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Invariant Measures in Quasi-Metric Spaces

M.V. Marchi

Abstract. We prove that in separable, complete, quasi-metric spaces there exists
exactly one probability measure with bounded support, invariant with respect to
given families of contractions and weights. The invariant measure has compact
support and is an attractor in the space of probability measures with bounded
support equipped with a metric defined in term of Holder continuous functions.
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1. Introduction

In fractal theory we are interested in measures invariant with respect to finite

families of functions S1,..., Sy and weights mq,...,my, i.e. in measures p
such that
N
,u:Zmi,uoSi_l (1.1)
i=1

where m; > 0 are constants such that Zf\il m; = 1.

Hutchinson [2] proved that when the functions S; are contractions in R",
there exists exactly one invariant probability measure p with compact sup-
port. The support of p is the compact set invariant with respect to the
family {S1,...,Sn}, i.e. the unique non-empty compact set K such that

K = Ef\il S;(K). Moreover, p is an attractor for the map

N
T(v) = Zmiyosi_l
i=1
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with respect to the weak convergence of probability measures with compact
supports. For example, an n-dimensional cube (), which is invariant with
respect to 2" similarities of contraction factor 27!, supports the normalized
restriction to the cube of the n-dimensional Lebesgue measure, that we denote
by p. The latter is the unique probability measure on the cube invariant
with respect to dilations and translations that make up the 2" similarities.
Furthermore, the sequence (T"(v)) = ((T'o---0oT)(v)) converges weakly to p
for every probability measure v with compact support.

It is natural to extend the fractal theory by replacing the space R™ with
a quasi-metric space. Actually, these spaces occour, for example, in harmonic
analysis (see Stein [9]) or in the dynamic fractal theory, when a self-similar
set is endowed with the Lagrangian metric (see Mosco [5, 6]).

When the space is of homogeneous type, the contractions are similarities
of contraction factors [; and m; = l;-lf , where dy is the fractal dimension,
density arguments show that the normalized restriction to the invariant set
of the ds-dimensional Hausdorff measure is the unique invariant measure (see

Marchi [4]).

In the Euclidean case, the existence and uniqueness of a probability mea-
sure, invariant with respect to given families of general contractions and
weights, has been proved by using the fixed point theorem. Actually, once
the space of probability measures with compact support is equipped with the
metric

5(M,V)=sup{‘/fdu—/fdv :

T turns out to be a contraction. Moreover, the subspaces of probability mea-
sures with equibounded supports turn out to be complete. In fact, every
Cauchy sequence in the metric § defines a positive linear form on the family
of Lipchitz maps. Due to density with respect to the uniform convergence
on compacta of the latter family in the space Cy of continuous functions with
compact support, the form turns out to be a positive linear functional on Cg.
Then, by the Riesz’s representation theorem, it is an integral with respect to
a probability measure, to which the Cauchy sequence turns out to converge
in the metric § and then weakly.

f — Lipschitz with constant L; < 1},

Mosco [7] proved that Hutchinson’s results still hold in locally compact,
quasi-metric spaces. In the quasi-metric case, the family of Lipschitz maps
may be too poor to define a metric on the space of probability measures. Ac-
tually, by the presence of the constant ¢y > 1 in the quasi-triangle inequality,
the quasi-distance function can fail even to be continuous. Nevertheless, once
in the metric  the Lipschtz functions are replaced by the Hélder continuous
functions of the same Ho6lder exponent of the Macias-Segovia quasi-metric
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(a locally Holder continuous quasi-metric metrically equivalent to the origi-
nal one), the set of probability measures with equibounded compact supports
turns out to be a complete metric space.

In this paper we extend Mosco’s results by proving that in a separable,
complete, quasi-metric space there exists exactly one probability measure,
with bounded support, invariant with respect to T'. More precisely, we prove

Theorem. Let Sy,...,Sn be contractions in a separable, complete, quasi-
metric space (X,d) and my, ..., my be positive constants such that Zf\il m; =
1. Then:

(1) There exists exactly one probability measure p with bounded support
that satisfies (1.1). Moreover, suppp = K, where K is the unique non-empty
compact set, invariant with respect to {S1,...,Sn}.

(ii) For every probability measure v with bounded support, the sequence
(T™(v)) converges weakly to the measure p.

The plan of the paper is the following: In Section 2 we recall the Daniell-
Stone theorem and its applications in metrizable spaces. In Section 3 we define
in the space of probability measures with bounded support a metric in terms
of Holder continuous functions and prove that the convergence with respect
to this metric is equivalent to the weak convergence. Finally, in Section 4 we
prove our main result.

2. Measures in metrizable spaces

In this section we recall the Daniell-Stone theorem, its applications in metriz-
able spaces and some results on probability measures. For notations and
proofs we refer to Bauer [1] and Parthasarathy [8].

Given a set X, a vector space F of real functions on X and a positive linear
form I on F, the Daniell-Stone theorem allows one to construct a measure p in
X, with respect to which I and F turn out to be the integral and the family of
elementary functions, respectively. Obviously, in order to apply the Daniell-
Stone theorem, F and I must satisfy the properties of the latter mathematical
objects, i.e. F must be a Stone vector lattice and I an abstract integral the
definitions of which will be given below.

Definition 2.1. A Stone vector lattice on a set X is a vector space F of
real functions on X such that

() |u| e F
(ii) inf(u,1) € F
for all u € F.
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When the Stone vector lattice contains the costant functions, condition
(ii) follows from condition (i).

Definition 2.2. A set G C X is said to be F-open, if there exists an
increasing sequence of positive functions w,, in F such that 15 = supu,,.

The system of F-open subsets of X is closed with respect to countable
unions. Further, G is F-open whenever, for a function u € 7, G = {x € X :
u(z) > 0}. We denote by A(F) the smallest o-algebra containing the F-open
subsets of X, and we say A(F) to be the o-algebra generated by F.

Definition 2.3. An abstract integral on a Stone vector lattice F is a
linear form I on F with the following properties:

(i) Positivity: I(u) > 0 for all w > 0 in F.

(ii) Monotonicity: for every sequence (u,,) in F decreasing to 0, inf I (u,,) =}

Theorem 2.4 (Daniell-Stone). Let F be a Stone vector lattice on a set
X and I be an abstract integral on F. Then:

(1) There exists exactly one measure p on A(F) with the properties

FC LY () (2.1)
I(u) = /ud,u for every u € F (2.2)
pw(E) =inf {u(G): ECG,G is F — open} for all E € A(F). (2.3)

(ii) If F contains the constant functions, the measure p is uniquely deter-
mined by properties (2.1) — (2.2) and is finite.

When X is a metrizable space, the o-algebra of Borel sets B(X), i.e. the
smallest o-algebra containing the open subsets of X, coincides with the o-
algebra of Baire sets A(Cy), where C, denotes the Stone vector lattice of all
bounded continuous functions on X. Therefore, every abstract integral on Cp
is an integral with respect to a finite Borel measure. Conversely, since every
integral with respect to a finite Borel measure is an abstract integral on Cp,
we can consider abstract integrals on C, and finite Borel measures as the same
mathematical objects.

Moreover, by (2.3) it follows that every finite Borel measure p is Borel-
reqular, i.e.

inf{u(G): A C G with G open

p(A) = { {u(G) = pen} (2.4)

sup{u(F): FFC A with F closed}

for every A € B(X). By taking into account the identity between finite Borel
measures and abstract integrals on Cp, we define in the space of probability



Invariant Measures 21

measures M = M*(X) with
M = { Borel measures in X with bounded support and unitary mass}

the weak topology. We recall that a sequence (u,,) in M! is said to be weakly
convergent to a measure p € M if limy,—, oo [ fdu, = [ fdp for every
f €Cy.

Sometimes it is convenient to consider the probability measures as abstract
integrals on Stone vector lattices, rich enough to generate B(X), but smaller
than Cp. For example, when X is locally compact and Cy is the Stone vector
lattice of continuous functions with compact support, any positive linear form
on Cy is continuous, once Cy has been equipped with the uniform convergence
on compacta, and then, by Dini’s theorem, monotone. Therefore, by the
Daniell-Stone theorem, it is a Radon measure, i.e. a Borel measure, finite
on compacta and regular, i.e it satisfies (2.4) and p(A) = sup {u(K) : K C
A with K Compact}.

Another case in which we consider the probability measures as abstract
integrals on Stone vector lattices smaller than Cj, is in metrizing M!. When X
is separable, we can construct in M! a metric whose topology coincides with
the weak one (see [8: Theorem 6.2]). This metric depends on the topology on
X, but, in general, does not reflect the properties of a given distance d in X.
In order to define in M! a metric which takes into account the distance d,
we consider the probabilty measures as abstract integrals on the Stone vector
lattice Lip(X) of bounded functions, Lipschitz continuous with respect to d.
Due to the Lipschitz continuity of d, this lattice is rich enough to generate
B(X). Thus every abstract integral on Lip(X) is an integral with respect to
a finite Borel measure and viceversa.

In the next section the topology on the metrizable space X will be defined
in terms of a quasi-distance d. We recall that a quasi-distance d satisfies the
properties of a distance with the triangle inequality replaced by the quasi-
triangle inequality: there exists a constant ¢y > 1 such that

d(z,z) < cp(d(z,y) + d(y,z)) forall z,y,z € X.
In this case Cp, will be replaced by the Stone vector lattice

0 { bounded functions, Holder continuous }
b pm—

of exponent v with respect to d

where v is as in Theorem 3.1. We will prove that, when X is separable,
A(Cl?ﬁ) = B(X) and, by using Cl?’v, we will define a metric § in M*. In order
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to prove the completeness of (M1, §), we will need to prove that a bounded
positive linear form L on Cz? "7 obtained as limit of y,-integrals, where (p,,) is
a Cauchy sequence in (M1, d), is an abstract integral. By using the density on
compacta of Cg” in Cy, Mosco [7] proved that, when X is locally compact and
the measures have compact support, the positive linear form L is an abstract
integral.

In the following section, without assuming X to be locally compact, we will
prove the monotonicity of L by showing that any Cauchy sequence in (M?!,§)
is uniformly tight. We recall that a sequence (u,,) is said to be uniformly tight
if for every n > 0 there exists a compact set K, such that, for each n > 0,

pin (Kp) > 1 —1.

In order to prove that the weak convergence and the convergence with
respect to the metric § are equivalent, we will use the following theorem.

Theorem 2.5 [8: Theorem 6.8]. Let X be a complete, separable, metriz-
able space and (u,) be a sequence in M. Then (u,) converges weakly to a
measure p € M if and only if

ngrfoosup{’/fdun—/fdu‘: fer}:o

for every family Ag of functions equicontinuous at all points x € X and uni-
formly bounded.

3. A metric on the set of Borel measures

in quasi-metric spaces

A quasi-distance d on a set X is a function d : X x X — R* such that:
(i) d(z,y) >0 for all z,y € X
(i)
(iii)
(iv) For a constant ¢y = ¢4 > 1, d(z,z) < er(d(z,y) + d(y, 2)) for all
x,y,z € X.

d(z,y) =0if and only if x = y
d(z,y) = d(y,x) for all z,y € X

For every x € X and R > 0 we set

BYz,R)={y€ X : d(z,y) < R}
CHz,R)={y € X : d(z,y) < R}.
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Further, for zg € X, F C X and € > 0 we set

dy, (z) = d(z, x0)

dg(z) = inf {d(z,a) : a € E}

IHB)={z e X:dp(z)<e}
diam?E = inf {d(z,y): 2,y € E}.

A quasi-metric space is a topological space X on which a quasi-distance d
is defined, such that the balls B%(x, R) form a basis of neighborhoods of
for the topology of X. This space turns out to be a uniform space whose
uniformity has a countable base. Then, by the Alexandroff-Uryson theorem,
it is metrizable. In particular, any subset of X is complete if and only if it
is sequentially complete, and it is compact if and only if it is complete and
totally bounded.

In order to introduce a metric in the space of probability measures on X,
i.e. in M! with respect to which a map T': M! — M!, defined in term of
contractions on (X, d), turns out to be a contraction, we need to find a Stone
vector lattice of continuous functions F which takes into account the metric
properties of (X, d) and that is rich enough so that A(F) = B(X). When d is
a metric, the seeked lattice is that of Lipschitz maps. Actually, in this case for
every £ C X the function dg(x) is a Lipschitz map. Because of the presence
of the constant cr in the quasi-triangle inequality, in a quasi-metric space d,
can even fail to be continuous. Unfortunately, we cannot replace d with the
distance given by the Alexandroff-Uryson theorem, because the latter is not
metrically equivalent to d.

The following Theorem 3.1 shows that there exists a quasi-distance d,
metrically equivalent to d, such that chO is locally Holder continuous. We
recall that a real function f on a quasi-metric space X is said to be Holder
continuous of exponent v, 0 < ~v < 1, if there exists a constant £ > 0 such
that

|f(x) = f(y)| < kd(z,y)? forall z,y € X.

The constant

|f|gﬂ = inf{k: >0: |f(x)— fly)] < kd(xz,y)” for every x,y € X}
is called the Holder constant of f. Further, the function f is said to be locally
Holder continuous of exponent -y if, for every closed bounded C C X, there

exists a constant k = k(C') > 0 such that

|f(x) = f(y)| < kd(z,y)" forall z,y € C.
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Moreover, we recall that two quasi-distances d and d on X are said to be
metrically equivalent if they satisfy (3.1).

Obviously, a function f is Holder continuous of exponent v with respect
to a quasi-distance d if and only if it is Holder continuous of exponent ~ with
respect to a quasi-distance d metrically equivalent to d. The unique difference
consists in the Holder constants which differ by a constant independent of f.

Theorem 3.1 [3]|. Let d be a quasi-distance on a set X. Then there exists
a quasi-distance d on X and constants c; > 0, co,c and 0 < v < 1 depending
only on cr such that

crd(z,y) <d(z,y) < ead(z, y) (3.1)
|d(z, 2) — d(y, z)| < e(d(z,2) + d(y, 2,'))1_765(31,*,3/)7 (3.2)

for every x,y,z € X.

By the previous theorem it follows in particular that, for every zg € X
and R > 0, B‘i(:ﬁ,R) and Ig(E) are open, C"i(x,R) is closed and Bi(z, R) C
C‘Z(x, R). Because of its regularity, in the following we will consider d instead
of d as a quasi-metric on X, and we will omit to write d when the balls, the
diameters, the quasi-triangle and the Holder constants are referred to d.

Let CI? "7 be the set of bounded Hélder continuous functions of exponent
on (X, ci) It is easy to prove that Cz? "7 is a Stone vector lattice of continuous
functions which contains the constants. We will prove that Cz? "7 is large enough
so that A(C)") = B(X).

We remark that for fixed zg € X and r > 0, B(xg,7) = {z € X :
r— fr(z) > 0}, where

fol(2) = int(r. duy ().
Therefore, to prove that the B(xzg,7) is Cl? "T_open it suffices to prove that

fr € Cg 7. The latter result follows from Lemma 3.2 below, that we prove for
sake of completeness.

Lemma 3.2 [7]. Let 29 € X, and let r > 0 be such that there ezists
Yo € X with ci(a:o,yo) = r. Then, for every x € B(xg,r) and y € X with
d(y,z0) > r, there exists z € B(xq,cr(1 + 2¢r)r) such that r < d(z,z0) and
d(z,2) < d(y,z).

Proof. Let x € B(xg,r). For every u € C(zg,r), d(u,x) < 2cpr, so

C(xo,r) C B(x,2cpr). (3.3)

Moreover, for every v € B(z,2crr), d(v,xo) < cr(1 + 2¢r)r, thus

B(z,2crr) C B(zo, cr(1 + 2cr)r). (3.4)
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Let y € X. If d(y,z0) < er(1 4 2¢p)r, we choose z = y, and if d(y,zo) >
cr(1 + 2¢r)r, we choose z = yo. Actually, by (3.4), d(y,x) > 2cpr whereas,

by (3.3), d(yo,x) < 2¢cpr

Lemma 3.3. Let zg € X and let r > 0 be such that there exists yo € X
with d(xg,y0) = r. Then f, € Cl?’w.

Proof. We have

’fr(x) - fr(y)‘

:{0~ : ~ if d(z, 20). d(y, x0) > r
|d(1’, IL'()) - d(y,$0)| < C(QT)l_’yd(xay)’y if T,y € B($07T).

When z € B(zg,r) and d(y, o) > r, by Lemma 3.2 there exists z € B(zo, cr(1+]]
2¢7)r) such that

0< fr(y) — fr(z)

=r—d(z,x0)
< d(z,x0) — d(z, x0)

< e(d(z,x0) + d(x, 20)) d(x, 2)7
< cler(1+ 2er)r + ) d(x, 2)Y
< cler(1 4+ 2er)r + 7)1 7d(x,y)?

and the statement is proved B

Lemma 3.4. For every xg € X and r > 0, the ball B(xg,r) is Cl?’w—open.

Proof. By Lemma 3.3, B(zg,r) is Cg”—open whenever there exists yg € X
with d(zo, yo) = r. Otherwise, or B(xq, ) is countable union of Cg’v—open balls
B(zg,r,) where, for every 0 < r,, < r, there exists y,, € X with J(xo, Yn) = Tn
and then it is C,?’V—open, or B(zg,r) = {xo}. In this case we can assume
without loss of generality » < 1. Thus f, € Cg "7 since

0 ) when z,y #xz9 or z =1y
r<rY <d(x,y)” when z =2z and y # xg

me—ﬂw:{

and the lemma is proved i

Proposition 3.5. Let (X,d) be a separable, quasi-metric space. Then
A(C)7) = B(X).

Proof. From the separability of the space it follows that any open subset
of X is the countable union of open balls and then CZ? -open B
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Set

6(u,u>=sup{‘/fdu—/fdu :

Theorem 3.6. Let (X, d) be a separable, quasi-metric space. Then (M, )|
18 @ metric space.

fecy” with |flo, < 1}.

Proof. For any u,v € M, §(u,v) < 2R? where R = diam(supp p U
suppv). Actually, for any fixed f € Cl?” with |floy < 1 and xo € suppp U

supp v,
[rafre

‘/f fao)) di— [ (7 = fao)dv
/d(a: xo)Wdu%—/d(x,a:o)'ydl/

<2R".

Obviously, for every pu,v,0 € M*, 0 < §(u,v) = 6(v, ) and §(u,v) < 6(p, o)+
8(o,v). If 8(u,v) = 0, then [ fdu = [ fdv for every f € C)”7. Thus I(f) =
[ fdu (= [ fdv) is an abstract integral on Cy”. Therefore, by Theorem 2.4
and Proposition 3.5, u = v on A(Cy7) = B(X) I

Let (i) be a Cauchy sequence in (M1, ). For every f € CI?’V, (J fdun)
is a Cauchy sequence in R. Actually, [ fdu, = |flo | ¢dpn, where ¢ =
(|flo,4) "t f. Let us define

As (pn) is a Cauchy sequence in (M1 4),

lim sup{'/fd,un—L(f)': feCl?” and |f|0,7§1}:(). (3.5)

n—-+00o

We will prove that (u,,) converges in (M1, §) by showing that L is an abstract
integral on Cz? "7 so that, by the Daniell-Stone theorem, there exists u € M!?
such that L(f) = [ fdu. Therefore, by (3.5), p,, converges to .

From the linearity and the positivity of the integral and the limit it follows
that L is a positive linear functional on Cz? 7. In order to prove the monotonic-
ity of L we will prove that (u,) is uniformly tight whenever X is separable
and bounded.



Invariant Measures 27

Lemma 3.7. Let (X,d) be a bounded quasi-metric space. Then, for every
ECX,dg€C)”. Moreover, |dglo < c(2R)'~7, where R = diam X.

Proof. Let 2,57 € X and € > 0, and let us assume dg(z) > dp(y). Then,
by choosing a = a.(y) € E such that d(y,a) < dg(y) + €, we have

dp(z) —dg(y) < d(z,a) —d(y,a) + €.

By Theorem 3.1 it follows

|dp(z) — dp(y)| < e(d(z,a) + d(y,a))"d(z,y)" +¢
< ¢(2R)'Vd(z,y)Y +e.

By the arbitrariness of €, |dg(x) — dg(y)| < ¢(2R)' ~Vd(x,y)" B

Remark. When X is bounded, we can prove Lemma 3.5 and then Lemma
3.6 without assuming X to be separable. By Lemma 3.7, every open A # X
is C,""-open. Actually, A = {z € X : dx\a(z) > 0}. Moreover X is C,""-open
as well, since the constant functions belong to Cg”y. Then .A(C,?”) = B(X).
By proceeding as in Theorem 3.6, we can prove that § is a metric on M*.

Lemma 3.8. Let (X,d) be a bounded, separable, complete quasi-metric
space and let (u,) be a Cauchy sequence in (MY,8). Then (u,) is uniformly
tight.

Proof. Let (z;) be a dense sequence of points in X. We start by proving
that, for each € > 0 and 1 > 0, there exists k > 0 such that, for any n > 0,

pn(Ske) >1—n (3.6)

where Si . = Ule C(x;,€).

Let R = diam X. For any fixed ¢ > 0 choose m = m(() such that
S pny o) < # for every m,n > m. By the separability of X there
exists k(¢,m) > 0 such that pm(Skcm),c) > 1 — (. The function

1 .
flx)=1- Einf (C,dgk(cﬁ)yc(a;))

1—
is Holder continuous of exponent v with Hélder constant |flp, < %.

Moreover, 0 < f(z) <1 for every z € X and

_ [0 when & ¢ Sk(cm)2enc
flz) = { 1 when x € Sicm).c
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since I¢(Sk(¢cm),c) € Sk(c,m),2cr¢. Therefore, for every probability measure p,

1(Sk(cm)c) < /fdu < p(Sk(em),2e0¢)-
Then fin (Sk(¢m),200¢) > 1 —2¢ for any n > 7. Actually,
1= ¢ < pa(Skiem),c)

CQ
< i (Sk(e,m),200¢) + |f|0,ym

< tn (Sk(em),2e0¢) + €.

Set kg = max {k‘(c,ﬁ), kl(C), ceey kﬁ_l(g)}, where /J’N(Skn(C),QCTC) > 1—2( for
every n < m. Then, for every n > 0,

/’l‘n(SkC,2CT<) >1-2¢. (37)
For fixed e > 0 and n > 0, (3.6) follows from (3.7) by setting ( = min {ﬁ, g}

Select for each j the integer k; such that un(Skj 1) >1— ? for all n > 0. Due
g
to the completeness of X,

-0 (Uet)

is compact since it is totally bounded and closed. Moreover, for each n > 0,
pn(Ky) >1—nH

Let g be a bounded function on X and £ C X. We set ||g||g = sup{|g(z)] :
z € B}t and gl = [lg]lx.

Corollary 3.9. Let (X,d) be a bounded, separable, complete quasi-metric
space and let (u,) be a Cauchy sequence in (M',5). Then L is an abstract
integral on Cl?”y.

Proof. We need only to prove the monotonocity of L. Let (gx) be a
sequence in Cg "7 decreasing to 0. For a fixed n > 0 choose K, such that
pn (Ky) > 1 —mn for every n > 0. Then, for every n > 0,

/ grdpy, = / grdpn, + / Irdiiy,
K X—K,

n

< Mgl ze, b (Ky) + Nl g1l pn (X = K)

< llgrllx, + lgrlln.
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As by the Dini theorem (||gx| x, ) converges to 0, we can choose k(n) > 0 such
that |lgxll|x, < n whenever k > k(n). Consequently, [ grdu, < (14 [lg1])n
for every n > 0 and k > k(n). By passing to the limit with respect to n we
obtain L(gx) < (1 + ||g1||)n for every k > k(n). Therefore L(gx) converges to
on

Theorem 3.10. Let (X, d) be a bounded, separable, complete quasi-metric
space. Then (M1,8) is a complete metric space.

Proof. Let (u,) be a Cauchy sequence in (M?,§). By Corollary 3.9, L
is an abstract integral on C,? 7. Therefore, by Proposition 3.5 and Theorem
2.4, there exists exactly one finite Borel measure i such that

/fd,u:L(f): lim /fdun for everyfecg”.

n—-+o0o
From (3.5) it follows that p, converges to p with respect to the metric d.
Furthermore, 1 is a probability measure. Actually, by (2.2), u(X) = L(1x) =
lim, 1 f 1xdy, =11
By the well known characterization of weak precompactness (see, e.g., [8:

Theorem 6.7]) it follows that a Cauchy sequence in (M1, §) converges weakly.
For sake of completeness we prove the latter result.

Theorem 3.11. Let (X, d) be a bounded, separable, complete quasi-metric
space and let the sequence (pu,,) converge in (M1, 6) to a measure u. Then (i)
converges weakly to .

Proof. Let us assume that (u,) does not converge weakly to . Then
there exist f € Cp,n > 0 and a subsequence p,, such that, for any k£ > 0,
| [ fdpn,— [ fdu| >n. By Lemma 3.8 there exists a compact set K such that,
for any k > 0, pn, (K) > 1 — || f[|7'%. As by the Stone-Weierstrass theorem

Cg " is dense in C, with respect to the uniform convergence on compacta,
there exists g € CO’“Y such that ||g — f|lx < ¢. By choosing @ > 0 such that
§(pins ) < (|9lo.4) "1 2, for every n > we have for every ny > mn,

n<‘/fwm /f@%
[yt o Lo 1o
SZ+‘/K(g—f)dunk—/K(g—f)du‘ﬂL‘/Kgdunk—/Kgdu‘

7
<57t O (fhns > 1) |9

<n

0,y

and this contradiction proves our statement B
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By Theorem 2.5 it follows that the converse still holds. Actually, {f €
Cg 7 U floy) < 1} is a family of functions equicontinuous at all points and
equibounded whenever X is bounded. Therefore the weak convergence and
the convergence with respect to the metric 4 turn out to be equivalent when
(X, d) is a bounded, separable, complete quasi-metric space.

4. Invariant measures in quasi-metric spaces

In this section we will assume (X, d) to be a separable, complete, quasi-metric

space and d to be the locally Holder continuous quasi-metric given by Theorem
3.1.

Definition 4.1. A map S: X — X is said to be a contraction in (X, d)
(of contraction factor 1) if there exists a constant 0 < [ = (%4 < 1 such that
d(S(z),S(y)) <ld(z,y) for all z,y € X.

Let Sy, ..., SN be contractions in (X, d) with contraction factors [y, ..., 1,
and let | = max{ly,...,Ix}. For every non-empty bounded set A C X, set

and by 8™ denote the n-iterated map So---0 S, i.e.

N
s A= |J Siu.i(4)

i1,eeyin=1

where S;, . i, = S;, 0---085; turnout to be contractions of contraction factors
lil«--in = lil o ll’n'

We say that A C X is invariant with respect to {Si,---, Sy} or, briefly,
with respect to S, if S(A) = A.

Let mq,...,my be positive costants such that Zf\il m; = 1. For every
e M set

N
Tuw(E) = Zmiu 08!
i=1

and by T"™ denote the n-iterated map T'o--- 0T, i.e.
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A Borel measure pon X is said to be invariant with respect to {S1, ..., Sn}i
and {mq,...,my} or, briefly, with respect to T, if T = p.
Before proving our main theorem we recall some results about contractions

in quasi-metric spaces. For the proofs we refer to [4]. For A and B non-empty
bounded subsets of X, define

h(A, B) = max { sup dp(a), sup dA(b)}.
acA beB
Let H(X) = {A C X : A non-empty and compact}.
Proposition 4.2. (H(X),h) is a complete quasi-metric space.

We start by considering the case in which 5i,..., 5, are contractions in
(X,d).

Proposition 4.3. S is a contraction in (H(X),h) of contraction factor

By Propositions 4.2 and 4.3 and the fixed point theorem in quasi-metric
spaces, there exists exactly one non-empty compact set K, invariant with
respect to S. Moreover, K is an attractor for S, i.e. for every C' € H(X) the
sequence h(S™(C), K) converges to 0.

As in the metric space, we can prove the uniqueness of the invariant set
also in the class of bounded closed subsets of X.

Lemma 4.4. Let S be a contraction in (X,d) and B C X be a non-
empty, bounded set such that S(B) C B. Letr >0 and A C J,cp5C(x,7).

Then S™(A) C U,ep Clz,0r).

By the previous lemma it follows

Theorem 4.5. Let {S1,...,Sn} be a family of contractions in (X,d).
Then:

(1) There exists exactly one non-empty, bounded, closed set K, invariant
with respect to S. Namely, K is compact.

(ii) For every non-empty bounded set A C X, the sequence h(S™(A), K)
converges to 0.

Lemma 4.6. Let n € M'. Let S be a contraction on (X,d) and let
pwo S™L be the image of p under S. Then supp po S~ = S(supp p).

Proof. We start by proving that S(suppu) C supppo St Let zg €
supp . Then, for every € > 0, there exists z. such that d(zg,z.) < €
and p(B(z.,r) > 0 for every 7 > 0. Then d(S(xo),S(z.)) < le and p o
S=HB(S(xe),lr)) > 0since B(z.,r) € S™YHB(S(x:),lr)). Therefore, S(zg) €
supp o S~1.

Conversely, let zo € S(supp i) and let > 0 be such that B(xg,r) C X \
S(supp p1). Then S~1(B(xq,r)) C X \ supp pu. Therefore, 29 & supppo St 1
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For r > 0, set X' = J, o5 C(z,7).
Proposition 4.7. T is a contraction on (M (X'),0).

Proof. Let p € M!(X’). By Lemma 4.6 supp Ty = Ufil S;i(supp p).
Then by Lemma 4.4 suppTu C X'. Let g and v € M!(X’). For every
fe Cg” with [flo, <1, let f; =177 f0.S;. We have

[fi(z) = fily)| = U7 f(Si(z)) — f(Si(y))]
<177d7(Si(), Si(y))
< (%)'d (z,y)
< d(z,y).

Thus f; € C;”" and |filo, < 1. Then

[ s | par, gﬁgm

OSZ'd,u— /fOSidl/

N

= [ fidu— [ g
v

< Z ’Ll’yé(:ua V)
=1

=170(p, v).

Therefore §(Tp, Tv) < 176(pu,v) I

As X' is bounded, by Theorem 3.10 (M?!(X’),§) is complete. Therefore,
by applying the fixed point theorem, we can prove that there exists exactly
one probability measure p € M!(X’), invariant with respect to T. By the
arbitrariness of r > 0 it follows that p is unique in M. Moreover, for ev-
ery v € M!, we can prove lim,,_, . §(T™(v),u) = 0 by applying the fixed
point theorem to the contraction 7" in the space (M (X'),d), where r > 0
is chosen large enough so that suppr C X’. Therefore, by Theorem 3.11,
T™(v) converges weakly to p. Finally, by Lemma 4.6 and Theorem 4.5/(ii),
supp pu = K.

We have proved

Theorem 4.8. Let (X,d) be a separable complete quasi-metric space,

S1,..., SN be contractions in (X,d) and mq,...,my be positive constants
such that Z _ym; =1. Then:
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(1) There exists exactly one probability measure p with bounded support,
mvariant with respect to T'. Moreover, supp u = K, where K is the unique
non-empty compact set, invariant with respect to S.

(ii) For every probability measure v with bounded support, the sequence
T™(v) converges weakly to the measure p.

We now extend our results to contractions in (X, d).

Theorem 4.9. Let (X,d) be a separable, complete, quasi-metric space,
Si,..., SN be contractions in (X, d) and let mq,...,my be positive constants

such that Zivzl m; = 1. Then:

(1) There exists exactly one compact set K C X invariant with respect to
S and one probability measure p, with bounded support, invariant with respect
to T'. Moreover, supp p = K and K 1is compact.

(ii) For every probability measure v with bounded support the sequence
T™(v) converges weakly to the measure p.

Proof. Although the contractions S; might not be contractions in (X, d),

when n > % the maps S;, s, turn out to be contractions in (X, d).
Actually, 1

in S (D" Then, by Theorem 4.8, there exist exactly one non-
empty compact set K and one probability measure p with bounded support
that are the fixed points of S and T™. By applying & and T in the equalities
S"(K) = K and T™(u) = p, we prove that S(K) and T'(u) are also fixed
points of 8™ and T". By uniqueness, S(K) = K and T'(u) = p. I
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