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Bifurcation of Homoclinic Solutions
for Hamiltonian Systems

R. Joosten

Abstract. We consider the Hamiltonian system
Ju'(z) + Mu(z) — Vo F(z,u(z)) = du(z).

Using variational methods obtained by Stuart on the one hand and by Giacomoni and Jean-
jean on the other, we get bifurcation results for homoclinic solutions by imposing conditions
on the function F. We study both the case where F' is defined globally with respect to u
and the case where F' is defined locally only.
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1. Introduction

1.1 Presentation of the problem. The paper continues our study from [10] of
homoclinic solutions of first order Hamiltonian systems

Ju' () + VsH\, z,u(z)) =0
where J is a 2N x 2N real matrix such that
J=—-J"=-J!
and the Hamiltonian H : R x R x R?Y — R is defined by
H(\ z,s)=4(M —X)s-s— F(z,s)

where dot denotes the usual scalar product in R?YN, M is a 2N x 2N real symmetric
matrix such that o(JM) NiR = () and the function F : R x R?" — R is such that

F(z,0) = 0 and limj_o 52 = 0.

The Hamiltonian system can be written in the form

Ju' (x) + Mu(z) — VF (z,u(x)) = \u(z).
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We use the notations f(x,s) := Vi F(x,s) and f'(z,s) := Vsf(z,s).

In [10] we have obtained existence results for homoclinic solutions and we refer
the reader to the introduction of that paper for a discussion of our approach and the
setting we have chosen. Now, our goal is to obtain bifurcation results for homoclinic
solutions for a subset of such systems by imposing conditions on the function F. By a
homoclinic solution we mean a solution u(x) such that lim,_, 4 u(z) = 0. Stuart has
already worked on this question (see [13]). He seems to be the only other author to
introduce the real parameter \ in the Hamiltonian system and to have got bifurcation
results for Hamiltonian systems of this type by variational methods. But we get more
general bifurcation results. Indeed, F' may have different behaviours in s at 0 and at
infinity which is not the case in [13]. This generates important complications in the
proofs.

Since lims|—¢ % = 0, we have V F(x,0) = 0 and the system admits the axis

of trivial solutions {(A,0) : A € R}. To obtain non-trivial homoclinic solutions, we
seek solutions

(\u) € R x HYR,R*V)\ {0}.
Indeed, the space H'(R) has the basic property lim|,|_, u(z) = 0 for all u € H'(R).
We recall that the space H'(R,R?") will be identified to [H!(R)]?V.

1.2 Our bifurcation theorems. Before stating the first theorem, let us introduce
some notions developped in [13]. We will define the operator S and its spectral gap.

We consider [L?(R)]?Y = L?(R,R?Y) with the scalar product

(U, v)p2p2n = Z/Rul(x)vz(x) dx.

This scalar product will often be denoted by (-,-). Let
S [HYR)PN c [L*(R)*N — [LA2R)*,  Su= Ju' + Mu.

Knowing that J7 = J~! = —J and M7 = M, it is easy to show that S is self-adjoint
(see [9: Lemma 1]). As S is self-adjoint, its spectrum o(.5) lies on the real line. By
[13: Corollary 10.2] we have inf 0(S) = —oo and sup o(S) = oo (S is unbounded). It
is possible to show that S has no eigenvalues.

Again by [13: Corollary 10.2] the hypothesis o(JM) NiR = () is equivalent to
0 & o(S). We get as easy corollary of this result the equivalence

AEa(S) <« o(J(M—N))NiR #§

(see [9: Lemma 2]).

We denote by p(S) = R\ o(5) the regular values of S. As p(S) is open, there
exists a maximal open interval (a,b) in p(.S) containing 0 with —co < a < 0 < b < 00
and a and b being part of the spectrum. This interval is called a spectral gap. The
upper bound b will be a bifurcation point under appropriate hypotheses on F.
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We introduce the following hypotheses on F"

(F1) F is of Carathéodory type (in the C? sense), i.e. F(-,s): R — R is measur-
able for all s € R?Y and, for a.e. x € R, F(z,-) € C*(R?Y R), F(x,0) =0,
f(x,0) =0 and |f'(z,s)| < ai]s|™ ! +aals|™"! (s € R*N) where a,az > 0
and ro > 1rqy > 1.

(F2) F(z,-) is convex on R?Y for a.e. x € R.

(F3) F(z,s) >0 for a.e. z € R and all s € R?V,

(F4) |f(z,s)] < C1F(z,8)" + CoF (x,5)" for a.e. € R and all s € R?Y where
01,02 > (0 and t1,t2 € [%, 1)

(F5) pF(x,s) < f(x,s)s for a.e. x € R and all s € R?Y where p > 2.

(F6) f(z,s) s <qF(x,s) for a.e. x € R and all s € R* where ¢ > 2.

(F7) Theset {x € R: F(z,s) =0 for some s # 0} is of measure zero.

(F8) There exists d > 0 such that the set {x € R: F(x,s) #0 if 0<|s|] <d}is
not of measure zero.

(F9) F(z,ts) > ctPF(x,s) for a.e. z € Rift €[0,¢] and |s| < A where ¢,e, A > 0
and p > 2.

Remark. Hypothesis (F7) is required in most previous works on the existence
of homoclinic solutions by variational methods [2- 5, 8, 12, 14]. An exception is [10]
where existence theorems are obtained in the same context as we now use to study
bifurcation. Let us emphasize that hypothesis (F7) will not be used here. Our use of
test functions means that the much weaker condition (F8) is sufficient.

The number )\ is said to be a bifurcation point on the left for the system
Ju' + Mu— f(z,u) = (ue [HY(R)]*N)
if there exists

{(An,un)} C {()\,u) eRx [H'R)?*YN : u#0and Ju' + Mu — f(z,u) = )\u}

such that A, < Ag for all n, A\, — Ao and lim, . |[|un||gr = 0. Moreover, the

bifurcation point is said to be of order v if lim,, _, o % = 0.

We can establish now a first bifurcation theorem. Recall that the following term
p occurs in hypothesis (F9).

Theorem 1. Let us consider F : R x R?N — R with hypotheses (F1) - (F6),
(F8), (F9) and let us consider the Hamiltonian system Ju' + Mu — f(x,u) = Au.
Then:

If

(1.1) |f(z, )| < a(z)(]s]? +|s|%) for a.e. € R and all s € R*N where go > q1 > 1
and a is measurable such that lim| o a(z) =0

(1.2) p<4,
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then b is a bifurcation point (on the left) of order v, for any v < q_%(l — %), for the

Hamiltonian system.
If
(2.1) F(z+1,s) = F(x,s) for a.e. x € R and all s € RZN
(2.2) p<6
(2.3) f(z,s)-s—2F(x,s) is convex in s for a.e. x € R,
then b is a bifurcation point (on the left) of order ~y, for any v < quz(l — ﬁfzz), for
the Hamiltonian system.
If

(3.1) |f(x,s)] < a(z)(|s|+]s|%) for a.e. x € R and all s € R*N where gg > q1 > 1
and a is measurable such that lim| g, a(z) =0

(3.2) there exists A" € (0,A] such that minjg—as F(x,s) > ‘f'a for a.e. |z| > M
where o € (0,1] and M,C >0
(3.3) p<4+2(1—-a),

then b is a bifurcation point (on the left) of order ~y, for any v < q_%(l — W),

for the Hamiltonian system.

We state now a bifurcation theorem following from the result of Giacomoni-
Jeanjean [7]. The convexity of F'(z,-) and hypothesis (F5) are no longer required.

Theorem 2. Let us consider F : R x R?N — R with hypotheses (F1), (F3),

(F4), (F6), (F8), (F9). Moreover, let us suppose that

(1.1) |f(=, )| < a(z)(]s]9 +|s|%) for a.e. x € R and all s € R*N where go > q1 > 1

and a is measurable such that lim |, a(z) =0

(1.2) p<4
or

(2.1) F(z+1,s) = F(x,s) for a.e. x €R and all s € R2N

(2.2) p<6.

Then b is a bifurcation point (on the left) for the Hamiltonian system Ju' + Mu —
f(z,u) = Au.

Remark. In this theorem, we have no information about the order of the bifur-
cation.

Up to now, most of the hypotheses on F' where global with respect to s (hypothe-
ses (F1) - (F7)). Now, we will give a bifurcation theorem where these hypotheses are
relaxed.

Instead of F', we work with a function G which is defined locally only. Let R > 0.
We consider G : Rx B(0, R) — R where B(0, R) is the open ball of radius R centered
at 0. Let us introduce some hypotheses on this function. The numerotation of these
hypotheses corresponds to that of the hypotheses on F'. The letter g will denote the
gradient of G.
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(G1) G is of Carathéodory type (in the C? sense), i.e. G(-,5) : R — R is mea-
surable for all s € B(0,R) and, for a.e. z € R, G(x,-) € C*(B(0, R),R),
G(2,0) =0, g(x,0) =0, |¢'(z,s)| < als|*~! (s € B(0,R)) where a > 0 and
ry > 1.

(G3) G(z,s) >0 for a.e. z € R and all s € B(0, R).

(G4) |g(z,s)| < C1G(z,s)" +CoG(x, 5)" for a.e. x € R and all s € B(0, R) where
C1,Cy >0 and tq,ty € [%, 1).

(G6) g(z,s)-s <qG(x,s) for a.e. z € R and all s € B(0, R) where g > 2.

(G8) There exists d € (0, R) such that the set {x € R: G(z,s) #0 if 0 < |s| <d}

is not of measure zero.
(G9) G(x,ts) > ctPG(z,s) for a.e. z € Rift € [0,¢] and |s| < A where ¢ > 0,
0 <A< R,e>0issuch that Ae < R and p > 2.
Remarks.

1) Since we work with s € B(0, R), it would have been useless to ask |¢'(x, s)| <
a1|s|™ 7 + az|s|™ ! in hypothesis (G1).

2) We remark that hypotheses (G8) and (G9) were already local for hypotheses
(F8) and (F9).

We can state now the bifurcation theorem under local conditions.

Theorem 3. Let us consider G : R x B(0, R) — R with hypotheses (G1), (G3),
(G4), (G6), (G8), (G9). Moreover, let us suppose

(1.1) |g(z,s)| < a(z)|s|? for a.e. x € R and all s € B(0, R) where ¢ > 1 and a is
measurable with lim|, o a(x) = 0

(1.2) p<4

or
(2.1) G(z+1,s) =G(z,s) for a.e. x € R and all s € B(0, R)
(2.2) p<6.

Then b is a bifurcation point (on the left) of the Hamiltonian system
Ju' + Mu — g(xz,u) = \u (u € [HY(R)]*M)

and ||ul|eo < R.

Remark. Since H!(R) < L*°(R), the notation g(x,u(z)) makes sense for u €
[H'(R)]?Y such that ||u||z: is small enough.

1.3 Plan of the article. In Section 2 we give examples of Hamiltonian systems
satisfying the hypotheses of the theorems. In Section 3 we transform the Hamiltonian
system into an equivalent functional equation about which there are existence results
in the monograph of Stuart [13] and in the article of Giacomoni and Jeanjean [7]. Up
to our knowledge, we are the first to apply the abstract results of [7] in a particular
case.
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We first introduce the space H = D(|S|'/?) with scalar product
(u,v)g = (u,v) 2 + (\S|1/2u, ]S]l/zv)LQ.

This space coincides with the fractional Sobolev space [H'/2(R)]?>" and their norms
are equivalent. We introduce the self-adjoint operators A, L € B(H) such that

((S = ADu,v),, = (A= AL)u,v)n
for u € [HY(R)]*" and v € H. Setting
o(A,L) = {)\ € R‘ A—AL: H— H isnot an isomorphism}

we have that (A, L) coincides with the spectrum of S and the spectral gaps coincide
as well.

We introduce the functional
p: H—-R, @(u)z/F(m,u(x))dm (we H)

and have lim o ﬁ’éﬁg = 0 and that ¢ is of class C?. Further, we introduce the

operator

N: H— H, (N(u),v)g = ¢ (w)v (u,v e H).
This operator is bounded, of class C'' and weakly sequentially continuous. We get
(f(z,u),v)p2 = (N(u),v)y (u,v € H).
Altogether
(Ju'+ Mu — du— f(z,u),v),, = (A= AL)u— N(u),v)n

for all u € [H'(R)]?N and v € H. The functional equation (4 — AL)u — N(u) = 0
is equivalent to the Hamiltonian system. Indeed, )\ is a bifurcation point of the
functional equation if and only if it is a bifurcation point of the Hamiltonian system.

In Section 4 we state two bifurcation theorems contained in [13] and [7]. Under
certain hypotheses on A, L and ¢, the first theorem states that b is a bifurcation
point of a certain order for the functional equation (A — AL)u — N(u) = 0. In [7]
we considered the functional ¢ defined on a ball around 0 instead of the functional
¢. The operator N given by (N(u),v) = ¢'(u)v (u,v € H) is defined on a ball
only. Under weaker hypotheses on A, L and ¢, the second theorem states that b is a
bifurcation point for the functional equation (A — AL)u — N(u) = 0.

In Section 5 we give sufficient conditions for satisfying the hypotheses of the
two theorems of Section 4. In Section 6, using what we have done in Section 5 we
prove Theorems 1 and 2. In Section 7 we prove the bifurcation theorem under local
conditions (Theorem 3). Starting from the function G defined locally, we construct
a function F' defined globally, satisfying the hypotheses of Theorem 2 such that F
and G coincide for s close to 0. The bifurcation theorem under local conditions is an
easy consequence of Theorem 2.
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2. Examples

Let us give examples to illustrate the bifurcation theorems. We consider J = (? _OI )

and M = (gg) where BT = B, det B # 0 and

F(x,5) = ar(x)[s[" + as(z)|s*

with 2 < p; < ps where ay,a3 € L (R,R) and ay,a2 > 0 for a.e. € Rand a;+as #
0. Clearly, J = —JT = —JYand M = MT. As JM = (_OB g) is symmetric, there
are only real eigenvalues. We get b = min{|\| : A € o(B)} and a = —b (see [13:
Lemma 10.12]). On the other hand, as det B # 0, 0 is not an eigenvalue of JM.
Thus o(JM) NiR = (). The function F satisfies the hypotheses of Theorem 1. The
exponents appearing herein are p = q¢ = po,p = p1,7; = pi — 1, 1; = pip—jl (i=1,2).
Now,

- taking F(z,s) = ——(|s|2 + |s[?), b is a bifurcation point (since py < 4)

coshx

being of any order v < i,

- taking F(z, s) = sin?(27z)(|s|2 +|s|?), b is a bifurcation point (since py < 6)

being of any order v < %, amd finally
1

- taking F(z,s) = T (Is|2 + |s[?), b is a bifurcation point (since py < 1l
+lz| 4

being of any order v < ﬁ.

We define the function
G(z,s): Rx B(0,1) =R,  G(z,s) = |s|?el.

This function satisfies all the hypotheses of the bifurcation theorem under local con-
ditions (periodic case). Indeed, the exponents can be chosen as 11 = 2,t; = to =
2,¢=4,p = 3. On the other hand, F(z,s) := |s|3el*l defined on R x R?Y does not
satisfy the hypotheses of the global bifurcation theorems.

3. Transforming the Hamiltonian system
into a functional equation

Now we will turn to the formalism introduced in [13]. We would like to get from the
unbounded and densely defined self-adjoint operator S to a bounded and everywhere
defined self-adjoint operator. This new operator will be defined on another Hilbert
space that will be introduced below. Our goal is to transform the Hamiltonian system
into an equivalent functional equation about which there are existence results.

3.1 Introduction of the space H. To the self-adjoint operator
S [HY R C [LAR)PN — [LAR)*N,  Su=Ju + Mu
with o(JM) NiR = () we can associate

S22 D(ISI'?) c [L2(R)*Y — [LA(R)]*Y



992 R. Joosten

by means of the spectral resolution of S (see [13: p. 30]). Let us set H = D(|S|'/2).
With the scalar product (u,v)y = (u,v)r2 + (|S|"/%u,|S|Y/?v) 2, H is a Hilbert

space. The induced norm ||u|| g = (u, u>}7{2 is the graph norm of |S|'/2. In this norm,

D(S) = [HY(R)]?V is dense in D(|S|'/?) = H. Sometimes, H is called the form
domain of S and (H, (-,-)) the form space (see [6]). Often we will write | - || instead
of || - ||z and (-,-) instead of (-,-)y.

Using the hypotheses on J and M, it has been shown in [13: Lemma 10.3] that
the linear space H corresponds to the fractional Sobolev space [H'/2(R)]*V and
that the norm of H is equivalent to the usual norm of [HY2(R)]?V, i.e. |lullgi/2 =

(Ja V1+ée |ﬂ(§)|2d§)%. Here are some important properties of this space:
1. HY(R) — HY2(R)
2. H2(R) — L4(R) for all ¢ € [2,0)
3. Hz(R) ¢ L>=(R)
4. H2(R) ¢ C(R) (in the sense that there exists v € Hz(R) non-equivalent to
a continuous function).

Assertions 1 and 2 can be found in any book about Sobolev spaces (see, for instance,
[1]). In [9] an example is given showing assertions 3 and 4.

3.2 The linear part. In this subsection we will transform the linear part of our
Hamiltonian system. Using the Riesz lemma, it is shown in [13: p. 31] that there
exists a unique operator A € B(H, H) such that (Su,v)r, = (Au,v)y for all u €
[H(R)]?Y and v € H. A is self-adjoint and one can show that 0 ¢ o(A) [13: p. 32].

On the other hand, there exists a unique operator L € B(H,H) such that
(u,v)r, = (Lu,v)g for all u,v € H. Clearly, L is self-adjoint and strictly positive,
ie. (Lu,u) >0 for all u € H \ {0}.

Combining these results, we get
((S = ADu,v) ., = (A= AL)u,v)g

for all u € [HY(R)]> and v € H. As ||v||z2 < ||v||g for all v € H, ||(A — AL)ul|g <
(S — A)ul|z2 for all u € [HY(R)]?Y (see [13: p. 33]). Denoting

p(A L) = {)\ € R) A—)AL: H— H isan isomorphism}

o(4,L) =R\ p(A, L)
we have o(S) = 0(A, L) and consequently (a,b) is also a spectral gap of (A, L). At
[13: page 33] it has been proved that p(A, L) C p(S). In [9: Proposition 4] we proved
the reverse inclusion p(S) C p(A4, L).

3.3 The nonlinear part. Let us study now the nonlinear part of the Hamiltonian
system. We define

p: H—R, o(u) = /F(x,u(a:))dx

and have the following properties:
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Proposition 1. Suppose that F satisfies hypothesis (F1). Then:
1. ¢ is well-defined.

2. lim, o ot = 0.

3. ¢ € C*(H,R).

4. u € H implies f(-,u(-)) € [L*(R)]*N.

5. ¢'(u)v = [, flx,u(x)) - v(x)dz for all u,v € H.

Proof. The proof is quite long and can be found in [9: Sections 6.3 and 6.4]. It
uses results about Nemyckii operators il

By the Riesz lemma, there exists a unique operator N : H — H such that
(N(u),v)g = ¢'(u)v for all u,v € H. Usually, we write N = V. This operator has
the following properties:

Proposition 2. Suppose that F' satisfies hypothesis (F1). Then:

1. N is bounded.

2. Ne C'(H,H).

3. N: H — H is weakly sequentially continuous.
Proof. The proof can be found in [9] B

Remark. N : H — H is said to be weakly sequentially continuous if u, — u
implies N(u,) — N(u), where — denotes the weak convergence in H.

3.4 Relation between the Hamiltonian system and the functional equation.
Combining the preceeding results, we have

(Ju' + Mu — Mu— f(z,u),v)r2 = ((A—AL)u — N(u),v>H

for all u € [HY(R)]*N and all v € H. Let us define the concept of bifurcation for the
functional equation. The number )\g is said to be a bifurcation point on the left for
the equation (A — AL)u — N(u) =0 (u € H) if there exists

{(An,un)} C {()\,u) ERXxH:u#0 and (A— AL)u — N(u) :0}

such that A, < Ag for all n, \,, — Ag and lim,,_, ||un||g = 0. Moreover, the bifur-

cation point is said to be of order v if lim,, . % = 0. Using the continuous

embedding [H(R)]*Y — H, if )¢ is a bifurcation point of order « of the Hamilto-
nian system, then )\q is also a bifurcation point of the same order of the functional
equation.

In fact, the opposite is true in our situation as stated in the following
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Proposition 3. Suppose F satisfies hypothesis (F1). If Ao € R is a bifurcation
point (on the left) of order v > 0 of the equation

(A= AL)u— N(u) =0 (ue H),
then Ao is also a bifurcation point (on the left) of the same order of the equation

Ju' + Mu — f(x,u) = \u (w € [H(R)]*).

Remark. This result is not trivial: the definition of bifurcation point depends
on the norm.

It is thus sufficient to consider the bifurcation points of the functional equation
(A— AL)u — N(u) = 0. This equation has been treated in [7, 13].

4. The bifurcation results

In this section we will present the bifurcation results for the functional equation
contained in [7, 13]

4.1 The hypothesis from [13]. The author of [13] considered a Hilbert space
(H, (-,-)) and introduced operators A, L and a functional ¢ by means of the following
hypotheses:

(H1) Ae B(H,H), A= A* and 0 € o(A).
(H2) Le B(H,H), L =L* and (Lu,u) > 0 for all u € H \ {0}.
(H3) ¢ € C*(H,R), lim|,—o % =0 and ¢ is convex.

Supposing A, L : H — H and ¢ : H — R are given, a functional J : R x H — R is
defined by

J(Au) = H((A = AL)u,u) — o (u).

When hypotheses (H1) - (H3) are satisfied, J € C?*(R x H,R) and the equation
VuJ (A, u) = 0 is equivalent to the equation Au — ALu — N(u) = 0 where N = V.
Furthermore, supposing ¢ € C1(H,R), the following hypotheses are introduced:

(H4) There exist C, D > 0 such that || N(u)| < C + Dp(u) for all u € H.

5 ere exist ¢, > (0 such that u)|| < Ko(u or all u &€ such that
H5) There exist e, K > 0 such that | N Ko(u)'/? for all uw € H such th
o(u) < e.
(P) There exist ¢ > p > 2 such that gp(u) > ¢'(u)u > pp(u) > 0 for all u € H.

Supposing hypothesis (H1) is satisfied, H can be written as an orthogonal sum
of closed subspaces H = V @ W such that A(V) C V, (Av,v) > B||v||? for all v € V
and (Aw,w) < —allw||? for all w € W with a, 8 > 0. The projection of H onto V is
denoted by P: H — H.
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When hypotheses (H1) and (H2) are true, an interval (a, b) is introduced by

a:{m{%%ywewum}ﬁW%m}

—00 if W ={0}
b:{m{gngGV\m§ it V # {0}
00 if V= {0}.

By [13: Lemma 2.1], a < 0 < b and (a,b) C p(A, L). Moreover, when PL = LP,
{a,b} N p(A,L) = . Thus, if P and L commute, (a,b) is the maximal spectral gap
of 0(A, L) containing 0.

Supposing hypotheses (H1) - (H2) are satisfied and ¢ is defined, we introduce
now for § > 0 the

T(§) PL = LP and there exists a sequence {u,} C H such that [|u,| = 1,
¢(u,) >0 and

A — bL)u,|?
g A= 0D

0.
n—oo @(un)é n—oo ©(un)

Remark. This formulation only makes sense when b is finite, that means V' #
{0}.

Before stating the bifurcation theorem, we have to introduce the notion of weak
G-compacity (see [13: p. 15]). We consider O(H) — the group of isometric isomor-

phisms of H, and a subgroup G of O(H). We denote by 0(u) = {Tu : T € G} the
orbit of u generated by G.

Definition. The functional K € C'(H,R) is said to be weakly G-compact if the
following is satisfied:
(1) K is G-invariant, i.e. K(Tu) = K(u) for all u € H and all T' € G)

(2) When {u,} C H is a bounded sequence such that K(u,) — ¢ # K(0) and
IVK (uy)|| — 0, then there exist subsequences {u,,} C {u,} and v,, € 6(u,,) such
that v,, = v in H with v # 0 and VK (v) = 0.

Lemma 1. If K € C'(H,R) is G-invariant, then |[VK(-)| is also G-invariant.
Proof. See [13: p. 15|11

4.2 The bifurcation result of [13]. We can state now the bifurcation theorem
contained in [13].

Theorem 4 [13: Theorem 7.2]. Let hypotheses (H1) - (H5) and (P) be satisfied.
Suppose also that condition T'() is satisfied for a number 6 > 1 and that either

(i) N: H — H is compact
or

(ii) there is a subgroup G of O(H) such that J(X\,-) : H — R is weakly G-
compact for all X € (a,b) and v = (N(-),:) —2¢ : H — R is weakly sequentially
lower semi-continuous.
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Set 0 = q%[l — %] where q is the constant in hypothesis (P). Then there is a
sequence

{(An,un)} C {(/\,u) ERXH:u#0 and Au—/\Lu:N(u)}

such that A\, < b for alln € N, X, — b and lim,, o0 (b — \,) 72 |Ju,|| = 0, i.e. b is a
bifurcation point of order g.

4.3 The hypotheses of [7]. The functional equation (A — AL)u — N(u) = 0 has
also been treated with weaker hypotheses in [7]. The bifurcation Theorem 1.1 there
implies our Theorem 2. The authors considered a Hilbert space (H,(-,-)) and two
self-adjoint operators A, L € B(H, H) which satisfy the hypothesis

(A1) (Lu,u) >0 (ue H\{0}), o(A)NR+ £, o(A) "R~ # 0 and 0 ¢ o(A).

This hypothesis is almost the same as hypotheses (H1) and (H2) introduced before —
it is only a little stronger because of the conditions o(A)NR™ # () and o(A)NR™ # (.
As before, we have the orthogonal decomposition H = V @& W with the projection
on V denoted P. This decomposition generates an interval (a,b) C p(A, L) such that
a < 0 < b. By the theory of bounded self-adjoint operators, o(A) N R # () and
o(A)NR™ # () imply that V £ {0} and W # {0} (see [7: Section 2]). Consequently,
a,b € R. Further, in [7] a positive functional ¢ € C?(B.,,R) was introduced where
B., ={u € H : ||u|]| < ep} which satisfies the hypothesis

(A2) lim”u”_)() % =0.
Supposing hypotheses (A1) and (A2) are satisfied, there is defined the functional

J:Rx B, =R,  JOu) = %((A _ AL, ) — b(w).

Denoting N = V¢, we have as before that (A\,u) € R x B, is a solution of (A —
AL)u — N(u) = 0 if and only if (A, u) is a critical point of J(A,-).

Remark. N = V¢ is only defined on B,.,. To avoid confusion with N = V¢
defined on H, we will sometimes denote Ngj; = V.

The following hypothesis is further introduced :

(A3) There exists ¢ > 2 such that (Ngj(u),u) < gé(u) for all u € B,.

This hypothesis implies ¢(tu) > ti¢(u) for all ¢ € [0,1] and all u € B, (see [T:
(2.1)]). In [7] a hypothesis is used like T'(§) for 6 > 0 but as it is not the same as the
one introduced before, it will be denoted by

T(d)cy PL = LP and there exist € € (0,¢0] and {u,, } C H with ||u,|| = € such that
é(uy) > 0 for all n € N and

: <(A_bL)un7un> T
Y T A L ST

A —bL)u,|?
(A= bLyun? _

Before stating the main result of [7] we can restrict the notion of weakly G-
compact functionals to functionals defined on a ball. Moreover, we need only weakly
upper G-compacity.
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Definition. Let r > 0. A functional K € C!(B,,R) is said to be weakly upper
G-compact if the following holds:

(1) K is G-invariant, i.e. K(Tu) = K(u) for all w € B, and all T' € G.

(2) If a sequence {u, } C B, is such that K (u,) — ¢ > K(0) and | VK (u,)|| — 0,
then there exists a subsequences {u,,} C {u,} and v,, € 6(u,,) such that v,, — v
in H with v # 0 and VK (v) = 0.

Remarks.

1) As T is an isometry, Tu € B, when u € B,. Condition (1) of the definition
makes thus sense.

2) We do not have explicitly to ask {u,} to be bounded because B, is already
bounded.

3) The weak convergence v,, — v implies liminf, . ||vn,
v € B,. The expression VK (v) in condition (2) is well-defined.

> ||v|| and thus

4.4 The bifurcation result of [7]. Here is the main result of [7] which states the
existence of a bifurcation point:

Theorem 5 [7: Theorem 1.1]. Suppose that hypotheses (Al) - (A3) hold and
that condition T'(§)q.y is satisfied for some § > 1. Assume also the following:
(A4) There exists K > 0 such that |N(u)|| < K¢(u)=2 for all u € B,,.
(A5) Either
(i) N is compact
or

(ii) for a subgroup G of O(H) and for A < b close to b, J(A,-) is weakly upper
G-compact in Be,.

Then there exists a sequence {(An,un)} C (a,b) X H of non-trivial solutions of
(A—AL)u — N(u) =0 such that A, — b~ and ||u,| — 0 as n — oco. In particular, b
is a bifurcation point for (A — AL)u — N(u) = 0.

5. Verification of the hypotheses

In this section we will give the conditions to check the hypotheses of Theorems 4 and
5.

5.1 Hypotheses (H1) - (H2). We recall that J and M are 2N x 2N real matrices
such that JT = J=1 = —J, MT = M and o(JM) NiR = (. By Subsection 3.2,
hypotheses (H1) and (H2) are already true.

Lemma 2. The operators P and L commute.

Proof. See [9: Lemma 17]
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The interval (a,b) defined by means of hypotheses (H1) and (H2) in Subsection
4.1 is the same as the spectral gap of ¢(5) containing 0. Indeed, P and L commute
so that (a,b) is the maximal spectral gap (A, L) containing 0 (see Subsection 4.1).
We conclude by the fact that o(S) = (A, L) (see Subsection 3.2). This interval is
bounded, i.e. —00 < a < 0 < b < co. Indeed, [13: Corollary 10.2] tells us that
inf 0(S) = —oo and sup o(S) = co.

5.2 Hypothesis (H3). Assuming F satisfies hypothesis (F1), we get by Proposition
1 that ¢ € C*(H,R) and limj, o % = 0. When F(z,-) is convex (hypothesis
(F2)), ¢ is clearly also convex. In this case, hypothesis (H3) is satisfied.

5.3 Hypotheses (H4) - (H5) and (P). In the following lemma we will give an
estimation of || N (u)|| which will be used several times in the sequel.

Lemma 3. Suppose that F' satisfies hypothesis (F1). Moreover, suppose that F
satisfies the following conditions:

1. F(z,s) >0 for a.e. z € R and all s € RZY  (hypothesis (F3)).

2. |f(z,s)| < C1F(x,5)" + CyF(x,5)" for a.e. x € R and all s € R*N where
C1,C2 >0 and t1,t> € [1,1) (hypothesis (F4)).

Then |N(u)|| < Dip(u)®* + Dop(u)'? with D1, Dy > 0.
Proof. See [9: Lemma 18]

When we suppose that F' is positive and satisfies hypothesis (F4), hypotheses
(H4) - (H5) are true.

Corollary 1. Suppose that F satisfies hypotheses (F1), (F3), (F4). Then there
exists a constant C' > 0 such that |N(u)|| < C(1+ ¢(u)) for allu € H.

Proof. As t; € [5,1) and ¢(u) > 0, ¢(u)" < 1+ ¢(u). Thus, by Lemma 3,
IN@] < (7, D) +¢(u) B

Corollary 2. Suppose F' satisfies hypothesis (F1). Moreover, suppose the fol-
lowing:

1. F(z,s) >0 a.e. on R for all s € R?V.

2. |f(z,s)| < C1F(z,s) + CoF(x,8)" for a.e. x € R for all s € R2V where
C1,Cy >0 and t1,ty € [%,1).

Then there exists a constant D > 0 such that |N(u)|| < Dyp(u)/? for allu € H with
o(u) < 1.
Proof. By Lemma 3 we have

[N (w)]| < ZDiga(u)ti.

Let us consider u € H such that ¢(u) < 1. Since t; > 1,

ZZ: Dip(u)ti < (ZZ:DZ) o(u)/?

and the assertion is proved i
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The lemma below gives us conditions to check hypothesis (P):

Lemma 4. Suppose that F satisfies hypothesis (F1). Then:

1. If f(z,8) -5 < qF(z,5) a.e. on R for all s € R?YN with q¢ € R, then ¢ (u)u <
qp(u) for allu € H.

2. If pF(z,5) < f(x,5) -5 a.e. onR for all s € R*N with p € R, then pp(u) <
¢ (u)u for allu € H.

Proof. The result is trivial when we use the fact that ¢'(u)v = [, f(z, u(x)) -
v(x) dz (see Proposition 1/item 5) il

Supposing F' is positive, hypothesis (P) is an easy consequence of hypotheses
(F5) - (F6).

5.4 Hypothesis T'(§). Let us give sufficient conditions to check T'(6).

Lemma 5. Suppose that F satisfies hypothesis (F1). Moreover, suppose the
following:

1. F(z,s) >0 a.e. on R for all s € R?N (hypothesis (F3)).

2. There exists d > 0 such that the set {x € R: F(x,s) #0 if 0<|s| <d} is
not of measure zero (hypothesis (F8)).

3. F(x,ts) > ctPF(x,s) for a.e. x € R if t € [0,¢] and |s| < A where c,e, A >0
and p > 2 (hypothesis(F9)).

Then condition T'(6) is satisfied for all § < %. Moreover, if F(z+1,s) = F(z,s)
a.e. on R for all s € R®N | then condition T(6) is true for all § < 1%2.

Proof. The proof of this result can be found in [10]. It uses the theory of almost
periodic functions of Stepanov B

In the non-periodic case, we can get a better condition 7'(§) with an extra hy-
pothesis:

Lemma 6. Suppose that F satisfies hypothesis (F1). Moreover, suppose the
following:
1. F(z,5) >0 a.e. on R for all s € RN (hypothesis (F3)).

2. F(x,ts) > ctPF(x,s) for a.e. x € R if t € [0,¢] and |s| < A where c,e, A >0
and p > 2 (hypothesis (F9)).

3. there exists A" € (0,A] such that ming—ar F(z,s) > |:ﬁa for a.e. |x| > M
where a € (0,1] and M,C > 0.

Then condition T'(6) is satisfied for all 6 < m.

Proof. The proof can be found in [9] B

Remarks.

1) Hypothesis (F8) is no longer imposed explicitly since it is a consequence of
hypotheses 2 and 3.

2) For « € (0,1), this result is a real improvement with respect to Lemma 5.
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5.5 The other hypotheses. Condition 1.1 in Theorem 1 implies the compacity of
N.

Lemma 7. Suppose that F' satisfies hypothesis (F1). Moreover, suppose |f(x,s)|
< a(z)(|s|™ + |s]%2) for a.e. x € R for all s € R?N where ¢o > q1 > 1 and a is
measurable such that lim |, o a(x) = 0. Then N : H — H is compact.

Proof. The proof can be found in [9: Lemma 21| i

For k € Z we define the translation operator Ty, : H — H by Tpu(x) = u(z — k).
This operator is an isometry:

Lemma 8. Fork € Z,

1. Ty, : H — H is well-defined and Ty, € O(H).

2. To(H'(R)?N) € [H' RV,

3. T,Su = STyu for all u € [H*(R)]?V.

Proof. The proof can be found in [9: Lemma 23] i

Lemma 9. Suppose that F satisfies hypothesis (F1). Moreover, suppose the
following:

1. F(z,s) >0 a.e. on R for all s € R*N.

2. F(x+1,8) = F(z,s) a.e on R for all s € R?V,

3. pF(x,5) < f(z,s) -5 < qF(x,5) a.e. on R for all s € R*N where p,q € R.
Then J(A,-): H — R is weakly G-compact for all A € R.

Proof. The proof of this result is quite long and can be found in [9: Subsection
8.5 1

To check the weakly sequentially lower semi-continuity of ¥(u) = (N(u),u) —
2p(u), we use the following lemma:

Lemma 10. Suppose that F' satisfies hypothesis (F1) and that f(z,s)-s—2F(z,s)
1s convexr in s a.e. on R.Then ¢ : H — R is weakly sequentially lower semi-
continuous.

Proof. The functional 1 is convex by the convexity of f(z,s) s —2F(z,s). We
conclude by using [15: Theorem 8.10] which states that any finite convex functional
defined on an open convex set (in a normed space) is weakly lower semi-continuous B

5.6 Verification of the hypotheses of [7]. Now, we will reduce the Hamiltonian
system to the functional equation treated in [7]. The operators A and L are chosen
like before. We set ¢g = 1 and ¢ = p|p, . Assuming F satisfies hypothesis (F1),
¢ € C?(B.,,R) by Proposition 1. Clearly, Ng; = V¢ is the restriction to B., of
N =Vop.

The following lemma gives conditions to check hypotheses (A3) and (A4).
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Lemma 11. Suppose that F satisfies hypothesis (F1) and that f(z,s) - s <
qF(z,s) a.e. on R for all s € R?*N where ¢ > 2. Then < Ngy(u),u >< qo(u)
for allu € By, .

Moreover, if F(z,s) >0 a.e. onR for all s € R*N and |f(z,s)| < C1F(x,s)" +
CyF(x,s)" for a.e. x € R where C,Coy > 0 and t1,ts € [%, 1), then for 6 > 1 there

ezists K > 0 such that |N(u)|| < Ké(u)'=% for all u € B,,.
Proof. See [9: Lemma 35|

For the weakly upper G-compacity (where G is defined in Subsection 5.5) we do
not need hypothesis (F5):

Lemma 12. Suppose the following:

1. F(z,s) >0 a.e. on R for all s € R*V.

2. F(x+1,8) = F(z,8) a.e on R for all s € RV,

3. f(z,s) s < qF(z,s) a.e. on R for all s € R*N where q € R.
Then J(A,-) : H — R is weakly upper G-compact for all \ € R.

Proof. See [9: Lemma 36]

6. The proofs of the bifurcation theorems

In this section we will give the proofs of our bifurcation Theorems 1 and 2.

Proof of Theorem 1. In Subsection 3.2 we have seen that hypotheses (H1)
and (H2) are true, in Subsection 5.2 that hypothesis (H3) is satisfied, by Corollaries
1 and 2 that Hypotheses (H4) and (H5) are satisfied, and Hypothesis (P) is satisfied
by Lemma 4.

Case (1). By Lemma 7, N is compact. Since p < 4, % > 1 and condition T'(6)

is true for a § > 1 by Lemma 5. Setting 6(J) = ﬁ(l — 3), Theorem 4 states that
there is a sequence

{(A\n,un)} C {()\,u) ERXH:u#0 and Au—)\Lu:N(u)}

such that A, < b (n € N), A, — b and limy—o (b — A) ™" ||| = 0. This is true
for all 6(0) such that § < %, i.e for all § < ﬁ(l — B). Setting v = £, we have a
) and we conclude by Proposition 3.

b
1

Case (2). By Lemma 9, J(\, ) is weakly G-compact for all A € R. Since p < 6,
2% > 1 and condition T'(¢) is true for a § > 1 by Lemma 5. By Lemma 10, v is
weakly sequentially lower semi-continuous. Setting 6(d) as before, Theorem 4 and
Proposition 3 imply that b is a bifurcation point of order v = g and this is true

for all §(5) such that 6§ < =%5. Thus, b is a bifurcation point of order ~ for all

-2
H—2
7 < qug(l -5

. . . 1
bifurcation point of order ~ for all v < q_—2(1 —
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Case (3). By Lemma 7, N is compact. Since p < 4+ 2(1 — «), m > 1.
Thus condition 7'(J) is true for a § > 1 by Lemma 6. Setting 6(6) as before, Theorem
4 and Proposition 3 imply that b is a bifurcation point of order v = g and this is
true for all 6(9) such that § < ﬁ; Thus, b is a bifurcation point of order « for

> —2(-a)"
all y < L5(1— Z=20=2))

Proof of Theorem 2. This theorem is an application of [7: Theorem 1.1].

Let us show first that hypothesis (A1) is true. By Subsection 3.2, A, L € B(H)
are self-adjoint, (Lu,u) > 0 for all w € H \ {0} and 0 ¢ o(A). In Subsection 5.1 we
have seen that —co < a < 0 < b < oo, thus by definition of a and b, V' # {0} and
W # {0}. Then (Au,u) > B|jul|? for all w € V and (Au,u) < —a/|ul|? for all u € W,
with a, 8 > 0 (see [13: p. 7] or [7: Section 2]). Hence supj,—;(Au,u) > 0 and
inf),=1(Au,u) < 0. Since A € B(H) is self-adjoint, sup,=1(Au,u) € o(A4) and
inf)j,) =1 (Au, u) € o(A) (see [11: p. 148/Theorem 4]). We have thus o(A) NR* # ()
and o(A) "R~ # 0.

Let us show now that condition (A2) is true. By Proposition 1, ¢ € C?(H,R).
We set thus ¢ = ¢|p, for eg = 1 so that ¢ € C?(Bc,,R). Since F > 0 a.e., ¢ > 0.

Again by Proposition 1, lim,|—o % =0.
By Lemma 11, hypothesis (A3) is true.

Let us show that condition T'(J)qg is satisfied for a 6 > 1. We use Lemma 5.
Case (1): By the lemma, condition 7'(§) is satisfied for all § < %. Since % > 1,
T(6) is satisfied for a 6 > 1
Case (2): By the lemma, condition 7'(§) is satisfied for all § < ﬁ%. Since
4

= > 1, T(0) is satisfied for a § > 1. Since g9 = 1, we can chose ¢

P
T(6)qy is satisfied for a § > 1.
By Lemma 11 again, hypothesis (A4) is true.

Let us check hypothesis (A5). In case (1), N = Vyp : H — H is compact by
Lemma 7, thus Ngj = V¢ : B, — H is also compact.

In case (2), Lemma 12 implies that J(\,-) : H — R is weakly upper G-compact
for all A € R. Clearly, Jgs(A, ) : Be, — R is also weakly upper G-compact for all
A eR.

Now, all the hypotheses of Theorem 5 are checked and Theorem 2 is obtained as
a corollary of Theorem 5 and Proposition 3 i

7. Proof of bifurcation theorem under local conditions

In this section, we will prove the bifurcation theorem under local conditions (Theorem
3) using Theorem 2. Starting from the function G, we will construct a function
F: RxR*N — R satisfying the hypotheses of Theorem 2 such that F(z,-) = G(z,-)
for s close to 0.

7.1 Preliminary results. We need a function 7 to construct the extension F":
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Lemma 13. Let ro > 0. Then there exists n € C?*(R,R) with 0 < n < 1 such

that
{ 1 ifr<mrg

n(r) = 0 ifr>2rg,

n' <0 and, for some constant C > 0, |n'(r)| < Cn(r)*/? for all r.
Proof. We set

1 ifr <rg
n(r) = {(2—%)3(6(%)2—9(%)4-4) if rg <17 < 2rg
if r > 2rg.

It is not dificult to check the conclusions of the lemma (see [9: Lemma 37]) I

In the next lemma we state that G is equal to a function F' for s close to 0 such
that F' satisfies the hypotheses of Theorem 2. We use the function 1 of Lemma 13.

Lemma 14. Let us consider G : R x B(0, R) — R with hypotheses (G1), (G3),
(G4), (G6), (G8), (G9). Moreover, let us suppose that

(1.1) |g(z,s)| < a(z)|s|? for a.e. x € R for all s € B(0, R) where ¢1 > 1 and a is
measurable with lim;_, a(z) = 0.

(1.2) p<4
or
(2.1) G(z+1,s) =G(x,s) for a.e. x €R for all s € B(0,R).
(2.2) p<6.
Then there exists o € (0, R) and F : R x R*N — R such that:
(i) F(z,s) = G(x,s) for a.e. z € R for all s € B(0,rg).
(ii) F satisfies the hypotheses of Theorem 2.

Proof. We chose rg > 0 such that 3rg < R and rl(ff\fl) (3r9)"+1 < 1 where

a and r; are given by hypothesis (G1). To ry we associate the function 7 given by
Lemma 13. We define F': R x R?Y — R by

~n(s|)G(x,s) if0<|s| <3rg
F(z,s) = {0 if |s| > 3ry.

Since n(|s|]) = 1 for 0 < |s| < rg, F(x,s) = G(x, s) for a.e. x € R, for all s € B(0,ro).
It is not difficult to check that F' satisfies the hypotheses of Theorem 2 (see [9: Lemma
40]) &

7.2 Proof of Theorem 3. Using Lemma 14, the proof of Theorem 3 is very short:

Proof of Theorem 3. By Lemma 14 and Theorem 2, b is a bifurcation point
of Ju'+ Mu — f(x,u) = Au. We have thus \,, — b and ||u,||g: — 0. But ||u,||p~ <
Cllun||gr, thus for n large, ||un| L~ < ro. Hence, for n large, f(x,u,) = g(z,u,),
thus b is also a bifurcation point of Ju' + Mu — g(z,u) = Au il
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