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for Local and Global Solvability of
Non-Diagonal Degenerate Systems
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Abstract. Cross-diffusion has been widely considered either in the mechanical de-
scription of diffusion or in the stochastic point process description of interacting
populations, in the mathematical modelling of spatially structured epidemic or eco-
logical systems and for the geographical diffusion of innovation. In this paper, spe-
cific attention is devoted to blowing-up solutions of some systems which may reflect
either failures in the modelling or genuine phenomena like aggregation of popula-
tions. Furthemore, necessary conditions for local and global existence of solutions
to the considered systems are presented.
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1. Introduction

The role of spatial heterogeneities and dispersal for chemical reacting species
or biological interacting populations in the linear or nonlinear regime has been
the subject of a sizeable literature (see, e.g., the authorative books of Aris
[1] and Cussler [10]). In particular, cross-diffusion in modelling interactions
among different species has attracted special attentions. Apart the above
quoted books, one can cite [16, 18, 32 - 34] in physical chemistry, [7, 23| in
epidemics, [19, 29] in ecology and population dynamics, [21] in biology and
very recently [8] in economics. The recent papers [20, 23, 30, 31] on reaction-
diffusion systems with ”"non-diagonal” diffusion matrices are devoted to global
existence and large time behaviour.
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In the present article we consider the system

up(,t) = A(lu|" " ) + aA(jo] " o) + fx, 1) [0l + w1z, 1) }
ve(@,t) = A(v|'" o) + gz, ) ul? + wa (1)

for (z,t) € RY x RT, subject to the initial distributions

(u(a:, 0),v(z, O)) = (uo(x),vo(a:)) (z € RY),

the constant o may be positive or negative, f and g are given non-negative
functions, and the functions w; and wy may represent some “noises”. The
cross-term aA(|Jv|™tv) gives a measure of the flux of one component engen-
dered by the concentration gradient of the second component.

Before announcing our main results, let us dwell for a while on the mod-
elling part [12]. Consider, for example, two substances (species, chemicals,
etc.) that are activating or inhibating each other according to some law of
reaction and diffusing in a spatial domain by Fick’s law, but the diffusion of
one of the substances is influenced also by the other one and vice versa. The
density of the two substances at time t and place x are denoted by u(z,t)
and v(x,t), respectively. On the one hand, the substance u flows from places
where its density is high towards places where the density is low. On the other
hand, v has an attracting or repelling effect on u, so that u flows towards high,
respectively low density places of v. In this situation the flow vector of u is
given by

Ju = —di1(u,v)Vu — dia(u,v) Vo

where di1(u,v) > 0 and dia(u,v) <0, resp. > 0 according as v attracts, resp.
repels u. Similarly, the flow of v is given by

Jy = —da1(u,v)Vu — dag(u,v)Vo

where das(u,v) > 0 and da;(u,v) < 0, resp. > 0 according as u attracts, resp.
repels v. Then we obtain the reaction-diffusion system

Uy = V(du(U,U)VU —+ d12<u, U)VU) + U(U,U) } (1)

vy = V(da1(u,v)Vu + doa(u,v) Vo) + V(u,v)
where U(u,v) and V (u,v) are the reaction terms. In the particular case
d11 = nu"_l, d22 = lvl_l, d12 = d21 = O, U= Up, V =u

we obtain the system
up = A(u™) + vP
Ve = A(Ul) + Uq -
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Note that this system describes the processes of diffusion of heat and burning
in two-component continuous media with nonlinear conductivity and volume
energy release. The functions v and v can thus be treated as temperatures
of interacting components of a combustible mixture [15]. When the cross-
diffusion di2(u,v) obeys to a similar law as di; and dao, say dis(u,v) =

mv™ !, we obtain the system

uy = A(u™) + A(0™) + 0P
(u™) + A(™) + } )

vy = A(v?) + ul

which concerns the present paper. With an aim of giving more general results,
we consider the case where the reaction terms also depend on ¢ and z.

Section 2 is motivated by paper [5] in which Baras and Kersner showed
that the problem

up = Au+ h(x)u? }
u(x,0) = ug(x) >0

has no non-negative local weak solution if the initial data satisfies

lim uf " h(z) = o0,

|z| =400
and any possible non-negative local weak solution blows up at a finite time if

lim  ub 'h(z)|z? = +oc.
|| —+o00

We show similar results for a degenerated nonlinear parabolic system with
triangular diffusion matrix.

Section 3 deals with Fujita’s type results. Its aim is not only to generalize
the results in [9] to triangular diffusion matrix systems but also to weaken the
assumptions on the data. Indeed, we require non-negative integrability of the
initial data and of the non-homogeneous forcing terms while [9] requires their
positivity.
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2. Necessary conditions for local and global solvability

Consider the system

(ug(z,t) = A(|u|" " u) £ A(jo]™ 1)
+ f(z,t)|v]P + wi(x,t) in Qr =RY x (0,7)
(P) { vz, t) = Ao~ o) + g(a, )[ul? + wa(z,t)  in Qr
u(z,0) = ugp(x) in RY
L v(z,0) = vo(x) in RY

where p,q,m,n,l > 1 and 0 < T < 400, with the following hypotheses on the
data:

(HI1) (0,0) < (f.9) € L1 (Qr) x Liy(Qr), where (9, @) = (2. 7%7).
(H2) w; € LY(Qr) and [, widwdt >0 (i=1,2).

(H3) (uo,v0) € L'(RN) x L*(RY), with [,x uodz > 0 and [y vodz > 0.
In the sequel, if T'= 400, the domain Q7 will be denoted by Q.

Definition 1. A pair of functions (u,v) is called a weak solution of prob-
lem (P) in Qp if
(i) w,v: Qr —R
(if) (u,v) € Lip (Qr) X Lioe(Q1)
(iii) For any ¢ € D(RY x [0,T]) vanishing at t = T if T' < +oc or for any
¢ € D(Q) if T = 400 one has

/ (ugpt + (|u|”*1u + |v|mflv)Ag0 + (flv|P + w1)<,0>da:dt

T

+ [ wl@)ee.0)do a9

/ (wt + v o Ap + glu|?e + ww) dxdt + / vo(x)p(x,0) de £50.

T RN

We attempt to get insight into the relationship between local and global
solvability of problem (P) on the one hand, and the behaviour at infinity of
the data f, g, wy, ws, ug, vy on the other hand.

In this section we will confine ourselves to the case
f(z,t) = t“F(z) 4 wy(x,t) = "Wy (x)
an
g(z,t) = tPG(x) wa(z,t) =t Ws(x)

where F' and G are positive and continuous functions, ug and vy are non-
negative and integrable functions. We add the following assumption:
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p > max{l,m,l +a,m+ a}
(H4) ¢ ¢ > max{n,n + (3}
min{m,n,l} > 1.

2.1 Necessary conditions for local solvability. Before stating our first
result, we need to assume that, for R sufficiently large, the estimates

/ G(x)fq—;nd.r = O(R(f_—"n) (6)

|z|<2R

/ F(z) 7 1dz = o(R¥'7) (7)
|z|<2R

/ F(z) 7 mde = o R ) (8)
|z|<2R

hold.

Theorem 1. If problem (P) has a non-negative local solution defined in
Qr with T < +00, then the estimates

. . Kl . Kl

R o)) < 75 fim inf vo(2)F(@) < 75 )
. . K2 . . Kg
RN s g G R S prs (10

/

hold, where F(x) = w and T° = min (T;Hri Tt 1) and the con-
F7(2)+G 1 (x)
stants K1, Ko, K3 will be specified in the proof.

Proof. Let (u,v) be a non-negative weak solution of problem (P) in Q.
For any ¢ € D([0,T] x RY) with ¢ > 0 and ¢(-,T) = 0 one has

/ (mpt + (u" + Um)Ago + foPp + wup)dmdt + /N uo(z)p(x,0)dr =0
T R
/ (1)9015 + v Ap 4 gulp + wggp) dxdt + /N vo(x)p(z,0)dr = 0.
T R

Then

/ wop(0)+ [ furp+ / wip < / (ulpe] + (u™ + ™) (~Ap)s)
RN Qr T

/RN vo¢(0)+/Tguqso+/ /T vle| + v (—Ap)4)
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where ¢(0) = ¢(+,0) and (—Ayp)y+ = max(0, —Ayp). Furthermore, Young’s
inequality gives

/u|sot|s%/ uq<g<p>+c1/ el 75 (g) 75
/ U”(—A¢)+S%/ uq(990)+02/ (—AQ) T (gp) 77

Hence
/ upp(0) + / (foPo + wip)
RN -
< /Q (oloe] + (! + 0™ (D)) + Alg.g.7)
T

where

Alp,9,T) = a1 X1(9,9,T) + c2Xo(p,9,T)
with

_q __1
Xl(so,g,T)z/ lpe| 7T (gp) a1
T
d 1

Xol,9,T) :/ (Ap) T (g0) 7.

Qr

Similarly, Young’s inequality allows us to obtain

/ (v]pe] + (0 + ™) (—Ap)4) < 0 foPe+ Ble, f,T)

where

B(SO? fa T) = 03X3(§07f7 T) + C4X4(907f7 T) + C5X5(907f7 T)

with
1

ng,f,T):/ ot 72T (i) 7

Qr

Xalp f.T) = / (AR T (fo) 7

T

Xslo 1) = [~ (o) P
T
Finally, we have

/RN uo(0) +/ wip <Y X, (11)
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Following the same idea, we show that there are constants d; >0 (i =1,...,5)

so that
5
0 <N d X, 12
Lo+ [ wap <> (12)

T i=1

At this stage, the test function ¢ is chosen as

ety = o)) #(7)

where
i)®eDRY),0<®<1,supp® C {1 <|z|] <2} and —AD < &
.. 1 ifr<i
e DR, 0<n<1, and = =2

iii) s = max(p’,¢’) and R > 0.

The choice of this test function is inspired by the paper of P. Baras and R.
Kersner [5]. It allows us to obtain interesting estimations connecting the initial
data and the reaction terms. Consequently, the integrals X; (i =1,...,5) are
convergent. More precisely,

P 1/ (3)
t=oord 1__ R
-1 q q q’
_ (g=D)s? |’ H / )4 d
q—(B+1)

and similarly

qg—n a=(Btn) __ _2q x 1
X, < 17" pEE - @(—)Gx = d
=g (B+n) o PR CW
-1 P’ o p’
X3 < (p ) e -5 @(E)F(x)*?dx
(Oé—f—]_) RN R
p—l p=(atl) __ 2p x e
X, < P27t P piA @(—)F:c 71 d
1= p— (a+1) RN R ()
p—m p—(atm) _ _2p e 1
Xy < PTM Pt peis <I><—)F e da,
= p—(a+m) /RN R (z) v

Let

_1 q/ / q/ _1 p/ / p/
Klzmax{cl (g —1)sTn Hoo’C2 (p—1)s”|In IIOO}.
q—(B+1) p—(a+1)
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In view of (11) and the above estimates we see that

/RN uO(m)é(%) < K - g(f”’T)‘I’%) + Xo+ Xy + X5 (13)

(5)+ . !
T Jo M@ (F) <81 [ 0@ DO(F) + Kok Xo X5 (10)
where / o
ya a+1 q 1
g(xaT) = F(.’IZ‘)—TT_p_i_l + G(.CC)_FT_ﬁ_
Hence,

. uo(z) T T
{|;|n>fR Gz, T) } o Gz T)2(3;) < Ko - G, T)®( ) + Xa - Xa X5,

Finally, using estimates (6) - (8) we have limgr_. oo inf|;|>r gfm—% <Cor

K
liminf ug(z)F(x) < aﬁ e (15)
o= min (771, T )

The second estimate in (9) and the estimates in (10) can be obtained in the
same manner by setting Ko = (1 + 1) K127 and K3 = (1 + 42) K212,
This completes the proof B

Consequences.

1. If max{a,B} < —1 and liminf),|_ 4 uo(z)F(x) # 0, then problem
(P) has no non-negative local solution.

2. If problem (P) has a non-negative global solution, then we have the
implications

min{o, 5} > -1 = liminf uo(x)F(x) = liminf ve(z)F(x) =0

|| —+o0 || —+o0
min{e, 3,71,72} > -1 = |li|m inf Wi (x)F(z) = |li|m inf Wy(x)F(z) =0.
x|—+o0 x|—-+o0

3. In the limit case min{a, B} = —1, if iminf |, o uo(z)F(x) > K1,
there 1s no non-negative global solution.

Proof. Assertions 1 and 2 can be seen from (15) by letting 7" — 0 and
T — 400, respectively il

2.2 Necessary conditions for global solvability. Before stating the main
results of this subsection, we need to introduce some notations and hypotheses.
Namely, let

a+1l g+1
p—1"¢g-1
Further, we assume the hypothesis
(H5) min{a, 5} > —1.

a:min{ } and H:min{F%,G%Fﬁ,Fﬁ,Gﬁ}.
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Theorem 2. If problem (P) has a non-negative global solution, then there
exists a constant 6 > 0 for which the limits

lim inf wuo(z)H (z)|z|*’ and liminf vo(x)H (z)|z|*° (16)

|z|—+o00 |z|—+o00

are bounded where the real number 6 will be specified in the proof.

Proof. Inequality (13) implies that there is a constant C' > 0 such that

x 1 T
Ol =) <CH(R,T L 17
/RN“O("’“") <R>— HET) | o (R> (17)
where Tor e e . .
H(R’T):Rﬂl +R52+R53+TQ4+T065
with
p—(a+1)
o= ——=
p—1
— + 2
oy — P (0 tm) g = 2P
p—m p—1
_ 2
agzq (B+n) and By = P
q—n p—m
1+« 2
Oé4—p_1 B3 q—n'
1+ 5
a5 = ——
qg—1

Note that under hypotheses (H4) - (H5) all parameters «; and 3; are positive.
Now we have to minimize the function H with respect to 7. For this one has

oH 1
— (R, T) = = T
where
T T2 Tes 1 1
E(R,T):alm—l—agﬁ—i—agﬁ—oqﬁ—o%ﬁ. (18)
Then g—;‘(R, T) =0 if and only if L(R,T) = 0. Moreover, it is clear that the
function £ is strictly increasing in 7" > 0 and limy_o+ L(R,T) = —oo and

limp_, oo L(R,T) = 400, which imply that for any R > 0 there is a unique
T.(R) > 0 such that £L(R,T.(R)) = 0. The implicit function theorem asserts
that the function 7T, is smooth in R and

drT., 9L
5 (B) = —5¢ (R, T.(R)) > 0.

oT
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Hence T, is strictly increasing in R and we easily see that limp_, o, Tk (R) =
+o00. Finally,

O*H 1 1 ac
W(R T.(R)) = _WE(R’ T.(R)) + T.(R) 8_T(R’ T.(R))
1 oL
= i BT ()

implies that for any fixed R > 0 the function H has a unique minimum at
(R, T\(R)).

Now we have to determine the asymptotic behaviour of T, (R) as R — +oc.
Recall that a = min(ay, as) and that the pair (R, T, (R)) verifies the identity

TR Tew Tew o1 ]
RO > RS STRAs T TATONR) T TPTON(R)

03]

Then there is an ¢ > 0 such that

: T+ (R) T2+ (R) T3+ (R)
R {al R T pm o T T s b

Setting k; = -2 (i = 1,2,3), 0 = min{ky, ko, k3} and © = {i € {1,2,3} :

a+tao;

k; = 9}, we have

iai (Tg,i?))am — ;)ai (T’};f)>a+ai +e(R,T). (19)

i=1 %

a;+a
Since the functions R — T*R—ﬂi(R)

respect to R, we conclude that

(1 € {1,2,3}) are bounded uniformly with

. T.(R)\aota .
RETOOZO”(W) =¢ and  lim e(RT)=0.

1€0
Set
P(X) =) a;Xtes,
1€0
It is clear that the function P is strictly increasing and P(0) = 0. Hence
T.(R)

. o . —1
R —pg = plim P °P<

T.(R)

7) — Pl >0
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because P~ is continuous, and consequently T, (R) ~ P~(¢)R? for R large
enough.

Finally, using (17), there is a constant K > 0 such that, for R large

enough,
/RN uo(af)@(%> < % - ﬁ@(%) (20)

Using the fact that supp (®) C {z € RY : 1 < |z| < 2}, we conclude for R
large enough that

x| 0 T
{|;nguo(x)H(x)yx\a9}AN ’H|(x) (I)(E>
£ |x’a9’x|—a0 (£>
~ RY Jgn  H(x) R
ab T —ab T
= (QJj%)a@K RN |H|(x) (E)'

Whence the boundedness of lim inf || ;o uo(x) H (x)|2]|*? is established. The
boundedness of the second limit is similar as above. This achieves the proof il

Before stating the last result of this section, we will assume v; > —1 (j =
1,2) and distinguish the following two hypotheses

(H6) min{ay,as, a3} >, +1
(H7) max{a,az, a3} <~ +1
forj=1o0rj=2.

Theorem 3. Assume hypotheses (H4) - (H5) and either hypothesis (H6)
or hypothesis (H7) holds. If problem (P) has a non-negative global solution,
then there are constants a; and 0; such that the limits

lim inf W (x) H (2)|2|*7% (j=1,2) (21)

|z|—+o00

are bounded.

Proof. As before, inequalities () and () imply that there is a constant
C > 0 such that for j = 1,2 one has

1 x
it [ Wi@)e (%) < CH(R,T o(=). 22

o Vi) <R>_ HERT) | | H(z) (R> (22)
First, if hypotheses (H4), (H5) and (H6) hold, consider the function

7:((R, T)= 7;(5;7;). The situation then is similar to that of Theorem 2 with H
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instead of H. Following its proof we obtain 6; = 6 and a; = a + 1 + 7, where
a and 6 are defined in that proof.

Second, if hypotheses (H4), (H5) and (H7) hold, let §; be the unique
positive real number defined by

min {3 +0;(v; + 1 —a;) : i € {1,2,3}} = (; + 1 + a)b;.

It follows from (22) that there is a constant C' > 0 such that

x C 1 x
: V< —o(=).
RN W] (I)Q)(R) - R(a+7j+1)04’j RN H(l‘) (I)<R>
Proceeding as in the end of the last proof, we show that

lim inf W;(x)H (z)|z|@ T +10% (23)

|z| =400

is bounded. This achieves the proof il

The next section deals with the non-existence of global (non-trivial) solu-
tions to problem (P) from a different angle: We will present results of Fujita’s
type. These results will take into account the dimension N instead of the
behaviour at infinity of the data and of the non-homogeneous terms. We re-
fer the interested reader to the valuable surveys by Levine [25], Bandle and
Brunner [4] and Deng and Levine [11] for some background.

3. Necessary conditions for global solvability:
Fujita’s type results

The hypotheses considered in this section are (H1) - (H3). In order to simplify
the presentation, we initially set f =g = 1.

The aim of the following lemma is to show that if problem (P) has a
global non-trivial solution (u,v), then neither v nor v is trivial. This result
will be used in Theorems 4 and 5 to show that any non-trivial weak solution
of problem (P) blows up in finite time (under some hypotheses relating the
exponents of the non-linearities and the dimension V).

Lemma 1. Let (u,v) be a weak solution of problem (P) in Q. Then, if
u=0orv=0, one hasu=v =0.

Proof. We show this lemma in a general way in order to use some con-
tained results in the sequel. Let pr € D(RY x [0,+00[) be a non-negative
function such that
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where A > 1, R > 0 and ® € D([0,+00)) is the "standard cut-off function”,
ie.

ezt w03 BEE o

Then equation (5) gives

/ or|u|?dzdt + a(R)
Q

< / (0] lore] + o' | Apr]) ddt
Q

1 p—1
P p 1 T
< (/ \v|pgoRd:1:dt) (/ ]ngt]FQOR”_ldxdt)
Q Q
i3 . p—l1
+ (/ |v\pgoRda7dt> (/ |A90R]ﬁgpl_%mda:dt)
Q Q
and (4) gives also
/¢R|v|pdxdt+b(R)
Q
< | (1ol + 1" 85] + 01" A al)dec
1 a=1
a q 1 q
< </ |u|quRdacdt) (/ |90Rt\q_1<qu_1dxdt>
Q Q
+ (/ IulqgoRdxdt)q(/ \AgoRy#@R#dxdt) q
Q Q

m

+ </ |v\pg03dxdt> ’ (/ \Ach]p—ngogp_Lmdxdt> ’
Q Q

where

wo(x,t)pr(z,t) drdt

J
uo(z)pr(x,0) dx-l—/le(x,t)goR(m,t) dxdt.
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If we set

a—_n

E= (/ |Angprm%;P‘Lmdxdt) "
Q

we then have the system of inequalities

X9(R) + a(R) < AY(R) + BY'(R) } (25)

YP(R)+b(R) < CX(R)+ DX"(R)+ EY™(R)
It is easy to see that if A is selected sufficiently large, then all integrals A, ..., F
are convergent.

On the one hand, if v = 0, then X?(R) is a bounded and increasing

function of R. Using the monotone convergence theorem, we deduce that |u|?
is in L}(Q) and

lim (XYR)+a(R)) = / |u|?dxdt —|—/ vo(x) dx —|—/ wa(x, t) dadt
R—oo Q RN Q
= 0.

Then we have necessarily

/|u]qd:l:dt=/ vo(x)dx:/wg(:c,t)dxdtzo,
Q RN Q

which implies that u = 0 (and also vy = 0, we = 0) and consequently (u,v) =
(0,0). On the other hand, if u = 0, then there is a constant Cy > 0 such that
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YP(R) < Cp + EY™(R). Since m < p, there is a constant C; > 0 such that
Y (R) < C;. Similarly, the function |v|? is in L*(Q). Note that instead of (25)
we have more precisely the system of inequalities

XYR) +a(R) < A)N/(R) + B)}Z(R) } (26)

YP?(R) + b(R) < CX(R) + DX"(R) + EY™(R)

X(R) = (/Q \u]qgoRdxdt) ' and Y(R) = (/Q |v\pg0Rd:Udt> ’

and Qr = {(z,t) € Q : R < t+ |z[*> < 2R}. Indeed, as before, equation (5)
gives

/¢R|u|qd:vdt+a(R)
Q
< [ el -+ 1ol gl i

= / (Jv| lere| + V]| Apr|)dzdt

Qr
p—1

1
P p  ——1 P
< (/ \v|p903dfl:dt) (/ |¢Rt\ﬁ<p3p—1da:dt>
QR QR
i3 p—l1
P p 1 P
+ </ ]v\pgoRda:dt> (/ \A@RlﬁgoRp_ldde :
QR QR

X%R) +a(R) < AY(R) + BY'(R).

This implies

Similarly, we obtain the second inequality
YP(R) + b(R) < CX(R) + DX"(R) + EY™(R).

Now we return to system (26). Using the dominated convergence theorem,
we obtain limpg_, 40 Y (R) = 0. Hence,

lim (YP(R)+b(R)) = / |v|Pdxdt + / uo(z) dr + / wy(z,t) dxdt
=0

which implies, as before, that v = 0 (and also ug = 0, wy = 0). This completes

the proof i
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The following lemma gives a generalization of Lemma 1.

Lemma 2. Using the same notations as before, if X(R) or Y(R) is
bounded, then u=v = 0.

Proof. If X(R) or Y(R) is bounded, it follows via (25) that X (R) and
Y (R) are bounded. Then (Ju|?, |v|?) is in L}(Q) x L'(Q). Finally, using (26)
and the dominated convergence theorem, we obtain the result il

Theorem 4. Assume that p > max{m,l} and g > n with 1 < min{m,n,}.]
If one of the conditions

) B < (2.2 and ¥ £

by m < Zﬁ <min (124, 2) and § < 2o pel

c) =L < Z_ﬁ < %,% # 0, 54% > 05 < pfm N p—npizqu—pn
d) — < Zii B p_—|—1 # ?;7 ;jrlb %’ % < I;(;j?l) - p*npjg;ql*pn

is satisfied, then problem (P) has no non-trivial global weak solution.

Proof. Let (u,v) be a non-trivial weak solution of problem (P) and ¢ €
D(RY x [0,4+00)) be a non-negative function such that

on(e.t) = <I>A<t +R|5x|6>

where A > 1,6 > 0, R > 0 and ¢ € D(]0, +00)) is the cut-off function defined
before. Following the same method described in the previous proof, we deduce
the two systems (25) and (26). We precise that the different terms appearing
in those two systems depend on J. Using the fact that limg_, 4 a(R) > 0

and limpr_, 4 b(R) > 0 and applying Young’s inequality in system (25) one
has, for some 0 < e < 1

(1—e)YP! < ¢y (AC) 3T + ¢y (BC) 7T

+ C3.¢e (Eq) p—m + C4 e (Aan) pq_n + CS,s(Ban)%
(1= e)XP1 < & (APO)7T + ¢y (APD)7a7 4 ¢ (BPC!) 7T

1
+ cﬁlyg(Ble)ﬁ + cg’eApEp—Lm + cgvngEp—_FM.

At this stage we introduce the scaled variables 7 = R~% and y = R~ '«

. It is
easy to check that for R large enough

A<c R, B<cR*™, (C<c3R* D<cR* FE<cR»
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o = <N+5—%>]%1
g = <N+5—]Tpl)%
a3 = <N+6—qqu>%
o= (v e
as = <N+5—pipm)p;m

Finally, we have the system of inequalities

(1—e)Y(R)M < cs{R“(‘” + R20) 4 Rra® 4 Rra@® 4 Rrs(‘”}

(1 _ g)XPq < C/E{Rm(é) + Rsz(ﬁ) + Rss(é) + R84(5) + R35(6) + R36(5)}

where

(27)
_ q(—=d — dp)
r1(6) = Nq+ 7—1
q—1
rs(8) = Nq + q(=0n + dpg — dpn — 2pq)
pg—n
ra(8) = Nq + q(dpq — dnl — 2pn — 2pq)
pg —nl
—ém — 2
rs(8) = N + q(6p — dm — 2p)
p—m
B p(—dq —9)
81(5) =N + q— 1
s2(0) = Np p{=tn = 29)
pg—n
53(8) = Np + p(dpg — 1g6 — 10 — 2pq)
pq—1
54(8) = Np+p(5pq—5nl—2pq—2lq)
pq —nl
s5(8) = Np — 2—2
p—m
56(8) = Np+p(5p—5m—2l—2p+2m).

p—m
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The parameter ¢ is fixed now such that r1(d) = r3(9), i.e.

pq—1

PEN=2 ) Sl 1)

with p(¢+1) —n(p+1) > 0.

Therefore,

(n+pn+q—1g—1—p)pg
r1(01) —r2(d1) = 2
1(01) = r2(01) (pq —1)(=p+n —pg+pn)
(n+pn+q—1g—1—p)npg
61) —ra(6)) = —2
ri(01) =ra(0y) (—=p+n —pg+ pn)(—pg + nl)
(n+pn —m — gm)pq
51) —rs(8y) = 2 .
ri(01) = rs(01) (—p+n—pg+pn)(p—m)

Note that if p+1 < min {{=L, 2 1 (case in Theorem 1), then r1(d;) =
maxi<;<s 7“2(51). In this case, if % < (1 +p)(p n+pq—pn), then r1(d;) <0
and there is a constant C such that

q q
Y(R)P = (/ |v|pgoqu:dt> = (/ |v|pgoRdwdt) <C
Q Qr

where Qr = {(x,t) € Q : 0 <t 4+ |z|°* < 2R%}. According to Lemma 1, we
deduce that u = v = 0. This contradicts our assumption. Assertions b) - d)
can be showed in the same manner W

Theorem 5. Assume that p > max{m,l} and q > n, with 1 < min{m,n,}.J]
If one of the conditions

a) (m—l—l)—l>p+1>1rnaux{7ll_—1 é},%g g+l

q+1 1 pgt+q—ql—1
b) zii > max{n 1 q’ (m + 1) l}’ % = —pqp—qq_—qul—kl + Hpmm
c) l < gi% < mm{l (m+1) } % - —pqpqq_+1q1+l q(qu?g
d) >’;ﬁ>max{a (m+1) =1}, 5 <min{N;, N>}

18 satisfied where

pg—1 q(p+1)
_|_
—pq—q+ql+1 pg—nl
-1 l+p—m
N, — Pq L lEpmm
—pq—q+ql+1 p—m

Ny =

then problem (P) has no non-trivial global weak solution.
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Proof. We follow the proof of Theorem 4 and choose the parameter §
such that s1(d) = s3(d), i.e.

2(pq — 1)

5:52:q(p+1)—l(q+1)

with g(p+1) —=Il(¢+1) > 0.

If

(m+1)—1>@p+1)(g+1) >max{(l—1)(n—1),é}

(case (a) in Theorem 2), then s1(d2) = max;<;<¢ 5;(d2). In this case, if § <
(¢g+1)(pg+ q — ql — 1), then s1(d2) < 0 and there is a constant C' such that

p p
XPUR) = (/ |u\qgoRdxdt> = (/ |u|qgoRd:1:dt> < C.
Q Qr

The result of Lemma 1 completes the proof. Assertions b) - d) can be proved
similarly il

Comments.

1) Note that in Section 3 the positivity of the solutions of problem (P)
is not guaranteed even if the data are positive. It is then natural that the
initial data ug(z) and vo(z) may change signs as well as the non-homogeneous
terms wy (z,t) and wa(x,t). Now, our hypotheses are weaker than those in
the literature, i.e. the data may change signs but must have non-negative
integral. This difficulty was first solved in the scalar case in [22].

2) We are now able to treat the case where f > 0,9 > 0, f ~ t7*|z|% and
g ~ t72|z|% for t and |z| large enough. A slight change in the proof (Theorem
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4 and Theorem 5) shows that we have systems (25) - (26) with

X(R) = (/ IUIqsoRgdwdt) q
/ |v|PsoRfdxdt>

p—1

A= / orel T (orf)™ wdwdt) ’
(

p=l
p

q—1

Q

/|<PRt|q T(¢rg) 1dl‘dt>

qg—n

W=
(
5= ([ 180nl# o) )
-
(

D= ([ Inenl™ (on) *7dact

= (/Q |A90R|me(90Rf)_medxdt)

This naturally changes the a;; (i =1,...,5) into

_ op p—1 O +mo
a1_<N+5_m>+m> p PLEL
p—1 01 + 716
<N+5———|—ﬁz> B2 =—l1
p p—1
0q q— 02 + v20
— _ 1 h - _
Qs <N+5 q_1—|—ﬁg> . where (3 1
B 2q qg—n B 02 + 720
na= (Vo= T )t =T
2 —-m 01 + v160
065:<N+5—p_pm—|—ﬁ5)pp 55:—7’11—;_:;.

3) This work can be easily generalized to higher order systems with tri-
angular diffusion matrices under the same type of hypotheses.

4) The method described above can also be used for the more general
system

1

= |z|*{(~A) 7 ( )+<—A>‘3—2<w<v>>}+f<x,t>k:<u>+w1<x,t>}
w(w, > = |z°(~A )Ts(x(v)) + g(a, t)l(v) + wa(z, t)
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where —(—A)?" is the fractional power of the Laplacian. A suitable choice of
the functions ¢, 1, x are required.

5) If parabolic problem (P) is replaced by the hyperbolic one, i.e. (u,vy)
is replaced by (uy, v4), our study remains valid. The non-negativity assump-
tions on (ug,vp) are set on (ug,,vp,) and the test function changes slightly;

2 2
for example, pr(z,t) = @A(%) with A >> 1.
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