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Abstract. We propose a new class of fundamental solutions for the numerical anal-
ysis of boundary value problems for the Maxwell equations. We prove completeness
of systems of such fundamental solutions in appropriate Sobolev spaces on a smooth
boundary and support the relevancy of our approach by numerical results.
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1. Introduction

The method of fundamental solutions or, equivalently, the method of discrete
sources (we will keep to the first name) is a widely used technique for the
numerical solution of elliptic boundary value problems which falls in the class
of so-called boundary methods reducing problems in n-dimensional domains
to some equations on their (n — 1)-dimensional boundaries. It is applicable
when a fundamental solution of the differential equation of the problem is
known and the completeness of an infinite system of such fundamental solu-
tions with singularities (sources) placed outside the domain of the problem is
proved. The original idea of the method emerged in the sixties [4, 20, 21] and
since then it was successfully used in geophysics, acoustics, elasticity theory,
electromagnetism and other fields. We refer the reader to the books [1, 8] and
to the review [10] for bibliography and more information about the method.

The aim of the present paper is to provide the theoretical foundation for
the application of the method of fundamental solutions to boundary value
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problems of electromagnetic scattering theory, in particular, to introduce a
system of fundamental solutions for Maxwell’s equations and to prove its
completeness in appropriate functional spaces. Here an explanation is needed
because all this seems to represent nothing new. Let us start with the concept
of a fundamental solution for a system of partial differential equations with
n unknowns and n equations of the form Au = 0, where A is a differential
operator. Usually (see, e.g., [28: p. 179]) it is defined as a n X n matrix,
denoted by ®, such that

Ad =0FE, (1)

where ¢ is the Dirac delta function and FE, is the n x n identity matrix.
Nevertheless such a definition has no clear physical interpretation as a field
generated by a point source, the usual meaning of the fundamental solution.
In this sense the electromagnetic fields produced by an electric or a magnetic
dipole are closer to the physical meaning of a fundamental solution and some-
times they are called the fundamental solutions of the Maxwell system |[7:
Section 4.2], but then it is not clear how they can be used for the analyti-
cal solution of homogeneous and inhomogeneous Maxwell’s equations, usually
based on property (1).

We propose another possibility, a fundamental solution which enjoys both
properties. It satisfies (1) in a sense explained below and has a clear meaning
of a field generated by a point source. Moreover, we prove the completeness
of an infinite system of such fundamental solutions in appropriate Sobolev
spaces which makes it possible to apply our system to the numerical solution
of boundary value problems for Maxwell’s equations in chiral media.

The construction of the system of fundamental solutions for the Maxwell
equations proposed here is based on some elements of quaternionic analysis
which seems to be the most appropriate formalism for this task. The solu-
tions obtained are complex quaternions, that is instead to be a pair of three-
component vectors, they have four components. Due to their simple form and
lower singularity compared with solutions based on a matrix approach (our
solutions increase as O(p%(m)) near the boundary, where p(z) is the distance
from the point = to the boundary, against O(p%(m)) in the case of solutions
proposed in [1, 8, 20]), and hence the quaternionic fundamental solutions are
in apt agreement with the natural integral representations for the electromag-

netic field which are the Stratton-Chu formulas) the numerical application of
them is easier and more natural.

The main idea for obtaining the quaternionic fundamental solutions for
Maxwell’s equations consists in the quaternionic diagonalization of Maxwell’s
equations proposed in [16] (see also [17, 19]). The Maxwell equations for an
isotropic homogeneous medium are reduced to a pair of quaternionic equations
in which the unknown functions are separated. For each of these equations
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a fundamental solution is easily constructed and then linear combinations of
them will give the required system of fundamental solutions for Maxwell’s
equations. The main difficulty constitutes the proof of completeness of this
system. We base our proof on the completeness of a system of fundamental
solutions of the Helmholtz operator in the kernel of this operator in Ls-norm
and make use of a quaternionic decomposition of the kernel of the Helmholtz
operator.

Our results are applied to Maxwell’s equations for chiral media but they
are completely new for a non-chiral case as well.

2. Complex quaternions

We shall denote by H(C) the set of complex quaternions (= biquaternions).
Each element a of H(C) is represented in the form a = Zz o Akl where
{ax} C C, ip is the unit and {iy : k = 1,2,3} are the quaternionic imaginary
units, that is the standard basis elements possessing the properties

) . ) .. .. .
1o =10 = —ix, lotk = iklo = ik (k=1,2,3)
11lg = —igl1 = 13, I2i3 = —igly = 11, 1311 = —i113 = i2.

We denote the imaginary unit in C by ¢ as usual. By definition, ¢ commutes
with i, (k=0,1,2,3).

The basic quaternionic imaginary units 1, i2, i3 can be identified with the
basic coordinate vectors in a three-dimensional space. In this way a vector a
from C3 is identified with the complex quaternion a1i;+asis+aszis. We will use
the so-called vector representation of complex quaternions, i.e. each a € H(C)
is represented as a = ag+a, where ag is the scalar part of a sometimes denoted
as Sc(a) = ap and @ is the vector part of a: Vec(a) = d = 22:1 axir. Complex
quaternions of the form a = @ will be called purely vectorial.

In vector terms, the multiplication of two arbitrary complex quaternions
a and b can be rewritten as follows:

— —

a-b=agby — (a@,b) + [@ x b + agb + bod

where
B 3 . 11 o 13
a,b) = Z apby € C and [@xbl=|a1 ay as|€ C3.
=1 by by b3

The complex quaternion @ = ag — @ is called the conjugate of a. Let us denote
by & the set of zero divisors from H(C). We recall (see, e.g., [19]) that a € &
if and only if a-@ = 0. If a ¢ U {0}, then a™! exists and a=! = %.

a-a
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3. Quaternionic differential operators

We shall consider H(C)-valued functions depending on three variables x1, 2, z3.|]
On the set of such componentwise continuously differentiable functions the op-
erator D = Zizl 1,0} 1s defined where 0, = ai The expression D f, where

o
f is an H(C)-valued function, can be rewritten in a vector form as

Df = —divf—i— grad fy —i—rotf.

That is, Sc(Df) = —divf and Vec(Df) = gradfy + rotf. The condition
f € kerD is equivalent to the Moisil-Theodoresco system

divf =0
grad fo + rotfz 0

which has been studied in hundreds of works (see, e.g., [3, 9]).

Denote D, = D+ al, where « is a complex constant and I is the identity
operator. As we will see in the subsequent pages, a has the meaning of a wave
number. Having this in mind we will assume that o # 0 and Ima > 0.

We have the factorization of the Helmholtz operator
A+ao*=-Dy,D_,=-D_,D, (2)
which in particular means that any function satisfying the equation
Dof=0 (3)
or
D_,f=0 (4)
also satisfies the Helmholtz equation (A + o?)f = 0.

Remark 1. Purely vectorial solutions of equations (3) or (4) are known as
Beltrami fields or linear force-free fields and are intensively studied in different
branches of modern physics (see, e.g., [2, 5, 6, 11, 12, 22, 24, 29, 32, 33]).

We will use the fundamental solution of the Helmholtz operator
eia|x|

On(z) = ———
e

which fulfills the Sommerfeld radiation condition at infinity. Fundamental
solutions K, and K_, for the operators D, and D_,, respectively, can be
obtained easily using (2). We have that the functions K, = —(D — «)f,, and
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K_o = —(D + )b, satisfy the equations Dy,K1, = §. More explicitly, we
have
Kia(z)=(+a+ e —iag)ba(z)

|z
where z = 22:1 xrir. Note that K4, are complex quaternionic functions
with Sc(Kin(z)) = £aby(x) and Vec(Kin(z)) = —gradfy(z) = (ﬁ -
iag—‘)ﬁa(a:).

Let us introduce the operators
H:I:a - :F%D:Fa

considering them on H(C)-valued functions from ker(A + o?). Then we have
the following statement (see the proof in [19: p. 36]).

Proposition 2. The following relations hold:

1. 117, = M4,

2. I 11, =11_,II, =0

3. I, +1I_, =1

4. Asimlly, = kerDy, we have ker(A + o?) = kerD,, @ kerD_,.

4. Relation between quaternionic differential operators
and Maxwell’s system for chiral media

As we will see, our approach works not only for homogeneous, isotropic, achiral
media but also for chiral media. This last case is more general. When the
chirality measure of a medium [ is equal to zero, we obtain the non-chiral
or achiral situation. This is why we show our results for the case of a chiral
medium — transition to a non-chiral case is quite easy.

For the sake of simplicity we consider a sourceless situation. Then Maxwell’s|j
equations for time-harmonic electromagnetic fields in a chiral medium have
the form (see, e.g., [23, 25])

divE(z) = divH (z) = 0
rotE(z) = iwB(x) (5)
rotH(z) = —iwD(x)

with the Drude-Born-Fedorov constitutive relations [23]

D= E(E(m) + BrotE(m))
B = ,u(ﬁ(x) + ﬁrotf[(m))
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where w is the frequency, € and p are complex permittivity and permeability
of a medium and [ is its chirality measure. The Maxwell equations (5) can
be also written as

rotE(z) = zwu(f[(az) + ﬁrotf[(x)) }
rotH(z) = —iws(E(x) + ﬁrotE’(x)).

Introducing the notations

E(x) = —/p- E(x)
H(z) = /- H(z)

we obtain the equations

rotE(z) = —ia(ﬁ(x) + ﬁrotﬁ(:r:)) } (6)

rotH (z) = ZOé(E(l‘) + ﬂrotﬁ(w))
where as before o = w,/ep and, in the case of § = 0, « is the wave number.

When g # 0, as it will be seen below, a does not have the same physical
meaning. There appear two wave numbers «; and as instead.

Now, following [15] we obtain a more convenient quaternionic form of sys-
tem (6). For this let us consider the purely vectorial biquaternionic functions

We have . .
Dg(x) = rotE(x) + irotH(x).

Using (6) we obtain

—

D@(x) = —(iaH (z) + aE(z)) — af(DE(z) +iDH(z)).

That is,
D@(z) = —ag(z) — afDP(x).

Thus the complex quaternionic function ¢ satisfies the equation
By analogy we obtain the equation for zﬁ

(D - +%5)¥(x) = 0. 8)
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Introducing the notations o = and ag =

(7) - (8) in the form

—2— we rewrite equations
_aﬁ

o«
1+ap 1

(D +a1)@(x) =0
(D — 042)1;(30) = 0.

When ( = 0, we arrive at the quaternionic form of the Maxwell equations in
the non-chiral case, but in general the wave numbers «q and «s are differ-
ent and physically characterize the propagation of waves of opposing circular
polarizations.

5. Quaternionic integral operators

Let T’ be a closed Liapunov surface in R3. The corresponding interior and
exterior domains we denote by Q1 and Q~, respectively. Let 7 be the outward
unitary normal on I' with respect to Q" in quaternionic form: 7 = Zizl Nkik.
Denote

<A;mﬂm»=—1/Kg4x—ywuwfwwﬂa (z €R*\T)

r

where f is an H(C)-valued function and all the products under the integral
are quaternionic. The following important result is well known (see, e.g., [19:

p. 70]).

Theorem 3. Let f € CH(QT) N C(QF) and f € kerDio(Q1). Then
f(x) = (Kiof)(x) for all z € QF.

Remark 4. In this paper the belonging of a complex quaternionic func-
tion f to some functional space means that each of its components fi belongs
to that space.

For the consideration of equations (3) - (4) in the domain Q~ one needs
appropriate radiation conditions at infinity. Such conditions were introduced
in [26] (see also [18]). Solutions of equation (3) are required to satisfy the
equality

(14 2) - f@) =o(iky) (ol — o0) (9)

uniformly in all directions. For solutions of equation (4) in Q= the corre-
sponding radiation condition has the form

(L=1) - f@) =olpg)  (la] = o0). (10)

Then we have the following result [18]:



154 K. V. Khmelnytskaya et al.
Theorem 5. Let f € CHQ)NC(Q), f € kerDo(Q7) and satisfying
condition (9) or f € kerD_,(27) and satisfying condition (10). Then

_Kaf(x)
f(x) =< or
_K—af<x)

respectively for any x € 2~

As we will consider H(C)-valued functions satisfying the Helmholtz equa-
tion
(A+a*)u=0 (11)

in unbounded domains it will be convenient to obtain a radiation condition
at infinity in a quaternionic form for such functions. If a solution ug of the
Helmholtz equation is a scalar function, then the corresponding radiation
condition is the well known Sommerfeld condition

iaug(z) — <|§—‘,graduo(m)> = 0(‘71|) when |z| — oo. (12)
For a vector solution « of the Helmholtz equation the corresponding radiation

condition has the form [7: Section 4.2]
[rot x ﬁ} + rv?'divﬁ— ol = o(ﬁ) when |z| — oo. (13)

Let us notice that a vector solution « of the Helmholtz equation fulfills this
condition if and only if each Cartesian component of « fulfills the Sommer-
feld radiation condition [7: Section 4.2]. Thus, our quaternionic radiation
condition must include both conditions (12) for ug and (13) for .

It is easy to obtain such a condition using Proposition 2 and radiation
conditions (9) - (10). From Proposition 2, an H(C)-valued solution u = ug+@
of equation (11) has the form v = Il,u + II_,u where Il u fulfills (9) and
IT_,u fulfills (10). Thus we obtain

u(x) = —iTT Tyu(x) + i II_qu(z) + o) (|z| — o0).

||
From the definition of 11, we have

20m(z) =iy - (D — a)u(x) +igr - (D + a)u(z) + 0(%) (|z] — o00).

| x|

Finally we arrive at the following radiation condition at infinity for complex
quaternionic solutions of the Helmholtz equation (11):

iou(x) + 37 - Du(z) = o() when |z| — oo. (14)

||
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As is easy to see, when u = ug, then the scalar part of this equality gives us
exactly the Sommerfeld condition (12) and the vector part

[é—‘ x gradug(z)] = 0(‘71|) (15)

is a redundant equality because it is a simple consequence of the fact that a
scalar solution of the Helmholtz equation satisfying the Sommerfeld condition
at infinity can be represented as a single layer potential which satisfies (15).

When u = @, the vector part of (14) gives us (13) and the scalar part
<|”’;—‘,rotﬁ(x)> = o(|316|)

is again a simple consequence from the integral representation of # (see [7:
Section 4.2] or [19: p. 120]). Thus (14) in special cases reduces to (12) and
(13) and in general represents the radiation condition at infinity for the quater-
nionic Helmholtz equation. Note that (9) - (10) follow from (14) immediately
if one assumes that u € kerD,, or u € kerD_,, respectively.

We will need the operators

(Saf)(e) = =2 [ Kala = p)is) /)T, (@eT)
Pa:§(1+s and Qa:%(l Sa)

defined for example on Holder functions in the sense of the Cauchy principal
value. It is well known that S, is a singular integral operator of Calderon-
Zygmund type (see [13: Section 2.5]). This implies the boundedness of the
operators P,,Q,, S, in Sobolev spaces H*(I") for all real s.

The following important properties of the operators P,,Q., S, will be
widely used in this work.

Theorem 6. Let f € Lo(I'). Then for almost every point T € T' the
non-tangential limits

lim _ Ka[fl(z) = Kalf]*(7) (16)

Qfsz—7el
exist and the formulas

Kolf]*(r) = Palfl(r) = 3(I + Sa) f(7)

- ) (17)
KaolfI7(7) = =Qalfl(1) = =3I = 5a) f(7)

hold.

Let now I' be a sufficiently smooth surface in order that the Sobolev space
H#(T") for a given s be defined.
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Remark 7. Since H*(I') C Ly(I') for s > 0 and S, is bounded in H*(T),
equalities (16) - (17) hold for f € H5(I') (s > 0).

Corollary 8.

1. The equalities S = I, P? = P,,Q% = Q4, PoQa = Qo Py = 0 hold on
H3(T) (s>0).

2. In order for f € H5(I') (s > 0) to be a boundary value of a function
F € kerD, (21, the condition f € imP,(H?*(T")) is necessary and sufficient.

3. In order for f € H5(I') (s > 0) to be a boundary value of a func-
tion F' € kerD,(27) satisfying condition (9) at infinity, the condition f €
imQ, (H*(T")) is necessary and sufficient.

The proof of these facts in Ly(I') can be found in [19: Chapter 5|. By
Theorem 6 and Remark 7 these assertions also hold in the space H*(I") (s >
0). Needless to say that the same facts are valid for D_,,.

6. Complete systems of fundamental solutions
of the Helmholtz operator

Let T be a closed surface in R3 which is a boundary of a bounded domain
Q% and of an unbounded domain O~ = R?\ Q+. By I'" we denote a closed
surface enclosed in Q1 and enclosing the domain V' and by I'* a closed surface
enclosing Q+ as shown in Figure 1.

By {y,, }22; we denote a set of points distributed on I'~ and dense on I'~, and
by {y;7 152, aset of points distributed on I' and dense on I't. To each of these
sets a system of fundamental solutions {0, (z —y,, )}22; or {0, (z—1y; )}, is
related. Denote 0 ,,(z) = 0 (z —y,, ) and 0, (2) = Ou(x —y,}). Singularities
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of functions of the first system are distributed on the interior surface I'™ and
consequently every such function is a solution of the Helmholtz equation in
)~ satisfying the Sommerfeld radiation condition at infinity. Functions from
the second system have their singularities on the exterior surface I' and solve
the Helmholtz equation in Q.

We start with the following theorem due to V. Kupradze [20]. Its proof
can be found, for example, in [8: p. 51].

Theorem 9. Let I be a closed surface of class C%. Then the system of
functions {0, (x — y7)}, is complete in La(T). Assume additionally that
a? is not an eigenvalue of the Dirichlet problem in V. Then the system of

functions {0, (x — y, ) }22, is complete in Ly(T") also.

Our aim is to obtain a similar result for the Sobolev spaces H*(I'). This
will require a sequence of steps. We will show first that these systems of func-
tions are complete in Lo(2) Nker(A+a?). Then this result will be extended to
H*(Q)Nker(A+ a?). Finally, as H*(T') can be considered as a space of traces
of corresponding solutions of the Helmholtz equation, we will be able to prove
the completeness of our systems of fundamental solutions for the Helmholtz
operator in this space.

6.1 Interior domain. First, let us consider the case of a bounded domain
Q" and then of an unbounded domain Q.

Theorem 10. Let QT be a bounded domain in R with a Liapunov bound-
ary L. The system of functions {07, }22, is complete in Ly (QF)Nker(A+a?).

Proof. We consider A + o2 as an unbounded operator in Ly(Q7) with
domain H?(2F). This operator is closed and the set Lo(QF) Nker(A + o?) is
a subspace. Thus it is sufficient to prove that the system {67, }72; is closed
in La(27) Nker(A + o?). Assume that there exists a non-trivial function
f € La(Q7) Nker(A + o?) with the property (0% ., f)r,o+) =0 for all n € N
or, in explicit form,

| bla—ydr@dr =0 (mem)
O+
where * stands for the usual complex conjugation. Denote

Vorfy) = | Oalz —y)f(z) dr.

We have Vo+ f*(y;}) = 0 for all n € N. These equalities and the continuity of
Vao+ f* imply the equality Vo+ f* =0 on I'T.
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The function V+ f* satisfies the Helmholtz equation in 2~ and fulfills the
Sommerfeld radiation condition at infinity. Consequently, Vo+ f* = 0 in Q™.
Moreover, all the derivatives of Vo+ f* in (2~ are equal to zero. Thus we obtain
that the function Vi+ f* and all its derivatives are equal to zero on I'. Taking
this into account and using the fact that Vo f* € ker(A + o*?)(A + o?) in
Q7 due to the uniqueness of continuation for the null solutions of this elliptic
operator [27: Theorem 6.14] we obtain Vo+ f* =0 in QT and hence f =0 in
Qtn

Theorem 11. Under the conditions of Theorem 10 the system of func-
tions {0% Yooy is complete in H*(QT) Nker(A+a?) (s >0).

Proof. Here we use the quite general fact proved by N. Tarkhanov (for a
general elliptic system, see [30: Section 8.1]) that a function from H*(Q%) N
ker(A + a?) belongs to the closure of the subspace sol(2F) in H*(QT) con-
sisting of all C'* solutions of the Helmholtz equation in a neighborhood of
QF. That is, for any function f € H*(Q%) Nker(A + o?) and for any € > 0
we can find such a function fy € ker(A + o?) in QF, where OF C QF, that
|.f — follz=(a+) < 5. The domain QT can be chosen enclosed by I't.

For all solutions u of the Helmholtz equation in QF we have the estimate
(see, e.g., [31: Theorem 11.1]) [jul|gs@+) < C||u||L2(§+) where the constant
C' does not depend on u. Due to Theorem 10, for any £; > 0 the function
fo can be approximated by a linear combination fy = ZN

=1 anein in Q7 in
such a way that || fo — fNHL2(5+) < e1. Choose €1 = 5 and consider

1f = Inllasry = 1f = fo+ fo— fnllas @+
<|If = follasa+) + [l fo = fnllasa+)
< % +Cllfo - fN||L2(5+)
< E.
Thus the statement is proved il

Theorem 12. Let I be a sufficiently smooth (the space H*(T') is defined)
closed surface. The system of functions {07, }72 is complete in H*(T') (s €
R).

Proof. For s < 0 the result follows from Theorem 10. Let s > 0. Given
e > 0, for any u € H*(I") there exists (probably not unique) a solution of
the Dirichlet problem (A + a?)U =0 in QF, Ulp = u in H*T2 (Q1). Due to
Theorem 11, for any ; > 0 we can approximate it by a linear combination
Uv = 3N . a,07F, in such a way that |U — Uy]| < €1. Denoting

n=1"n"an HT3 (QF)

uny = YUn and using the continuity of the trace operator v we obtain

lu —un|lg=r) = V(U = Un)llg=r) < CIIU = Un|l , < Cey.

“+3(Q+)
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Choosing €1 = & we finish the proof i

Remark 13. Theorem 12 was proved for scalar functions from H*(T).

Nevertheless, it is obviously valid also for H(C)-valued functions from H*(T")
which in this case are approximated by linear combinations 25:1 o,

where ¢ are complex quaternions.

6.2 Exterior domain. Let By be an arbitrary ball with a sufficiently large
radius R such that Qt C Bgr. Denote Op = Q" N Bg. Thus QF is a domain
in R? with a boundary consisting of I" and of the sphere 0Bg.

Theorem 14. Let T be a closed Liapunov surface and o be not an eigen-
value of the Dirichlet problem in V. The system of functions {0,152, is

complete in Ly(Qz) Nker(A + o?).

Proof. Assume that there exists a non-trivial function f € Lo(23;) N
ker(A + o?) with the property (6 ., f>Lz(Q’) =0 for all n € N or, in explicit
’ R
form,

/GQ(x—y;)f*(x)dx:O (n € N).

R

Denote

Vo-fy) = /Q 0n(z — y) f(2) dz.

R _
R
We have VQEf*(y;) =0 for all n € N and hence VQEf* =0onI".

The function VQE f* satisfies the Helmholtz equation in Q7. It is equal to
zero in V' due to the uniqueness of a solution of the Dirichlet problem in V', and
it is zero with all its derivatives in QF due to the uniqueness of continuation for
the solutions of the Helmholtz equation. Moreover, in Q+ U 1 the function
Vﬂéf* belongs to ker(A + a*?)(A + o?). Thus due to the uniqueness of
continuation for the solutions of this elliptic operator we obtain VQE f*=0in

1 and hence f =0 in Q5 11

Theorem 15. Under the conditions of Theorem 14 the system of func-
tions {0, ,, oy is complete in H*(Qp) Nker(A+a?) (s >0).

Proof. First, for a given € > 0 we choose such a function fy € ker(A+a?)

in ﬁg that || f —~f0||HS(Q;) < §, where QE is a domain containing €2, aNnd
such that I'" N Qp = (). For all solutions u of the Helmholtz equation in Q5
we have the estimate HUHHS(QE) < CHUHLz(ﬁg) where the constant C' does not
depend on u. The proof finishes by analogy with that of Theorem 11 }
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Theorem 16. Let I' be a sufficiently smooth closed surface and o? be
not an eigenvalue of the Dirichlet problem in V. The system of functions
105 o1 is complete in H*(T') (s € R).

The proof is completely analogous to that of Theorem 12.

7. Extensions into exterior domains

Let us consider the exterior Dirichlet problem for the Helmholtz equation
(A+ao®)U =0 in Q—}

Ve — (18)

and let U satisfy the Sommerfeld radiation condition (12) at infinity. For
u € H*(I') (s > 0) it is known that the solution of this problem exists,
is unique and belongs to a weighted Sobolev space in 2~ (see [28: Section
2.6]). For our purposes the important fact will be that the solution belongs
to HS+%(Q§) where €2, is an intersection of Q= with a ball Br of radius
R chosen large enough to enclose the interior domain Q7. We denote by

H;O—Z% () the union of all such Hs*2 (QR).
The same will be valid if in (18) we assume the functions v and U to be
H(C)-valued and each Cartesian component of U to satisfy (12) or, which is

equivalent, the whole function U to satisfy (14). The operator transforming u
1
into U we denote by A. As we have just seen, A acts from H*(T) to H;. 2 (Q7).

loc
The operators Ili, introduced above act obviously from H} (27) to

H:1(Q7). Consider a function IT,Au. For u € H5(T') (s > 1) it will belong

loc

to Hs_%(Q_) and its trace (see, e.g., [28: p. 50]) is yIloAu € H*~'(T'). As

loc
the operators Q1+, are bounded in H*(T"), we can introduce two new operators

Qo and Q_, by
Qia = QralioA: H(D) — H YD) (s> 1).

Proposition 17. Let an H(C)-valued function u belongs to H*(I') (s >
1). Then

U= Quu+ Q_qu. (19)
Proof. Consider U = Au. We have
U :HaU+H—aU: —(Ka’YHaU‘l‘K—a’yH—aU) (20)

for any point z € Q7. Taking the limit of this equality when = tends to the
boundary and using Theorem 6 we obtain

U= QoY Au + Q_YII_Au = @au + @_au

and the statement is proved B
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Remark 18. As seen, the operators Qo act from H*(I) to H*~1(T") (s >}
1). So equality (19) can appear a little bit surprising. Nevertheless, this is
a reflection of the corresponding fact inside the domain Q= (20), where the
differential operators Il also reduce the smoothness of a function but the
derivatives in (20) are cancelled.

Proposition 19. Let f € imQq(H*(T')) (s > 0). Then Qof = Qaf.

Proof: Let f € im@Q),, that is f = Q. f. We have that the function Af
satisfies equation (3) in 2~ and belongs to H. +3 (7). Moreover, due to the

loc
uniqueness of the solution of the Dirichlet problem for the Helmholtz operator

in Q7 we obtain II,Af = Af. Thus Af = —K,yIIoAf which on the boundary
due to Theorem 6 gives f = Q. f 1

Let us introduce the Systems of functions
{Kan(@) = (=D +a)alzr—y;)}, ",
{]C—an ) _(D+a)0 (m_yi:)};o 1

where the sets of points {y;7}>°, and {y,, }52, are defined as in Section 6.
We are ready to prove one of the central facts of this work.

oo

Theorem 20. Let o be not an eigenvalue of the Dirichlet pmblem m V
Then the systems of functions {KL,, ,, }nq are complete inimQ+o(H*(I')) (s >I
1), respectively, by the norm of H*~(T).

Proof. Let us consider the system {K7 ,, }72;. Due to Proposition 19, any

function f € imQq (H*(I')) can be represented as f = Quf. Due to Theorem
16, for any €7 > 0 there exists such a linear combination fy = Z;V:1 a0, ;
that [|f — fn||zs(r) < €1 where a; are constant complex quaternions. Due to

the boundedness of (), we have
If = Qafnll1wy = [Qaf — Qatfwllae—1 ) < Cllf = fnllmer) < Cer

where C' > 0 is a constant. Choosing ¢ = Ce; we obtain Hf—@afN | ms-1m) <
e. Thus the function Q, fy approximates f in the norm of H*~(T"). Consider

N
Qafy = QuaAD  a;0,

j=1
It is obvious that the extension A ; coincides with the values of 0, (x yj_)
for all z € 2~. We obtain

N
Qo fr(e Z@avn wry Doy = 5 - 3" Quaki () j—2iz

Thus the statement is proved i
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8. Extensions into interior domains

The results of this section and their proofs are similar to those of Section
7 and we present them more briefly. Here a new and natural assumption
will be that a? is not an eigenvalue of the Dirichlet problem in Q. Then
for each H(C)-valued function w € H*(I') (s > 0) there exists its unique
Helmholtz extension, an H(C)-valued function U satisfying the Helmholtz
equation (11) in Q7 and coinciding with u on the boundary. As before, the
operator transforming u into U we denote by A. By analogy with the operators
@:I:oz we introduce the operators

Pig=PioylioA: HST) — HYT) (s> 1).

Proposition 21. Let o be not an eigenvalue of the Dirichlet problem
in QF and let an H(C)-valued function u belong to H*(T') (s > 1). Then

u=P,u+ P_,u.
The proof is analogous to that of Proposition 17.

Proposition 22. Let o? be not an eigenvalue of the Dirichlet problem in
Q" and let an H(C)-valued function f belong to imP,(H*(T')) (s> 0). Then

Paf:Paf-

The proof is analogous to that of Proposition 19.
Finally, by analogy with Theorem 20 the following statement can be
proved.

Theorem 23. Let a? be not an eigenvalue of the Dirichlet problem in Q7.
Then the systems of functions {K1, , Yoo, are complete in imPyq(H*(T)) (s >I
1) respectively by the norm of H*~1(T).

Remark 24. For a = 0 a similar result can be found in [14: p. 284] (see
also the references therein). Unfortunately, the scheme of the proof proposed
in that work is not applicable for complex quaternion-valued functions due to
the difficulty of introduction of an Lo space which would correspond to the
complex quaternionic multiplication.
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9. Complete systems for Maxwell’s equations

As was shown in preceding sections, the functions ¢ and QE can be approxi-
mated by right linear combinations of functions {KZ, ,, 152, and {ICj_Ea%n}SLO:l,
respectively. The vectors E and H from (6) are easily recovered from ¢ and
W by . . . .

E=3(@+v) and H=5(F-1v). (21)
Consequently, all the results of preceding sections are applicable to the elec-
tromagnetic field.

As before we start with exterior domains. The radiation condition for the
vectors E and H is the Silver-Miiller condition

E- [| 2] x H] = (|glc|) (22)
or, in an equivalent form,
H+[| | x E] = (|i;|) (23)

uniformly for all directions. Note that (22) and (23) are fulfilled automatically
if as before ¢ and 1) satisty (9) amd (10), respectively. We have

—

E =1

I

EI&

L e

1

6

@

\_/

A
B vi

= H+o (|w|)

The vector part of this equality gives us (22) and the scalar is a simple con-
sequence of (23). Starting with H instead of E we arrive at (23).

From Theorem 6, equalities (21) and the last observation concerning the
relation between the radiation conditions for ¢ and 1/7 from one side and for
E and H from the other, we obtain the following criterion.

Theorem 25. Let complex vectors & and h belong to H*(T') (s > 0).

Then in order for € and h to be boundary values ofE and H satisfying Maxwell
equations (6) in Q= and (22) at infinity, the condition

€+ ih) € im o
(€—ih) € iImQ_q,

s mecessary and sufficient.

Now from Theorem 20 we obtain immediately the following important re-
sult opening the possibility to apply the systems of quaternionic fundamental
solutions {KC, , }ne; and {K—,, ,}n2; to approximation of the electromag-
netic field in exterior domains.
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Theorem 26. Let both a3 and o3 be no eigenvalues of the Dirichlet prob-
lem in V. Then if condition (24) is fulfilled, the vectors € and h belonging to
H*(T') (s>1) can be approzimated with an arbitrary precision (in the norm
of H*=1(T")) by right linear combinations of the form

eN = (ZKOM g% + Z]C—OQJ )
HN - %(Z’C;m ZK*OQ’] )
j=1

where a; and b; are constant complex quaternions.
Proof. Due to Theorem 20, there exist such a; and b; that

< e and < €.

Hsfl(]_")

N
é—ih—> KZ,, b

j=1

N
- Z Kal,jaj

Hsfl(]_")

From these two inequalities we obtain the necessary result il
In a similar way we obtain the corresponding result for interior domains.

Theorem 27. Let both aF and o3 be no eigenvalues of the Dirichlet prob-
lem in QT and let the condition

(€+ih) € imP,, (H*(T))
h

(s >1)
(€ —ih) € imP_,,(H*(T))

be fulfilled which is a necessary and sufficient condition of the extendability of
the vectors € and h into QT in such a way that their extensions satisfy (6).

Then & and h can be approzimated with an arbitrary precision (in the norm
of H¥Y(T')) by right linear combinations of the form

eN =3 (Z’Calja3+zlc—a2,] )
hy = 22(Z’C0¢1J ZK—O%J )

where a; and b; are constant complex quaternions.
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10. Numerical realization

Let I' = 09~ be a closed sufficiently smooth surface in R3. Consider the
following exterior boundary value problem for the Maxwell equations:

rotE(z) = —za(ﬁ(az) + ﬁrotﬁ(x)) (re Q)
rotH (z) = wz(]f_j( )+ Brotﬁ(m)) (xeQ) (25)
[E(x) x fi(x)] = Fz) (zel)

where f (z) is a given tangential field and at infinity the vectors E and H
satisfy the Silver-Miiller radiation condition (22) or (23). As before 7 stands
for the unit outward normal to I.

Using results of the preceding section, this problem can be rewritten in
the equivalent form

(D +ar)e(z) =0 (zeQ”)
1 (D —a2)y(z) = Oﬁ (re) (26)
5 [(gp(w) + w(x)) X ﬁ(w)} = f(x) (xel)
Scp(x) = Scp(x) =0 (x el)
and at infinity the functions ¢ and ¢ satisfy the conditions
(L4 45) - ol@) = O(ﬁ) 27)

(1 — \Z;|) Y(x) = O(ﬁ) (|x| — o00).

Note that due to the uniqueness of the solution of the exterior Dirichlet prob-
lem for the Helmholtz equation condition (26)4 implies that ¢ and 1 will be
purely vectorial on the whole domain €27.

We look for an approximate solution of problem (26) - (27) in the form

N

N
Z am and Z leaM ; (28)

where a; and b; are constant complex quaternions. In order to find the coeffi-
cients ajand b; we use the collocation method. In (28) we have 8N unknown
complex quantities, the components of a; and b;. Thus it is necessary to
obtain 8NV linearly independent equations with respect to components of a;
and b;. Every collocation point generates four linearly independent equations,
two of which correspond to the boundary condition (26)3 and the other two
correspond to (26)4. Consequently, in order to determine the coeflicients a;
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and b; we need 2N collocation points. After having solved the corresponding
system of linear algebraic equations we obtain the approximate solution of
problem (25) as

(z) = 5(on(x) + n(2)) (xeq)
() = 5; (e~ (2) — YN (2))

The method described above was tested using the following exact solution.
Let B = 0 and consequently @ = a; = ao. The vectors

. 036’29a (SC) - Cgagea (33)
E™(x) =rotd,(z) = | 10300 (x) — c30104 ()
Cgalea (x) — clagéa(x)

and

H™(z) = —LrotE™(z)  (z € R*\{0})

with & € R? constant represent the electromagnetic field of a magnetic dipole
situated at the origin [7: Section 4.2]. They satisfy (25);_2 (for 8 = 0) as well
as the Silver-Miiller conditions at infinity.

Let I' be a unit sphere with its centre at the origin. Then E™ and H™
give us the solution of the boundary value problem

rotE(z) = —iaH (z) (re Q)
rotH (z) = ioE(z) (x e Q)
[E(x) x i(z)] = f(x) (zel)

where

. c3826a(x) — 02839,1 (.’13)
flz) = 10500 () — 3010, (x) | x 7i(z)
02819a(x) — 61829(1 (ZL‘)

As the auxiliary surface I'” containing points y,, we have chosen the sphere
with centre at the origin and radius 0.15. In the following table we present
the results for different values of V. The corresponding errors represent the
absolute maximum difference between the exact and the approximate solutions
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at the points on the sphere with centre at the origin and radius 5.

A quite fast convergence of the method can be appreciated (all numerical
results were obtained on a PC Pentium 3).

Let us notice that the approximation by linear combinations of quater-

nionic fundamental solutions can be applied to other classes of boundary value
problems for the Maxwell system like for example the impedance problem.
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