surface is Lipschitz

8_F( )_ 8x1 ﬁxn 81&
ou,; v = Ou;” " Ouy  Ouy )

Then the matrixes

" 8:1;1 3.%’[
G ={9ij(W}rr,  gij(u) = (u) - 5—(u)
J J z:: 8ul 8uj
ot ot
A = {aij ik, aij = o—(u) 5—(u)
J J 6uz 8uj
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are defined almost everywhere. Besides that, the matrix GG is non-negative defined
as Gram matrix. Further, we suppose that the condition

e%sellrgf det G(u) >0 (32)

is true for every compactly embedded subdomain K C ). The existence of the
inversal matrix G~! with coefficients g% (u) almost everywhere follows from this con-
dition. We note that surface (31) is space-like if and only if det[G — A] > 0 or
det[F — G71A] > 0. We calculate this determinant. Namely, we show that

det[E — G7'A] =1 —tr(G™A).

By virtue of all mentioned above, we may suppose that the matrix G is diagonal.
Then
i -1 . 11 1
G:dla‘g{)\la)\Qw"?)‘k}v G :dlag{/\—l,/\—z,...,x}.

Hence

Gl'A={5} and E-G'A={b; -5}
We need the following
Lemma 9. For any numbers a;,b; (i =1,2,...,k) the formula det[d;; — a;b;] =
1—SF  aiby holds.

Proof. We proceed by induction. It is clear that the statement is true for k =
p — 1. We calculate the determinant of the order p, decomposing it by the elements
of the first string, and get

—1 as ap
b3 1-— CL3b3 ce —apbg
Ap = (1 — albl)Ap_l —+ a1b1 . a,gbg
bp —agbp B apbp
bQ 1-— a2b2 . —bgap,1
+...+a1b1-apbp :
bp,1 —0p—102 1 —apflbpfl

Note that the determinants are of the same type except A,_; and therefore it is
sufficient for us to calculate one of them, for example the last one. Multiplying the
first column of this determinant consecutively by a; and adding it to the column with
number ¢ we find that

bg 1— a262 e —bgap_l
. . = _1'
bp_l —bp_1a2 B ap_lbp_l
Substituting this in the expression for the determinant A, and using the induction
hypothesis for k = p — 1, we obtain

Ap = (1 — a1b1)<1 — a2b2 — ... apbp) — albl(agbg + ...+ apbp)

=1- ialbl
=1

which was what we needed to prove i
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Lemma 10. Let II be a space-like k-dimensional plane and let the vectors r1, 72,
vy T form a base in 11. If Ry, Ro, ..., Ry are the respective projections of these vectors
to the hyperplane {(x,t): t = 0}, then

volume of parallelepiped on vectors Ry, ..., Ri

chf =

volume of parallelepiped on vectors ri,...,r%

Here the term ‘volume’ means the volume of the parallelepiped spanned by vectors
in a space-like plane, on which an Euclidean structure may be naturally induced.

Proof of Lemma 10. Let e be a directing unit vector of a time axis and e =
el + eV be its decomposition into a tangent and a normal components to the plane
II. Then the desired cosinus of the angle is equal to

(e, ™)
| =€ = VLI

Denote by IT" the projection of the plane II to the hyperplane ¢ = 0 and by 7 : I — I
the respective projecting mapping. Since the ratio of squares in the lemma does not
depend on the choice of vectors ri,rs, ..., 7k, then we shall suppose that the vectors
form an ortonormal base in II. Also, we assume that r1,7ro,...,7x,_1 € IINII'. It is
clear that 7(r;) =R, =7 (i=1,2,....k—1) and 7(rg) = rx + (rx—1,e)e. So

chf =

k
lT(r) 2 =14 (rp,e)? =1+ Z(m,e)Q =1+ |eT|? =ch?0.
i=1
We note that 7(rg) is normal to r1,79,...,7x—1. The volume of the parallelepiped
built on the vectors Ry, ..., R is ch 6, but the volume of the parallelepiped built on
the vectors 71, ..., equals to 1. The lemma is proved il

Lemma 11. The condition to be space-like for the surface M, given by the radius
vector F: R¥ — R and satisfying (32), may be written in the form

ess inf (1 —tr G_lA) >0
ueK

where inequality holds on every compactly embedded subdomain K in R¥.

Proof. Let v € R* be a point, in which there is a tangent plane. Then at

this point there are tangent vectors g—a (1 =1,2,...,k). We calculate the quantity

chf(u). For that note that the volume of the parallelepiped, built on the vectors g—i,

equals vdet GG, but the volume of the parallelepiped spanned on their projections
equals y/det (G — A). So using Lemmas 9 and 10 we get the equality

vdet G B 1

T Jdet(G-A) VI-uG A

Thus, the condition for the surface M to be space-like is equivalent to the condition

ch6(u)

k
ot ot
ess sup g¥ — <1
ueK 13221 Ou; 3%’

for every compactly embedded subdomain K C Q i
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We define the quantity

1 du; du;
p(w,v) 13/0 \/gg(U(T)) g T

where the infimum is taken over all rectifable paths v : [0, 1] —  joining the points w
and v. By condition (32) this quantity defines an intrinsic distance in the domain €.
Further, we denote by €2, the completion of the domain €2 by the metric p. Suppose
that it is compact. Finally, set

[(u,v) = {w e Q,: plu,v) = p(u,w) + p(w,u)}

Using Theorem 4, we obtain the following

Theorem 7. If there is some k-dimensional Lipschitz surface with boundary L
and satisfying condition (32), then for the existence of a k-dimensional space-like
surface of form (31) with prescribed boundary L it is necessary and sufficient to
realize the conditions

H(v) = Hw)] < plv,w) (v,w € 92,)
[t(v) = t(w)| < p(v,w) if T'(v,w)\ 0Q, # 0.

Now we consider the existence problem of C'-smooth space-like surfaces with

prescribed boundary. First, we study the case when the surface is given by the graph

of a function. Namely, suppose that ¢t = t(z) (z € Q C R™ be a Lipschitz function
such that

mﬁ(x) —t(y)|
=y |z =yl

t(z) = v(z) (z € Q). (34)

<1 (z,y € Q) (33)

Note that from (33) it follows for the surface ¢ = t(z) to be space-like (see, for
example, [4]). The Lipschitz function may be changed to a smooth one by smoothing
procedure.

Defintion. The function 7 is called smoothing, if

1) ne Cg°(R")

2) n(x) = 0 on the compact By = {z € R" : |z| < 1}.
3) Jonn(x)dx =1.

As an example of such a function there may be chosen the function n defined by

1
_JCe 1=” for|z| <1
T) =
(@) {O for |z| > 1

where the constant C is defined by C = (f‘m|<1 ¢ TTIeT dx)_l.
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1
loc

For every function g € L, .(R™) and every € > 0 we set

w0 = [ (25 grde= [ atwigle +ewyan. @)

3

For this function we have g. € C*°(R™). We may smooth our function by formula
(35), but it does not provide a realization of condition (34) for some new function
t. which will be defined below. Therefore, we present a modificated method whose
main idea is following;:

For a smooth function € : R™ — R with 0 < e(z) < idist(z,0Q) for z € Q and
e(z) = 0 for z € 092 we define the function ¢, similarly to (35) by

L@ =@ [ (”’” o ) (@) iz = [ it +e@y)de. (36)

This function will be desired if we prove the smoothness of it and the realization of
conditions (34) and (33) for it.

Although, we shall solve the problem in a more general case. Suppose that in
the domain 2 C R™ there is given a metric p locally equivalent to the Euclidean one,
that is for every compactly embedded subdomain K C ) there is a constant p < 1
such that, for any points z,y € K, %|x —y| < p(x,y) < plz — y|. The conditions for
the function € can be written as

dist(z, 0€2,)

0
<eg(z) < 3

(x € Q) and e(x) =0 (z€09Q,).

@)=t 1 iy

Let a function ¢ : €2, — R be given, satisfying the condition lim,_., 2@

Q. It is necessary to construct a functon ¢. such that
t. € CH(Q) (37)

tew) = H(x) = () (z € 09,) (38)
_ g @ — )]
|Vt€(x)|0 - :l—>y p(x,y)

< 1. (39)

We prove that the function ¢. given by (36) solves problem (37) - (39). In the
beginning we check condition (38). For all x € 09, we have ¢(z) = 0, t(z) = ¢ (z)
and

te(x) = /n n(w)t(x) dw = /| - n(z)t(x + e(r)w) dw.

The functions ¢t and € are uniformly continuous, and going to the limit for x — x¢ €
Q, we get

T—x0

lim () = /|| n(@)t(z0) do = (x0).

So (38) is really true. Since e(x) > 0, g—; € C(Q) and n € C?(R™), the function
t = t. has continuous partial derivatives, i.e. Condition (37) is true. Finally, we find
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conditions on the function ¢ in order to provide the realization of condition (39). We
have

!t(a: +e(x)w) — t(y + s(y)w)]

|te(2) = te(y)|

lim — Tim n(w .
v pay) 1 Jen plz,y)
Denote 1 |t( /) t( //)l
x)— 1T
glxr)=maxsy =, sup
( ) { x/,x//EBBE(y) p(xl’x//) }
where Bs.(,) = {Z € Q: | —y| < 3e(x)}. Then
i o) ~ tew| / P L o R CR R GOt oy
T—y p(ﬂf,y) lw|<1 p(x,y)
|ty + e(@)w) — ty + e(y)w)|
+ n(w) W
wl<1 p(z,y)
T elx) —ely
< g(y)lim n(w) (1 + lu(y)M) dw
Y w1 |z — y|

where the function p is defined by u(y) = sup,: ,iep,. w %. Hence for the

realization of condition (39) it is necessary and sufficient that g(y) (14 p(y)|Ve(y)|) <
1 in the domain 2. Note that g(y) < 1 on every compactly embedded subdomain
of the domain 2 and the function u is locally bounded. Then the function standing
in the left hand of the inequality is locally positive. So, the function t. defined by
formula (36) is desired if there is a C''-smooth function ¢ : R™ — R such that

dist(z, 092,)

0<e(z) < and e(z) =0 (z € 09,) (40)
1—g(z)
|Ve(z)| < ———=. (41)
p(z)g(z)
Note that by the mentioned theorem the function ¢ has a total differential almost
everywhere in €2 and, in general, the function ul(;)gg(glyj) is not continuous.

We use the following

Lemma 12. There is a point xo € Q and Q, ¢ = ©(x) such that plaq, =1, ¢ €
CY(Q), o(xg) = 0 and, becides that, there is a constant ¢ > 0 such that |Vo(z)| < c
for all z € Q.

At this point we mean that the exausting function is a Cl-smooth function ¢ :
2 — [0, 1] such that, for an arbitrary sequence of points x € Q (k> 1), p(zr) — 1
if and only if x — 01.

Proof of Lemma 12. By [1: Theorem 4.1] there is a solution of the equality

div(L> =1, |Vu/<1 inQ

V1= 1|Vul?
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in the domain 2 with boundary condition u|sq = 1. By the maximum principle for

the solution of the given equation, u(x) < 1 in €. We choose a point zy € €2 such
u(w)—u(wo)
1—u(zg) -

It is clear that the function ¢ may be

that u(zp) = ming u(z). Then the desired function ¢ is equal to p(z) =
So |Vu| < 1. Then |[Vy(z)| < #(wo)
continuously extended to the boundary 02, setting p(x) = 1 for z € 99Q,. The
lemma is proved i

Lemma 13. There exists a function € with prescribed properties (40) — (41).
Proof. Define the function by setting
e 1-9()
X(r)=32€Q: plx)=T1), O(1)= inf ——= a(r)= sup |Ve(z)|
(M =1 @=r} o0 = =, ey "7 yez(r)’ )

We find the function ¢ in the form e(z) = e(¢(x)) and require for it the execution of
the more strong inequality than (41)

[Ve(p(@))| = [ (¢())] - V()] < ale(z)) - [€'(p(x))] < 6(e(x)),

9(r) Tn virtue of the remark done earlier and the definitions of the

a(7)
functions §(p(z)) and a(yp), we can not simply put e(¢(x)) = k:f:(w) 2%:‘3 dp with

that is |e'(7)| <

some constant k < 1, as in this case the function ¢ = e(p(x)) may be not Cl-smooth.

We change the function % into a positive function denoted by p(7), such that

the new function shall be continuous and satisfy the inequality p(7) < ZE:% Let
) 4]
b(7) = min (7o) < o) 0<7<1).
To<T a,(T()) a(T)
Then b(0) = % > 0 as g(zg) < 1 and |Vp(zo)| < ¢ < +00. The function b is
decreasing. Let 7, be an increasing sequence of points converging to 1. We put
< Th—11Tk
p(T) = b(lz—(lz'1+1)—b(7'k) for S‘Zkl_j—rk_ T
Qﬁ(T_Tk)_‘_b(Tk—l—l) fOI‘ -9 §7'<'Tk.

If 7 € [Tk—1, Tk], then it is obvious that p(7) < b(7;) < b(7). From the construction
of the function p it is clear that it is continuous and increasing. So we conclude that
0<p(r)<b(r) < 223 Now we give as required function &

e =1 [ ple)de

We calculate the derivative of this function. We have

£ (p) = —gple) € ()

Ve(z)| = ()| IVe(x)| < $b(0)[ V()] < Fb(p) alp) < 16(¢) <
e(p(x)) =0 (xz€09,).

Therefore, we obtain the following result:
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Theorem 8. Let v : 09, — R be a function. If the Lipschitz functiont : 1, —

R is such that limxﬁy% < 1inQ andt = ¢ on 0N),, then there exists a

smooth function t. : 0, — R such that

Vi(z)|, <1 (z€Q) and  t(x) =yY(z) (z€0Q,).

Theorem 8 claims that if a Lipschitz space-like hypersurface is given by the graph
of a function, then there is a smooth space-like hypersurface with the same boundary.
In the general case this is not true. Consider an example of a contour, which may be
spanned by Lipschitz space-like surface, but there is no smooth space-like surface.

Example 2. Let
H:{(ul,ug): -1 <u <1and0<uz<1}.

We consider the surface M given by the Lipschitz mapping

(t:o
Ir1 = Uy
= <
Flur, us) = txz_ |u_114|2 for0<u; <1
2
z1 = |u]
\ 2o =uy for —1 <wu; <0.

The desired contour is the boundary of a surface M. Clearly, M is a space-like
surface, which consists of two parts of planes. If the obtained contour may be spanned
by a smooth space-like surface My, then a smooth curve joining the points A(%, 0,0)
and B(3,0,2) of this contour lying on the surface M; and having tangent line,
parallel to the time axis, may be constructed. The last contradicts to fact that the
surface M is space-like.

We begin to study the case of surfaces with an arbitrary codimension.

Let L be a (k — 1)-dimensional closed surface, which is the boundary of a C*-
smooth surface

F(u) = (:Ul(u), ...,a:n(u),t(u)) - QCRF - R?“

so that, for every compactly subdomain K C €2,

n

essli(nfdetG >0, G={g;}, gij= Z
p=1

Oz Oxp

8’(1@ 811,]' '

(42)

This condition means that vectors orthogonal to the plane of a projection can not
belong to tangent planes. We introduce the Riemanian metric h with the element
of length ds? = > | dz? in the domain Q. Denote by p(w,v) an intrinsic distance
between points w,v € {2 in this metric and by 2, the completion of the domain €
by the metric p. Suppose that in the intrinsic metric the conditions

[t(w) —t(v)| < p(w,v) (w,v € 0,)

, (43)
[t(w) = t(v)| < p(w,v) if T'(w,v) \ 092, # 0
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hold, that is there is a Lipschitz function f for which

fu) =t(u) (ueof,) and HM <1 (u,ve,).

u—v p(u7 v)

From the last inequality, 1 — |V f|7 > 0 follows almost everywhere in €2,. Let ]? €
C1(£2,) be the result of smoothing f with a smoothing function ¢, f =t on €2, and

A A R S
T o 0)

Now we show that from this condition it follows that the surface

R(u) = (z1(w), ..., zn (), fu))

is space-like and the vectors g—f(u) (1 =1,..,k) are linear independent. We denote

A= fogh= {35 201,

The surface, given by the radius vector R(u), is space-like if and only if for every
vector & = (&1, ..,&) € RF
£-(G-4)-¢">0 (44)

is true. This condition follows from the inequality det (G — A) > 0, or the equivalent
inequality 1 —tr(G~'A) = 1—|Vf[2 > 0. So, the obtained surface R(u) is space-like
R

and C'-smooth because the linear indepedence of vectors e (1 =1,...,k) follows

from the fact that Gram’s determinant for these vectors is not equal to zero.

Therefore the following theorem is correct:

Theorem 9. If the contour L is such that assumptions (42) — (43) are true, then
there is a C'-smooth space-like surface spanned this contour.
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