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Numerical Method of Lines
for First Order
Partial Differential-Functional Equations

A. Baranowska and Z. Kamont

Abstract. We consider the Cauchy problem for a nonlinear equation on the Haar pyramid.
By using a discretization with respect to spatial variables, the partial functional-differential
equation is transformed into a system of ordinary functional-differential equations. We in-
vestigate the question of under what conditions the classical solutions of the original prob-
lem are approximated by solutions of associated systems of ordinary functional-differential
equations. The proof of the convergence of the method of lines is based on the differential-
inequalities technique. A numerical example is given. Differential equations with retarded
variables and differential-integral equations are particular cases of a general model consid-
ered in the paper.

Keywords: Cauchy problem, differential-difference inequalities, comparison technique, sta-
bility and convergence
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1. Introduction

For any metric spaces X and Y we denote by C(X,Y’) the class of all continuous
functions from X into Y. We will use vectorial inequalities with the understanding
that the same inequalities hold between their corresponding components. Let E be
the Haar pyramid

E:{(t,x)éR“’”: t €[0,a] and —b+Mt§a:§b—Mt}

where a > 0, M = (M, ..., M,) € R™ with M; >0for 1 <i<n,b=(by,...,b,) €
R™ and b > Ma. Write

Eo = [~bo, 0] x [=b, ]
Q=ExC(EyUE,R)xR"
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where by € Ry = [0,4+00). Suppose that functions f : © — R and ¢ : Ey — R are
given. We consider the functional-differential initial-value problem

(1)

Oz(t,z) = f(t,x,z,axz(t,ac))

z(t,z) = p(t,x) on Ey
where © = (z1,...,2,) and 0,2 = (04, 2,...,04,2). A function v : EgUE — R is
called a classical solution of problem (1) if

(i) v € C(EoU E,R) and v is of class C' on F

(i) v satisfies equation (1); on E and condition (1)s holds.

The Haar pyramid is a natural set for the existence and uniqueness of solutions of
initial problems for differential and functional-differential equations (see [3, 4, 10]).

Write
Et = (EO U E) N ([—bo,t] X Rn) (0 <t< a).

We will denote by ||-||; the supremum norm in the space C(E;,R) (0 <t < a). We will
say that the function f : 2 — R satisfies the Volterra condition if for each (t,z) € E
there is a subset E[t,z] C E; such that if z, 2 € C(EyUE,R) and z(7,y) = Z(7,y) for
(1,y) € E[t,x], then f(t,x,z,q) = f(t,x, z,q) where ¢ € R". Note that the Volterra
condition means that the value of f at the point (¢, x, z,q) € £ depends on (¢, z,q)
and on the restriction of z to the set E[t,z]. In the paper we assume that f satisfies
the Volterra condition and we consider classical solutions of problem (1).

We are interested in establishing a method of approximation of solutions of
problem (1) by means of solutions of an associated system of ordinary functional-
differential equations and in estimating the difference between the exact and approx-
imate solutions. The systems of ordinary functional-differential equations mentioned
above are obtained in the paper by using a discretization in the spatial variables of
equation (1); and therefore they are called differential-difference systems or method
of lines.

There is an ample literature on the method of lines. The monographs [2, 13, 16]
contain a large bibliography. The method is also treated as a tool for proving existence
theorems for differential problems corresponding to parabolic equations [9, 11, 12, 14]
or first order hyperbolic systems [8]. The papers [1, 6, 7, 17, 18] initiated the method
of lines for functional-differential problems. Parabolic equations with initial boundary
value conditions and Hamilton Jacobi equations with initial boundary conditions or
initial conditions which are global with respect to spatial variables were considered.
Error estimates implying the convergence of sequences of approximate solutions are
obtained in these papers by using the method of differential inequalities.

The monograph [3] contains an exposition of the method of lines for hyperbolic
functional-differential problems. Note that the results presented in [3: Chapter 6] and
[17, 18] are not applicable to problem (1). The methods of lines for equations with
generalized Hale operator are investigated in [3, 17, 18]. This model of functional
dependence is not suitable for local Cauchy problems considered on the Haar pyramid.
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Existence results for problem (1) are given in [4]. Differential equations with
deviated variables and differential-integral equations can be obtained from (1) by
specializing the operator f.

The paper is organized as follows. In Section 2 we transform problem (1) into
a system of ordinary differential-functional equations. Theorems concerning the
method of lines will be based on a comparison result where a function satisfying
some differential-difference inequalities on the Haar pyramid is estimated by a solu-
tion of an adequate ordinary functional-differential problem. The comparison result
is proved in Section 3. A convergence theorem and an error estimate for the method
of lines are presented in Section 4. A numerical example is given in Section 5.

2. Differential difference problem

Let F(U, V') denote the set of all functions defined on U and taking values in V' where
U and V are arbitrary sets. Let N and Z be the sets of natural numbers and integers,

respectively. For z,y € R"™ with x = (x1,...,2,) and y = (y1, ..., Yn) We write
xoy = (T1Y1,-- -, Tnln)
[zl = 21 4. .. + [zl

We define a mesh with respect to spatial variables in the following way. Suppose that
for h = (hy,...,hy) with h; > 0 for 1 < i < n there exists N = (Ny,...,N,,) € N
such that N oh =0b. We denote by A the set of all h having the above property. For
h € A and m € Z"™ with m = (mq,...,m,) we put

2 =moh = (acgml), e ,xﬁ{“”)

R1" = {(t,:c(m)) :teR,meZ"}.
Further, we define the sets
Eon=EsNR " and  E,=ENR"

Elements of Ey;, U Ej, will be denoted by (t,2(™)) or (t,z). For a function z :
FEonUE), — R we put 20 (t) = z(t, (™). Let ("™ € [~b,b] and write

I[m] = {t e [~bo,a] : (t,2™) € Egp U Eh}.

Denote by F.(Egp U ER, R) the set of all z : Eyp, U Ep, — R such that z(m)(') :
I[m] — R is a continuous function, for each fixed (™ € [~b,b]. In a similar way
we define the space F.(FEyp, R). For a function z € F.(Ey U Ep,R) and for a point
t € [0,a] we write

|2l = max {|2(7, )| : (72) € (Bo.n U En) 0 ([=bo, f] x R™)}.
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In the sequel we will need the interpolating operator
Th: F.(EgpUEL R)— C(EygUE,R).
For its definition write
Ej = {(t,x(m)) :t € [—bo,al and — N <m < N}
and suppose that z € F.(FEy U FEp,R). First, if =N <m < N and I[m] = [~bg, @],
we define a function z : Ej, — R by
- (m) for ¢ € I[m]
b opm)y — z(t, z'™) 9
A a) {z(am,x(m)) for t € [~bo, a] \ I[m]. @)
Now, putting
Sy = {s: ($1,...,8n): 55 € {0,1} (1 §i§n)}

we define the function T}z : Fg U E — R to define the announced operator T}, as
follows: If (¢,x) € Ey U E, then there exists m € Z" such that (M < g < glm+b)
and (t,z(™), (t,z(™*tD) € E), where m +1 = (my 4+ 1,...,m, +1). Write

M) = 3 (S5 (1- 25

SES+
)"

() T
(mi)

i (=

with putting 0° = 1 in the above formulas. Then we set T,z : Ey UE — R and T},
is a continuous function on Fy U E.

where )

s
I
—_

I

@
Il
—

We define the difference operator § = (d1,...,d,) in the following way. For
1<i<nwewritee; = (1,... 0 1,0,...,0) € R™, with 1 standing on the i-th place.
Ifz: By, UE, — R and >)eEh, then

e @) = ) it 2™ <0
(20m () — zm=ed (1)) if 2™ > 0.
We will approximate classical solutions of problem (1) by means of solutions of the

system of the ordinary functional-differential initial-value problem

d
%z(m)( ) = f(t, x(m),Thz, §z(m) (t))

(t,x
1
= (3)

. (4)
2M(t) = ¢ () on Eon
where ¢p, : Egp — R is a given function and §z = (612,...,,2). Let Fj, be the
Niemycki operator corresponding to (4), i.e.
Fp[2)™(t) = f(t,x(m),Thz,éz(m) (t)).

We prove that there exists a solution uw, : FEpjp U Ep — R of problem (4) and
there is a function & : A — R, such that [v("™)(¢) — u%m) (t)] < a(h) on Ej, where
v: EyUE — R is a solution of problem (1) and limy_.g &(h) = 0.
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3. Differential-difference inequalities

Different types of theorems on functional-differential inequalities are taken into con-
siderations in literature. The first type allows to estimate a function of several vari-
ables by means of another function of several variables, while the second one, the
so-called comparison theorems, give estimates for functions of several variables by
means of functions of one variable [3, 5]. In this section we present a comparison
theorem where a function satisfying differential-difference inequalities on the Haar
pyramid is estimated by a solution of an ordinary differential equation with a re-
tarded variable.

We will need the following assumption on comparison functions.
Assumption H[o, a]. Suppose that the functions o : [0,a] x Ry — R4 and
a: [0,a] — R satisfy the following conditions:

1) o is continuous on [0,a] x Ry and for each t € [0,a] the function o(¢,-) :
R4+ — R4 is non-decreasing.

2) « is continuous on [0,al, —by < «a(t) < t for t € [0,a], and for each function
n € C([—bo,0],Ry) there exists on [—by,a] the maximum solution of the
Cauchy problem

W (1) = o(t.w(a(t)) } | (5)

w(t) =n(t) on [=bo,0]

Assumption H[A]. Suppose that the function
A: By x F(BEoph UERR) —R™, A= (Ai,...,\n)

satisfies the following conditions:
1) For (t,z,z) € Ep X Fo.(Eop U ER,R), xoA(t,z,2) <O0.

2) A satisfies the following Volterra condition: for each (t,z) € Ej there is a
subset Ep[t, ] C (Eo.nUER)N([—bo, t]xR™) such that if z, Z € F.(Ey ,UE}, R)
and z(1,y) = Z(1,y) for (1,y) € Ext,z], then A(t,z,2) = A(t, z, 2).

Lemma 3.1. Suppose that Assumptions H[o, o] and H[A| are satisfied. Further,
suppose the following:
1) The function u € F.(Egp,UEp, R) satisfies the differential-difference inequality

]D_u“”) (1) = 3" Ay (1™ ) 850 (1) < (8, [[ullnage)

j=1
where (t,2™) € Ej and D_u("™(t) is the left-hand lower Dini derivative of the
function u\"™)(-) at the point t.

2) For (t,z(™) € Eyy, |[ul™ (t)| < n(t) where n € C([—bgy,0],R,).

Then
™ @) <w(t,n)  on Ej (6)
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where w(-,n) is the mazimum solution of problem (4).

Proof. Consider the function
@(t) = max {[u"™ @) : (t,2"™) € Egp, UE,}  (=by <t <a).

Then @ € C([—bp,al,R;) and estimate (6) is equivalent to

w(t) <w(t,n)  (t€]0,a]), (7)
It follows that the initial inequality

w(t) <n(t)  (t€[=bo,0]) (8)
is satisfied. Let J; = {t € (0,a] : @(t) > w(t,n)}. We prove that

D_&(t) < o(t,@(alt))) (teJg). 9)

Indeed, let ¢t € J,. Then &(t) > 0 and there is m € Z™ such that @(t) = |u(™ (1)|.
Thus two possibilities can happen, namely either (i) @(t) = u(™(¢) or (ii) &(t) =
—u(™)(t). Consider the case (i). We conclude from Assumption H[A] and (3) that

D_&(t) < D_u'™(t)
< U<t7 ||uHoc(t)) + Z )‘j <t7 x(m)a u) 5ju(m)(t)
< o(t,w(a(t))

and inequality (9) is proved. Analogously (9) can be proved if condition (ii) is satis-
fied. It follows from (8) - (9) and from a theorem on differential-functional inequalities
(see [3: Lemma 5.12]) that estimate (7) is satisfied. This completes the proof of the
lemma B

4. Convergence of the method of lines

Our basic assumptions on the function f in problem (1) are the following ones:

Assumption H[f]. Suppose that the function f of the variables (¢, z, z, q) with
qg=(q,--.,qn) satisfies the following conditions:

1) f € C(Q,R), the partial derivatives (0y, f,...,0,,f) = O4f exist on Q,
Ogf(t,z,z,-) € C(R™,R") for (¢,2,2) € ExXC(EyUE,R) and 200, f(t,z, 2,q)
<0 on .

2) There are functions o : [0,a] x Ry — R4 and a : [0,a] — R satisfying
Assumption H{[o, o] and such that | f(t,z, z,q)— f(t, 2, Z,q)| < o(t, |2—Z| a@))
on (.
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3) w(t) =0 (t€0,a]) is the maximum solution of problem (5) with n(¢t) = 0
for t € [—bo, 0]
Assumption H[zg]. Let zg € F.(Ey, U Ep,R) be a function such that the
following conditions are satisfied:
1) 2, satisfies initial condition (4), and for each z(™ € [—b,b] the derivative

42 (m )()exists on I[m] N[0, al.

(ii) There is a function 79 € C(]0,a], R ) such that ‘%zém) (t) — Fulzo)™(t)] <
Y0 (t) on Ej and the maximum solution wy of the problem

W'(t) = o(t,w(a(t))) +70(t) (10)
w(t) =0 for t € [—by,0]
is defined on [—by, al.
Let us consider the sequence of functions w; : [—bp,a] — Ry (0 < j < o0)

defined recursively in the following way:
(1) wo is given in Assumption H [zp].
(ii) If w; is known, then
y for ¢ € [—bo, 0]
st {fo (1,wj(a(7)))dr for t € [0,al.

Lemma 4.1. If Assumptions H|o, ], H|[zo] and condition 3) of Assumption H|f]
are satisfied, then w;i1(t) < w;i(t) (j > 0) fort € [0,a] and lim; o w;(t) = 0
uniformly on [0, a.

We omit the simple proof of this lemma.

Theorem 4.2. If Assumptions H|f]|, H|[zo] are satisfied and o, € F.(Egp,R),
then there exists exactly one solution up, : Eg.p U Ep — R of problem (4).

Proof. Let the sequence z; : Eyp UER, — R (j > 0) be defined recursively in
the following way:

(1) 2o is given in Assumption H[z].

(ii) If z; is known, then z;4 is the solution of the system

d

9200 ) = f(1,20, Tyzy,520 (1) (1)
with initial condition (4)2. We prove that for 7,5 > 0

|7 (1) = 2 @) <wi(t) o By (12)

First we prove (12) for j = 0 and ¢ > 0. It follows that inequality (12) is satisfied
for j =i = 0. If we assume that }z(m) (t) — z(()m) (t)’ < wo(t) on Ej, then using the
Hadamard mean value theorem we conclude that

d

e = 2) ™) - / 00, J(PS3 (1,7)) 7 By = 20) ™ (1)

< o(t, wo(a(t)) +(t)
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on Fj where
Pz'(.gl) (t,7) = (tu 2™ Ty, 2, 5zém)(t) +78(2i1 — 20)™ (t)> .

It follows from Lemma 3.1 that |(zi+1 - zo)(m)(t)‘ < wy(t) on Ej,.

Suppose now that |(zj1; — zj)(m)(t)‘ < wj(t) on Ej with fixed j € N and all
1 > 0. Then, using the Hadamard mean value theorem, we conclude that

d m m
(i = ) Z / 00, J(P L (0) A7 By(0101 = 2320) ™)

< U(t,wj(a(t))

on Fj where
Pi(.Tle(th) (t (™) Thzg+z,52](+i( )+ 76 (24141 — 241)"™ (ﬂ) :

It follows from Lemma 3.1 that ’(zj+1+i — zj41)™ (t)’ < @(t) on Ej where @ is the
maximum solution of the problem

w'(t) = o(t,w;(a(t)))
w(t)=0 on [~by,0] |

Since @ = wj41, the proof of (12) can be completed by induction. It follows from
Lemma 4.1 and (12) that the sequence {z;}52, is uniformly convergent on Ej,. Write

uglm)( t) =lim;_ o0 zj(m)( ) on Ej. According to (11) and (4)s,

t
AT (1) = o™ (0) + / F(r,a™, Tyz;, 8247 (7)) dr

where 7 > 0. By passing to the limit for j — co we obtain that u; is the solution
of problem (4). If both u; and @y, are solutions of problem (4), then we obtain the
differential-difference inequality

d

i —(un — Uh)(m)( / 3qu (Q(t, 7)) dr d; (up — Uh)(m)( t)

< a(t, lun — tnllag))

on Ej, where Q(t,7) is a suitable intermediate point and (uy, — i5,)™ () = 0 on Eg.p,.
It follows from Lemma 3.1 and condition 3) of Assumption H|[f] that uj, = @j. This
completes the proof of the theorem H

The next theorem deals with convergence of the numerical method of lines.



Numerical Method of Lines 957

Theorem 4.3. Suppose the following:

1) Assumptions H[f] and H|[zy] are satisfied and ¢y, € F.(Eyp,R).

2) v: EgUE — R is a solution of problem (1) and v is of class C! on E.
3) There is a function ag : A — Ry such that

|(p — gah)(m) (t)] < ag(h) on Eyp and %ir% ag(h) = 0. (13)

Then there is a function & : A — Ry such that

o (1)~ u™ (O] < G(h) on By and  Jim G(h) = 0. (14)

Proof. We will denote by vj the restriction of v to the set Ey, U Ep. Let the
function I'y, : Ej — R be defined by

Do) 8) = o) (1) + T (1) (15)

It follows that there is a function v: A — R such that
™) < y(h) on E,  and  lim y(h) = 0. (16)

h—0

Write wy, = vp, — up. Then wy, satisfies the differential-difference inequality
™ (1 ~ [ (m)
0 =3 [0, 1(@uttr)ar 8,07 0)] < ot o) + 20
j=1
for (t,#(™)) € Ej, where
Qu(t,7) = (t, 20, Tyon, 5ul™ (t) + row™ (1))
and |w,(1m) (t)] < ap(h) on Eyp. Let w(-, h) be the maximum solution of the problem

W'(t) = o(t,w(a(t))) }
w(t) = ao(h) on [~bo,0] |

It follows from Lemma 3.1 that

1w ™ ()| < w(t,h) on Ej. (17)

Then condition (15) is satisfied with &(h) = w(a, h). This proves the theorem B

Now we give a theorem on the error estimate for the numerical method of lines.
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Theorem 4.4. Suppose the following:

1) The function f : Q — R satisfies condition 1) of Assumption H[f] and
104, f(t,z,2,q)| < M; on Q for 1 <i<n.

2 There is an L € Ry such that |f(t,x,z,q) — f(t,z,Z,q)| < L||z — Z||+ on .

3) The functionv : EgUE — R is a solution of problem (1) of class C* on EgUFE
and there is a constant C € Ry such that |Opv(t, x)|, |0z, v(t,2)| < C (1 <i<n) on
EyUE.

4) There is a function ag : A — Ry such that condition (13) holds.

Then
|vn —unllne < a(h) (¢t €]0,a])

where uy, is the solution of problem (4), vy, is the restriction of v to the set Ey U FEp,

&R = {ao(h)eL“ ()<= i L >0
ag(h) +avy(h) if L=0

and
n

(k) = LO(E(h) + [|h]]) + § > Mih (18)

=1

with £(h) :max{]\’z 01 gign}.

Proof. We first prove that
[Thon —vlle < CER) +[R)  (0<t<a). (19)

Let 5, : Ep — R be the function defined by (2) with vy instead of z. Suppose
that (t,2) € Ey U E. Then there is an m € Z™ such that (M < ¢ < z(m+1) and
(t, (™), (t, (D)) € E), and

Tty = 3 oo (E) (1= 2=

seESt

(20)

It is easy to prove by induction with respect to n that

3 (w—Tx(m’ﬂl B x—Tx“"))l‘s 1 (@™ <a<am). (o)

seSy
There are two cases to be distinguished:
1) If (t,20™), (¢, 2(m*D) € By, U By, then using (20) - (21) we get
(Thop)(t,x) — v(t, x)

= 3 ) — () <$—Tx(m)>8<1 - x—Tx(m)>1—5

seSt
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and
[(Thon) (¢, ) — o(t,2)| < Ch]. (22)

2) Suppose that (t,z("™) € Ey ), U Ej, and (t,z(™+1) ¢ E),. Write
Jmolt] = {s€ Sy (t,2!™)) € By}
Tl = {s € 54t (Lat™*) ¢ By},
Then
(Thop)(tz) — v(t, x)

= Z [v,(f”Jrs)(t) — v(t, z)] (*T—TWYO B x_Tx(m)r_s

SEJ'm.O[ﬂ
_ pm)s _ (m) s
b ) - vl () (1= 22
$€Jm. +[t]

which results in
|(Thon) (t, 2) = v(t, z)| < CER) + [|h])- (23)

In a similar way we prove this estimate if (¢,2(™*1)) € Eyj, U E), and (t,2™) & E),.
Estimates (22) - (23) imply (19). Let I'y, : Ej, — R be defined by (15). It follows

from assumptions 1) - 2) and from (19) that condition (16) is satisfied with v given
by (18). Then we obtain the assertion of the theorem from (17) B

Remark 4.5. By using a discretization with respect to t of problem (4) we
obtain difference methods for problem (1).

5. Numerical examples

The classical difference methods for nonlinear partial functional-differential equations
consist in replacing partial derivatives by difference expressions. Then solutions of
difference equations approximate, under suitable assumptions on given functions and
on the mesh, solutions of the original problem. We formulate a new class of differ-
ence problems corresponding to problem (1). Namely, we transform the nonlinear
differential equation into a system of ordinary functional-differential equations. The
system thus obained is solved numerically by the Runge-Kutta method. We illustrate
this approach on the following example.

Put n =1 and
E:{(t,x)ERQ: t€[1,3] and —3+t§x§3—t}.

Consider the differential-integral initial-value problem

xT

di2(t,x) = —zawz(t,a:w /_ 2(t,s) ds + f(t, z) 20

z(1,z) = 32% on [2,2]
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where
f(t,z) = tz*(6 — 3t — 2tx).

The solution of this problem is known — it is v(t,z) = 3(tx)%. We define a mesh on
E in the following way. Suppose that (hg, h) stand for steps of the mesh and

tM =147rhy  (0<7r < Ny)
2™ = mh (=N <m < N)

where Nohg <2 < (Ng + 1)hg and Nh = 2. Write

Ethyn) = {(t“‘),x(m)) 1<t <3 and —3+¢t0) <M <3 t“’)}.

For a function z : Ej ;) — R we write 2(mm) — z(t(r),x(m)). The classical difference
method for problem (24) has the form

(m)p,
r m r,m x 0
LrHLm) 10 +1)[1_ - }
L, (rm—1) "™ hy (r,m) (r,m) (25)
+ 52" [1+ }+h017 [2] + ho f'"
2(1,2™) =3(z™)? (-N <m<N)

where (0 [2] = 0 and

I m)[ ] %(Z(T’_m) + z(mm)) + hzz'n:_—lm—l—l 23 for m >0 26)

_%(z(r,m) + Z(T,—m)) _ hz‘]_:’rn_—‘il Z(r,j) for m < 0.

Let us denote by zj, : E,.5) — R the solution of the above problem. The numerical
method of lines for problem (24) has the form

2™ (z<m> (t)—2(m=D (t))

_ (m) (m) >
%Z(m) (t) = 2 (m) (z(m—ﬁ-l%}gt)*z(m)(t)) RS om0 (27)
ZM(1) = 3(z")? (=N <m < N)
where
2(m)
Iwm:/‘ Ty (t,7)dr

and T}, is the interpolating operator for n = 1.

We apply the Runge-Kutta method of the second order to problem (27). This
leads to the difference equations problem

(™,
4h
" { (y(r,m) _ y(r,m—l)) + hOI(T,m) [y] + hof(r—i—l,m) for m > 0 (28)
(y(r,erl) _ y(r,m)) + hOI(r,m)[y] + hof(rJrl.m) for m < 0

Z0m) — 3(2(M)2 (_N < m < N)

L) ()
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where

(M by
8h
y { (z(r,m) _ Z(r,m—l)) + %I(r,m)[z] + %f(r,m) form >0
(z(mmd1) _ p(rm)y 4 %I(T’m) [z] + %f(’"’m) form <0

y(rm) — (rm) _

with 1("™)[z] and I"™[y] given by (26). Denote by up, : Eg, ) — R the solution
of problem (28).

We give the following information on the errors of methods (25) and (28). Write

c(rm) _ ‘v(r,m) _ zi(:”’m)‘ n") = max {|E(T’m)| : (t(r)yx(m)) S Eho,h}
grm) = [yrm) _y frm)| 7" = max {|g"™] - (¢T),2(™) € By, 0}

where 0 < r < Ny. In Table A and B experimental values of the functions n and 7
are given.

Table A: Values of  and 7 for hg = 0,01 and h = 0.01

Table B: Values of i and 77 for hg = 0,001 and h = 0.001

The errors for the classical method (25) are larger than the errors for (28). This
is due to the fact that problem (27) is solved by the Runge-Kutta method.

Methods described in Theorem 4.3 have potential for applications in the nu-
merical solving of initial problems for functional-differential equations on the Haar
pyramid. Difference problems obtained by a discretization of problem (4) with re-
spect to ¢ have the following property: a large number of previous values z(™”) must

be preserved, because they are needed to compute an approximate solution with
t =1+,
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