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T1 Theorems on Besov and Triebel-Lizorkin Spacesl

on Spaces of Homogeneous Type and
Their Applications
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Abstract. The author first establishes the reduced 71 theorems for Besov and
Triebel-Lizorkin spaces on spaces of homogeneous type. Using these T'1 theorems,
the author proves that an operator of Bessel potential type can be used as the lifting
operator of these spaces.
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1. Introduction

Recently, in [15], for some py € (0, 1) the inhomogeneous Besov spaces B, (X)
with pp < p < oo and 0 < g < oo and the Triebel-Lizorkin spaces Fj, (X) with
po < p < ooand py < q < oo on spaces of homogeneous type were introduced.
Some special cases of these spaces have been introduced in [10, 11] before.
Moreover, recently some new characterizations on Besov and Triebel-Lizorkin
spaces and their applications were given in [14, 24, 25]. In particular, in
[24] it was proved that the Besov spaces on d-sets introduced by Triebel via
traces in [21] and, equivalently, via quarkonial decompositions in [22] are the
same as those Besov spaces introduced in [10] by regarding d-sets as spaces of
homogeneous type. The same is also true for the Besov and Triebel-Lizorkin
spaces on Lipschitz manifolds introduced by Triebel in [23] via the localization
principle and the real interpolation method and those spaces introduced in [15]
via regarding the Lipschitz manifold as a space of homogeneous type.
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The main purpose of this paper is to establish the reduced 7T'1 theorems
for the Besov spaces B, (X) when py < p < co and 0 < ¢ < oo and for the
Triebel-Lizorkin spaces Fy, (X) when pg < p < oo and pg < ¢ < co. To be
precise, we will first establish the T'1 theorem for Triebel-Lizorkin spaces by
using the discrete Calderdén reproducing formulae in [12] and the Plancherel-
Pélya inequalities in [5]. Then by use of the real interpolation theorems in
[25] we will obtain the T'1 theorem for the Besov spaces. The T'1 theorems for
the homogeneous Besov spaces B;’q(X ) and Triebel-Lizorkin spaces F;q(X )
are also stated, parts of which were obtained in [4, 25]. As an application
of the T'1 theorems on B, (X) and Fj, (X) we will show that an operator of
Bessel potential type can be used as the lifting operator of these spaces, which
generalizes the corresponding results on these spaces with p,q > 1 in [14] to
the general cases considered here by a simpler method.

Let us now recall some definitions and notation on spaces of homogeneous
type. A quasi-metric p on a set X is a function p: X x X — [0, c0) satisfying

p(x,y) =0 if and only if x =y

p(z,y) = p(y,z) for all z,y € X

p(z,y) < Alp(z, z) + p(2,y)] (z,y,z € X) for some constant A € [1,00).

Any quasi-metric defines a topology, for which the balls

B(z,r) = {y €X: ply,x) < r}

for all x € X and all r > 0 form a basis.

In what follows, we set
diam X = sup {p(x,y) DX,y € X}.

We also make the following conventions. We denote by f ~ g that there is a
constant C' > 0 independent of the main parameters such that C~ g < f <
Cg. Throughout the paper we will denote by C a positive constant which
is independent of the main parameters, but it may vary from line to line.
Constants with subscripts, such as Cy, do not change in different occurrences.
We denote N U {0} simply by Z,, and for any ¢ € [1,00] we denote by ¢ its
conjugate index, namely % + % =1.

Definition 1.1 [14]. Let d > 0 and 0 < 8 < 1. A space of homogeneous
type (X, p, ) a0 is a set X together with a quasi-metric p and a non-negative
Borel regular measure p on X with supppu = X and there exists a constant
Co > 0 such that, for all 0 < r < diam X and all z,2",y € X,

u(B(a,r)) ~rf (1.1)
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and
|p(z.y) — p(a',y)| < Copla, ) [p(z,y) + p(a', )] " (1.2)

In particular, when diam X < oo, spaces of homogeneous type in Defini-
tion 1.1 cover the boundaries of bounded Lipschitz domains in R™, the n-torus
in R”, C°°-compact Riemannian manifolds, Lipschitz manifolds of compact
case in [23], and compact d-sets which include various kinds of fractals (see
[19, 21, 22, 24]); while when diam X = oo, spaces of homogeneous type in Def-
inition 1.1 specifically include Euclidean spaces, the boundaries of unbounded
Lipschitz domains in R", and Lipschitz manifolds of the non-compact case in
[23]. Moreover, the spaces of homogeneous type in Definition 1.1 are just the
variants of the spaces of homogeneous type introduced by Coifman and Weiss
in [2]. In fact, if we choose d = 1, Macias and Segovia in [16] have proved that,
in the sense of equivalent topology, (X, p, it)a,¢ are the spaces of homogeneous
type in the sense of Coifman and Weiss, whose definitions only require that p
is a quasi-metric without property (1.2) and p satisfies the doubling condition
which is weaker than (1.1).

We now recall the definition of the spaces of test functions on X from [13]
(see also [8]).

Definition 1.2. Fix v > 0 and § > 3 > 0. A function f defined on X
is said to be a test function of type (xg,r,3,7v) with g € X and r > 0, if f
satisfies the conditions

Y

D) /@) < Oz

.o Ls /8 T’Y

(i) 1) = f0) < O(H%) wrmmamme for p(@,y) < 2l +
,0(:13, .I'())]

If f is a test function of type (zo, 7, 3,7), we write f € G(zo,r, 3,7), and the
norm of f in G(x,r,3,7) is defined by

1flg(zo,r3,4) = Inf {C : Properties (i) and (ii) hold}.
Now fix zg € X and let G(3,7) = G(xo, 1, 5,7). It is easy to see that

G(x1,m, B,7) = G(B,7)

with equivalent norms for all xy € X and » > 0. Furthermore, it is easy
to check that G(3,~) is a Banach space with respect to the norm in G(3,7).
Also, let the dual space (G(3,7))" be all linear functionals £ from G(3,) to
C with the property that there exists a finite constant C' > 0 such that, for
all £ €G(8,7),

LN < Clifllges,q-

We denote by (h, f) the natural pairing of elements h € (G(8,v))" and f €
G(B,7). It is also easy to see that f € G(xg,r,3,7) with g € X and r > 0 if
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and only if f € G(8,7). Thus, for all h € (G(3,7))’, (h, f) is well defined for
all f € G(xo,r,[,7) with g € X and r > 0.

It is well-known that even when X = R™, G(31,~) is not dense in G(32,7)
if B1 > (2, which will bring us some inconvenience. To overcome this defect,
in what follows we let Qo(ﬂ, ) be the completion of the space G(6,0) in G(3,7)
when 0 < (3,7 < 6.

To state the definition of the inhomogeneous Besov spaces B, (X) and
the inhomogeneous Triebel-Lizorkin spaces F; (X) studied in [15] we need
the following approximations to the identity which were first introduced in
[8].

Definition 1.3. A sequence {S;}72, of linear operators is said to be
an approximation to the identity of order e € (0,0] if there exist constants
C1,Cy > 0 such that, for all k € Z, and all z,2’,y,y" € X, the kernel Si(x,y)
of Si is a function from X x X into C satisfying the following conditions:

(i) Si(z,y) = 0if p(x,y) > C127% and 1Skl Lo (xxx) < Cy29F.
(ii) |Sk(:1:,y) — Sk(x’,y)‘ < Co2kd+e) p(g, e,
(iii) |Sk(z,y) — Sk(z,y)] < C225¥) p(y, /)"
(iv) | [Sk (2, ) =Sk, v) ]| =[Sk (2, y) =Sk (2, y/)] | < Co28+29) p(a,27)p(y, /)< |}
(v) Jx Sk(z,y)du(y) = 1.
(vi) [x Sk(z,y)du(z) = 1.

Remark 1.1. By a construction similar to Coifman’s one in [3] one can
construct an approximation to the identity of order § with compact supports
as in Definition 1.3 for the spaces of homogeneous type from Definition 1.1.

We also need the following construction of Christ in [1], which provides
an analogue of the grid of Euclidean dyadic cubes on a space of homogeneous

type.

Lemma 1.1. Let X be a space of homogeneous type. Then there exist
a collection {QF € X : k € Zy,a € I} of open subsets, where I}, is some
(possibly finite) index set, and constants 6 € (0,1) and Cs,Cy > 0 such that:

(i) (X \UaQk) =0 for each fized k and Q% N Q% =0 if a # 3.
(ii) For any «, B, k,l with | > k, either Q% CQk or Qlﬁ NQr =0.
(iii) For each (k,a) and each | < k there is a unique 3 such that Q~ C Q%.
(iv) diam (Q¥) < C36*.
(v) Each Q% contains some ball B(zF,C46%), where 2% € X.

In fact, we can think of Q¥ as being essentially a cube of diameter rough §*
with center z%. In what follows we always suppose § = 1 (see [13] for how to



T1 Theorems and Their Applications 57

remove this restriction). Also, we will denote by Q¥ (1/ =1,2,...,N(k, 7'))

the set of all cubes Qk+j C QF, where j is a fixed large positive integer.
Denote by y¥¥ a point in Q¥". For any dyadic cube Q and any f € L} (X)

we set
mo(f) = 2 /Q /(@) du(a)

and we also let a4y = max(a,0).

Definition 1.4. Let s € (—6,6), {Sk}3>, be as in Definition 1.3 with
order 6, Dy = Sy and Dy = S — Sk—1 for kK € N. Suppose 8 and ~ satisfying

max (0, —s + d(}—l) —1)4)<B<0 and 0<y<o. (1.3)

Let j € N be fixed and large enough and {Q%" : 7 € Iy,v =1,...,N(0,7)}

be as above. The inhomogeneous Besov space B, (X) for max (#‘le, #‘Ls) <
p < oo and 0 < g < oo is the collection of all f € (C;(B,’y))l such that
N(0,7) 1
.00 ={ &3 w@2) e (a0’ |
T€lp v=1
o] 1
+ { > [2ks||Dk(f)||LP(X)}q} < oo.
k=1
The inhomogeneous Triebel-Lizorkin space F, (X) for max (d;j—e’ ﬁ) <
p < oo and max (ﬁ‘l(), #&_S) < g < oo is the collection of all f € (C;(ﬁ,'y))/
such that
N(0,7) 1
ez, 0 = { 3032 1@ mue (D0(HD]*
T€lyg v=1
t{Z e} <o
k=1 Lr(X)
Here, for k € Z, and a suitable f,
0= [ Dules) ) dnt).

It was proved in [15] that Definition 1.4 is independent of the choices of
large positive integers j, approximations to the identity and the pairs (3,7)
as in (1.3).
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2. T1 theorems

In what follows, for n € (0,6] we let C{/(X) be the set of all functions having
compact support such that

_ @) = )]
Hf||cg(X)—§1;I; g <

Endow C{(X) with the natural topology and let (C{ (X)) be its dual space.
Definition 2.1. A continuous complex-valued function K on

Q={(z,y) eXxX:z#y}

is called an inhomogeneous Calderdn-Zygmund kernel of type (e,0) if there
exist € € (0,60],0 > 0 and C5 > 0 such that

|K(z,y)] < Cspla,y)~* for p(z,y) 20 (2.1)

K (z,y)| < Csp(a,y) =47 for p(z,y) >1  (2.2)

K (z,y) — K(2',y)| < Csp(a,2')p(x,y) "4~ for p(x,2’) < 25 (2.3)
) ) (2.4)

< Csp(y,y ) p(z,y)~"=  for p(y.y') < 252 (24

We remark that (2.2) is natural when one considers the boundedness of
Calderén-Zygmund operators on inhomogeneous function spaces, which was
pointed by Meyer in [17: Chapter 10/Theorem 2].

Definition 2.2. A continuous linear operator T': CJ(X) — (CJ(X))’ is
an inhomogeneous Calderdn-Zygmund singular integral operator of type (g, 0)
if there is an inhomogeneous standard kernel K of the type (e,0) such that

<Tf,g>:/X/XK(x,y)f(y)g(x)du(w)du(y)

for all f,g € C¢/(X) with disjoint supports.
We also need the following weak boundedness property.

Definition 2.3. A Calderén-Zygmund singular integral operator 7' is said
to have the weak boundedness property, if there are n € (0,60] and Cg > 0 such
that

(T f,9)] < Cor™ | fllcnxlgllenx)

for all f,g € C{/(X) with diam(supp f) < r and diam(suppg) < r, and we
denote this by T'e W BP.

In what follows we let T* be the dual operator of T'. The following theorem
is the main theorem in this section.
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Theorem 2.1. Let e € (0,60] and |s| < e be such that max(di%, ﬁ) <
p < oo and max(d;is,#grs) < q < oo. Suppose T € WBP is an inho-
mogeneous Calderdn-Zygmund singular integral operator of type (¢,0) with
o> al(%—l)Jr and T1 =0 =T*1, and its kernel K satisfies (2.1) - (2.4). Then

T is bounded on F;, (X) with an operator norm not larger than C' max(Cj, C).
To prove Theorem 2.1 we need to use the discrete Calderén reproducing
formulas in [12] and the Plancherel-Polya inequality in [5].
Lemma 2.1 [12]. Suppose {Di}2, is the same as in Definition 1.4.
Then there exist functions DQ? o with T € Iy and v =1,...,N(0,7) and Dy,

with k € N such that, for any fived y*v € Q%" with k € N,7 € I}, and
vel{l,...,N(k,7)} and all f € (G(B1,71)) with0 < (1 <0 and 0 <y, <0,

N(0,7)
=3 S wQ2) s () e (Dol )
T€ly v=1
N(k,T)

ST wQE) BN Dur )

k=11€l, v=1

where the series converge in (G(51,71)) for B < 01 < 0 and v1 < 71 < 0.
Here Dy, with k € N satisfies for any given € € (0,0) the following conditions:

. ~ —ke
(1) |Dk(x7y)| S 0(27k+2p(x’y))d+s .

oo = g ! € 7k8
(i) |Dr(z,y) — Dr(w,y)| < C(zHE ) m=mayre for p(y:y) <
51 (27" +p(a, y))

(iti) [y Di(e,y)dp(e fX Dy (,y) du(y) = 0 and diam(Q%) ~ 277 for
T €l andl/—l ., N(0,7) with some j € N.

Further, ﬁQg,u form € Iy and v = 1,...,N(0,7) satisfies the following
conditions:
(iv) [y D oo (@) du(x) = 1.

1
(v) Do ()] < Ot

N N (z,y) ¢
(vi) |11)Q9’”<x) — Door(y)] = C(1+Z(x,zﬂ’”)) (1+p(x,;9’”))d+f for pla.y) <
a2 (L + p(z, y2")).
(vii) Do (f) = [x Dgor (y)f(y) du(y)-

Moreover, j can be any fixed large positive integer and the constant C in
properties (v) and (vi) is independent of j.

The following Plancherel-Polya inequality was given in the proof of the
main theorem in [5] (see also [15]).
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Lemma 2.2. With the notation as in Lemma 2.1,

N(0,7) 1
(T % we@) bl
T€lp v=1
N (k,T) p % %
{zzm( > X w@)| s Bun@I] )} <l
TE]k v=1 ZeQﬁ,V
whenmax(m,ﬁm) <p<ooand0<q<oo, and
N(0,7) 1
(5% weibg-or)
T€ly v=1
N (k,T) q %
xS [ B0} <ol
k=1r€el, v=1 Lr(X)
when max (ﬁ'le, ﬁ) < p < oo and max (ﬁde, ﬁ) < q < o0.
In what follows we will denote Mo, (Dg(z,-)) simply by Do, (x) for
"e€lpand v =1,...,N(0,7"). The folTlowing estimates are basic.
Lemma 2.3. With the notation as in Lemma 2.1,
(i) forkeZy, 7" €ly andv' =1,...,N(0,7"),
1
|DiTD 0. (x)] < C277(1 + k) — (2.5)
o (14 pla,y )"
where 01 = 0 when k =0 and 01 = € when k € N,
(i) forkeZ,, K eN, 7" € Iy and V' =1,...,N(K,1'),
| PR } |k k/| , 2*(k/\]§’)5
DyTDy (z,y. " )| < C27P "1 + |k — K'|)
(-0 & (o, )
(2.6)

Proof. We first show (2.5) with £ = 0. We consider two cases.
Case 1: p(x,y?}”l) > 6A3C;, where C7 = max(1,C3). In this case we
write
‘DOTDQOIV ()]
| / / Do ) K (o,0)D g (1) ds(w) ()

<~ / o [ L 1Pote e Dot ) i)ty

IN

p(w,yTi ")dto
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which is a desired estimate.

Case 2: p(m,yg}i/) < 6A°C7. In this case let Yo € C5°(R) be a radial
function with 0 < Yg(z) < 1, YPo(z) = 1 for x € (0,6) and vYo(x) = 0 for

x > 12. We now define ¢y(x) = 150('0(1430’ )) and ¥1(x) = 1 — ¢o(x). We

then write
DOTD g0+ (x) = (Do, Yol Ty )+ (Do(a. Jen (). D)
=: B + Es.

Since T' € W BP, we have |E;| < CCg. For any given z, since supp(Do(x, -)¢1(-))ﬂl
supp D 0.1 (-) = 0, we can estimate || by

|Eo| < Cm /QW /X/X | Do(,u)Do(v,y)| dp(w)dp(v)du(y) < C.

Thus Cases 1 and 2 tell us (2.5) for £ = 0.

Let us show that (2.5) is also true when & € N. We still consider two
cases.

If p(z, yoi'/) > 124305, then by (2.3) we have
‘DkTDQOIV (2)]

/

< 3 / o [ 1Pl Do o)ty

<C‘12 ke

:‘ / / Dk(x,u)[K(u,v)—K(x,v)}DQo,w(U)d#(u)dﬂ(v)

p(z, v )d+ €
which is a desired estimate.

In what follows we let 11 (z) = 1 — ¢o(x). If p(:z:,y?}"/) < 12A3Cy, then
by T1 =0 and [, Di(x,u)dp(u) =0 we can write

DiTD o, ()

7_/

:/ / Dy (z,u)K (u,v) [DQO,V’ (U)—DQo,v'(@”)}& <%)dﬂ( )dp(v)

7./

/ / Dy(z,u) | K (u,v) — K(:c,v)} [DQO,/U/ (v) — DQO’,”I (a:)}

< Ty (%)dm Jdpu(v)
=: G + Gs.

:/X/XDk(x,u)K(u,v) [DQ(;,IV/ (v) —DQ ()] dp(u)dp(v)
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For Gy, letting ¢ (u) = Dy(z,u) and

80) = [Dgopr (0) = Do @] (510,

T T

by T' e W BP we obtain
|G| < 062_k(d+277)||¢||C§(X)||¢HCS(X)
< 2~ k(d+2n)gk(n—e) ok(d+n)
< CCg27 ke

where we choose 1 € (0,¢]|. To estimate G2 we first point that it is easy to see
the estimate

Do (v) = Do ()] < c(p(”—x)))

QO/V T/ ]' + p(U,Z’

From this it is easy to deduce

Galzc [ [ De(ar )
X J{veX: p(z,v)>12A3C72—F}

ot (T8 ) et
1

<c2 | i)
{veX: p(z,w)>12A3C7} ,O(U, x)d—l—s
1

+C2 ’“5/ ——
{veEX:12A3C72 F<p(z,w)<12A3C7} p(va LL')
<C27F (1 + k).

dp(v)

Thus (2.5) always holds.

We now prove (2.6) in the case of &' > k. We still need to consider two
cases.

Case 1: p(z, yf:’yl) > 12A3C;27%. In this case, by [y Dy (v, yf,/’”/) du(v) :I
0 we have

‘DkTDk/ x yT V)

'/ / Dy (ar,u) [K (u,v) = K (u, )] Do (0,45 ) dp(w)dpa(v)

= C/X /X [Di(z, “>|%}Dk'(v, oo dp(u)du(v)

< 02~ =k)e 2_]%

pla,yi " )ate
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which is a desired estimate.

Case 2: ,o(x,yf:"/) < 12A3C;27%. In this case, by T*1 = 0 we obtain

DkTDk/ x yf, > )
/ / [Dy.(, u) Dk(x,yf,’y ) K (u, U)Dk/(v,yf,’y ) dp(u)dp(v)

-/ [ [Dm:,u)—Dk<x,y’:ﬁ”’>]wo(%)

x I (u,0) D (v, 5 ) dpa(u)dp(v)
/ / [Di(z,u) — Dy(z, yf/ /)}&1<$Cy—;2yk),>

x K (u,v) Dy (v, ) dp(u)dpu(v)
= H1 + HQ.

To estimate H; let

() = [Dulis) = Dty o (et )

and ¢(v) = Dy (v,y"""). By T € WBP we have

|H,| < ¢27(d+2mk [llenxyllollenx)
< 02—(d+2n)k'2kd—(k'—k)s+k'n2k'(d+n)

S C2*(k/7k)€2kd
where we choose 1 € (0,¢]|. To estimate Hy we first note that

p(u, y’if’”/)s
(2% + plu, y= "))

| Dy (2, u) — Dk(x,y’::’y/)‘ < C2kd
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is easy to see. From this and [, Dy (v, y’::’l/) du(v) = 0 it follows that

kv
k/ ! 7 (U yT ' )
|Ha| = ’/ / Dy(z,u) — Di(z, Y, )}¢1<W>

X [K (u,0) = K (u, )] Do (v,95") dpa(u)dpa(v)

kv \e
< Cde—k’e/ / plu,y" )
N X JHu: p(u,yk:’yl)212A3C’72*k'} (2_k + p(u,y’:/’y ))E

1
X 7 Dy (v,y.7" )| d
p(u,yﬁ,’”)d+5| (v, 95" ) da(u) dpa(v)
1

oot | i
{us plag 7 212430521} p(u, yh, " )dre

/ 1
| G (K Rt / o dp(u)
{u: 12430727 % <p(uy®, ") <1243C.2-F} p(u, yT 7))

S C(l + k/ o k)Q*(kZ/fk)E*de

which is a desired estimate. Thus (2.6) is true when k¥’ > k. The proof of
(2.6) when k' < k is similar. We leave the details to the reader (see also [4]).
This finishes the proof of Lemma 2.3 il

The following lemma can be found in [13: pp. 93].

Lemma 2.4. Let 0 < r <1, k,n € Zy with n < k and, for any dyadic
cube Q%

vy —d—
| Foew (@) < (1+27p(a,y57)) "

where y*V is any point in QY and v > d(% —1). Then
N(k,T) e N(k,T) 1
—n)d , T
5 Y hgllige@l <2 1 ( 5 X Mgrelxgee ) @)
el v=1 Tel, v=1

where C' is independent of x, k and n, and M is the Hardy-Littlewood maximal
operator on X.

Proof of Theorem 2.1. By Definition 1.4 we can have
N(0,7)

A0 < 5 3 m@ gy (DT |
T€ly v=1
N (k,T) %
+H{ZZ S0 2 sup |Dk(Tf)(Z)|qXQ5‘”}
k=171€l, v=1 ZEQ LP(X)

= J1 + JQ.
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By noting that u(Q%") ~ C and Lemma 2.1 we have

N(0,7) N(0,7") by L
S s C{ Z Z [ Z Z ‘DQOV sup ‘DOTDQO,V/(Z)|:| }
rely v=1 bLrely v'=1 ! GQ(T)’V !
N(0,7) N(K',7") - .
N5 S5 DD i SRTCE I
T€lp v=1 k'=17'€l, v'=1

’ / p %
X sup | DoT Dy (2, yf ){] }
2€QY

When p < 1, by (2.5), the following well-known inequality

(Z |a@~|)p <Xl (27)

%

for p <1 and a; € C and by Lemma 2.2 we obtain

= 1 v
J1§C{ |: D 7y/(f)p : :|}
1 T€ly vzzjl 7';0 uz:zl | e | (1+ plye,y2r)) 7
N(0,7") ) %
ol 5 Eoeor | )
/€Iy VZ—: { 9 | 1 +,0(a: y ; ))(d+0)p
N7 1
< 0{ > 2 !DQo,u«f)!p}
T'ely v'=1

< O fllFs,x)

where we used the fact that 1+ p(y%", yg}”/) ~ 1+ p(x,y0) for all z €
w(Q%) ~ C, Lemma 1.1 and o > d(% —1).

When 1 < p < oo, from (2.5), the Holder inequality and Lemma 2.2 it
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follows that

By (2.6) - (2.7), the Hélder inequality, the Fefferman-Stein vector-valued

inequality in [6], Lemma 2.4, the arbitrariness of yf,/ ¥ and Lemma 2.2 we
obtain

N(0,7)
TR o0 ol REI D IRYOREE
Te€lp v=1 k'=1
N(kl’T/) ’ ~ k' ]_ p %
D DI TS S S )
Tel, V=1 (1+p( )
o (z
X N =1
N(K',7") W 1p 1
(5 s )| Yo
el v'=1 T
oo N(k/,’rl) % %
<o X zwak«fxymfok;,y,)] }
k'=1 el v=1 T Lr(X)
& S ;
k's
{5 X 2 Bted g |
K=17€l, v'=1 T Lr(X)
< Cllfllrg,x)
where we choose max (d+csl+€, d+€) < r < min(1,p,q). So far we have obtained

a desired estimate for J.
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Let us now estimate Jo by writing

N(0,7")

N (k,7)
nec{EX X 2T T By

k=171€l, v=1 T'ely v'=1

o
X sup |DkTDQo,,,/(z)‘] Xin,u}
zeQk” ™

LP(X)

N(k,7) N(K',T")
*CH{ZZ ) w[z S w@E) e (hE)

r
k=1rtel; v=1 k'=17'el,, v'=1

!/ ! q %
X sup |DkTDk’(Z7y’:/’V>‘] XQI;,V}
zeQPY

LP(X)
=: J21 + J22.

Estimate (2.5), Lemma 2.4, the Fefferman-Stein vector-valued inequality in
[6] and Lemma 2.2 tell us that

N(k,T)
7} gc‘ {Z T heghee
k=11€l, v=1
=y e v
X ’D o,/ P :| X k,u}
L el o= Q ! (1+p(yk,l/ 0;1/ )>d+6 Q Lo (X)
o N(0,7) 1
A (s E )
k=1 Tely v'=1 ' L?(X)
N(0,7") B %
so{ > > u(@?’f”)DQg,u«f)\”}
rely v'=1
< Ol fllFs,x)

where we choose r € (diﬁ,min(p, 1)). From (2.6), Lemma 2.4, (2.7), the

Fefferman-Stein vector-valued inequality in [6], the arbitrariness of y : ¥ and
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Lemma 2.2 it follows that

N(k,T)

J? < CH{ Z Z Z oksq [ Z (1+k— k) (kAR )d—|k—K'|e—K'd—K's
k=171el, v=1 k'=1
N(K',7") ] a %
x %S| Dy () (550 _ 1 y }
T;Jk, zz’zzl (14 267K p(-, " ))d+€ o Lr(X)
= CH{ > [Z (14 [k — &'|) 2ARDd— k=R le = (hk") s+ [k = (RARD]
k=1
N(k/77—/) / ~ k/ / % q %
(M) XX et g ]) |
T'el v'=1 T Lr(X)
00 k
<cH{Z Z (14— ) 20-K)=)
N( KR Ko 19y 3
: (M[ > 2D (N XQ,@;,V,D } }
el v=1 T LP(X)
(S [ 5 0rnpees
—k+1
N(k 7T) 1 q 1
sr k:' ! " a
(] XY e g ]) )
rely vi=1 T LP(X)
N(k‘/ T/) % %
so{ S ([T X #mewrntirgs-]) }
k'=1 ely v=1 ™ Lp(X)
N(K',7") 1
k's q
{5 T b6t gy |
k=1r'el, v=1 Lr(X)
< Cllflles, x)
where we choose maX(d+§+€7 d+5) < r < min(1,p,q). This finishes the proof

of Theorem 2.1 i

To establish a similar theorem for the Besov spaces B, (X) we need the
following real interpolation theorems from [25].

Lemma 2.5. Let k € (0,1), sg,s1 € (—0,0) with s9 # s1 and s =
(1 —K)so + Ks1.



T'1 Theorems and Their Applications 69

(i) If max (#10’ d+s‘i+9, d+sd1+9) <p<ooand0 < qy,q,q < oo, then

(Bt (X), Bty (X)

P;qo0 p,q1

= BS (X).

K,q  Pq

. d d d
(ii) If max (m’ dts010° dts;+0
oo fori=0,1 and 0 < g < oo, then

)<p<ooandmax(#‘l9,ﬁ‘i+e) <q <

(F0 (X),Fs (X)) =B (X).

P40 P,q1 k,q P9
The following is the T'1 theorem for the Besov spaces B, (X).

Theorem 2.2. Let ¢ € (0,0],|s| < e, max (d;ie,#;s) < p < o0 and

0 < q < oo. Suppose T € WBP, Tl = 0 = T*1, is an inhomogeneous
Calderdn-Zygmund singular integral operator of type (¢,0) with o > d(]l) —1)4
and its kernel K satisfies (2.1) — (2.4). Then T is bounded on B, (X) with
an operator norm not larger than C max(Cs, Cg).

Proof. The case p < oo is a simple corollary of Theorem 2.1 and Lemma
2.5. To show the case p = oo, by Lemma 2.5 we only need to show that T is
bounded on B (X)) for |s| < e. To see this we write

1T f]

Br.(x)SC  sup mgo(|Do(Tf)))

+ C'sup 2*¢ sup sup |Dp(Tf)(2)]

keN TEIk k,v
v=1,...,N(k,T) ZGQT

By Lemma 2.1, (2.5) and (2.6), the arbitrariness of yff:’yl and Lemma 2.2 we
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obtain
N N(0,7") 1
M<C wp D] mp ¥ —
u=1,i4,€1\11(20,7/) ! u:l,f.?,i\r(of)”relo v'=1 (1+p(y7 7y7' ))
Nk, ")
k/ / ~ k/, ’
bC s SRz Y Z D (£) (")
u:l,?’..e,g\(f)(o - k=1 T'el,
1
X

(1+ p(y" k")) e

<C sup ’lN)Qo,V/(f)’ + C sup 23 sup |Dk/ k, /)
T'ely T/ k’eN el
v=1,...,N(0,7/) vi=1,..., N(k’,77)
- 1
< s So(awzes | = )
1/=1,?r.4€,§\(l)(0 ) k'=1 X (1 + p(y‘l" I y))
<C  sup ‘DQO o (f)| + C sup ok's sup |ﬁk/(f)(y]:/’y )
/el T/ k’eN T'el,,
v=1,...,N(0,7/) v/i=1,..., N(k’,77)

< Clflls. . (x)

From Lemma 2.1, (2.5) and (2.6), the arbitrariness of y]::’yl and Lemma 2.2
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it also follows that

N(0,7")

1
Hy < Csup k2F(—2) sup Z Z |D 0,0
o QL kv 0,0/\\d+e
hen u=1:.€,§\llc(k ~ T'€ly V=1 (1 + p(yT V7y7-/y ))
Nk, ")
k/ / ~ k/, ’
oup ap S Y PONTCESANITES
€ Tl

v=1,...,N(k,r) K'=17"€l}s
Qf(k/\k )e
— (kAR kv K v\ 4+
(2= AR 4 p(yF” vy e
<C sup ‘DQO o f)} sup L ok(s—¢)

T/EIO keN
v/=1,...,N(0,77)

X sup / . du(y)
el X (1_|_p(yk:,u y))d+€

v=1,..., N(k,T) T

x (14 [k — K'|) 27 1k=F'le

o0
+sup 20 sup D (f)(yr ) sup Y (Lo [k — k] 2RIk
k’E€N el keN

v/=1,...,N(k',7") k=1
/ 9—(kAK')e
X dp(y)
’ d
X (270N p(yi, )T

< CflBs.x)
This proves Theorem 2.2 I

Now we assume u(X) = oo. The homogeneous Besov spaces B;q (X) for

€ (—6,0), max (ﬁd@,#‘fﬂ) <p < ooand 0 < g < oo and the Triebel-

Lizorkin spaces szq(X) for s € (—0,0), max (#‘le, ﬁ) < p < oo and
max (ﬁ‘la, ﬁ) < ¢ < oo have been introduced by Han in [7]. By using the
homogeneous discrete Calderén reproducing formulas in [9] and some argu-
ments similar to those for Theorems 2.1 and 2.2 we can show the following 71
theorems for the homogeneous Besov and Triebel-Lizorkin spaces on spaces of

homogeneous type. We omit the details.

Theorem 2.3. Let € € (0,0] and |s| < €. Suppose T € WBP, T1 =
0 =1T%*1, is a standard Calderdn-Zygmund operator of type € and its kernel K
satisfies (2.1),(2.3) — (2.4). Then:

(1) T is bounded on BS (X)) with an operator norm not larger than C max(Cs, C’6)I

d
d+€,d+s+s)<p<oo and 0 < g < 0.

(ii) T is bounded on F]fq (X)) with an operator norm not larger than C max(Cs, Cg)l

. d d d d
if max (g5, gregs i TrsTe)

if max (

)<p<oocmdmax( < q < oo.
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Here we say a kernel K(x,y) is a standard Calderdn-Zygmund kernel of
type € if it satisfies (2.1), (2.3) and (2.4). Moreover, we say an operator
T is a standard Calderon-Zygmund singular integral operator of type e if it
corresponds to a standard Calderon-Zygmund kernel of type € as in Definition
2.2. We point that, differently from the cases B, (X) and F;, (X), we do not
need the kernel K to satisfy (2.2) in Theorem 2.3. We should also remark
that if 0 < s < e, T € WBP with T1 = 0 and its kernel K only satisfies (2.1)
and (2.3), then T is also bounded on Bf,q(X) and F;q(X) for p and ¢ as in
Theorem 2.3. This was proved by Deng and Han in [4]. There they also gave
a direct proof of the case B;q (X) instead of using real interpolation.

3. An application

In this section, we will consider the boundedness of the following operator of
Bessel potential type I, on Besov and Triebel-Lizorkin spaces.

Definition 3.1. Let {D;}7°, be as in Definition 1.4 and o € R. Then
the operator I, for f € G(3,~) with 0 < 8 < 6 and 0 < ~ is defined by

oo

L(f)(@) = 3 27 Di(f)(w)

=0

where z € X.

Operators of this type were first studied by Nahmod in [18]. Definition
3.1 was given in [14]. Let ¢ € S(R™) with p(z) =1 if |z| <1 and p(z) =0 if
|z| > 2 and let

Sk(z,y) = [p27")]Y(z —y)

for k € Z4. Then {S;}72, is an approximation to the identity on R" without
compact support (see [15]). Let S_; = 0. In this case we have

oo

L(H)™€) =278 — Si-1]" () (&)

=0

=Y o lefp27le) — p(27 )] £(€)
=0

~ (L [EP)EF(6)-

Thus I, is equivalent to the Bessel potential operator in the sense of Fourier
transforms.
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Theorem 3.1. Let |a| <0, |s| <0 and |s+ o < 0.

(i) Ifmax(#d&’d—i—g—i—s’d—k&is—l—a) <p<oo,0<qg< o0 andd(z—lj—l)+<

0 — a, then I, is bounded from Bj (X) into Byf*(X).

. d d d d d d
(ii) Ifmax (d_+9’ dto+s’ d+9—|—s+a> < P < 00, max (m7 dr0+ts’ d+9+s+a) <I
q < oo and d(m — 1)y <0 —a, then 1, is bounded from F,, (X) into

Fsro(X).

Theorem 3.1 when p,q > 1 was obtained in [14] by using the atom and
molecule characterizations of these spaces. Moreover, by using Theorems 2.1
and 2.2 we can establish the converse of Theorem 3.1.

Theorem 3.2. Let |a| <0, |s| <0 and |s+ a| < 0.

. d d d 1
(i) Ifmax(m,d+9+s,d+9+s+a) <p<oo, 0<qg< o0 and d(; —

1)+ < 0 + «, then there are ap(s) € (0,6) and a constant C > 0 such that if
la| < ap(s), then

£ lBs,x) < CllLa(f)]

Bpg * (X)
for all f € B, (X).

. d d d d d d
(ii) If max (m7 d+0Fs° d+9+s+a) <p < 00, max (m» d+0+s° d+9+s+a) <I

q < oo and d(m — 1)y < 0+ a, then there are ap(s) € (0,0) and a con-

stant C > 0 such that, if || < ap(s), then

/]

F3,(X) < C||Ia(f)| ESFe(X)

for all f € Fj (X).

Proof. Let T'=1—1_,1, and K(x,y) its kernel. In [14] it was proved
that there are a1, 0,601 € (0,60) and constants Cg, Cg > 0 such that if |o| < aq,
then K is an inhomogeneous kernel of type (g,0) in terms of Definition 2.1
with

Cs < 082—6N + Co Z ‘1 . 2la|2—|l|51

<N

for any N € N where ¢ € (0,60) and o > 0 can be any numbers, the constants
Cs and Cy are independent of N and «, but Cs may depend on «; and 6.
Also, a1 and d can be any positive number less than #. Moreover, T' € W BP
with
Co < Cs27°N 4+ Cy Y [1— 227 1Mo,
[1<N

Thus by Theorems 2.1 and 2.3 we know that 7" is bounded on B, (X) and
F;,(X) with an operator norm not larger than C1p = C max(Cj5,Cg). Now if
we choose a1 small enough, then we can have C1¢9 < 1. This just means that
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if a; is small enough, then I_,1, is an invertible operator on B, (X) and
Fj,(X). Then, by Theorem 3.1,

11,00 = [|(T-ado) ™ alall 5, (x) < ClH-alall sy, x) < Cla(Pll gz x|
for all f € B, (X) and
||f||F§q(X) = H(I—afa)_lf—aIaHF;q(X) < CHI—aIaHng(X) < CHIoz(f)HF;;f“(X)I

for all f € F, (X). This proves Theorem 3.2 I

From Theorems 3.1 and 3.3 we see that I, can be used as a lifting operator
for the spaces B, (X) and F};, (X) (see also [20] for the R™ case). Finally, we
point that Theorem 3.2 for p, ¢ > 1 was obtained in [14] by using the atom and
molecule characterizations of these spaces, which however is more complicated
than the proof given here.
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