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The Set of Divergent Infinite Products
in a Banach Space is o-Porous

Simeon Reich and Alexander J. Zaslavski

Abstract. Let K be a bounded closed convex subset of a Banach space. We study several
convergence properties of infinite products of non-expansive self-mappings of K. In our
recent work we have considered several spaces of sequences of such self-mappings. Endowing
them with appropriate topologies, we have shown that the infinite products corresponding
to generic sequences converge. In the present paper we prove that the subsets consisting
of all sequences of mappings with divergent infinite products are not only of the first Baire
category, but also o-porous.
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1. Introduction

The convergence of infinite products of operators is of interest in many areas of
Mathematics and its applications. See, for example, [1, 4 - 6, 8, 15 - 17, 22 - 27,
29] and the references mentioned therein. Given a bounded closed convex subset
K of a Banach space and a sequence A = {A4;}2, of self-mappings of K, we are
interested in convergence properties of the sequence of products {4, --- A1z} 4,
where z € K. In the special case of a constant sequence A we are led to study
the convergence of powers of a single operator. In their classical 1976 paper [10] De
Blasi and Myjak show that the powers of a generic non-expansive self-mapping of K
do converge. Such an approach, when a certain property is investigated for a whole
space of operators and not just for a single operator, has already been successfully
applied in many areas of Analysis. We mention, for instance, the theory of dynamical
systems [11, 30], optimization [14, 28], variational analysis [2]|, approximation theory
[12, 13], calculus of variations [3, 9, 34] and optimal control [35, 36]. In a recent
paper [25] we extended the De Blasi and Myjak result in several directions to certain
spaces of operator sequences.

In 1989 De Blasi and Myjak [11] refined their 1976 result by using the concept
of porosity [7, 11 - 14, 31 - 33] which we now recall.
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Let (Y,d) be a complete metric space. We denote by B(y,r) the closed ball of
center y € Y and radius r > 0. A subset £ C Y is called porous in (Y,d) if there
exist a € (0,1) and ry > 0 such that for each r € (0,7] and each y € Y there is a
z € Y for which

B(z,ar) C B(y,r) \ E.

A subset of the space Y is called o-porous in (Y, d) if it is a countable union of porous
subsets in (Y, d).

Remark. It is known that in the above definition of porosity, the point y can
be assumed to belong to E. Also other notions of porosity have been used in the
literature [7, 31 - 33]. We use the rather strong notion which appears in [11 - 14].

Since porous sets are nowhere dense, all o-porous sets are of the first category.
If Y is a finite-dimensional Euclidean space R™, then o-porous sets are of Lebesgue
measure 0. The existence of a non-o-porous set P C R™, which is of the first Baire
category and of Lebesgue measure 0, was established in [31]. It is easy to see that for
any o-porous set A C R™ the set AU P C R” also belongs to the family £ of all the
non-o-porous subsets of R™ which are of the Baire first category and have Lebesgue
measure 0. Moreover, if Q) € £ is a countable union of sets @; C R™ (i > 1), then
there is a number j € N for which the set (); is non-o-porous. Evidently, this set Q;
also belongs to £. Therefore, one sees that the family £ is quite large. Also, every
complete metric space without isolated points contains a closed nowhere dense set
which is not o-porous [33].

To point out the difference between porous and nowhere dense sets, note that
if E C Y is nowhere dense, y € Y and r > 0, then there are a point z € Y and a
number s > 0 such that B(z,s) C B(y,r) \ E. If, however, FE is also porous, then for
small enough r we can choose s = ar, where « € (0, 1) is a constant which depends
only on FE.

In [11] De Blasi and Myjak show that the complement of the set of power conver-
gent non-expansive self-mappings of K is not only of the first Baire category, but also
o-porous. Thus a natural question is whether the results of [25] can also be refined
in the spirit of [11] by using the notion of porosity. In the present paper we answer
this question in the affirmative.

It turns out that the natural setting for our results is the class of complete
hyperbolic metric spaces which includes not only all Banach spaces, but also other
spaces of interest such as the Hilbert ball and its powers. We emphasize, however,
that all our results are new even in Banach spaces.

To define this class, let (X, p) be a metric space and let R denote the real line. We
say that a mapping ¢ : R — X is a metric embedding of R into X if p(c(s),c(t)) =
|s — t| for all s,t € R. The image of R under a metric embedding is called a metric
line. The image of a real interval [a,b] = {t € R: a <t < b} under such a mapping
is called a metric segment. Assume that (X, p) contains a family M of metric lines
such that for each pair of distinct points z,y € X there is a unique metric line in M
which passes through x and y. This metric line determines a unique metric segment
joining = and y. We denote this segment by [z,y]. For each 0 < t < 1 there is a
unique point z € [x,y] such that p(x, z) = tp(x,y) and p(z,y) = (1 — t)p(x,y). This
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point is denoted by (1 — t)z @ ty. We say that X, or more precisely (X, p, M), is a
hyperbolic space if

p(32 @ 3y, 52 @ 32) < 5p(y, 2)
for all z,y,z € X. A set K C X is called p-convex if [x,y] C K for all z,y € K. Tt
is clear that all normed linear spaces are hyperbolic. A discussion of more examples
of hyperbolic spaces and in particular of the Hilbert ball can be found, for example,

in [24]. In the sequel we will repeatedly use the following fact (cf. [19: pp. 77, 104]
and [24]): If (X, p, M) is a hyperbolic space, then

p(1—t)zdtz, (1 -ty dtw) < (1—t)p(z,y) + tp(z, w)

for all z,y,z,w e X and 0 <t < 1.

The paper is organized as follows. Section 1 is devoted to weak ergodicity in the
sense of population biology (see [25] and the references therein). Our Theorem 1.1 is
a refinement of [25: Theorem 2.2] and also includes the 1989 result of De Blasi and
Myjak [11]. Theorem 2.1 is concerned with the convergence of infinite products to
a (unique) common fixed point. According to [25: Theorem 2.3], the complement of
the set of convergent infinite products is of the first Baire category. Here we show
that it is, in fact, o-porous. In Section 3 we let F' be a closed p-convex subset of K
and () : K — F' a non-expansive retraction onto it. We consider several spaces of
sequences of mappings which fix every point of F'. Improving upon [25: Theorems
3.2 and 3.3|, we show that the complements of the sets of sequences with convergent
infinite products are not only of the first category, but are also o-porous. To the best
of our knowledge, our results provide the first application of the concept of porosity
to the study of infinite products.

1. Weak ergodicity

Let (X, p, M) be a complete hyperbolic space and let K C X be a non-empty bounded
closed p-convex subset of X. Denote by 2 the set of all continuous mappings A :
K — K. For the space 21 we consider the metric py defined by

pa(A, B) = sup p(Az, Bx) (A,Be). (1.1)
zeK

It is easy to see that the metric space (2, py) is complete. Denote by A the set of all
sequences {A;}§2, where each A; € 2. Such a sequence will occasionally be denoted
by a boldface A. For the space A we consider the metric p4 defined by

pA({A}2 {B}2,) = i;llfpm(At,Bt) ({Ad2 B}, € A). (1.2)

Clearly, the metric space (A, p4) is complete.

An operator A : K — K is called non-expansive if

p(Az, Ay) < p(z,y)  (z,y € K). (1.3)
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Define
e = {A ceA: Ais non—expansive}.

It is clear that 2,,. is a closed subset of . Further, define
.Ane == {{At}fil c .A . At S Q’[ne}-

Clearly, Ap. is a closed subset of A. For each A € 2, let A = {Et}fil € A be the
constant sequence, where A, = A (¢t >1). Set

d(K) = sung p(z,y). (1.4)

Further, for each x € K and each E C K, set

pla, B) = inf p(z,y). (1.5)

A sequence {A;}2, € A, is called regular if for any ¢ > 0 there exists a
number N € N such that, for each x,y € K, each integer T" > N and each mapping
h:A{1,....,T} = {1,2,...},

p(Anery - Any@, Apery -+ - Apyy) < e

A mapping A € 2, is called regular if the sequence A= {A;}2,, where A; =
A (t > 1), is regular. It is easy to verify that if A € 2, is regular, then there exists
a unique x4 € K such that Azq = x4 and A"x — x4 as n — oo, uniformly on K.

Denote by F the set of all regular elements of A,.. We already know by [25:
Theorem 2.2| that the complement of F is of the first Baire category. In our first
theorem (Theorem 1.1 below) we show that, in fact, it is o-porous. This theorem
also includes the 1989 result of De Blasi and Myjak [11].

We denote, for each n € N, by F,, the set of all sequences {A;:}{°; € A, which
have the following property:

There exists an integer N € N such that, for each x,y € K, each integer T' > N
and each mapping h: {1,..., 7} — {1,2,...},

S|

p(An(ry - Ay, Ap(ry -+ An(1yy) <

It is not difficult to see that F = Ny, F,.
Denote by F(© the set of all A € 2,,. such that A € F, and for each n € N
denote by ]-"7(10) the set of all A € A,,. such that A c Fn. Clearly, FO = ﬂ%ozlquo).
Theorem 1.1.
(1) The set A, \ F is o-porous in Ape.
(ii) The set A, \.7:(0) is o-porous in ..
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Proof. To establish this theorem, it is sufficient to show that A4\ F,, is porous

in A, and that 2,,. \.7-",(10) is porous in 2, for each n € N. To this end, let n € N,
fix § € K and choose « € (0,1) such that

a < (1—a)(d(K)+1)""(8n)" (1.6)

Assume that {A;}72, € A, and r € (0,1]. Set

—1

7= (1-a)r(2d(K)+2) (1.7)
and choose 2 < N € N such that
Nar >2d(K) + 1. (1.8)
For each t € N, define
Ayix = (1 —y)Az § ~0 (x € K). (1.9)

It is clear that {A,:}{2, € A,.. Note that if A, = A (¢t > 1) with A € U,., then
A=A, (t>1) where

A =(1—-v)Ax B0 (x € K). (1.10)

Clearly,
pa({Aye 21, {A}2)) < vd(K). (1.11)
Now assume that {B;}2, € A, and that
pa({Aye}i2y ABi}2) < o (1.12)

Then (1.11), (1.12) and (1.7) imply

(AN, {B)2,) < ar +vd(K) < ar + U ;“)T _4a *‘QO‘)T < (113)

We will show that, for each x,y € K, each integer T' > N, and each mapping
h:{l,....,T} —{1,2,...},

p(Bh(t) - * - Bu1y@, Bary - - Bayy) < —. (1.14)

SENS

To meet this goal, it is sufficient to show that for each z,y € K and each mapping
r:{l,...,N} — {1,2,...} there is an integer m € {1,..., N} such that

P(Bram) -+ Br1)&, Brim) - - Br1yy) < (1.15)

S =
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Assume that z,y € K and r: {1,..., N} — {1,2,...}. We will show that there is an
m € {1,..., N} such that (1.15) holds. Assume the contrary. Then, for each integer
i€ [l,N],

1 1
p(Brgiy - Byt By -+ Brayy) > - and  p(z,y) > o (1.16)
Set
To =T, Tit1 = Briy1)T
Yo =19, Yi+1 = Brur1)¥i
Let i € {0,...,N — 1}. Then, by (1.16) - (1.17),

1
p(xs,ys) > e (1.18)

(i=0,...,N—1). (1.17)

By (1.9) and (1.3) we have
P(Aw(iﬂ)xia A'yr(i—i—l)yi)
= P((l — ) AT DO, (1 — ) Ariy)¥i © ’70)
(L= p(Ariis )i, Ar(ir1)¥s)
(1 = 7)p(zi; ys)-
It follows from (1.17), (1.19), (1.12), (1.18), (1.7) and (1.6) that
P(Tit1, Yit1) = P( r(z+1)$i>Br(i+1)yi)
< p(Br(is1)Tis Ayr(is1) i)
+ p( Ay @i Ayr(i1)Yi)
+ (A sy Y Briisn)¥i)
< (L =y)p(wi, yi) + 2ar (1.20)
= p(wi,yi) — ’Yp(xz‘, Yi) + 2ar

(1.19)

< plas, i) = L+ 2ar

)
— p(wi,9:) + 2ar — (20) (1 — a)r(d(K) +1) "
) -

< p(w,yi
Therefore, by (1.4) and (1.8),
p(xn,yn) < p(wo,y0) — 2Nar < 2d(K) — Nar <0

which is a contradiction. The contradiction we have reached yields the existence of
an integer m for which (1.15) is true, and the relation {B;}{2, € F,,. Thus we have
shown that (see (1.13))

{{BYZ) € Aue s pa({Ay}ie (B
< ar} C{Ce€ Ap: p(C,A)<r}NF,.
IfA,=A (t>1) where A € U,., then A,y = A, (t>1) (see (1.10)) and
{BeUe: p(B,A)) <ar} C{CecUp: p(C,A) <r} N FO,

Consequently, the set A, \ F,, is porous in A, and the set 2, \]—"T(LO) is porous in
.. This completes the proof of Theorem 1.1 1
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2. Convergence to a common fixed point

We use the notations and definitions introduced in Section 1. Also, we denote by
A’ the set of all sequences A = {A4;}72, € A, for which there exists z(A) € K
such that

Aix(A) = x2(A) (t>1). (2.1)

The closure of A%, in the metric space (Aye, pa) will be denoted by A%,

Theorem 2.1. Let F be the set of all A = {A;}52, € AZ . for which the following
assertions hold:
(i) There exists x. € K such that Ayx. =z, (L >1).

(ii) For each ¢ > 0 there exists an N € N such that, for each integer n > N,
each mapping h: {1,...,n} — {1,2,...} and each z € K,

P(Ah,(n) - Apyz, :B*) <e. (2.2)

Then the set A%, \ F is o-porous in AZ,.

Proof. For each n € N, denote by F,, the set of all sequences {4;}52, € A, for
which there exist (™ € K and an N € N such that, for each integer T > N, each
mapping h: {1,..., T} — {1,2,...} and each x € K,

S|

p(Anery -+ Apyz, ™) <

It is not difficult to see that 7 = N7Z,F,. Let n € N. We will show that the set
A*_\ F, is porous in A% _. For this choose an v € (0, 1) such that

1

a < (4n) M (16(d(K) +1)) . (2.3)

Assume that {4,}22, € A*_ and r € (0,1]. There exists {A4;}2, € A*, such that

1 10 e’ T
pA({At}tzlv {At}tzl) < Z (2-4)
Let zao € K be such that
AtTA = TA (t > 1). (2.5)
Set .
vy=16""r(d(K)+1)" (2.6)
and choose an 2 < N € N such that
(1 =)V (2d(K) +2) < (4n)~". (2.7)

For each ¢t € N define

Apx = (1 =) A @ yra (x € K). (2.8)
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Clearly, {A,:}i2, € A}, and
pa({Aye}iZy {A2,) < 2vd(K).
Assume that {B;}2, € A, and
PA({Awt}?ip {Bt}?;) < ar.

Then (2.4), (2.9), (2.10), (2.6) and (2.3) imply

PA({At}fib {Bt}fil) < PA({At}filv {At}fil)
+ P({At}?ih {Avt};?;)
+p({A 320, { B}y
+ 2vd(K) + ar

and )
pA<{At}1?il7 {Bt}fil) <.

We will show that the following property holds:

(P1) For each z € K, each integer ' > N and each mapping h : {1,...

{1, 2, .. .}, p(Bh(T) s Bh(l)l', QZA) S %
Let y € K and t € N. By (2.8) and (1.3) we have

p(Ayey,za) = p((1 =) Ay ©yza,7A)
< (1 —7)p(Ary, zA)
< (1 =7)p(y,za).

When combined with (2.10), this inequality implies

p(Bry,za) < p(Ayey,za) + p(Bry, Ayey) < ar+ (1 —7)p(y, za)

for each t € N and each y € K.
Assume that v € K, T > N,and h: {1,...,T} — {1,2,...}. Set

o=

Tiy1 = Brasnr (1> 0).
It follows from (2.13) that, for any integer i € N,

p(xi+17 xA) < ar+ (1 - 7)p(x27 JJA).

(2.9)

(2.10)

(2.11)

T} —

(2.12)

(2.13)

(2.14)
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Using induction we see that, fori =1,...,T,

i

p(@iza) < (1— ) <xo,a:A>+ar( (1—7)t>~ (2.15)

t

I
o

By (2.14), (2.15), (1.4), (2.6), (2.3) and (2.7),

p(Bi(r) - - By, za) = p(ar,24)

< (1= p(zo, xa) +7 tar

< (1 =y)Nd(E) +7 " ar

= (1 —y)Nd(K) +16(d(K) + 1)«
< (1 =y)Nd(K) + (4n) !

<

and

p(Bh(T) ---Bh(l)x,xA) < (2.16)

S

Therefore property (P1) holds.

We have shown that (2.10) implies (2.11) and property (P1). If, in addition,
{B;}%2, € Az, then {B;}%2, € F,. Hence A%\ F, is porous in A% . This completes
the proof of Theorem 2.1 |

3. Convergence to a retraction

We continue to use the notations and definitions introduced in the previous sections.
Assume that F' is a non-empty closed p-convex subset of K. Denote by A¥) the set
of all A € 2 such that

Az =z (x € F) and p(Ay,x) < p(y,x) (z € F,y € K). (3.1)

It is clear that A is a closed subset of 2. Denote by %(LF) the set of all uniformly
continuous A € AU and by 2{55) the set of all A € AF) such that

p(Az, Ay) < p(z,y)  (z,y € K). (32)

Clearly, QI(F) and 52[%6 are closed subsets of A¥). Denote by
AU the set of all {A;}52, € A such that 4; € AF)

A the set of all {A;}2, € A such that A; € A
AL the set of all {At}t 1 € A such that A; € AL,

Clearly, A, AI(LF) and .A are closed subsets of A. We consider the metric spaces
(AE) p4), (A&F),pA) and (Ane ,p4). We assume that there exists Q € A¥) such
that Q(K) = F.
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A sequence {A;}2, € AT is called normal if the following two properties hold:

(i) For each mapping h : {1,2,...} — {1,2,...} there exists an operator P}, :
K — F such that lim; .o Ay Apyr = P for all z € K.

(ii) For each £ > 0 there exists an N € N such that, for each integer T' > N, each
mapping h: {1,2,...} — {1,2,...} and each z € K, p(Ah(T) o 'Ah(l)x,Pha:) <e.

Denote by F the set of all normal sequences in A¥). Let n € N. Denote by F,,
the set of all {A;}52, € AU for which there exists an N € N such that, for each
x € K, each integer T' > N and each mapping h: {1,2,...,T} — {1,2,...},

1
p(Aner) -+ Az, F) < —.

It is not difficult to see that F = Ny F,.

We will prove the following result.
Theorem 3.1.
(i) The set AT\ F is o-porous in (AT p4).
(ii) The set A \ F is o-porous in (AELF),,OA) if Qe
(iii) The set Ag) \ F is o-porous in (Ag),pA) if Q € 2[%12)

A mapping A € AT is called normal if the constant sequence {A4;}%2, with
A; = A (t > 1) is normal. Denote by F(© the set of all normal mappings A € A,

Theorem 3.2.
(i) The set A\ FO) s g-porous in (AT, py).
(ii) The set D/ \ FO) is g-porous in (%&F), pa) if Q € A,
(iii) The set D/ \ FO) is o-porous in (anlz), pa) if Q € AL
Proof of Theorems 3.1 and 3.2. Let n € N and choose a number a € (0, 1)

such that .

a <327 4n) " (d(K) + 1) (3.3)
Assume that {4;}52, € A and r € (0,1]. Set
v =32"1r(d(K)+1)"" (3.4)
and choose a natural number N > 2 such that
(1 —y)N2(d(K) +2) < (4n)~". (3.5)
At last, for each ¢ € N define
Ay = (1 —7)Awr & vQx (x € K). (3.6)

Clearly,
{Avt}fil € -A(F)
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if {4,352, € A and Q € AL, then {4}, € AL
if {A}2, € AL and Q € AL, then {A )52, € AL,

Note that if Ay = A (¢t > 1) with A € A, then Az = (1 —v)Az B ~yQx for all z € K
and ¢ > 1. Evidently,

pa({Aye}iZy {A}) < vd(K). (3.7)
Assume that {B;}2, € A and
pa({An}= BYE,) < ar. (338)

Relations (3.7), (3.8), (3.4) and (3.3) imply

pA({Bi}21 {A})) < pa({A2, {Avi}2)) + pa({Aye 2 {Bi))
<ar+vyd(K)

3.9
§a7“+£ (3.9)

<r.

Let T > N be an integer, z € K, and h: {1,...,T} — {1,2,...}. We will show that

1
p(Buery - Bayw, F) < —.
It is sufficient to show that
1
P(Brn) - Bryz, F) < —.
Let y € K and t € N. By (3.6) and (3.1), for each z € F,

A’yh(t)ya (1 - 7)’2 D /YQy)
(1 =) Anmy ®1Qy, (1 — )z ®Qy))
L—=%)p(Anwyy; 2)

p(Aynwyy, F) <

and

for all z € F. Therefore,

p(Aynwyy, F) < (1 —7)p(y, F).

When combined with (3.8), this inequality implies

p(Bryy, ) < p(Aynwyy, F) + p(Ayn)ys Bryy)

(3.10)
<ar+(1=7)p(y, F).
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By induction, using (3.10), we obtain for i =1,..., N

i—1

(B Buy, F) < p(a, F)(1 =) +ary (1-9)".
t=0

It follows from this inequality, (1.4), (3.4), (3.5) and (3.3) that

p(Brwvy -+ Brayz, F) < (1= 9)Vd(K) + v tar
<(1—9)Vd(K) + 32(d(K) +1)a
1
< =,
n

Thus we have shown that
1
p(Buer) - Bryz, F) < —

for each x € K, each integer T' > N and each mapping h: {1,..., T} — {1,2,...},
and hence
{Bt}i2) € Fn. (3.11)

Therefore, for each {B;}{2, satisfying (3.8), relations (3.9) and (3.11) hold. This
implies that AF) \ F,, is porous in (A, p4). Since F = N3, F,,, we conclude that
AP\ Fis o-porous in (AT, p4). Tt is not difficult to see that we have also proved
the remaining statements of Theorems 3.1 and 3.2 B
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