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The Generalized Libera Transform on
Hardy, Bergman and Bloch Spaces on the

Unit Polydisc
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Abstract. In this note we consider the boundedness of Libera transform Λz0 on
Hardy, Bergman and a-Bloch spaces of analytic functions on the unit polydisk.
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1. Introduction and preliminaries

Let U1 = U be the unit disk in the complex plane C, dm(z) = 1
π drdθ the

normalized Lebesgue measure on U , Un the unit polydisk in the complex
vector space Cn and H(Un) the space of all analytic functions on Un. We
write

z · w = (z1w1, ..., znwn) for z, w ∈ Cn

eiθ = (eiθ1 , ..., eiθn)
dt = dt1 · · · dtn
dθ = dθ1 · · · dθn

and r, t, s, α, λ are vectors in Cn. If we write 0 ≤ r < 1, where r = (r1, ..., rn),
it means 0 ≤ rj < 1 for j = 1, ..., n.

For z0 ∈ U
n

fixed and f ∈ H(Un) we define the linear operator f →
Λz0(f) by

Λz0(f)(z) =
1∏n

j=1(zj − z0
j )

∫ z1

z0
1

· · ·
∫ zn

z0
n

f(t) dt (z ∈ Un). (1)
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This operator is one of the most natural averaging operators on H(Un). For
n = 1 and z0 = 0 it is called the Libera transform, which is studied in geomet-
rical function theory. The Libera transform on the unit disk was investigated,
for example, in [2, 5, 7, 8, 10 - 12, 14] (mostly as formal adjoint of the Cesàro
operator). The Cesàro operator and its generalizations on the unit disk and
the unit polydisk has been studied extensively by many mathematicians in
the past decade. One of the major interests in this operator is its behavior on
function spaces (see, for example, [1 - 5, 7, 10 - 14]).

The Hardy space Hp(Un) (0 < p < ∞) is defined on Un by

Hp(Un) =
{
f | f ∈ H(Un) and ‖f‖Hp(Un) < ∞}

where
‖f‖p

Hp(Un) = sup
0≤r<1

∫

[0,2π]n
|f(r · eiθ)|pdθ.

The weighted Bergman space Ap
α(Un) (α1, . . . , αn > −1, p > 0) is the space

of all analytic functions f on Un for which

‖f‖Ap
α(Un) =

[ ∫

Un

|f(z)|p
n∏

j=1

(1− |zj |2)αj dm(zj)
] 1

p

=
[

1
πn

∫

[0,1)n

( ∫

[0,2π]n
|f(r · eiθ)|pdθ

) n∏

j=1

(1− r2
j )αj rjdrj

] 1
p

< ∞.

The a-Bloch space Ba = Ba(Un) is the space of all analytic functions f on Un

such that
ba(f) = max

j=1,...,n
sup

z∈Un

(1− |zj |2)a
∣∣∣ ∂f

∂zj
(z)

∣∣∣ < ∞.

It is clear that Ba is a normed space, modulo constant functions, and Ba1 ⊂
Ba2 for a1 < a2.

2. Main and auxiliary results

In this paper we prove the following three results.

Theorem 1. The generalized Libera operator is bounded on Hp(Un) if
p > 1.

Theorem 2. The generalized Libera operator is bounded on Ap
α(Un) if

αj + 2 < p for all j = 1, ..., n.
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Theorem 3. The generalized Libera operator is bounded on Ba(Un) if
a ∈ (0, 2).

In the case n = 1, Theorems 1 - 3 were proved in [10, 14, 5], respectively.
In order to prove in Section 3 the main results we need in the present section
several auxiliary results which are incorporated in the following lemmas.

Lemma 1. Let f ∈ Hp(Un) and φj : U → U (j = 1, ..., n) be analytic
and non-constant, φ = (φ1, ..., φn) and p > 0. Then

‖f ◦ φ‖p
Hp(Un) ≤

n∏

j=1

(1 + |φj(0)|
1− |φj(0)|

)
‖f‖p

Hp(Un). (2)

Proof. By [15: Theorem XVII 5.16], for almost all θ1 ∈ (0, 2π) and all
z2, ..., zn ∈ U , the function f(z1, z2, ..., zn) converges to a regular function
f(eiθ1 , z2, ..., zn) on Un−1, as z1 tends non-tangentially to eiθ1 . Hence

f
(
eiθ1 , φ2(z2), ..., φn(zn)

) ∈ H(Un−1) for a.a. θ1 ∈ (0, 2π).

By [9: Theorem 1], for fixed θ2, ..., θn,

∫ 2π

0

∣∣f(
φ1(ρeiθ1), φ2(ρeiθ2), ..., φn(ρeiθn)

)∣∣pdθ1

≤ 1 + |φ1(0)|
1− |φ1(0)|

∫ 2π

0

∣∣f(
eiθ1 , φ2(ρeiθ2), ..., φn(ρeiθn)

)∣∣pdθ1.

(3)

Applying [15: Theorem XVII 5.16] in the second coordinate, then integrating
(3) from 0 to 2π in θ2, applying Fubini’s theorem and [9: Theorem 1] on the
right-hand side, in the second coordinate, we obtain

∫ 2π

0

∫ 2π

0

∣∣f(
φ1(ρeiθ1), φ2(ρeiθ2), ..., φn(ρeiθn)

)∣∣pdθ1dθ2

≤
2∏

j=1

1 + |φj(0)|
1− |φj(0)|

∫ 2π

0

∫ 2π

0

∣∣f(
eiθ1 , eiθ2 , φ3(ρeiθn), ..., φn(ρeiθn)

)∣∣pdθ1dθ2.

Repeating the above arguments and using [15: Theorem XVII 5.24], we obtain
the result

Lemma 2. Let f ∈ Hp(Un) (p > 0). Then

|f(z)| ≤ C‖f‖Hp(Un)∏n
i=1(1− |zi|)

1
p

(z ∈ Un) (4)
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for some constant C > 0 independent of f .

Proof. If f ∈ Hp(U), then

|f(ζ)| ≤ cp‖f‖p

(1− |ζ|) 1
p

(ζ ∈ U) (5)

where the constant cp > 0 depends only of p (see [6: p. 36]). Without loss of
generality we may assume n = 2. If f(z1, z2) ∈ Hp(U2), then the function f
is analytic in each variable separately on the unit disk. Hence, for each fixed
ζ2 ∈ U and every ζ1 ∈ r1U (0 < r1 < 1), by (5) we have

|f(ζ1, ζ2)|p ≤
cp
pr1

r1 − |ζ1|
∫ 2π

0

|f(r1e
iθ1 , ζ2)|p dθ1

2π
. (6)

Similarly, for each fixed r1e
iθ1 ∈ U and every ζ2 ∈ r2U (0 < r2 < 1), we have

|f(r1e
iθ1 , ζ2)|p ≤

cp
pr2

r2 − |ζ2|
∫ 2π

0

|f(r1e
iθ1 , r2e

iθ2)|p dθ2

2π
. (7)

Combining (6) and (7) and since f ∈ Hp(U2), we obtain the result

Lemma 3. For each polynomial f , Λz0(f) can be written in the form

Λz0(f)(z) =
∫

(0,1]n
f
(
ψt1(z1), ..., ψtn(zn)

)
dt (8)

where ψtj (zj) = tjzj + (1 − tj)z0
j with tj ∈ (0, 1] and zj ∈ U . Let p > 1.

Then for every f ∈ Hp(Un) the above integral is finite and defines an analytic
function on U .

Proof. It is clear that Λz0(f)(z) is also polynomial in this case and that
integral (8) is finite for each z ∈ Un. In integral (1) we choose the path of
integration between z and z0 as

(
t1z1 + (1− t1)z0

1 , ..., tnzn + (1− tn)z0
n

)
(t1, ..., tn ∈ (0, 1]).

Hence
Λz0(f)(z) =

∫

(0,1]n
f
(
ψt1(z1), ..., ψtn(zn)

)
dt.

Let f ∈ Hp(Un). By (4) we have

∣∣f(
ψt1(z1), ..., ψtn(zn)

)∣∣ ≤ C‖f‖Hp(Un)∏n
j=1(1− |ψtj (zj)|)

1
p

≤ C‖f‖Hp(Un)

∏n
j=1 t

1
p

j (1− |zj |)
1
p

for each z ∈ Un and tj ∈ (0, 1]. Hence from the hypothesis it follows that the
integral in (8) is finite for each z ∈ Un and that it defines an analytic function
on Un
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Lemma 4. Let Lt(f)(z) = f
(
ψt1(z1), ..., ψtn

(zn)
)

and 1 ≤ p < ∞. Then

‖Lt‖Hp→Hp ≤ C

n∏

j=1

1

t
1/p
j

(tj ∈ (0, 1]) (9)

for some constant C > 0.

Proof. Let ψt(z) =
(
ψt1(z1), ..., ψtn

(zn)
)
. By Lemma 1,

‖f ◦ ψt‖p
Hp(Un) ≤

n∏

j=1

(1 + |(1− tj)z0
j |

1− |(1− tj)z0
j |

)
‖f‖p

Hp(Un)

≤
n∏

j=1

(2− tj
tj

)
‖f‖p

Hp(Un)

≤ 2n
n∏

j=1

1
tj
‖f‖p

Hp(Un)

as desired

Remark 1. Let z0
j ∈ ∂U and let λj be complex numbers such that

<(λj) < 1
p (j = 1, ..., n). It is well known that the functions

fλ(z) =
n∏

j=1

1
(z0

j − zj)λj

belong to Hp(Un) and

fλ

(
ψt1(z1), ..., ψtn(zn)

)
=

n∏

j=1

( 1
tj

)λj

fλ(z).

It follows that ‖Lt‖Hp→Hp ≥ ∏n
j=1

1

t
1/p
j

. From this and Lemma 4 we obtain

that in this case

n∏

j=1

1

t
1/p
j

≤ ‖Lt‖Hp→Hp ≤ C

n∏

j=1

1

t
1/p
j

.

Lemma 5. Let ψj : U → U (j = 1, ..., n) be analytic and non-constant,
ψ = (ψ1, ..., ψn). Then the norm of the operator f → Tψ(f) = f ◦ ψ on Ap

α

satisfies

‖Tψ‖Ap
α→Ap

α
≤

n∏

j=1

Cj

(‖ψj‖∞ + |ψj(0)|
‖ψj‖∞ − |ψj(0)|

)αj+2
p
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where

Cj =

{
1 if αj ≥ 0∏n

j=1

(‖ψj‖∞ + |ψj(0)|)
α1
p

(‖ψj‖∞ + 3|ψj(0)|)−
αj
p if −1 < αj < 0.

Proof. Let f ∈ Ap
α. Then by [11: Lemma 1], for almost all fixed z2, ..., zn,

∫

U

∣∣f(
ψ1(z1), ψ2(z2), ..., ψn(zn)

)∣∣p(1− |z1|2)α1dm(z1)

≤ C1

(‖ψ1‖∞ + |ψ1(0)|
‖ψ1‖∞ − |ψ1(0)|

)α1+2

×
∫

U

∣∣f(z1, ψ2(z2), ..., ψn(zn)
)∣∣p(1− |z1|2)α1dm(z1)

(10)

where

C1 =
{

1 if α1 ≥ 0(‖ψ1‖∞ + |ψ1(0)|)α1
(‖ψ1‖∞ + 3|ψ1(0)|)−α1 if −1 < α1 < 0.

Multiplying (10) by (1−|z2|2)α2 , integrating obtained inequality over U in z2,
then applying Fubini’s theorem and [11: Lemma 1] on the right-hand side, in
the second coordinate, we obtain that for almost all z3, ..., zn

∫

U2

∣∣f(
ψ1(z1), ψ2(z2), ..., ψn(zn)

)∣∣p(1− |z1|2)α1(1− |z2|2)α2dm(z1)dm(z2)

≤
2∏

j=1

Cj

(‖ψj‖∞ + |ψj(0)|
‖ψj‖∞ − |ψj(0)|

)αj+2

×
∫

U2

∣∣f(
z1, z2, ψ3(z3), ..., ψn(zn)

)∣∣p(1− |z1|2)α1(1− |z2|2)α2dm(z1)dm(z2).

Repeating this procedure we obtain the result
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3. Proofs of the main results

In this section, we prove the main results of the paper.

Proof of Theorem 1. Let p > 1. Then, by Minkowski inequality and
Lemma 4,

‖Λz0(f)‖Hp(Un) = sup
0≤r<1

( ∫

[0,2π]n
|Λz0(f)(r · eiθ)|pdθ

) 1
p

= sup
0≤r<1

( ∫

[0,2π]n

∣∣∣∣
∫

(0,1]n
f
(
ψt(r · eiθ)

)
dt

∣∣∣∣
p

dθ

) 1
p

≤ sup
0≤r<1

∫

(0,1]n

( ∫

[0,2π]n

∣∣f(
ψt(r · eiθ)

)∣∣pdθ

) 1
p

dt

≤ C‖f‖Hp(Un)

∫

(0,1]n

n∏

j=1

t
− 1

p

j dt

= C1‖f‖Hp(Un)

as desired

Remark 2. Theorem 1 is not true in the case p ∈ (0, 1]. Indeed, if p ∈
(0, 1) and z0

j ∈ ∂U for j ∈ S ⊆ {1, ..., n}, then f1(z) =
∏

j∈S
1

z0
j
−zj

∈ Hp(Un).
On the other hand, it is easy to see that Λz0 have no sense on f1, that is, Λz0

is unbounded on Hp(Un) for p ∈ (0, 1).

Let now p = 1 and z0
j ∈ ∂U for j ∈ S ⊆ {1, ..., n}. It is known [10] that

the operator

Fz0(f)(z) =
1

z − z0

∫ z

z0

f(t) dt (z ∈ U)

is not bounded on H1(U). Using this fact we see that the operator Λz0 is not
bounded on H1(Un).

Proof of Theorem 2. Let αj + 2 < p for j = 1, ..., n. It is clear that
p > 1 in this case. By the Minkowski inequality and Lemma 5, where ψ = ψt,
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we obtain

‖Λz0(f)‖Ap
α

=
( ∫

Un

∣∣∣∣
∫

(0,1]n
f(ψt(z)) dt

∣∣∣∣
p n∏

j=1

(1− |zj |)αj dm(zj)
) 1

p

≤
∫

(0,1]n
‖f ◦ ψt‖Ap

α
dt

≤ C‖f‖Ap
α

∫

(0,1]n

n∏

j=1

(2− tj
tj

)αj+2
p

dtj

≤ C‖f‖Ap
α

n∏

j=1

∫ 1

0

t
−αj+2

p

j dtj .

Since the last integrals converge for αj + 2 < p, we obtain the result in this
case

Remark 3. Theorem 2 is not true if there is a j ∈ {1, ..., n} such that
αj + 2 ≥ p. Indeed, first let αj + 2 > p and z0

j ∈ ∂U for a j ∈ {1, ...n}, and
f1(zj) = 1

z0
j
−zj

. Then by polar coordinates and [6: p. 84/Lemma 3] we obtain

∫

Un

1
|z0

j − zj |p
n∏

k=1

(1− |zk|)αkdm(zk)

= C

∫ 1

0

(1− r2
j )αj

∫ π

−π

|1− rje
iθj |−pdθjrjdrj

< C

∫ 1

0

(1− rj)αj+1−pdrj

< ∞

for αj + 2 > p. Hence f1 ∈ Ap
α if αj + 2 > p for a j ∈ {1, ..., n}. On the other

hand, Λz0 have no sense on the function f1 and consequently Λz0(f1) is not
in Ap

α in this case.
Now let αj + 2 = p and z0

j ∈ ∂U for a j ∈ {1, ..., n}. Note that p > 1 in
this case. Let

f2(zj) =
1

z0
j − zj

( 1
zj

log
1

z0
j − zj

)−1

.

The only singularity of f2 is at zj = z0
j . By polar coordinates centered at

zj = z0
j , we see that the integral

∫

Un

|f2(z)|p
n∏

j=1

(1− |zj |)αj dm(zj) = C

∫

U

|f2(zj)|p(1− |zj |)p−2dm(zj)
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is equiconvergent to ∫ 1
2

0

dρ

ρ(ln 1
ρ )p

< ∞

since p > 1. Hence f2 ∈ Ap
α, where α = (α1, ..., αj−1, p− 2, αj+1, ..., αn). On

the other hand, it is easy to see that Λz0 have no sense on the function f2 and
consequently Λz0(f2) is not in Ap

α for αj + 2 = p.

Proof of Theorem 3. Let f ∈ Ba for a ∈ (0, 2). Then

ba(Λz0(f)) = max
j=1,...,n

sup
z∈Un

(1− |zj |2)a
∣∣∣∂Λz0(f ◦ ψt)

∂zj
(z)

∣∣∣

≤ max
j=1,...,n

∫

(0,1]n
sup

z∈Un

(1− |zj |2)a
∣∣∣∂(f ◦ ψt)(z)

∂zj

∣∣∣dt

≤ 2a max
j=1,...,n

∫

(0,1]n
sup

z∈Un

(1− |ψj(zj)|2
tj

)a∣∣∣ ∂f

∂zj
(ψt(z))

∣∣∣|ψ′j(zj)| dt

≤ 2aba(f) max
j=1,...,n

∫

(0,1]n
t1−a
j dt

=
22aba(f)

2− a

and hence Λz0(f) ∈ Ba

Remark 4. Theorem 3 is not true in the case a ∈ [2,∞). Indeed, if
a ∈ [2,∞) and z0

j ∈ ∂U for a j ∈ {1, ..., n}, then the function f1(zj) =
1

z0
j
−zj

belongs to Ba(Un). However, this function is not in the domain of the
definition of Λz0 .
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London Math. Soc. 36 (1987), 153 – 164.

[11] Siskakis, A.: Semigroups of composition operators in Bergman spaces. Bull.
Austral. Math. Soc. 35 (1987), 397 – 406.
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