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Abstract. We lay the foundations of a mathematical theory of homogenization
structures and show how the latter arises in the homogenization of partial differen-
tial equations. We find out that the concept of a homogenization structure turns
out to be exactly the right tool that is needed to systematically extend homogeniza-
tion theory beyond the classical periodic setting. This permits to work out various
outstanding nonperiodic homogenization problems that were out of reach till then
for lack of an appropriate mathematical framework. The classical Gelfand represen-
tation theory is one of our main tools and our basic approach is an adaptation of
the two-scale convergence method.
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1. Introduction

The behaviour of a medium depends essentially on the manner in which the
latter is structured. This is true of inhomogeneous media in physics, contin-
uum mechanics, chemistry, biology, etc, and even of human societies from var-
ious points of view such as health, economics, etc. One branch of mathematics
that specializes in studying behaviours is homogenization theory in its broad-
est interpretation (see, e.g., [3, 5, 12, 20, 21, 34 - 37]). Generally speaking,
homogenization theory deals with inhomogeneous media governed by partial
differential equations whose coefficients are of the form aq(z, Z) (z € Q) where
e > 0, Qis a bounded open set in R representing a sample of the medium
under consideration, and a, is a real or complex function (z,y) — aq(z,y)
on § x RV, the properties of the medium being described by means of the
finite family {a,} (for example, a, are the elasticity coefficients of an inho-
mogeneous elastic solid). The aim is to pass to the limit in the equation (or
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system of equations) when € — 0, the main result sought being the so-called
homogenized equation (or system) which gives the effective (or macroscopic)
behaviour of the medium. However, in general such an undertaking is hope-
less without further information on the behaviour, in y = (yi,...,yn) € RY
(x arbitrarily fixed in Q) of the family {a,}. In other words, we have the
need to require the family {a,} to be suitably structured in y € RY. The
classical case is when the medium is assumed to have a periodic structure,
that is, when for any fixed z € 2 the functions a,(z,-) (o ranging over a
finite set) are periodic (with the same group of periods). Such an assump-
tion, still termed a periodicity hypothesis, sends back to a well known powerful
theory, namely classical periodic homogenization theory for which there is a
huge bibliography (see, e.g., [4, 5, 14, 36, 37], and especially the bibliogra-
phy of [14]). However, there seems to be no doubt that for the greater part
of inhomogeneous media the right structure hypothesis is far from being the
periodicity hypothesis (see Subsection 5.3). Unfortunately, except the case
of almost periodic homogenization problems (see, e.g., [13, 22, 23, 27, 34]),
a great number of non-stochastic homogenization problems beyond the pe-
riodic setting remains unsolved. The real reason for it is that there is lack
of an appropriate mathematical framework for the study of non-stochactic
non-periodic homogenization problems.

Though the use of the word structure in the literature of homogenization
goes back to the seventies of last century [5], the common understanding of
terms such as periodic structure, almost periodic structure, etc., has remained
strictly intuitive till then. This is a serious gap in homogenization theory in
so far as, by all appearance, the development of the said theory beyond the
beaten track of the periodic setting depends essentially on the way the word
structure is understood from the mathematical point of view.

In this paper we assign a self-contained mathematical meaning to the
word structure in the context of homogenization. We call a homogenization
structure the mathematical tool thus constructed. We lay the foundations of
a mathematical theory of homogenization structures and show how it arises
in the homogenization of partial differential equations. Of course, all that
requires new tools among which are the notion of a homogenization algebra
and the underlying concept of mean value.

It should be mentioned that the use of so-called homogenization algebras
goes back to [20] and [38] under the names of algebras with mean values and
ergodic algebras. However, the present paper seems to be the first work in
which systematic utilization of such algebras leads, be means of the Gelfand
representation theory and two-scale convergence, to a general mathematical
framework on the model of the classical periodic homogenization theory. In-
deed, the new homogenization context proposed in this work is framed in such
a way that there is a total analogy between the results obtained here and those
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provided by periodic homogenization theory, at least as far as elliptic partial
differential equations are concerned. Also, attention is drawn to the paper
of Bourgeat et al. [12] in which stochastic two-scale mean convergence is in-
troduced and used for the first time. The general approach presented here is
quite likely to inspire a new limiting process generalizing stochastic two-scale
mean convergence.

The remaining sections of this paper is framed as follows. Section 2 is de-
voted to the study of homogenization algebras. The study of homogeinization
structures proper begins with Section 3, where among many other things a bi-
jective correspondence between homogenization algebras and homogenization
structures is established. The basic theory of homogenization structures con-
tinues in Section 4 with the study of »-convergence following the direct line
of two-scale convergence [2]. Section 5 is devoted to drawing attention to the
close connection between the theory of homogenization structures and that of
partial differential equations. Specifically, in Section 5 we apply some of the
preceding results to the homogenization of a second order linear elliptic equa-
tion beyond the classical periodic setting. The usual periodicity hypothesis
is here replaced by an abstract hypothesis covering various concrete structure
hypotheses. Finally, by way of illustration, a few concrete cases are studied.

Except where otherwise stated, we will be concerned with vector spaces
over C (the set of complex numbers) and with scalar functions assuming val-
ues in C. For basic concepts and notation concerning integration theory
we refer to [7, 8] (see also [17]). If X is a locally compact space and F
is a Banach space, then we use C(X;F) and B(X;F) to denote the space
of all continuous mappings of X into F' and the space of those functions
in C(X; F) that are bounded, respectively. It will always be assumed that
B(X; F) is equipped with the supremum norm |jullcc = sup,cx [|u(x)| (u €
B(X;F)), where || - || denotes the norm on F. For shortness we will write
C(X) = C(X;C) and B(X) = B(X;C). Likewise LP(X) = LP(X;C) and
LY (X) =LY (X;C) (1 <p < +o00) where X is assumed to be provided
with a positive Radon measure. In this connection RY (the N-dimensional
numerical space) and its open sets are each provided with the Lebesgue mea-
sure dv = dwxy---dry. Points in RY are denoted by z = (z1,...,xx) or
y = (y1,...,yn) Which we sometimes express by writing RY or R]y\' in place of
RY.

The concept of a homogenization structure turns out to be exactly the
right tool that is needed to systematically extend homogenization theory be-
yond the classical periodic setting. The author hopes that the present paper
will encourage the study, in the framework of homogenization, of those phys-
ical problems whose natural setting is reasonably excluded from the usual
scope of periodic homogenization.



76 G. Nguetseng
2. Homogenization algebras

We begin by introducing an appropriate notion of mean value on R]yv (1<
N eN).

2.1 Mean value on ]RLV. First of all, a function v € B(Ré\’) is said to be

ponderable if there exists a complex number M (u) such that v — M(u) in
L (RY)-weak* as € — 0, where

u (z) = u(%) (x € RY). (2.1)

We denote by II1°°(R))) or simply II*° the set of all functions u € B(R}') that
are ponderable. It is an easy exercise to verify that II°° is a Banach space
under the supremum norm. Furthermore, the notion of ponderable functions
yields a mapping M : II°*° — C whose main properties are summarized below
(see [28]):

(1) M is a positive continuous linear form on II*° with M (1) = 1.

(2) M is translation invariant, i.e. if w € II*°, then 7,u € II*® and

M (tpu) = M(u) for all h € RY where mu(y) = u(y — h) (y € RY).

This leads to the following

Definition 2.1. The linear form M : I[I*® — C is called the mean value
on R}, and the complex number M (u) is called the mean of u € I1°°.

We are now in a position to frame the notion of a homogenization algebra
on ]Rév .

2.2 Generalities on homogenization algebras. We begin with the fol-
lowing definition.

Definition 2.2. By a homogenization algebra on R?]f is meant any closed
subalgebra A of B (Rév ) with the following properties:

(HA); A with the supremum norm is separable.

(HA)2 A contains the constants.

(HA)3 If u e A, then w e A (u the conjugate of u).

(HA), A C II*°.

For brevity we will often write H-algebra in place of homogenization alge-
bra. We shall always assume that an H-algebra A on Rév is equipped with the
supremum norm. It is clear that A is then a commutative C*-algebra with
identity. The spectrum of A is denoted by A(A), A(A) being provided with

the Gelfand topology, i.e. the relative weak * topology on A" (topological dual
of A). Thus topologized, A(A) is a metrizable compact space (the compacity
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is a classical result, see, e.g., [24: p. 71], and the metrizability follows by
property (HA);). We denote by G the Gelfand transformation on A, that is
the mapping G : A — C(A(A)) such that if u € A, then G(u)(s) = (s, u) for
s € A(A), where the brackets denote the duality between A’ and A. As is
classically known (see, e.g., [24: p. 277] and [15: p. 482]), G is an isometric
isomorphism of the C*-algebra A onto the C*-algebra C(A(A)).

The appropriate Radon measure on A(A) will be the so-called M -measure
for A, denoted below by .

Proposition2.1. There exists a unique Radon measure 3 on A(A) such
that

M(u) = / G(u)(s) dB(s) (2.2)
A(A)

for all uw € A. Furthermore, (3 is positive and of total mass 1.

Proof. The mapping ¢ — M (G 1(p)),» € C(A(A)), is a continuous
linear form on C(A(A)) and so there is a Radon measure 5 on A(A) satisfying
(2.2) for u € A. Furthermore, 3 is positive (since M is positive and G~ is
order preserving) and of total mass 1. The unicity of § being evident, the
proof is complete B

There is no serious difficulty in proving the next useful

Proposition 2.2. Let 0 < p < +oo. Foru € A, we have |u|lP € A with

G(Juf") =1G(w)"  and M(!U\p)Z/A(A)\Q(U)(S)!”dﬁ(S)-

We present next a few examples of H-algebras.

Example 2.1. Let S be a network in RV, i.e. S is a discrete subgroup
of RY of rank N (such an S is still called a réseau, see [16: p. 111] and [9:
Chapter VII/§1]). Let Ps(R)) = {¥ € C(R)) : ¥ is S-periodic}, where by ¥
to be S-periodic we mean that for each k € S we have W(y+ k) = ¥(y) for all
y € RN, It is easy to check that PS(RéV ) is an H-algebra on Rév . Here we have
M(u) = m Jy u(y) dy (u € Ps(R))), where Y is a closed parallelepiped
in R}’ centered at the origin of RY (see [27]).

Remark 2.1. It is customary to say “u is Y-periodic” in place of “u is
S-periodic”. But that is a detail.

Example 2.2. Let AP (Rév ) be the space of all almost periodic continuous
complex functions on R} (see [19: Chapter 5] and [24: Chapter 10]). Let R
be a countable subgroup of RY (being not necessarily a discrete subgroup of
RY). Let APR(RéV) ={y e AP(R;V) . Sp(v) C R} with Sp(y) = {k € RV :
m(y,) # 0}, where i (y) = exp(2ink - y), m is the mean value for AP(RY).
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The space AP (R]) is an H-algebra on R} (see [27]). In the particular case
when R is a network in RY, we have APg(R)) = Pr-(R]’) (Example 2.1),
where R* = {k € RN : k-y € Z for any y € R} [9: Chapter VIII/p. 7).

Remark 2.2. We have AP(RY) C 1> with M(u) = m(u) for u €
APRYN) (see [28]).

Example 2.3. Let By (R})) be the space of all u € C(R)) with limy, . u(y) =]
¢ € C (¢ depending on u), where |y| denotes the Euclidean norm of y in RY.
This is an H-algebra. Indeed, properties (HA)s and (HA)3 are evident, prop-
erty (HA); follows by classical arguments (see [9: Chapter X/p.25] and [9:
Chapter 1X/p.18]) and property (HA), follows by [28: Proposition 3.3 and
Theorem 4.2].

Example 2.4. Let R be as in Example 2.2. We define By z(R})) to
be the closure in B(R}') of the space of all finite sums Finite Pitli With
@i € Boo(R)) and u; € APr(R})'). The space Boo = (R})) is an H-algebra on
R, (use [28: Example 3.4 and Theorem 4.2]).

Remark 2.3. By = (R]) coincides with the closure in B(R,)) of the space
of all finite sums . @ryr With ¢p € Boo (Rfj\’), v defined in Example 2.2
and F' ranging over the finite subsets of R.

2.3 Basic spaces attached to an H-algebra. In this subsection we present
two basic spaces associated to a given H-algebra. In what follows, A denotes
an H-algebra on Rév .

The space X% (Ré\[ ). Let 1 < p < 4+00. We first introduce the space =P
of all u € L (R]') for which the sequence (u)o<c<1 is bounded in L7 (RL)

loc loc

with u® given by (2.1). This is clearly a vector subspace of LfOC(RéV ). By
letting

1/p
Jull=s = sup (/ yu<§)|de> (u € EP)
By

0<e<1
where By is the open unit ball of RY, we define a norm under which =P is a
Banach space. This being so, we define X% (Rév ) (or simply X%, or even XP

when there is no danger of confusion) to be the closure of A in =P. We provide
X", with the ZP-norm, which makes it a Banach space.

The following propositions and corollaries can be proved exactly as in [27]
(see [27: Proposition 2.7, Theorem 2.1 and its corollaries]).

Proposition 2.3. The mean value M, viewed as defined on A, extends
by continuity to a (unique) continuous linear form (still denoted by M) on
X". Furthermore, given uw € X% and a fized bounded open set Q in RY, we
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have u® — M (u) in LP(§?) weak as € — 0, where u® is considered as defined

on §).

Proposition 2.4. The Gelfand transformation G : A — C(A(A)) extends
by continuity to a (unique) continuous linear mapping, still denoted by G, of
X% into LP(A(A)).

The mapping G : X, — LP(A(A)) derived from Proposition 2.4 is referred
to as the canonical mapping of X%, into LP(A(A)). It is important to note that
(2.2) holds for u € X%,.

Proposition 2.4 has the following two important corollaries (proceed as in
[27]).

Corollary 2.1. Let 1 < p,q < +00 with % + % = % <1. IfueXr=2X%%
and v € X%, then uv € X" and G(uww) = G(u)G(v).

Corollary 2.2. The following assertions are true:

(i) If u € XP, then w € XP and G(u) = G(u).

(ii) If u € XP, then |ulP € X' and G(|ulP) = |G(u)|P.

(iii) If U € A and u € XP, then Yu € XP and G(V)G(u) = G(Vu).

(iv) Ifue X' and u >0 a.e., then G(u) > 0 a.e.
l (v) If u € X' N L*>®, then G(u) € L®(A(A)) and [|G(u)||L=aa)y <
ul|poe .

The space H(A(A)). The aim here is to construct a Sobolev-type space
generalizing the space

H#(Y) = {w € H'(Y) : w is Y-periodic and Jyw(y)dy = O}

(Y as in Example 2.1) of the periodic homogenization theory. First, given an
integer m > 1, let

Am:{\IJEAﬂCm(RiV): Dy¥ € A for ]a|§m}

ol :
where D ¥ = M?“—.a\l;y. Endowed with the norm || ¥, = sup|q <y, | Dy ¥l/oo,

A™ is a Banach space. Furthermore, let A* = N,,>1A™. We provide A
with the locally convex topology defined by the family of norms ||-||,,, (m > 1),
which makes it a Fréchet space (to show this is a routine exercise). Finally,

we put

D(A(A))

P C(AM): G (p) € A7}

D"(A(4)) = {# € C(A(4)): G () € A™

——

(1 <meN).
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Definition 2.3. The mapping 9; = G o % o G~1 (usual composition) of
DY(A(A)) into C(A(A)) is called the partial derivative of indexi (1 <1i < N)
on A(A). The function 9;¢ € C(A(A)) is called the partial derivative of index
i of p € DY(A(A)).

More generally, 9% = G o Dy o G~! is the partial derivative of index
a € NV on A(A). On providing D™(A(A)) (m > 1) with the norm ||¢||,, =
SUD| o <m [[0%¢lc and D(A(A)) with the locally convex topology defined by
the family of norms || - |, (m > 1), we easily see that D™ (A(A)) is a
Banach space and D(A(A)) is a Fréchet space and that, furthermore, G con-
sidered as defined on A™ is an isometric isomorphism of A™ onto D™ (A(A)).
The topological dual of D(A(A)), denoted by D’'(A(A)), is endowed with the
strong dual topology. By a distribution on A(A) we shall mean an element
of D'(A(A)). The derivative of index i (1 <i < N) of T' € D'(A(A)) is de-
fined to be the distribution 9;7 on A(A) given by (0;T, p) = —(T,0;¢) (p €
D(A(A))). The transformation 7' — 0,7 maps continuously and linearly
D'(A(A)) into itself.

Before we proceed any further, let us point out the following fundamental

Proposition 2.5. Let ¢ € D™(A(A)) (m > 1). For any multi-index «
with 1 < |a| < m, fA(A) 0%p(s)dp(s) = 0.

Proof. The proof in [27: Proposition 4.2] carries over mutatis mutandis
to the present general context i

In the sequel we assume that A° is dense in A (this amounts to saying
that D(A(A)) is dense in C(A(A))), as will always be the case in practice.
Then we see immediately that we may identify a function u € L'(A(A)) with
the distribution

TeDAW), (Tup) = [ w6)e(:)d80) (p € D(AM)).

Hence LP(A(A)) C D'(A(A)) with continuous embedding, 1 < p < +oo.
Consequently, we may define

HY(A(A)) = {u € L3(A(A)) : du € L2(A(A) (1<i< N)}.

This is a Hilbert space with the norm

N 1/2
ol s sy = <HuH2Lz<A(A>> 0y HGMH%M(A))) -
=1
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However, in practice, instead of H'(A(A)) we will consider its closed
subspace

HY(A(A))/C = {u e Hl(A(A))‘ Saiayuds = o}

equipped with the seminorm

N 1/2
|ull 71 (acay)/c = <Z Haiu||2L2(A(A))> :

=1

So topologized, H'(A(A))/C is a pre-Hilbert space which is in general non-
separated and non-complete (see [27: Proposition 4.4]).

Definition 2.4. We define H} (A(A)) as separated completion of H' (A(A))/(C,I
and J to be the canonical mapping of H'(A(A))/C into H}#(A(A)) (see [10:
Chapter 11,83, n°7], [11: Chapter I, §1, n°4] and [17: pp. 61 - 62]).

Remark 2.4. H# (A(A)) is a Hilbert space and the following classical
properties hold:

1) J is linear

2) J(H'(A(A))/C) is dense in Hj (A(A))

3) 1 (wllar, (acay = lullmracaye (ue HY(A(A))/C)

4) If F is a Banach space and if | is a continuous linear mapping of
H'(A(A))/C into F, then there exists a unique continuous linear mapping L
of Hj,(A(A)) into F such that | = Lo J.

By this remark we get at once the next

Proposition 2.6. For any given index i (1 < ¢ < N), let the distri-
bution derivative 0; be viewed as a mapping of H*(A(A))/C into L?*(A(A)).
Then there exists a unique continuous linear mapping, still denoted by 0,
of Hy(A(A)) into L*(A(A)) such that 8;J(v) = div for v € H'(A(A))/C.

Furthermore,

N 1/2
fullry o = (22 10y

=1

for u € Hy(A(A)).
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3. Homogenization structures

3.1 Definitions and connection with H-algebras. We start with the
following preliminary notion.

Definition 3.1. By a structural representation on Rjyv is meant any subset
I'of B (Rév ) with the following properties:

(HS); I is a group under multiplication in B(R))).

(HS)2 I' is countable.

(HS)3 If y € I, then 7 € I

(HS), T C II.

Now, in the collection of all structural representations on ]Rff we consider
the binary relation ~ defined by

~T" <= CLST)=CLS(T)

where CLS(T') denotes the closed vector subspace of B(R)) spanned by T.
This is evidently an equivalence relation.

Definition 3.2. Every equivalence class modulo ~ is called a homoge-
nization structure on R;f .

For brevity we will sometimes write H-structure instead of homogenization
structure. If ¥ is an H-structure on Rév , by a representation of 3 is understood
any equivalence class representative I' € X. We then say that X is represented
by I'. Reciprocally, for any structural representation I" on ]R,flv there exists one
and only one H-structure on R?]JV of which I is a representation.

We denote by HS the collection of all H-structures on ]R]yv and by H.A the

collection of all H-algebras on Rév . Our next purpose is to establish a bijective
correspondence between HS and HA. Before we can do this, however, we
require the following

Lemma 3.1. Let A € HA and denote by reg (A) the multiplicative group
of all regular (or invertible) elements of A. Then reg (A) is total in A.

Proof. Since reg[C(A(A))] = G(reg(A)), we see immediately that the
lemma is proved if we can check that reg[C(A(A))] is total in C(A(A)). But
this follows by the Stone-Weierstrass theorem B

We turn now to the proof of the claimed result.

Theorem 3.1. For each ¥ € HS, let J(X) = CLS(I"), where I' is a
representation of X. Then:
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(i) J(X) is an H-algebra on R) depending only on ¥ (and not on the
chosen representation I' of ).

(i) The mapping ¥ — J(X) is a bijection of HS onto HA.

Proof. Let ¥ € HS. Fix freely any I' € X. It is an easy task to show
that the set J(X) = CLS(T') is an H-algebra on R that depends only on X
and not on the chosen I' € ¥. This yields a mapping ¥ — J(X) of HS into
‘HA which is clearly injective.

Only the surjectivity remains to be shown. Fix freely any A € HA.
Consider reg (A) (see Lemma 3.1) with the metric p(u,v) = ||lu—v||x (u,v €
reg (A)). According to property (HA); (Definition 2.2), reg (A) is separable.
So, let R be a dense countable set in reg(A), and let R = {u : v € R} C
reg (A)). Finally, define I' to be the set of all v € reg(A) of the form v =
e 5?2 (where the integer n > 1 depends on ) with o; € Z and ¢; €
RUR for1<i<mn. Itis easily checked that I' is a structural representation
on R]yv , that T" is dense in reg (A) and thus is total in A, according to Lemma
3.1. Consequently, denoting by ¥ the (unique) H-structure on ]Rév represented
by T', we have A = J(X) and so the surjectivity is established B

Definition 3.3. The H-algebra J(X) is called the image of the H-structure]
> on Ré\’ .

3.2 Some examples of H-structures. In this subsection we present some
fundamental examples of H-structures on R]yv .

Example 3.1 (The trivial H-structure ¥g). Let T' be the set of all con-
stant mappings -y : Ré\’ — C assuming values in Q* (the non-zero rationals).

The set I' is a structural representation on Ré\’ . By the trivial H-structure on
R]y\] is meant the H-structure Xy on R;j represented by I'. We have J(¥y) = C
(the constant complex functions on R?]JV ).

Example 3.2 (Periodic H-structures). Let R be a network in R}}. Let
I' = {y : k € R} where v(y) = exp(2ink -y) (y € RY). The set I is a
structural representation on Ré\] . The H-structure on ]Rév represented by I' is

denoted by Y% and referred to as the periodic H-structure represented by R.
We have J(Xr) = Pr-(R])) (see Examples 2.1 and 2.2).

Example 3.3 (Almost periodic H-structures). Let R be a countable
subgroup of Rév . The set I' = {yx : k € R} is a structural representation on

Ré\] . We define ¥ to be the (unique) H-structure on Ré\’ of which I'" is one
representation. g is referred to as the almost periodic H -structure on R?]f
represented by R. We have here J(Xr) = APR(]R?]JV ) (Example 2.2).
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Remark 3.1. A periodic H-structure on Ré\f is none other than an almost
periodic H-structure represented by a network in ]R]yv .

Example 3.4 (The H-structure of the convergence at infinity, ¥,). By
this is understood the H-structure >, on ]R;f whose image is the H-algebra
B (Rff ) in Example 2.3 (the existence and uniqueness of ¥, follows by The-
orem 3.1).

Example 3.5 (The H-structures Yo ). Let R be as in Example 3.3.
We define ¥ g to be the H-structure on ]R?]f whose image is the H-algebra
Boo,r(R)) (Example 2.4).

3.3 Comparison of H-structures. In ‘HS we consider the binary relation
=< defined by
LY = JEcJIrE.

This is an order in HS (according to Theorem 3.1, we have J(X) = J(¥/) if
and only if ¥ = 37). In the sequel we set (see Subsection 2.3)

X0 =x"

7 (3.1)

for ¥ € HS and 1 < p < +o00. The following simple comparison results are
worth mentioning.

(1) Xp XX for any ¥ € HS.

(2) X <Y, then X5, C X%, (1 <p < +o0).

(8) If Ry and Ry are two countable subgroups of R} and if ¥, (i =1,2)
is as in Example 3.3, then Yz, < Xz, amounts to R; C Ras.

3.4 Product H-structures. Let m € N, let {N,}1<j<,, be a finite family
of positive integers, and N = Ny + --- + N,,, so that

RN = RM x ... x RVm, (3.2)

In the sequel M denotes the mean value on R as well.

Remark 3.2. Let u; € II*°(RM) (1 < j < m). The tensor product
@7 uy lies in TI°°(RY) and further M (@ u;) = H;nzl M (u;).

Now we put

QGj = {93 g= ®;nzlgj (95 € Gj)} (Gj - B(RNj)).

Jj=1

On the other hand, we recall that ®7L,G; denotes the vector subspace of
B(RY) spanned by ©7L,G;. Before we can introduce the notion of a product
of H-structures, we need the following preliminary
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Proposition 3.1. Consider a family {¥;}1<j<m, where ¥; is an H-
structure on RNi. There exists one and only one H-structure ¥ on RN with
the following property

P) IfT'; is a representation of ¥; (1 < j <m),
then I' = ©7_,T'; is such one of X.

Proof. Let I'; be a representation of ¥; (1 < j < m). It is an easy
exercise to check that I' = ©72I'; is a structural representation on RY. Let ¥
be the H-structure on RY of which I' is one representation. Let us show that ¥
is the claimed H-structure. To this end consider any further family {I"; }1<j<m
with F; € ¥;. Clearly, the set IV = @37”:11“; is a structural representation
on RY and we have CLS(I') = CLS(I), since CLS(I';) = CLS(Ty) for
1 < j < m. Hence ¥ satisfies property (P), and it is evident that ¥ is the
only H-structure on R with that property i

This leads us to the following

Definition 3.4. The H-structure X of Proposition 3.1 is referred to as
the product of the H-structures ¥; (1 < j < m), and is denoted by HTzl Y=
Y1 X X Y

The next result will play a fundamental role.

Proposition 3.2. Let {¥; }1<J<m, where ¥; is an H-structure on RNi .
Then @7, J(%;) is dense in J ([T, Xj).

Proof. Let I' = ©J.I';, where I'; is a representation of ;. Set ¥ =
[[j=, ;. Clearly, (I') C @7, J(%;) C J(X), where (I') stands for the vector

subspace of B(RY) spanned by I'. But according to Proposition 3.1, J(X) =
CLS(T). Therefore, the proposition follows B

7j=1

Now, let £; (1 < j < m) be as in Proposition 3.2. Set ¥ = X1 x -+ X X,,,

A; =J(2;) and A = J(X). Our main purpose in the sequel is to establish
the equality

A(A) = A(A)) x - x A(An) (3.3)

where x denotes the usual Cartesian product. We need the following

Lemma 3.2. Let f; € B(RMi) for 1 < j < m. There exists a constant
¢ > 0 such that

< CZ |f] (z;) — f; y])’ (3.4)

(25) — H (y5)

for all yj,z; e RNi (1 <j <m).
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Proof. This can be be shown by induction on m > 1. The case m =1

is trivial. Next, assume that m > 1, and suppose there is some constant
¢(m — 1) > 0 such that

m—1 m—1 m—1
H fj(zj) - H f](yj) <c Z ‘f] Z] f] y])|
Jj=1 j=1 j=1

for y;,2; € RN: . If Yj,2j € RYi | then by the equality

H fi(z5) — H fi(y;)

:{ﬁlfj<zj H 5| ) + i) = i) H

we are quickly led to (3.4) with ¢ = ¢(m) > maX(H;-n:_ll | filloos c(m —
Dl fmlloo) B
At the present time, define

G=(0ys--s0,,) fory=(yi,...,ym) € RY = RN x ... x RNm

where d,, is the Dirac measure on R™Ni at y;, and then set

D= {y Ly =iy, ym) € RY (with (3.2))}.

Of course, D C H;n:1 A(A;). In the sequel the compact space A(A) is pro-
vided with its natural uniform structure [10: Chapter II, p. 27|, and the
same is true of each compact space A(4;) (1 < j < m). The product space
A(Ay) x -+ x A(A4,,) is provided with the corresponding product uniform
structure, and D is viewed as a uniform subspace of A(A41) x --- x A(A4,)
(see [10: Chapter II}).

We are now in a position to prove (3.3).
Theorem 3.2. The mapping h: D — A(A) defined by h(y) = 6, fory €

RN =RM x ... x RN s uniformly continuous, and it extends by continuity
to a homeomorphism H of A(Ay) X -+ X A(A,,) onto A(A).

Proof. The first point is to show the uniform continuity of h. Let V be a
vicinity of the uniform structure of A(A). Of course, we may assume without
loss of generality that

V:{(r,s): r,s € A(A) with |(r,¢) — (s,¢)| < a for allngB}
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where B is a non-empty finite subset of A, & > 0, and (-, -) denotes the duality
between A’ and A. This being so, fix freely ¢ € B. In view of Proposition 3.2,
we have [l — flloc < ¢ for some suitable f = 77" | (@72 u;) with u;; € Aj.
Hence

[o(y) — ()| < |f(y) = F(2) + 5
for y = (y1,...,ym) and 2z = (z1,...,2m,) in RY (with decomposition (3.2)).

But
| \<Z

=1

H wij (y;) — wij(z5)

j=1
< ZCZZ ‘“w Yj) — Ui zj)| (Lemma 3.2)
1=1 =

where ¢; > 0. Letting ¢ = max;<;<p ¢;, we deduce that

lp(y) |<CZZ‘UU (yj) — wis( Z])’ +3

=1 j5=1

for any y = (y1,...,Ym) and z = (21,..., 2;,m) as above. Hence

oY) —9(2)] <« (3.5)

for y = (y1,...,ym) and z = (z1,...,2,) in RY (with (3.2)) such that
(8y,;,02,) € W (1 <j <m) where

WE = {(ros) s € AGA) with |(rug) — (s} < 5o

Now, let pr; denote the natural projection of A(A;)x---xA(A,,) onto A(A;).
Let q; = pr; x prj, i.e. g; is the mapping

q; - [A(Al) X X A(Am)} X [A(Al) X X A(Am)] — A(AJ) X A(AJ)
q;(r,s) = (prj(r),prj(s)) for all r,s € A(A1) x -+ x A(Ap).
Finally, let

ﬂ W) with W9 = () W

Jj=1 peB
The set W is a vicinity of the uniform structure of H 1 A(A;) and we have,
thanks to (3.5), (h(3), h(£)) € V whenever (3, 2) € W. This shows that h is

uniformly continuous.

Consequently, since D is dense in A(A1) X --- x A(A,,) [indeed, it is well
known that the range of the mapping z — &, of RY into A(A;) is dense in
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A(A;)], the mapping h extends by continuity to a continuous mapping H of
A(A1) x -+ x A(A4,,) into A(A) (see [10: Chapter II, p. 29]). Thus, thanks
to a well-known argument, the theorem is proved if we can verify that H is
bijective.

We begin by showing the surjectivity. Let s € A(A). Observing that
h(D) is dense in A(A), we see that there exists a sequence (()n>0 C RN
(RN factorized as in (3.2)) such that h((,) — s in A(A) as n — oo. Fur-
thermore, since A(A;) x --- x A(A4,,) is compact and metrizable, we can
extract a subsequence, still denoted by ((,) for simplicity, such that Con —r
in A(A;) x -+ x A(A,,) as n — oco. Hence H(r) = s, which shows that H is
surjective.

It remains to check that H is injective. First of all, let u; € 4; (1 <
j<m). fy=(yi,....,ym) € RY (with (3.2)), then the classical equality
0y = ®7L,0,, shows that

(110 &) - 530,

By combining the continuity of H with the fact that D is dense in A(A;) x
- X A(A,,), we deduce that

<H( ® > H Sj,Uj) for s = (s1,...,8m) EHA(A]-). (3.6)
g=1 j=1 =1
Having made this point, we now consider s = (s1,...,8y) and r = (r1,...,7y)

in A(A;) x --- x A(A,,) such that H(s) = H(r). Then

m

H<Sj’uj H T, Uj) for any u; € A;. (3.7)
j=1

Fix freely an integer ¢ (1 <i <m) and let ¢ € A;. In (3.7) take u; = 1 and
uj = 1if j # 4. Since (rj,1) = (s;,1) = 1, it follows (s;, ) = (r;, ). Hence
s = r. Therefore H is injective and so the proof is complete B

Thanks to Theorem 3.2, A(A) may be identified (by means of H) with
A(A7) x---x A(A,,). Thus, we are justified in setting equality (3.3), and it is
worth noting that the use of the said equality will be systematic throughout.

Theorem 3.2, or rather its concrete version (3.3) has the following two
corollaries of considerable interest.

Corollary 3.1. We have G( Q@) u;) = QG (u;) for u; € A; where
the same G denotes the Gelfand transformation on A; as well.

Proof. This follows directly by (3.6)
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Corollary 3.2. Let 3 anf 3; be the M-measures for A and A;, respec-
tively. Then B = ®7L, ;.

Proof. By combining Corollary 3.1 with Remark 3.2 and use of (2.2) we
are immediately led to

(@)oo [, wiores

for ¢; € C(A(A;)), thereby proving the corollary (see [7: p. 82/Theorem 1]) i

The notion of a product H-structure will prove to be particularly adapted
for tackling homogenization problems (in time) for evolution partial differen-
tial equations beyond the classical periodic setting. But this is outside the
scope of the present study.

We wish to describe two examples of product H-structures.

Example 3.6 (Product of almost periodic H-structures). Let Y, be the
almost periodic H-structure on RY7 represented by a countable subgroup R;
of RYi (see Example 3.3), 1 < j < m, and let ¥, x..xr, be the almost
periodic H-structure on RY = RM x ... x R¥m represented by the product
Rl X X Rm Then 2R1><-~~><Rm = E'Rl X oo X E’Rm-

Example 3.7. We consider the product H-structure ¥ = »; x ¥, on
RM+1 = RM x R, where ¥; is an H-structure on R and ¥ is the H-
structure on R defined as in Example 3.4. Our main purpose is to identify X.
Let A1 = J(31) and introduce the space By, (R; A7) of all ¢ € B(R; A7) such
that

lim (7)1 ()] oo = 0

|7 S0

where 11(¢)) € A;.  Bso(R; Ap) is a Banach space under the B(RM1+1)-
norm, and the correspondence ¥ — [1(1) is a continuous linear mapping
of Boo(R; Ay) into A;. We will denote by By(R; A;) the space of all ¢ €
Boo (R; A1) with [4(¢0) = 0. Note that By(R; A1) coincides with the closure of
A; ® K(R) in B(RMTL) (see, e.g., [7: pp. 45 - 46]) where K(R) is the space
of all continuous complex functions on R with compact supports.

Proposition 3.3. We have J(X) = Boo(R; Ay).

Proof. We clearly have 41 ® B (R) C Boo(R;Ay). Therefore, since
A1 ® Boo(R) is dense in A = J(3) (Proposition 3.2), it follows that J(X) C
B (R; Aq). To show the inverse inclusion, observe that each ¢ € B (R; Aq)
is (uniquely) expressible in the form

Yv=L)®1+ve (Yo € Bo(R; Ay)). (3.8)
Hence By (R; A1) C J (%), which completes the proof i
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Having identified 3, let us prove an isomorphism result we will need later.
The same G will denote the Gelfand transformation on A; = J(31), on A =
J(X) and on B, (R), as well.

Proposition 3.4. The mapping

Ly : C(A(A)) = C(A(Ar)), Li(G(¥)) = G(tL(¥)) (¢ € A)

extends by continuity to an isometric isomorphism, still denoted by L1, of
L?(A(A)) onto L*(A(Ay)).

Proof. We begin by observing that
ILL (@) r2acany = 19l2aca)y (@ € A) (3.9)
where 1) = G(¢). Indeed, given 1) € A, from (3.8) we have
M([¢f*) = M([62(9)? © 1) + 2Re M ([61() @ 1ibg) + M (J0]?)

where M denotes the mean value on RM+! RNt and R, as well. But the last
two terms on the right reduce to zero because M vanishes on By(R; A4;), and
on the other hand we have M (|¢1(¢)|? ® 1) = M (|[¢1(+)]?) (see Remark 3.2).
Therefore M(|1|?) = M(|¢1()|?). Hence (3.9) follows, according to (2.2).
Consequently, thanks to the density of C(A(A)) in L?(A(A)), the mapping
Ly extends by continuity to an isometry, still called L, of L2(A(A)) into
L*(A(Ay)).

Thus, it only remains to check that this isometry is surjective. From the
obvious equality ¢1(f ® 1) = ¢1(f) (f € A1) we see that

C(A(A1)) = Li[G(A1 ® )] € Li[L*(A(A))] € L*(A(A1)).

We deduce that Li[L?(A(A))]is dense in L?(A(A;)). Therefore Li[L?(A(A))] =}}
L?(A(Ay)), since the space on the left is closed in that of the right (recall that
L, is an isometry) 1

3.5 Summable families of H-structures. Let {¥; }1<;<., be a finite family
of H-structures on RY. For each i, we set A; = J(3;) and we denote by
Ay + ...+ A, the space of all finite sums Y .-, 1¥; with ¢; € A;.

Definition 3.5. The family ¥; (1 < i < m) is said to be summable if
the vector space Ay + ...+ A,, is stable under pointwise multiplication.

The following proposition is obvious and the proof is therefore omitted.
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Proposition 3.5. Suppose the family {£;}1<i<m is summable. Let A be
the closure of A1 + ...+ Ay, in B(RY). Then A is an H-algebra on RY.

This leads to the following

Definition 3.6. Suppose the family {¥;}1<i<y, is summable. Then the
H-structure ¥ on RY whose image is the H-algebra A of Proposition 3.5 (see
Theorem 3.1) is called the sum of the (summable) family {¥;}1<;<m and is
denoted by X1 4+ ...+ X,,.

Now we consider a pair {X;,3,} of H-structures on RY. In the sequel
we use the same G to denote the Gelfand transformation on A; = J(3;) and
As = J(X2), as well. Let

We assume the following:

A;/C is stable under multiplication (3.10)
If pe Ay/C and ¢ € Ay, then pyp € 4,/C (3.11)
(A1/C)N Ay = {0}. (3.12)

With (3.12) in mind, we let V = (A;/C) @ Ay (direct sum) and we define the
mapping ¢ : ¥V — V to be the projection (of V) on As along A;/C. Thus,
A1/C={Yp €V : latp =0} and Ay = {¢p € V : b = Lot} (range of £3), and
each v € V is uniquely expressible in the form
Y =Py + L2 with ¢ € Al/(C (313)
Our goal is to establish the following

Proposition 3.6. Let (3.10)—(3.12) be satisfied. Then the family {31, 32 }|}
is summable. Furthermore, if we set A = J(X1+X2) and if the Gelfand trans-
formation on A is also denoted by G, then the mapping

Ly G(V) = C(A(A2)), L2(G(¥)) =G(L(¥)) (¥ €V)
extends by continuity to an isometric isomorphism L of L*(A(A)) onto L?(AA3)) |}

Proof. According to (3.10) - (3.11), the space V is stable under mul-
tiplication. Hence the summability of the family {¥;,¥5} follows by the
trivial equality A; + Ay = (41/C) 4+ As. For the rest we proceed as in the
proof of Proposition 3.4: Let ¢» € V. Starting from (3.13) and using the fact
that the functions [1o|?, ¥of2(¢)) and gla (1)) lie in A; /C (thanks to (3.10) -
(3.11)), one arrives at M ([¢|*) = M (|¢2(¢)|?). Therefore || La ()| 12(a(a)) =

H&”H(A(A)) for all ¢ € V where 1) = G(1). Consequently, noting that G(V) is
dense in L?(A(A)) (since V is dense in A) we see that L extends by continu-
ity to an isometry, denoted by L, of L?(A(A)) into L?(A(A5)). Furthermore,
by simple arguments similar to those we used in proving Proposition 3.4, it is
easily checked that L is surjective. This completes the proof il
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This situation is worth illustrating.

Example 3.8. Let 3; = X, (Example 3.4), and let X5 be an H-structure
on RY with the following property:

0<ueJ(®E) = {M(u)=0 =u=0}. (3.14)

Then (3.10) - (3.12) are fulfilled. Indeed, we have A;/C = By(RY), and
it is therefore apparent that (3.10) - (3.11) are satisfied. As regards (3.12),
let 1 € (A1/C) N Ay. Then |p|* € (A1/C) N Ay thanks to (3.11) (use also
Proposition 2.2). Hence M (|¢)|?) = 0. Therefore ¢ = 0, according to (3.14).
This shows (3.12).

As a consequence of the preceding example, we have the following

Proposition 3.7. Let X and X be as in Examples 3.3 —3.4. The pair
{¥c0,Xr} is summable and we have Yo + Xr = Yooz (see Ezample 3.5).

Proof. If a function 0 < u € Ay = J(Xr) satisfies M (u) = 0, since (35
(the M-measure for A;) is the Haar measure on A(As) (thus, the support
of By is exactly A(Aq)) [27: Proposition 2.6], then G(u)(s) = 0 for all s €
A(Az) (use (2.2)). Hence u = 0. Therefore, the summability of {¥,Xxr}
follows by Example 3.8 with ¥y = Y. Furthermore, it is easily seen that
Boo (RY) + APR (RY) coincides with the space of all finite sums > @;u; with
©;i € Boo(RY) and u; € APR(RY), hence X + Xg = Yooz B

However, it would not be out of interest to exhibit a non-summable family
of H-structures.

Proposition 3.8. Let Ry and Ry be two countable subgroups of RN such
that the union R1URs is not a subgroup of RN . Then the pair {¥r,,Xr,} (see
Ezxzample 3.3) is not summable.

Proof. If k1 € Rq and ky € Ro are such that ki + ko lies outside Rq1 URo,
then i, Yk, lies off APr, (RY) + APgr,(RY). The proposition follows B

4. 3-convergence

Throughout this section, 2 denotes a bounded open set in RY.

4.1 Preliminaries. For u € C(QxR)), and in particular for u € C(Q; B(R))) ]
let
ut(x) = u(x, £) (x € Q) (4.1)

where € > 0. This gives a function u® € C(Q2). Of course, we may also take u
in C(; B(Rév)) (22 the closure of 2 in RY). Later on we will have the need to
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loc

Specifically, we wish to define u|a_, i.e the trace of u on A, = {(z,y)

2 (z € Q)}, in the following two cases:

give meaning to the right side of (4.1) for certain functions u € L}, (2 x R} ).
Dy =

1) we LP(Q; B(RY)) (1 <p < +4o0)
2) ue C(Q;L>(R))).

This is a delicate question because the set A. is negligible in RY x Rff for
Lebesgue measure (see, e.g., [6: p. 33]). Nevertheless, we have the following
two trace results (for further details, including the proofs, see [27] or [29]).

Proposition 4.1. Let 1 < p < 4o00. There exists a linear operator u —
u® of LP(Q;B(RéV)) into LP(QQ) with the following properties :

(1) ey < llullr@sey)) for all u € LP(Q; B(RY)).

(ii) If u € C(Q;B(Rév)), then u® is given by (4.1) (as is customary,
C(Q;B(Ré\’)) may be viewed as a subspace of LP(Q;B(RS]))).

Proposition 4.2. For each u of the form u = ¥;crp; @u; with p; € C(Q)
and u; € LOO(]R;V), I being a finite set, let u® = Y;erpus (u$ defined as
in (2.1)). This gives a mapping u — u° of C(Q) ® L>(R]) into L>(Q)
that extends by continuity to a continuous linear mapping, still denoted by
u — u®, of C(Q;Lm(Rg)) into L*°(2) with the property that [[u®||pe(q) <
sup,, g [[u(@)|| e @y) for all u € C(8; L= (R))).

Having made this point, let ¥ be an H-structure on RY, and let A = J(X).
For u € L}, .(Q; A), let u(z) = M(u(z)) (x € Q), where M denotes the mean
value on R}Y. This defines a function @ € Lj, (), hence a linear transfor-
mation u — u of L}, (Q; A) into L}, () that maps continuously C(Q; A) into
B(2) and LP(2; A) into LP(Q) (1 < p < 400). Furthermore, with (4.1) and

Proposition 4.1 in mind, we have

Proposition 4.3. As ¢ — 0, we have u® — wu in L ()-weak * for
u € C(QA), and u® — u in LP(Q)-weak for u € LP(Q; A) (1 < p < +00).

Proof. This follows by a simple adaptation of [27: Proofs of Propositions
1.9 and 1.10] N

For u € LP(Q; X%) (see (3.1)) with 1 < p < +00 we set Go(u) = Gou (usual
composition), where we recall that G denotes the Gelfand transformation on
A as well as the canonical mapping of X? into LP(A(A)) (Subsection 2.3).
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This defines a linear transformation G that maps continuously
LP(; X%) — LP(Q x A(A))
LP(Q; A) — LP(Q x A(A))
C(X5) — C( LP(A(A)))
C(ﬁ; A) — C(ﬁ x A(A)).
For convenience we will most of the time write
u = Ga(u). (4.2)

Observe that we may therefore still put u = G(u) if u € X%.
Finally, we will need the following definition: By a fundamental sequence

we will mean any ordinary sequence of real numbers 0 < ¢, <1 (n € N) with
en — 0 asn — oo.

Remark 4.1. Given ¢ € C and a sequence of complex numbers ((:)c0,
C¢ — ¢ as e — 0if and only if (,, — ¢ as n — oo for any fundamental
sequence (gy,).

4.2 The ¥-convergence in LP(€2). Let p € R withp > 1, and let 1% = 1—%
Let E be a subset of R% = (0,400) whose closure in R = R U {—00, 400}
contains 0. For example, £ may be the whole R , or a fundamental sequence.
There are many other examples of such an F.

Finally, let X be an H-structure on R)Y, and let A = J(%).

Definition 4.1. A sequence (u:)cep C LP(Q) is said to be weakly -
convergent in LP(Q)) if there exists ug € LP(2x A(A)) such that, as £ > ¢ — 0,

we have
/ (@) f (@) da — / /Q oy ) Vi@, s)dzdB(s)  (4.3)

for every f € LP'(; A), where f= Ga(f) (see (4.2)).

We express this by writing u. — ug in LP(2)-weak X, and we refer to ug
as the weak X-limit of the sequence (u.)ecp (the unicity of ug is evident).

Example 4.1. If u € LP(Q; A), then according to Proposition 4.3 we
have u® — u in LP(§2)-weak 3. This is true in particular for u € A, hence also
for u € XP = X%, by density.

Now, we wish to record the main results related to weak >-convergence.
The proofs of Propositions 4.4 and 4.5 and of Theorem 4.1 below are quite the
same as in the case of an almost periodic H-structure [27] and are therefore
not worth repeating.
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Proposition 4.4. Suppose a sequence (uc)ecp C LP(QY) is weakly -
convergent in LP(Q) to some ug € LP(QL x A(A)). Then as E > ¢ — 0,
ue — ug in LP(Q)-weak where ug(z) = fA(A) uo(x, s)dB(s) (x € Q).

Theorem 4.1. Assume that 1 < p < +o0o. Then the space LP(Q)) is
Y-reflexive in the following sense: Given a fundamental sequence E and a
sequence (ug)ec g which is bounded in LP(Q2), a subsequence E' can be extracted
from E such that the sequence (us)ecpr is weakly Y-convergent in LP($2).

In the sequel we set X" = X"NL®(R}) (1 <r < +00), where X" = X§,.
We equip X™*° with the L°°-norm, which makes it a Banach space.

Proposition 4.5. Let1 < p < +oo. Suppose a sequence u. € LP(Q) (e €
E) is weakly ¥-convergent in LP(QQ) to some ug € LP(Q2 x A(A)). Then, as
e—0 (c€E), (4.3) holds for f € C(€; XP").

Combining this with Example 4.1, we quickly deduce the following

Corollary 4.1. For u € C(Q;XP>) with 1 < p < +oo the sequence
(uf)eso s weakly X-convergent in LP(Q2) to u.

Proposition 4.4 points out a close connection between the weak »-convergencelj

and usual weak convergence in LP({2). Besides, observe that the latter is none
other than the weak Y-convergence in LP(2), ¥y being defined in Example
3.1. Theorem 4.1 provides a justification of the concept of weak ¥-convergence.
Note that this theorem was already available in the particular case where X
is a periodic H-structure (see [2, 30]).

Let us turn now to the concept of strong »-convergence. Based on the
density of Go(LP(§2;A)) = LP(2;C(A(A))) in LP(2 x A(A)), we can frame
the following

Definition 4.2. A sequence (u.).ep C LP(2) is said to be strongly X-
convergent in LP(2) if there exists ug € LP(2 x A(A)) such that the following
holds true:

(SSC) { Given n > 0 and f € LP(Q; A) with [Jug — ﬂ\Lp(QxA(A)) <12

We express this by writing u. — ug in LP(Q2)-strong ¥. The unicity of wug is
obtained exactly as in [27: Proposition 3.4], and we call ug the strong 3-limit
of (ue)eek-

Remark 4.2. Suppose ug = vy with vg € LP(Q; A). Then u. — ug in
LP(§2)-strong X if and only if [Ju. — v§|rr) — 0 as E > e — 0.

Now by Proposition 4.3 we have lim._q [|[¢°[|zr () = H{D\HLP(QXA(A)) for
Y € LP(§2; A). Proceeding as in [27: Examples 3.2 and 3.3], we deduce imme-
diately the following two basic examples.

there is some o > 0 such that [|uc — f|[zr) < n provided £ 3¢ < a.
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Example 4.2.

(1) For uw € LP(§2; A) we have u® — u in LP(Q)-strong ¥ as € — 0.

(2) Let (ue)eer C LP(2). If u. — w in LP(Q) (strong) as £ 3 ¢ — 0,
then u. — w in LP(Q2)-strong .

However, in general a strongly Y-convergent sequence in LP({2) is not
necessarily convergent in LP(Q) (see [27: Remark 3.4]).

The next proposition provides an illustration of the concept of strong -
convergence.

Proposition 4.6. Suppose a sequence (ug).cg is strongly ¥-convergent
in LP(QY) to some ug € LP(2 x A(A)). Then, as E > ¢ — 0, we have:

(1) ue — ug in LP(2)-weak X.

(ii) |lucllzr(@) — lluollLr@xaca)y)-
Reciprocally, if p = 2 and assertions (i) - (ii) hold, then u. — wug in LP(2)-
strong 3.

Proof. The procedure is exactly that which leads to [27: Propositions
3.5-3.6]1

We conclude this subsection with the following

Proposition 4.7. Suppose the two real numbers p,q > 1 are such that
1= %-l—% < 1. Let ug € LP(Q x A(A)) and vg € LI(Q x A(A)), and
let u. € LP(QQ) and v. € L1(Q) for e € E. Finally, assume that u. — wug
in LP(Q)-strong ¥ and ve — vg in L9(Q)-weak 3. Then u.v. — wugvy in
L™ (Q)weak X.

Proof. This is a reproduction of the proof of [27: Proposition 3.7]

4.3 Remarks. Let us state the following:

(1) Subsections 4.1 - 4.2 are still valid if © is not bounded provided some
slight modifications are made.

(2) Suppose E is a fundamental sequence and let (uc)eep C LP(Q2) (1 <
p < +00) with u. — u in LP(Q)-weak as E 3 ¢ — 0. Let f € LP (; A).
According to Proposition 4.3, f¢ — f in L¥' (Q)-weak as ¢ — 0. By confining
ourselves to the mere resources of classical weak convergence, it is not in
general possible to state whether or not the sequence (ucf®).cp is weakly
convergent in L1(Q) when E > ¢ — 0. However, by appealing to the concept
of weak Y-convergence we know at least that by Theorem 4.1 we can extract
a subsequence E’ from E such that, as B/ > ¢ — 0, u. f* — v in L*(Q2)-weak,
where

v(z) = /A(A) uo(z, s)f(x,s)dzdp(s) (x € Q)
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with ug € LP(2 x A(A)). The lesson drawn from this is that in general the
sequence (u.f¢).cp does not converge weakly in L!'(Q). Moreover, in the
case this should happen the corresponding limit would not be u f . One of the
main purposes of the weak Y-convergence is precisely to supply this deficiency.
Indeed, if instead of the preceding weak convergence hypothesis on (u.)ccg
we assume that (u.)ecp is weakly X-convergent in LP () to some ug € LP(§2 x
A(A)), then u. f¢ — uof in L'(€2)-weak S (use Proposition 4.7 and Example
4.2), hence u. f¢ — v in L*(Q)-weak as E > € — 0, where v is as above. On the
other hand, as we mentioned in [27: Subsection 1.1], the stiffness of the ususal
strong convergence in LP({2) needed to be tempered with the new concept
of strong Y-convergence (see part (2) of Example 4.2 and the subsequent
comment). Thus, if we write W and S for usual Weak Convergence and Strong
Convergence, respectively, and WY and S¥ for the Weak Y-Convergence and
Strong Y-Convergence, respectively, then S = ¥ = WYX = W.

4.4 Proper H-structures. As will be seen later, our capability of applying
the theory of H-structures to partial differential equations is based on the
forthcoming notion of a proper H-structure. We begin with a few preliminar-
ies. The basic notation and hypotheses are as before, in particular > denotes
an H-structure on RY with A = J(%), and 3 is the M-measure for A.

Definition 4.3. X is said to be

(i) of class C* if A* is dense in A

(ii) total if D(A(A)) is dense in H1(A(A)).

It is worth recalling that the construction of the space H'(A(A)) in Sub-

section 2.3 is based on the hypothesis that ¥ is of class C°°°. The following
results can easily be established:

(1) Suppose ¥ = X1 X Xy, where ¥; is an H-structure of class C*° on
RY: (i =1,2) with N = N; + Ny. Then X is of class C°.

(2) Suppose ¥ = 1 + Xy, where X; is an H-structure of class C* on RY.
Then ¥ is of class C*°.

(3) The H-structures in Examples 3.1 - 3.5 are each of class C*°.

Throughout the rest of this subsection ¥ is assumed to be of class C'*°.

Proposition 4.8. Suppose X is total. Then the following assertions are
true:

(i) J(D(A(A))/C) is dense in H#(A(A)), where D(A(A))/C = {¢ €
D(A(A)) : [pea)pdB=0}.
(ii) fA(A) diudB=0 (i=1,...,N) forue Hy(A(A)).
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Proof. Assuming that ¥ is total implies immediately that D(A(A))/C
is dense in the pre-Hilbert space H*(A(A))/C. Hence assertion (i) follows by
points 2) and 3) of Remark 2.4. Combining this with Propositions 2.5 - 2.6
we finally arrive at assertion (ii) il

We turn now to the next

Definition 4.4. We say the Sobolev space H'(2) = Wh2(Q) [1, 25,
26] is X-reflexive if the following holds: Given a fundamental sequence F
and a sequence (u.)ec g which is bounded in H'(€), a subsequence E’ can be
extracted from E such that, as ' 3 € — 0, u. — ug in H'(Q)-weak and 4=

Ot 1 9juy in L3(Q)-weak © (1 < j < N), where uy € L2(; H (A(A))).

ox

Remark 4.3. By considering d; as a mapping of Hj, (A(A)) into L? (A(A))I
by Proposition 2.6, 9; o uy € L*(Q x A(A)) for uy € L*(Q; Hi(A(A))),
and the transformation u; — 0; o u; is a continuous linear mapping of
LQ(Q;H#(A(A))) into L2(2 x A(A)) (this follows by [7: p. 132/Theorem
4]). We shall set 0u; = 0; o u;.

We are now able to define a so-called proper H-structure.

Definition 4.5. X is said to be proper if the following conditions are
fulfilled :

(PR); X is of class C°.

(PR); X is total.

(PR)3 For any bounded open set Q C RY | H(Q) is S-reflexive.

Example 4.3. Any almost periodic H-structure is proper (see [27]). Of
course, this includes the particular case of periodic H-structures.

Because of the important role the proper H-structures are destined to
play in the homogenization of partial differential equations, we wish to prove
a fundamental theorem that will later allow us to establish the properness of
some specific H-structures. Let us first state the hypotheses.

Let Yo be a further H-structure on RY with Ay = J(33). We assume
that 5 is of class C'°°. On the other hand, we denote by (5 the M-measure
for As. Now, we assume that hypothesis (H) below is satisfied:

(H) There exist an isometric isomorphism L of L%(A(A)) onto L?(A(As)),
a dense vector subspace V of A, a surjective linear mapping [ : V —
Ao, and a vector subspace V> of A°° NV such that the following
conditions hold:

L(G(v)) =G(lv) (veV) .
L(vu) = L(v)L(u) (v €V, u¢€ LQ(A(A))) where v = G(v) (4.5)
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(v—1W) —=0in L}, (RY)ase -0 (veV) (4.6)

If v € V>, then DJv €V (o €NV) (4.7)

The restriction of [ to V°° maps V> onto A3° (4.8)
le% _ @ 00 N

Dy (lv) =l(Dyv) (ve V> aeNY). (4.9)

Under the preceding hypotheses, we wish to prove that if 35 is proper,
then so also is X. However, before we can do this, some preliminary lemmas
are necessary.

Lemma 4.1. Suppose X5 is total. Then the following assertions are true:
(i) Ifue HY(A(A)), then Lu € H*(A(Ag)) and further

8i(Lu) = L(du) (1 <i<N). (4.10)

(ii) The restriction of L to H'(A(A)) is an isometric isomorphism of
HY(A(A)) onto H'(A(Ay)).
(iii) X is total.

Proof. First, it is not difficult to show that
/ LudfBs = / udp (u € L*(A(A))). (4.11)
A(Az) A(A)

With this in mind, let now u € H'(A(A)). Fix freely 1 € A3°. Then, in the
distribution sense on A(A3), we have

~

(0;Lu, ¥) = — /A 3 )Lua@dﬁz.

But according to (4.8), ¢ = lv with v € V*°, and further ) = L(0v) =
L(g_.v;) thanks to (4.4), (4.7) and (4.9). Hence

~

(O Lu, d) = — / L(uds5) dBs (according to (4.5)))
A(Az)
:_/ wdGds (use (4.11))
A(A)
= / 00;udf (since u € H! (A(A)))
A(A)
= / L(v0;u)dfBy (use (4.11), once more)
A(A2)

= / @L(@iu) dfBs (thanks to (4.5), once more).
A(Az)



100 G. Nguetseng

Therefore assertion (i) follows by the arbitrariness of ¢. We next show asser-
tion (ii). According to (i), L maps isometrically H'(A(A)) into H*(A(Az)).
Thus, it only remains to establish that H'(A(A3)) = L[H'(A(A))], which
reduces to showing that L[H(A(A))] is dense in H'(A(Az)), since L is iso-
metric. But this follows by

D(A(A2)) = G(AF) = L(G(V™)) C LIH (A(A))] € H'(A(A2))

and use of the fact that ¥s is total. This shows assertion (ii). Finally, refer-
ence to what precedes reveals that L(G(V>°)) is dense in H!(A(Asz)). Hence
assertion (iii) follows by (ii) B

In the sequel .J denotes the canonical mapping of H'(A(A))/C into Hj, (A(A))I
whereas Jo denotes the canonical mapping of H'(A(A4z))/C into H#(A(Ag)).

Lemma 4.2. Suppose ¥ is total. Then there exists an isometric isomor-
phism Ly : H#(A(A)) — H%&(A(Ag)) such that

Ly(Jf) = Jo(Lf) (f € H'(A(A))/C) (4.12)
O; Ly (u) = L(Oju) (u € Hy(A(A)),1<i<N). (4.13)

Proof. According to Lemma 4.1/(i) - (ii), L is an isometric isomorphism
of HY(A(A))/C onto H*(A(Az))/C. With this in mind, observe that

ILf s acanyse = 1L s aca) — (F € H(A(A))/C).

Therefore, Jy o L is an isometry of H'(A(A))/C into H(A(Asg)). Hence,
in view of Remark 2.4/4), there is a unique continuous linear maping Ly :
H#(A(A)) — H# (A(A3)) such that (4.12) holds, and it is clear on the other
hand that Ly is an isometric mapping. Furthermore, the surjectivity of L
follows by noting that

Jo[H' (A(A2))/C] = Jo[L(H' (A(A))/C)] € Ly[Hy(A(A))] € Hy(A(A2)),

and following the same line of argument as in part (ii) of the proof of Lemma
4.1. Thus, only (4.13) remains to be shown. Of course, it suffices to show
(4.13) for u = Jf with f € H'(A(A))/C. But this results immediately by
(4.10) and (4.12)

Before we can prove the main result in this subsection, we need one
further lemma and a few notations and remarks. To begin with, if u €
L?(Q; L2(A(A))), we set (Lou)(z) = L(u(z)) (z € Q) which defines a map-
ping

Lo L2(Q; L2 (A(A))) — L*(; L*(A(Ay)))
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(use [7: p. 132]). Furthermore, according to hypothesis (H), Lq is an isometric
isomorphism of L2(€; LQ(A(A))) onto L?(Q; L?(A(A5))). Likewise, provided
Yo is total, Lemma 4.2 reveals that the mapping

Lyq: L*(Q; Hy(A(A))) — L (Q; Hy(A(Ay)))

defined by Lyqu = L4 o u is an isometric isomorphism with the further

property

for u € LQ(Q;H#(A(A))) and 1 <i < N.

Finally, for ¢ € (Q) @V, we set (lqy)(z) = l((x)) (x € Q) which gives
a function lgy € £(Q) ® Az. By (4.4) and (4.6) we have

La(Ga(v¥)) = Gallay) (4.15)
(Y —lgp)® — 0 in L*(Q) as € — 0. (4.16)

Lemma 4.3. Suppose E is a fundamental sequence, and let (u:)ecr be a
sequence in L*(Q) such that

Ue — Vo in L*(Q)-weak ¥y as € — 0 (4.17)

where vy € L2(Q x A(Az)). Then ue — Lg'vg in L*(Q)-weak 3.

Proof. In view of (4.17), the sequence (u.).cr is bounded in L?(Q) (use
Proposition 4.4). On the other hand, K(2)®V is dense in L?({2; A). Hence, by
a routine technique (see, e.g., the proof of [27: Proposition 3.2]) our objective
reduces to showing that, as £ 5 ¢ — 0, we have

/ wvrds — [ /Q oy BB daaie

for all ¢ € K(Q) ® V, where ug = L vg. But according to (4.16), it amounts
to verifying that, as £ > ¢ — 0,

[uettawyds— [ u(es)iws)deds(s)  (a18)
Q QxA(A)
for ¢ € K(Q) ® V. So let ¢ be as stated. By (4.17) we have
[ uetiawydn = [ wla9)Galar)e.s) deds(s
Q QOxXA(As)

as £ > e — 0. But by using (4.15), (4.5) and (4.11), we see that

//QxA(A2) vo(x, )Ga(loy)(z, s) drdfa(s //A(A) (x,s)1 x ,8)dB(s)dx

Hence (4.18) follows and so the lemma is proved
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We are now able to prove the desired result.
Theorem 4.2. Suppose Yo is proper. Then X is proper.

Proof. Since ¥ is of class C*° (by hypothesis) and total (Lemma 4.1), it
only remains to show that H*(£2) is S-reflexive. So let (u.).cp be a bounded
sequence in H!(Q), E being fundamental. Using the Yp-reflexivity of H*(2),
we get a subsequence E’ from E and two functions ug € H'(Q) and v; €
L?(Q, Hj(A(Ay))) such that, as B’ 3 & — 0, uc — ug in H'(Q)-weak and
g;’;j — g—g + 9jv1 in L?(Q)-weak ¥y (1 < j < N). Furthermore, thanks
to Lemma 4.3, g—g; — Lﬁl(gix‘;) + L5t (0jv1) in L2(Q)-weak ¥ (1 < j <
N). But Lgl(g%?) = gix‘; (because 27“3 does not depend on the variable
s € A(Ay)) and Lo 001 = 9jup (according to (4.14)), where u; = L;ﬁ}zvl €
L?(Q, H# (A(A))). Therefore the theorem follows i

As mentionned above, the real object of Theorem 4.2 is to allow us to
establish the properness of some specific H-structures. So, by way of illustra-
tion, we have the following three corollaries.

Corollary 4.2. The H-structure oo o on RN (Ezample 3.5) is proper.

Proof. Let ¥1 = ¥, ¥2 = ¥g, and ¥ = ¥ z. As usual, we will
set A; = J(X;) (i =1,2) and A = J(X). We recall that ¥ = ¥; 4 3
(Proposition 3.7) and, further, 3 is of class C°°. Now, let L be the isometric
isomorphism constructed in Proposition 3.6, put V = (A;/C) & A, and let [
be the mapping of V into As defined by l¢p = lot) (¢ € V), where ls : V — V
denotes the projection on A, along A;/C (see Subsection 3.5). Finally, let
Vo = D(RY) + A° where D(RY) is the space of all complex functions on R¥
that are of class C°*° and of compact supports. This is clearly a vector subspace
of A>°NV. On the other hand, it is clear that V is dense in A, and [ is surjective
and linear. Thus, the corollary is proved if we can verify that conditions (4.4) -
(4.9) are satisfied. Condition (4.4) is immediate by Proposition 3.6, condition
(4.6) follows by the fact that v — v € By(R}') = A1 /C for v € V (use (3.13)).
As regards condition (4.5), decomposition (3.13) and use of (3.12) reveal that
l(vy) = l(v)l(y) for v,p € V. Hence (4.5) follows by (4.4) and use of the
fact that G(V) is dense in L?(A(A)). Finally, the verification of (4.7) - (4.9)
is an easy matter. Therefore, since ¥ is proper (Example 4.3), the corollary
follows by Theorem 4.2 il

Corollary 4.3. The H-structure Yo, on RN (Ezample 3.4) is proper.

Proof. Note that ¥, = Y + X with Xg = X¥z_;0} (O the origin of
RY) and apply Corollary 4.2 i

Corollary 4.4. Let ¥ = % x Xy on RV = RN"1 xR (N > 2) where
Y1 is an H-structure of class C™ on RN~ and Y is the H-structure of the
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convergence at infinity on R. Suppose the product H-structure Yo = 31 X X
on RN = RN=1 xR (Xq is the trivial H-structure on R) is proper. Then ¥
18 proper, too.

Proof. The H-structures X and Y5 are of class C°° so that, thanks to
Theorem 4.2, the corollary is proved once we have shown that the pair {X, X5}
satisfies hypothesis (H). For this purpose, let V = A = J(X) and A2 = J(X5),
and consider the mapping [ : V — Ay given by I(¢) = 11 (¢¥)®1 (¢ € V) where
1 denotes the identity element of the algebra B(R), and /; is the mapping of
A = By(R;Ap) into A; defined in Example 3.7. It is clear that [ maps
continuously V into Ao, and that [(v)) = @ for b € A,. Next, let L be
the mapping of C(A(A)) into C(A(Az)) such that L(G(v)) = G(I(v)) (¢ €
A), where G is the Gelfand transformation on A and A,, as well. By using
Corollary 3.1 we see that L(¢) = Li(¢) ® 1 (¢ € A) where 1 is this time the
identity element of C(A(C)) (recall that J (o) = C) and where L, is defined
in Proposition 3.4. By the said proposition and use of Corollary 3.2 we deduce
that ||L(’Q/Z)\)||L2(A(A2)) = ||$||L2(A(A)) for ¢» € A. Hence an obvious argument
reveals that L extends to an isometric mapping, still called L, of L?(A(A))
into L2(A(A,)). Furthermore, by the property L(1)) = ¢ (¢ € As) we have
that

C(A(42)) = G(42) € LILA(A(A))] € LA(A(A3)).

Therefore the same routine argument as used in the proof of Proposition 3.4
reveals that L is an isometric isomorphism of L?(A(A)) onto L?(A(A3)).

Finally, we set V> = A¥ + (A° ® D(R)), and we note that this is a
vector subspace of A NV = A*. Now, it is an easy exercise to check that
conditions (4.4) - (4.9) are satisfied and so X is proper

Example 4.4. Let X, be as above, and let ¥, be the almost periodic
H-structure on RV ! represented by a countable subgroup R’ of RV =1, Then
the H-structure ¥ = Y/ x Yo on R¥Y is proper. Indeed, this follows by
Corollary 4.4 (with ¥; = ¥x/) owing to the fact that X9 = X1 X X is precisely
the almost periodic H-structure X/ (0} on R (see Example 4.3).

5. Application to the homogenization of a
linear elliptic partial differential equation

5.1 Statement of the abstract model problem. Preliminaries. Let

_ Z 8%( 5u5> =f  inQu. € H(Q) (5.1)

& O0x;
i,j=1
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where ¢ > 0, Q is a fixed bounded open set in RY, f € H~1(Q), as;(z) =
aij(z, %) for z € Q (in the sense of Proposition 4.2) with a;; € C(Q; L>=(R})),
and with the classical ellipticity condition: there exists o > 0 such that for

anyxeﬁ

Re Z aij (z,9)& > alé)? (€ € CV ae. inyeRY). (5.2)

7,j=1

Under these hypotheses, u. (for each fixed e > 0) is uniquely determined by
(5.1) (see [27: Proposition 1.6]). Now, let ¥ be a proper H-structure on RY.
We assume that

aij(z,-) € X3 forallz € Q (1<i,j<N) (5.3)

and we wish to investigate under this abstract structure hypothesis the be-
havior of u. when ¢ — 0. For convenience we will require the family {a;;}
to satisfy the symmetry condition aj; = @;; (1 < 4,5 < N), but this is not
essential.

We now collect the basic tools and preliminary results we need. Firt, as
usual, the Hilbert space H}(Q) = W, %(Q) is considered with the norm

2
LQ(Q)) ’

[0l () = <2H8xz

equivalent to the H'(2)-norm. Next, we let
Fo = Hy(Q) x L*(Q; Hi(A(A))  with A= J(%),
defining thus a Hilbert space under the norm

}1/2

IViley = [leola ey + loal3gamy acay]  + V= (wo,00) € B,

Furthermore, by Proposition 4.8/(i),
EF5° =D(Q) x [D(Q) ® J(D(A(A))/C)]  is dense in Fy. (5.4)
By letting

8’00
ox;

]D)ZV +8U1, V:(vo,vl)EFé,lgiSN
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and using Proposition 4.8/(ii) we are quickly led to

N 1/2
Vlsy = | S0 Fqaiay| V€D
i=1

This expression of the Fj-norm will prove very useful.

Now, according to (5.3), we have a;; € C(Q,X%*>°) (1 <4i,j < N) where
X2 = X2 N L* is equipped with the L>°-norm. Thanks to Corollary 2.2 it
follows that @L-j = QQ (aij) € C(ﬁ, LOOA<A))) with aji = 6ij and

N
Re )  Gij(,5)¢;€ > algf  (€€CM) (5.5)
ij=1
for all 2 € Q and almost all s € A(A) (i.e. given 2 € Q, we have (5.5) for any
s lying outside some [-negligible set R, C A(A)). The preceding ellipticity
condition is deduced from (5.2) exactly as in [27: Proposition 5.2].
Consequently, the sesquilinear form aq(-,-) on F} x F} defined by

o(U,V) Z / /Q Qij(z, 8)D;U (x, 8)D;V (x, 5) dedf(s)

xA(A)

3,j=1

is Hermitian, continuous, and coercive in the sense that Reaq(V,V) > oV]2,

0

for all V € F}. We deduce in passing that if L denotes the continuous anti-

linear form on F} given by L(V) = (f,vg) with V = (vg,v1) € F}, then the
variational problem

R 1 (5.6)
ao(U,V)=L(V) (V €Fy)

admits a unique solution.
We will need a few basic convergence results. Let us begin by noting that
F§° (in (5.4)) is precisely the space of all ® of the form
® = (Yo, Ja(dr)) (Yo € D(Q), 91 €D(Q) ®(47/C))  (5.7)
where A% /C = {y € A= : M(¢) = 0},¢1 = Ga(yh1) and Jo(1h) = J o1y, ¥
being viewed as a mapping of € into D(A(A))/C.
This being so, let ® be given by (5.7). For € > 0, let
O, =) + ey, (5.8)
ie. @ (x) = Yo(r) + ev1(z, £) for v € Q. We have . € D(R2), and it is an
easy exercise to verify that, as ¢ — 0,
b, — 1y in Hp(Q)-weak (5.9)
0P, Otho
D;® =
ox; - 8:1:
where 1 < p < 400. This leads to the following fundamental

U= (UQ,Ul) & IF(I) }

0 4 94y in LP(Q)-strong X,1<i< N  (5.10)
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Lemma 5.1. Let (uc).cp C HY(Q)) where E' is a fundamental sequence.
Let ® € F§° and ®. € D(Q) with (5.7) — (5.8). Suppose that, as E' 5 ¢ — 0,

we have g;; — D;U in L*(Q)-weak ¥ (1 < j < N) where U € F§. Then

af(ue, ®.) — aq(U,P) as E' 5 ¢ — 0.

Proof. Based on (5.10) and on Propositions 4.5 and 4.7, we see immedi-
ately that the lemma follows by the same line of reasoning as in [27: Lemma
5.2] 1

Finally, given = € Q, let

a(x;u,v) Z /A @ (z, 8)0ju(s)0;v(s) dB(s)

2,7=1 (A)

for u,v € H#(A(A)). This defines a coercive (see (5.5)), continuous, Her-
mitian sesquilinear form @(z;-) on Hy(A(A)) x HL(A(A)). Thus, given
1 < j < N, to each x € Q there is attached a unique x’(z) € H}(A(A))
such that

a(x; Z/A(A) Ay (z, 8)0kv(s) dB(s) (5.11)

forallv e H;E(A(A)) This gives a family of mappings x/ : Q — H;E(A(A)) (1
j < N), hence a family of functions g;; : Q—C (1<i,j<N) with

N

Z /A(A) iz, 8)0 (x,8)dp(s)  (5.12)

=1

iy (&) = /A RCRLEOR

for z € Q, where s — 9;x?(x,s) (for fixed x) actually denotes the function
A (x? (x)).
Lemma 5.2. The following assertions are true:
(i) X7 € C(Q H(A(A))).
(i) ¢i; € C(Q), ¢ji = qij-
(iii) There exists a constant ag > 0 such that Re Zi\fj:l qij (2)&;€, >
aolé)? (€€ CYN) for any x € Q.

Proof. This is an exact reproduction of the proof of [27: Lemma 5.3]

5.2 Homogenization of the abstract model problem. The first point is
to prove the following
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Theorem 5.1. Suppose (5.3) with, moreover, ¥ proper. Let U = (ug,u1)
be (uniquely) defined by (5.6), and for each real € > 0 let u. be the unique
solution of (5.1). Then, as e — 0,

ue — ug  in Hy (Q)-weak (5.13)
u. — up in L*(Q) (5.14)
Oou, Oug . .9 .
—D;U=—-—+40;u; inL*(Q)-weak ¥ (1 <j<N). (5.15)
81']' 8a:j

Proof. First, for fixed € > 0, we have

N Oou, Ov
€ € — - 1
E /Qaij oz, O, dx = (f,v) (v e Hy(Q)).

,j=1

By a routine trick we see immediately that the sequence (uc).~o is bounded
in H}(Q2). Therefore, given an arbitrary fundamental sequence E, the Y-
reflexivity of H1(Q) guarantees the existence of a subsequence E’ from E and
of some U = (ug,u;) € F} such that, as £’ 3 € — 0, we have (5.13) - (5.14) (as
a direct consequence of (5.13) by reason of the Rellich theorem), and (5.15).
Thus, if we succeed in proving that U is the solution of (5.6), then according
to the unicity we will be justified in claiming that (5.13) - (5.15) actually hold
when F 3¢ — 0 (¢ € F instead of ¢ € E’). Hence the theorem will follow by
Remark 4.1. To this end, take in the preceding equation (for fixed ¢ € E’) the
particular test function v = ®. with (5.7) - (5.8), then use (5.9) and Lemma
5.1 to see that ag(U,®) = L(®P) holds for all & € F§°. By (5.4) we deduce
that U satisfies (5.6). Hence the theorem follows i

This leads us to the next point of the present section.

Corollary 5.1. The following assertions are true:

(i) For almost every x € Q, ui(x) is the (unique) solution of the coercive
variational problem

ui(z) € Hy(A(A)) ‘
a(z;up(x),v) = — i %(a:)/ G (z, 8)Okv(s) dB(s) (5.16)
Jh=1 Ox; A(A)
Vv e Hu(A(A)).

(ii) For almost every x € ), we have

N
8uo

(@) = =3 G (@)

J
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with X7 (x) € H#(A(A)) given by (5.11).

(iii) The function ug is the weak solution of

A ou
0 .
> %(q“'%) =f  inQu € Hy(Q) (5.17)
i,j=1 t J

where ¢;; is given by (5.12) (see also Lemma 5.2).
Proof. Proceed exactly as in the proofs of [27: Propositions 5.4 and 5.5]

Remark 5.1. It is not difficult to check that if ug is the solution of (5.17),
and if a measurable function u; : Q — H#(A(A)) satisfies (5.16) for almost
every x € 2, then U = (up, u;1) satisfies (5.6).

5.3 A few concrete examples. Thus, the homogenization of (5.1) under
both the properness hypothesis on ¥ and the abstract hypothesis (5.3) leads
precisely to explicit results that are in every respect similar to those provided
by the usual periodic theory (see [2, 5, 30]). Now, with a view to illustrating
the wide scope of this general homogenization approach, let us exhibit various
concrete examples of structure hypotheses that are reducible to (5.3).

Example 5.1 (Periodicity hypothesis). Suppose there exists a paral-
lelepiped Y in Rév, eg. Y = (0,1)V, such that a;;(x,-) is Y-periodic for
each fixed x € Q (1 < 4,5 < N). This amounts to saying that there exists
a network R in RY such that, given z € Q, we have a;;(z,y + k) = a;;(z,v)
for all k € R and for almost all y € RY. This leads us immediately to (5.3)
with ¥ = Y, Yx being the periodic H-structure on RY represented by R
(Example 3.2). It is essential to recall that ¥ is a proper H-structure (see
Example 4.3). Also, note that we have here

X3 =L2.,.(Y) = {we L},.(R)) : wis Y-periodic} = L*(A(A))

per loc

Hy(A(A) = {w € HL.(R)) : wis Y-periodic and [j,wdy =0}

(see [27] for more details), and so we are right in the classical periodic setting.

Example 5.2 (Almost periodicity hypothesis). We assume that

aij(z,-) € L3p(R))  forallz €Q,1<4i,j<N (5.18)

where L7 p(R]Y) denotes the space of all functions w € L7 (R)) that are

loc

almost periodic in the sense of Stepanoff [27]. Then (5.3) holds with ¥ = 3,
where Y is the almost periodic H-structure on R represented by a suitable
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countable subgroup R of RV (see Examples 3.3 and 4.3). Here also, it should
be stressed that the properness of Y5 is a fundamental property.

The present example is worth illustrating:
(1) Suppose there is a family of parallelepipeds Y;; in Ré\’ (1<i,j<N)
such that a;;(z,) is Yi;-periodic for each = € Q. Then (5.18) is satisfied.

(2) Suppose that to each z € Q there is attached a parallelepiped Y, in
RY such that a;;(z,-) is Yy-periodic (1 <4i,j < N). Then (5.18) is satisfied.

Example 5.3. Let Y/ = (0,1)¥~! with V > 2. We suppose here that

aij(x,) € Boo(R; L2, (Y"))  forallz € Q,1<i,j <N (5.19)

per

where L2_,.(Y”) denotes the usual Hilbert space of all functions in L7 (RN 1)

odi 72 72
that are Y’-periodic and Boo (R; g;pe,r (Y")) denotes the space of all u € B(R; L2,,.(Y"))}]

such that u(yy) converges in L7,,.(Y') as |yn| — oo.

Proposition 5.1. Suppose (5.19) holds. Then we have (5.3) with ¥ =
Y X Yoo where Xgs is the periodic H-structure on R?Jj_l (the space RN 1
of the variable y' = (y1,...,yn—_1)) represented by R' = ZN~1, and L, is the
H -structure on R defined in Example 3.4. Furthermore, X is proper.

Proof. Let ¥ = X/ X ¥, be as stated above. According to Proposition
3.3, we have A = J(X2) = Boo(R; Cper (Y')), where Cpe,(Y') = J(Er) is the
space of all Y’-periodic continuous complex functions on RV~!. Hence (5.3)
follows by the fact that B (R; Cper(Y”)) is dense in Boo (R; L2,,.(Y")) (provided

with the B(R; L2,,.(Y”))-norm) and the latter is continuously embedded into

per

Z2. Finally, the properness of ¥ was established in Example 4.4 B
Remark 5.2. If in (5.19) we consider L? p(RN~1) instead of L2,.(Y"),

per
then it can be shown that Proposition 5.1 remains valid, X%+ being this time

a suitable almost periodic H-structure on RN 1.

Example 5.4. Let (L?,1*°) be the amalgam of L? and [® on RY [18]
(see also [27]), i.e. (L2,1°°) is the space of all u € L? (RY) such that

1/2
T TApp— [ / |u<y>|2dy} oo (Y =(0.)Y). (520
kezN k+Y

This is a Banach space under the norm || - ||2,0c. This being so, we denote by
L2, ..(Y) the closure in (L?,1°) of the space of all finite sums

oo,per

Y v (pi € Bo(R)),ui € Cper(Y))

finite
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where Cper(Y') is the space of all u € C(R)Y) such that u(y + k) = u(y) for all
k € ZN and all y € RN (such a u is said to be Y-periodic, Y = (0,1)"). In
the present example we assume that

aij(x,) € L2, ..(Y) forallz € Q,1<i,j<N. (5.21)

oo, per

Proposition 5.2. Suppose (5.21). Then (5.3) holds with ¥ = ¥z (Examplé]
3.5), where R = Z~ . Moreover, ¥ is proper.

Proof. L2, ..(Y) is exactly the closure of J(Zoo,r) = Boo,r(RY) in
(L?,1>°). Therefore, since (L?,1°°) is continuously embedded into =2 (see
[27: Lemma 1.3]), (5.3) follows with ¥ = ¥, g and R = Z~, the latter

H-structure being proper (Corollary 4.2)
As a direct consequence of this, we have the following

Corollary 5.2. Suppose we have a;;(x,-) € L*(R)) + L2, (Y) for all
r€Q, 1<i,j < N, where Y = (0,1)N. Then (5.3) holds with ¥ = S0, as

above 1

Proof. Indeed, both L2(R¥) and L2,,.(Y) are contained in L2 _,.(Y), so

per oco,per

that (5.21) is satisfied. Therefore, the corollary follows by Proposition 5.2 i

Example 5.5. For the sake of convenience we assume here that the co-
efficients a;; (1 <4,j < N) do not depend on z € Q. Suppose that for each
k € ZN we have a;j(y) = r;;(k) for y € k+Y (Y as in Example 5.4), where
the family r;; € [°°(Z"Y) (1 <i,j < N) is given. In other words, the function
a;; is constant in each cell k + Y, the corresponding constant being r;;(k).
Then it can be checked that (5.3) (where x must be disregarded, of course) is
satisfied in each of the following three cases:

(1) rij € AP(ZN) [24: p. 323].
(2) 7ij = cij + vij with ¢;; € C and ;5 € I1/(ZN).
(3) 7ij € Boo(ZN)
where By, (Z") denotes the space of all complex mappings on Z” that converge

at infinity. These results are established in [27] (for the case (1)) and [31] (for
the cases (2) and (3)).

5.4 Concluding remarks. Thus, with the aid of the theory of H-structures,
problem (5.1) can be homogenized under various concrete structure hypothe-
ses (such as, e.g., (5.18), (5.19), (5.21), and the hypotheses of Example 5.5)
beyond the classical periodic framework. In each case, the operating proce-
dure consists in reducing the concrete homogenization problem to the abstract
statement of Subsection 5.1 so as to be able to apply Theorem 5.1. This is a
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significant progress in homogenization theory: Not only it is from now on pos-
sible to tackle outstanding nonperiodic homogenization problems, but also the
results achieved are in every respect similar to those of the periodic homoge-
nization theory, with the same explicitness and the same degree of accuracy.
The differential equation (see (5.1)) taken to illustrate our approach was pur-
posely classical and simple. In this connection it is of interest to anticipate
that one can obtain results of equal exactness with more complex partial dif-
ferential equations, for example nonlinear equations and evolution (linear or
nonlinear) equations. But that is quite another matter [32, 33].

Acknowledgement. The author would like to thank the anonymous ref-
eree for his pertinent remarks and useful suggestions.
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